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We study spherically symmetric solutions in a four-parameter Einstein-Cartan—type class of theories. These
theories include torsion, as well as the metric, as dynamical fields and contain only two physical excitations
(around flat spacetime): a massless spin-2 excitation and a massive spin-2 one (of mass m, = k). They offer a
geometric framework (which we propose to call “torsion bigravity”) for a modification of Einstein’s theory
that has the same spectrum as bimetric gravity models. We find that the spherically symmetric solutions of
torsion bigravity theories exhibit several remarkable features: (i) they have the same number of degrees of
freedom as their analogs in ghost-free bimetric gravity theories (i.e., one less than in ghostfull bimetric gravity
theories); (ii) in the limit of a small mass for the spin-2 field (x — 0), no inverse powers of « arise at the first two

orders of perturbation theory (contrary to what happens in bimetric gravity where 1/x? factors arise at linear

order, and 1/x* ones at quadratic order). We numerically construct a high-compactness (asymptotically flat)
star model in torsion bigravity and show that its geometrical and physical properties are significantly different

from those of a general relativistic star having the same observable Keplerian mass.
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I. INTRODUCTION

Einstein’s theory of gravitation, i.e., general relativity
(GR), has, so far, been found to be in excellent accord with
all gravitational observations and experiments. In particular,
its foundational stone, the weak equivalence principle,
has recently been confirmed at the 10~'* level [1], while
gravitational-wave observations have confirmed several basic
dynamical predictions of GR [2,3]. (See, e.g., Chap. 20 in
Ref. [4] for a review of the experimental tests of GR.)

However, since the discovery of GR more than a century
ago, the quest for possible extensions of GR has been going
on. We shall not discuss here the various motivations under-
lying the study of modified theories of gravity (see Ref. [5]
for a review). Let us only mention that, from a pragmatic
point of view, it is useful to have alternative theories of
gravity to conceive and interpret tests of gravity [6].

Here, we study a class of geometric theories of gravitation
that generalize the Einstein-Cartan theory. The original idea
of Cartan [7-9] was to extend GR by considering the metric
and the (affine) connection as a priori independent fields
(first-order formalism), and by allowing the connection' to
have nonzero torsion. Cartan added the idea that torsion
might be sourced by some sort of intrinsic spin density along
the matter worldlines.” Later, Weyl pointed out that it is

!Cartan worked within a vielbein formalism, in which the
affine connection is naturally restricted to be metric preserving;
see below.

“En admettant la possibilité d’ éléments de matiere doués de
moments cinétiques non infiniment petits par rapport a leur
quantité de mouvement.”’; bottom of p. 328 in [7].
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natural, in such a first-order formalism, to consider that
fermions (Dirac spinors) directly couple to the connection,
so that the torsion T"[;;y = —=T"; is sourced by the micro-
scopic (quantum) spin density of fermions N%Wyiy[jyk]y/.
(As explained in detail below, the latin indices i, j, k, ...,
denote frame indices.) He also showed that if one follows
Einstein and Cartan in using as gravitational action the first-
order form of the scalar curvature, the torsion is algebraically
determined by its source and the first-order action is
equivalent to a second-order (purely metric) action contain-
ing additional “contact terms” quadratic in the torsion
source, and therefore quartic in fermions. The ideas of
Cartan and Weyl were further developed by Sciama [10],
Kibble [11], and many others (see [12] for a review of
later work on this approach based on gauging the Poincaré
group).

A new twist in the story started after the discovery of
supergravity [13], and especially of its first-order formu-
lation [14]. Indeed, the first-order formulation of super-
gravity is similar to the Einstein-Cartan-Weyl approach,
with a gravitational term linear in the scalar curvature and a
nonzero torsion 7" ;jx algebraically determined in terms of
its gravitino source ~p jyiy/k, leading, after replacement in
the action, to contact terms quartic in the gravitino. How-
ever, quantum loops generate an effective action containing
terms at least quadratic in the curvature. When considered
in a purely metric, second-order formulation, terms quad-
ratic in the curvature lead to higher-order field equations,
which raise difficulties [15], in the form of “ghosts”
(negative-energy modes), even at the classical level [16].

© 2019 American Physical Society
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This raised the issue of finding ghost-free theories of
gravity with an action containing terms quadratic in cur-
vature, but treated in a first-order formulation. Indeed, such
a formulation leads to second-order-only field equations for
the metric and the connection [17,18], so that the torsion
now propagates away from its source. The most general
solution to finding such ghost-free and tachyon-free
(around Minkowski spacetime) theories with propagating
torsion was obtained in parallel work by Sezgin and van
Nieuwenhuizen [19,20], and by Hayashi and Shirafuji
[21-24]. It was found that there are 12 six-parameter
families of ghost-free and tachyon-free theories with
propagating torsion [20,24]. These theories always contain
an Einstein-like massless spin-2 field, together with some
(generically) massive excitations coming from the torsion
sector. The possible spin-parity labels of the excitations
propagated by the torsion sector are 2,27, 1%, 17,07, 0.
Only certain combinations of these spin parities can be
present in the various six-parameter families of ghost-free
and tachyon-free theories with propagating torsion (see
Table I in [24] or Table I in [20]).

One of these classes of theories (with torsion propagating
both massive 2" and massive 0~ excitations) has recently
been studied with the hope that the massive spin-2 field it
contains will define a new, more geometric, solution to
having a healthy and cosmologically relevant infrared
modification of gravity [25,26]. We recall that the physics
of an ordinary, massive’ Fierz-Pauli—type [27-29] spin-2
field raises many subtle issues going by the names of van
Dam-Veltman—Zakharov discontinuity [30,31], Vainshtein
(conjectured) mechanism [32], and Boulware-Deser ghost
[33]. A breakthrough in the problem of defining a class of
consistent, ghost-free nonlinear theories of a massive spin-2
field was achieved in Ref. [34]. This then allowed the
construction of a class of consistent, ghost-free nonlinear
theories of bimetric gravity [35].

The aim of the present paper is to study the four-
parameter subclass of the propagating-torsion models of
Refs. [19-26] that is similar to the bimetric gravity models
of [35] in the sense that it contains only two types of
excitations: an Einstein-like massless spin-2 excitation, and
a positive-parity massive spin-2 one. To emphasize this
similarity we shall often refer to the models we study as
defining a theory of torsion bigravity. We think that the
geometric origin of the massive spin-2 additional field
(contained among the torsion components, rather than
through a second metric) makes such a torsion bigravity
model an attractive alternative to the usually considered
bimetric gravity models. In particular, the fact that massive
gravity is described in these models by a different Young
tableau than the more familiar (symmetric tensor) models
completely changes the various issues linked to nonlinear
effects and renders the study of their physical properties

JEspecially with a very small mass, say of cosmological scale.

a priori interesting. Some of the results of previous work on
such models [25,26,36-39] has shown them to be remark-
ably healthy and robust around various backgrounds
(though Ref. [39] found the presence of gradient insta-
bilities around the self-accelerating torsionfull cosmologi-
cal solution found in [36]; but these instabilities might be
due to the endemic stability problems of self-accelerating
cosmological universes rather than to the theory itself).
Anyway, let us emphasize here that the existence of the
self-accelerating solution of Ref. [36] necessarily relied on
the presence in the spectrum of both 2" and 0~ excitations.
In the present work we focus on the minimal model
containing only the 2% excitation (besides the Einstein
massless graviton). This minimal torsion bigravity model
has not yet received any specific attention in the literature
beyond its linearized approximation (which follows from
the general linearized-limit results of Refs. [23,26,40]).

Let us note in passing, for the cognoscenti, that we are
talking here about positive-parity spin-2 excitations con-
tained in the torsion field Ti[jk], and not of the “dual
gravity,” negative-parity spin-2 excitation contained in the
irreducible SO(3,1) Young tableau 7'(,). (satisfying T, +
Tipeja + Ticqp = 0)  introduced by Curtright [41,42].
Among the propagating torsion models of Refs. [20,24]
some give rise to massive 2~ excitations and some to
massive 27 ones, but the two parities cannot be simulta-
neously present in ghost-free models.

As we started this Introduction by recalling that the
source of torsion is the microscopic (quantum) spin of
elementary fermions, the reader might worry that this
would prevent the existence of phenomenologically rel-
evant, macroscopic torsion fields in ordinary, non-spin-
polarized systems, such as stars, planets, or even neutron
stars.* However, as was already noticed in Refs. [23,26],
and as will be clear in the present work, the mere presence
of a usual, Einstein-like energy-momentum tensor 7T+
suffices to generate macroscopic torsion fields. In the
following, we shall then, for simplicity, set the torsion
source to zero and consider only the effect of the energy-
momentum source T+,

II. FORMALISM AND ACTION
OF TORSION BIGRAVITY

Here, we essentially follow the notation of Refs. [21-24]
(which we also used in our previous paper [39]). Latin
indices i, j,k,... =0, 1, 2, 3 (moved by the Minkowski
metric 7;;,7") are used to denote Lorentz-frame indices
referring to a vierbein e;# (with inverse eiﬂ), while Greek
indices u,v,...=0, 1, 2, 3 (moved by the metric
G = 1;j€' ,€’,) are used to denote spacetime indices linked
to a coordinate system x*. When there is a risk of

“We leave to future work a study of the amount of spin
polarization in a strongly magnetized neutron star.
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confusion, we add a hat, e.g., el u» on the frame indices. The
signature is mostly plus.

The (first-order) action is expressed in terms of two basic
independent fields: (i) the (inverse) vierbein e ;and (i1) a
general SO(3,1) connection A, ju» Which is metric preserv-
ing (i.e., A;j, = —Aj;,, where A;;, =n;A%;,). The most
general ghost-free and tachyon-free (around Minkowski
spacetime) action containing only a massless spin-2 exci-
tation and a (positive-parity) massive spin-2 one has four
parameters” and can be written as

’Aiju} + Smatter' (21)

Slotal = STBG [elu

The torsion bigravity part, Stpg, of the action reads

STBG[e AI//J /d foTBG[e 86 8 e, A 8A} (22)

where /g = = dete’,, and

Lypg = cgRle, De, 0?e] + cpFle, A, OA]

—detg,,

. 1 .
+ Cp2 <F(11>F(”) - 3F2> + C34F[ij]F[l]]. (23)

Here, we use the letter R to denote the various curvatures
defined by the Riemannian structure (curvature tensor
R =R, e'e)”, Ricei tensor R;; = R*;;, and curvature
scalar R = n"/R;;), and the letter F to denote the correspond-
ing Yang-Mills—type curvatures defined by the SO(3,1)
connection A’;, [curvature tensor F';, =F';, (A)et e/,
Ricci tensor F,;(A) = F¥;;, and curvature scalar F(A) =

n"F,;].Note that because of the projections on the frame, the
frame components of the F-type curvature depend algebrai-
cally on the vierbein e’,, besides depending on A’} and its
first derivatives. See Appendix A for more details on the
definition of these objects and for the relation with the
notation used in our previous paper [39]. (An explicit form of
the general field equations can also be found in the latter
reference.)

The torsion bigravity Lagrangian (2.3) a priori depends
on four parameters: cg, Cg, Cp2, and c34. Actually, the last
one, ¢34, will not enter in the discussion of spherically
symmetric solutions. This leaves us with three relevant
parameters. The analysis of Refs. [20,24] has shown that
the absence (around a Minkowski background) of pathol-
ogies (ghosts or tachyons) require the three parameters cg,
cp, Cp2 to be positive. Actually, they are related to the
gravitationlike coupling constants G, (linked to massless
spin-2 exchange) and G,, (linked to massive spin-2

3See the Appendix B for a discussion and the link with our
previous notation.

exchange), and to the mass® k= m, of the massive
spin-2 excitation, by the relations

1
=l=—,
CR+CF 1671'G0
cr_ 3G,
cn 174G,
nh cr(l+E)
cp=F=—"7—". (2.4)
K K

Here, we have introduced (following [19]) the notation A
for the sum cy + ¢ of the two curvature coefficients. It is
indeed this sum which measures (at least in the weak field
limit) the usual Einsteinian gravitational coupling constant
1/(162G,). We have also introduced the notation # for the
dimensionless ratio ¢y /cg, which measures (within a factor
1 linked to the difference between the massless, S;° = T#/—
i 1T, and massive, Sy =T —1Tn*, spin-2 matter
couplmgs ) the ratio of couplings to matter. It is tempting
to conjecture that, for general solutions, the ultraminimal
class of theories defined by the three parameters G, G,,,
and x = m,, taking c34, = 0, will have the best possible
nonlinear behavior.

The difference between the affine connection A}, and
the torsionless Levi-Civita connection o' ;,(e) deﬁned by
the vierbein eM is called the contorsion tensor,

Kijﬂ = Aijﬂ - a)ij”(e).

(2.5)
The frame components K’ = e 'K ju of the contorsion
tensor are related to the frame components 7" [ = -T! k)]
of the torsion tensor by the relations

1
Ky = E(Ti[jk] + Tjir — Triij))»

Tijjy = Kiji = Ky (2.6)
(NOte that Tl[jk] = _Tl[kj] while Kljk = _Kjlk) The field
equations are linear in the second-order derivatives of e},
and A’ ju When using these quantities as basic fields in the
action. One should avoid the use of the vierbein and the
torsion as basic fields because this introduces, in view of
the link (2.5) which involves first derivatives of the
vierbein, third derivatives of the vierbein in the field
equations. One should rather consider the torsion as a field
that is a posteriori derived from the basic fields.

Let us emphasize that the first-order formalism
used in the Einstein-Cartan(-Weyl-Sciama-Kibble) theory

6Here, the “mass,” k, of the massive spin-2 field refers to the
inverse of its (reduced) Compton wavelength, i.e., the parameter
enterlng the exponential decay o e™" of a static torsion field.

"In the Newtonian limit, we have, indeed, SOO 1 T00 while
S0 — 2T00 4 Soo
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considered here (which is often called ‘“Poincaré gauge
theory”) is fundamentally different from the often consid-
ered Palatini-type (“metric-affine”) first-order formalism.
In both formalisms one independently varies the metric and
the connection, and one a priori allows for the presence of
torsion, i.e., for a nonsymmetric part of the connection:

Tl/w = F’lﬂy - l—%”ﬂ = ZFADW].

(2.7)

However, in the Palatini approach (which is usually
performed in a coordinate frame) one independently varies
all the components of a (symmetric metric) g,, and of a
(nonsymmetric) connection Fﬁm,. This yields 10 equations
obtained by varying g,, together with 4% = 64 equations
obtained by varying the connection I'* - By contrast, in the
Cartan-type approach used here, one gets 16 equations by
varying eL and only 24 equations by varying A;;, = —Aj;,.
Because of the (chosen) local-Lorentz invariance of the
action the 16 vierbein equations are submitted to 6 Noether
identities (linked to infinitesimal local Lorentz rotations
wy;); see, e.g., [12,21,37]) and are therefore essentially
equivalent to 10 field equations obtained by varying g,,. By
contrast, the 64 connection equations of the Palatini
approach are stronger than the 24 equations obtained by
varying Ay;j,. For instance, if the connection does not
directly couple to matter, it has been shown [43,44] that a
general Palatini action of the \/gf (R .,)) type (Where R,
denotes the symmetric part of the Ricci tensor defined by
the nonsymmetric connection Fﬁw) yields algebraic equa-
tions for the connection that determine it (modulo an
additional “projective” term 6,’1Al,) to be the torsionless
Levi-Civita connection of the auxiliary gothic metric
V49" = 6[\/9f (Ryu))l/0R ). As the projective term
drops out of the action (because it does not contribute to
R () and is assumed not to couple directly to matter), one
ends up with a theory of gravity where the metric g, is an
Einstein-frame metric having the usual Einstein-Hilbert
dynamics, but where the matter is coupled to the different
metric g,,, with some nonlinear relation between these two
metrics and the matter stress-energy tensor 7. In these
theories, there are no dynamical effects linked to a
propagating torsion. On the other hand, in the generalized
Cartan-type theories considered here, the torsion field is a
dynamical field, which is generated by the matter stress-
energy tensor T, even in the absence of direct coupling of
the connection to matter, which propagates away from the
material sources, and which has physical effects via its
coupling to the physical metric g,,.

From the technical point of view, the crucial difference
between the Cartan-type and Palatini-type approaches is
that the SO(3,1) connection Ay, is algebraically con-
strained to be metric preserving. This means that, in
order to derive the Cartan-type field equations within a

coordinate-based Palatini approach one needs to add to the
action density a Lagrange multiplier term, say

/d4xAA(””>Q,L(W) E/d“xl\’l"”vggﬂy, (2.8)

where Q) (,,) = Vggﬂy denotes the covariant derivative of
the metric with respect to the general (a priori nonsym-
metric) affine connection F’lﬂy. Note that the presence of
this term in the action then contributes to the 64 equations
obtained by varying the connection by additional terms
involving the 40 unknown Lagrange multipliers A**).

III. STATIC SPHERICALLY SYMMETRIC
METRICS AND CONNECTIONS

In the present paper, we investigate static spherically
symmetric solutions of torsion bigravity. We assume
from the beginning that the solutions are the following:
(i) time-reversal invariant; (ii) SO(3) invariant; and (iii) par-
ity invariant. Under these assumptions, we can use a
Schwarzschild-like radial coordinate and denote

e*® = —gq, (3.1)

e =g, (3.2)

so that the metric reads

ds? = —e*®dt* + e*Ndr? + r*(d6* + sin*0d¢?). (3.3)
We then correspondingly define the co-frame P pdxt
as

eV = e%dt, el = eMdr,

2 =rdo, & =rsinddg. (3.4)
The structure of a general (possibly torsionfull) connection
under the just stated assumptions (i)—(iii) has been deter-
mined by Rauch and Nieh [45]. This structure is clear when
using Cartesian-like coordinates X0, x4 (with a = 1, 2, 3),
and a corresponding Cartesian-like co-frame e, e?. Time-
reversal invariance implies that the only nonvanishing
components of a general connection must form a vector
As60 = —Agao and a three-index tensor A,;, = —Ap
Then spherical symmetry implies that the vector A, 55 must
be in the radial direction n?, say
Ad@(j = V(F)I’Lu, (35)
with some radial function V(r), while spherical symmetry,
and parity invariance (which forbids the presence of the
Levi-Civita tensor €, ;) imply that the three-index tensor

A[a Be must be of the form

024065-4
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A[ﬁ5]€ = W(r)(n.dpc — np0ac), (3.6)
with a second radial function W(r). Therefore the most
general affine connection [under the assumptions (i)—(iii)]
involves two a priori unknown radial functions. When
reexpressing these results in terms of the polar-type frame
(3.4), one finds that the two unknown radial functions
parametrizing a general affine connection can be chosen as
being

V(r) = Aléé = +A0f(3’ (3.7)

W(r) = Alss = ATy = —A%5 = -A%5. (3.8)
Note that V and W are components along our basic
orthonormal frame (3.4).

Then the nonvanishing components of the connection
one-form are found to be

(3.9)

Note that the last component (in the 6,¢ 2-plane)
is independent of the unknown functions V, W, but
depends only on the use of a polar-type frame, with a
Schwarzschild-like radial coordinate.

The nonzero components of the torsionless Levi-Civita
connection one-form, @' ju(e), defined by the metric (3.3),
are found to be [using Eq. (A9)]

a)lé — _l_a)Of — @/e—/\eo’

ols = -t = —r-le N,
ol = -’y = —r-le N,
v SR | 3
w*3 = —w’5 = —r~' cotfe’. (3.10)

Note that the last component is (as necessary) the same as
for the general affine connection A, and that the nonzero
components of the contorsion tensor are then found to be
(modulo the antisymmetry with respect to the first two
spatial indices in the second equation)

Kfé(j = Kéfé =V- e_Aq)/,

Kfﬁz” :Kf§§ =W+ rle™, (3.11)
Because of the restricted number of nonzero components,
the nonzero components of the torsion tensor Ty (Which
is antisymmetric with respect to the last two indices) are the
same (modulo some permutation of indices) as those of the

contorsion tensor K;j; = K (which is antisymmetric
with respect to the first two indices), e.g.,

_ _ _ gl
Toig = Koio = —Kioo = =K 65

Tsis = Ks13 = Ks15=Tyi5 = -K'55.  (3.12)
Using (3.9) we can construct the Einstein tensor of the A
connection:

Gij(A) = Fij(A> - lﬂijF(A)-

5 (3.13)

This tensor happens to be symmetric, G;;(A) = G;;(A),
under our (static, spherically symmetric) assumptions. Its
nonzero components read

1 wy
G;;Z—Z—Wz—i-Ze_A(r—),
r r

1
G,ﬁf - —ZVW——2+ Wz,
r
oA (rw)

Gy = G¢¢ =-VW- —4 e_cD_A(eq’V)/. (3.14)

For additional clarity, we used here a more explicit notation
for the frame indices:
F=1, 6=2  ¢=35

i=0, (3.15)

IV. TORSION BIGRAVITY ACTION

Using the previous formulas we can now write down the
action and derive from it the field equations. (We have
checked that varying the spherically symmetric-reduced
action does yield field equations that are equivalent to the
spherically symmetric-reduced field equations, as derived
directly from the general field equations in Ref. [45].) We
recall that the structure of the action is

S = Sfield + S- (4.1)
The variation of the matter action S, with respect to the
metric reads

1
8Sm = /5(\/§Lm)d4x:§/\/§T””5gﬂ,,d4x, (4.2)

while we assume here that its variation with respect to the
SO(@3,1) A connection (linked to the local, quantum, spin
density) vanishes.

The field action is the sum of various contributions:

Sfield - SR + SF + SF2 - /d4x\/§{LR + LF + LF2}.

(4.3)

024065-5
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Here (neglecting to write the “double-zero” term o F [2,','])
Lr = cgR[y],
Lp = cpFlg. A],
Lp=cp (F%ij) - %F2) (4.4)
and
d*x\/g = dt(w(r)dr)(sin 0dode), (4.5)
where
w(r) = r?e®A, (4.6)

For notational simplicity, we shall often omit below in the
action the trivial (field-independent) volume factor
di(sin0dOdgp), so as to work with a radial action
S" = [drw(r)L.

The usual Einstein-Hilbert term is explicitly computed as
being

—A)/
R(0) = r2e®HA | _g4eo—A (e 20~ P-A(pO-AGyY
WR(g) = r°e { e . e (e )

A (4.7)

2 B 26_2A e—ZA (I)/
r r r ’

which can be rewritten in the form

_ Ay 4
WR(g) = 26 L [r(1 = PN +2-0(r),  (48)
where

Q(r) = =2r2e* . (4.9)
Note that in this form, the first term is linear in the first
derivatives of the metric variables (actually linear in A’).
The affine-connection analog of the Einstein-Hilbert term is
obtained by inserting Eqgs. (3.14) in
wF(A) = -wG(A) = w[G;; — Gy —

2Gy4l,  (4.10)

where we used the fact that

G() = (Fya) = 31, (4) ) = =F(4). (411

To streamline the structure of the terms depending on the
derivatives of V and W, it is useful to introduce a shorthand
notation for the kind of covariant derivatives of V and W
entering Eqgs. (3.14), namely

VV =e P2 (V) =NV +DV), (4.12)

VW = e"\@ =e N <W/ + g) (4.13)

We also introduce a shorthand notation for the term
involving the square of W, namely

1
W2 = w? ~ 3 (4.14)
With this notation, we have
F(A) = 4VW = 2VV +4VW - 2W2.  (4.15)

Concerning the contribution quadratic in F;;(A), it is
easy to see that

1

2

so that L can be directly expressed in terms of G;;(A) as

1

Inserting the expressions (3.14) for the components of G;;,
and using the shorthand notation introduced above, leads to

(4.17)

% <G§m - ;G2> = (VV +VW)? +2VV(VW - 2W?2)

+2VW(=5VW + W2)

+ (VW 4 W2)2, (4.18)

At this stage, the various contributions to the action take the
form

d d
wLp = 2CR€CD+AE(”(1 — M) + E(CRQ(’”))’
WLy = cpr2e® ™ N4VW = 2VV + 4VW — 2W2),
2
WL = chzr2ed’+A{(VV + VW)?

+2VV(VW = 2W2) + 2VW(=5VW + W2)
+(VW + W2)2} (4.19)

A remarkable fact about this action is that the only term
containing the square of derivatives is the contribution
(VV +VW)? in L. It is then convenient to add a so-
called “double-zero” term to the action, so as to end up with
an equivalent action which is only linear in derivatives.
(In the present case, this is also equivalent to making a
Legendre transform.)

024065-6
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To explain the idea behind this transformation, let us first
consider a toy model with the Lagrangian

Loy = ¢* +2A(q)q — V(q). (4.20)

We can eliminate the square of the derivative of ¢ by adding
the following double-zero term to the Lagrangian, involv-
ing a new, independent variable 7:

AL(m.q.q) = -[r—(q+A(q)?.  (421)

Indeed, the equation of motion of z obtained by varying
LYY+ AL is

toy

—2[z—-(g+A(q))] =0. (4.22)

Then the modification of the equation of motion of ¢ coming
from varying AL(z, g, q) will involve [because of the
quadratic nature of AL(z, g, q)] a factor [z — (¢ + A(q))].
which vanishes when z is on-shell. This shows that the
action

Ly (n.q.q) = Ly(q.9) + AL(7.4. ) (4.23)

leads to equivalent equations of motion. But the latter action
1s first order in derivatives. Indeed,

LY (m.q.q) = Loy — [m— (g + A(q))?
=2zlq + A(q)] = 7> = A(q)* = V(q)

— 21— (= A(q))* - V(). (4.24)

On the last line we recognize the result of making a Legendre
transformation from ¢ to 2z = 5L§’(}§ /0q.

In our case, we choose to introduce as a new variable the
only combination of covariant derivatives of V and W that
enters quadratically in the action, namely

z=VV+VW. (4.25)

We then add to the original action the double-zero term
2 2 ,04+A 2
—zcpre (VV + VW —7)=,
which yields
new 2 2 ,0+A
wLiS =5cpre {22(VV + VW)

—1? +2VV (VW - 2W?2)

+2VW(=5VW + W2) + (VW + W2)?}.  (4.26)

The field action then looks as follows:

Sthied = /dr{ched’Ma,[r(l — e
+ cpr?e® N (AVW = 2VV + 4VW - 2W2)
+ % cprre® M 2z(VV + VW) — 2
+2VV(VW = 2W2) + 2VW(=5VW + W2)
+(VW 4+ W2)?]}. (4.27)

We use the macroscopic energy-momentum tensor,

" = [p(r) + P(r)|uw'u* + P(r)g", (4.28)
i.e., using u® = e,
1% = [p(r) + P(]e® = P(r)e® = p(r)e”™®,
T = P(r)g" = P(r)e ),
T% = P(r)g" = P’g) ’ (4.29)

so that the variation of the matter action reads

58, = %/ drwip(r)e ?®5(—e*®) + P(r)e ?25(e*M)]

= /dr r2e® AN —p(r)6® + P(r)sA]. (4.30)

V. TORSION BIGRAVITY FIELD EQUATIONS

Let us now write down the equations obtained from
varying the action Sg,y + S, = [ drw(r)L (considered in
its first-order form, with 7 as an independent variable) with
respect to the five field variables x* = (®,A,V, W, x),
a=1, 2, 3, 4, 5. Note that, introducing X=r as a
fictitious sixth timelike variable, the latter first-order action
has the structure

S = /de[Aa(x))'c“ + Ay = /Aﬂ(x)dx”. (5.1)

Here, we denoted 1 = dx*/dx", and x* = (x°, x*), with
u=0,1,2,3,4,5. The six components A,(x") of the one-
form A,(x)dx* depend on the six variables x“. The one-
form A, (x)dx* is just the usual Hamilton-Cartan one-form
p.dq® — Hdt of a first-order action, but we find it useful to
view it as the Maxwell-like action for a massless charged
particle of worldline x* interacting with an external electro-
magneticlike potential A, (x").

Let us write separately the contributions coming from
varying the various pieces of the action §' = [ drw(r)L with
respect to the five field variables x* = (®, A, V, W, x):
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o(wL
(W R) — 2CRe<1>+Aar[r(1 — e_ZA)]’ (52)
oD
o(wL
(wLr) _ 2eRe® ™M1 — e M1 4 2rF)],  (5.3)
oA
o(wL
(V;q)F) = P[P NAVW + AVW — 2W2) + 4re®V],
(5.4)
o(wL
(WLp) _ cprre® N AV — 2W2), (5.5)
oA
o(wL
(wLr) = dcprte® AW + dcpre®, (5.6)
oV
S(wL
S(wLr) = —dcpr(re®) +dcprre®™NV -W), (5.7)
oW
5<WL 2) 2
5¢)F - 3 CFz{—ed)V(2r2ﬂ:)/ + r2e®tA [22VW — n?

+2VW(=5VW + W2) + (VW + W2 )?]

— eV2rA(VW - 2W2)]'}, (5.8)
o(wL 2
(WLp2) = Zepr2e® A -2 + (VW + W2)2],  (5.9)
oA 3
O(WL 12 2
L) 2 ey + 27 W (VY
— e®(2P2VWY + e®(4W2 )
— 10P2e®HAYWW 4 226N (VW + W2)W),
(5.10)
O(WL 2 2
W) 2 el r(areta) + 226 VY
— 82 HAVVW — 10re®V(rW)'
+ 10r(re®VW) + 4re®W(rw)
—2r(re®W2) + 2r2e®MNVW + W2)
X(V+2W)], (5.11)
6(WL 12 4
(V‘;ﬂF ) _ SeprPe VY VW —a). (5.12)
6(wL
(ng)m) — —2e®HAp(p), (5.13)
o(wL
(V;Am> — 26®AP(y). (5.14)

Here we have introduced (after variation) the shorthand
notation F for the radial derivative of ®:

F=d'. (5.15)

We use as basic equations for the five field variables
x4 = (D,A,V,W,x) the five first-order equations

Ea(cid—)i?,xc,r> =0, a=1,2,3,4,5, (5.16)
with (denoting ¢ = ¢, so that 1 — ¢ = c¢p)
E= —3—;2r2(c—l)e/\_‘b%, (5.17)
E,= —ngrz(c—ﬂ)eA‘Q%, (5.18)
E;= —Z—lfr(c—l)e‘d’ <%—%>, (5.19)
4 ELlfr(c—l)e_chawa), (5.20)

where each term §(wL)/6x? is obtained by summing the
corresponding terms among Eqs. (5.2)—(5.14). [The factors

k?(c =) = —k*cg have been included to eliminate the
. . .. . o A o A
denominator implicitly present in ¢z =15 = i z—cc);é']

The five (geometric) field equations above must be
supplemented (when considering the interior of a star)
by the usual (universal) matter equation following from the
(radial) conservation law V;,T#* = 0 for a spherically sym-
metric configuration with macroscopic energy-momentum
tensor, Egs. (4.29), namely

(5.22)

with

do
E,=P +(p+P)

=p P)F.
o +(p+P)

(5.23)

VI. REDUCTION OF THE FIELD EQUATIONS
TO A GHOST-FREE-LIKE SYSTEM OF THREE
FIRST-ORDER EQUATIONS

Let us recall that the basic aim of the present work is to
study the geometric torsion bigravity model as an alternative
to the usually considered bimetric gravity models. The latter
models are defined by considering two independent dynami-
cal metric tensors, say g, and f,, having separate Einstein-
Hilbert actions, and being coupled to each other (besides
some matter coupling) via some generalized Fierz-Pauli
potential V(f, g). These models are generalizations of the
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massive-gravity models where the metric f,, is nondynam-
ical and frozen into some given background value (e.g., a
Minkowski background f,, = 1,,). For many years, it was
thought that massive-gravity models (and, consequently,
their bimetric generalizations) were plagued by the neces-
sary presence of an additional, ghostlike, degree of freedom
(d.o.f.) [33,46,47]. The latter Boulware-Deser ghost enters
only at the nonlinear level (because, at the linear level, the
Fierz-Pauli potential [27-29] ensures the presence of only
five healthy d.o.f. in the massive-gravity sector).

It was emphasized by Babichev, Deffayet, and Ziour [48]
that the presence of the Boulware-Deser ghost in generic
massive-gravity models® is already apparent when consid-
ering (codiagonal) spherically symmetric solutions. More
precisely, a generic massive-gravity model has (when using
a Schwarzschild radial coordinate r for the physical metric
gy) three variables: ®(r), A(r) [defined as in Eq. (3.3)
above] together with a third “gauge” variable u(r) relating
the Schwarzschild-like radius r to the “flat” radial variable
ry defined by the background metric f,,, namely
rp= re (/2 The crucial point (which can also be seen
in the explicit field equations of Ref. [49]) is that the
massive-gravity field equations are first order in ®(r) and
A(r), but second order in pu(r). This means that the total
differential order of the massive-gravity ®(r), A(r), u(r)
system is four. Equivalently, the general” exterior spheri-
cally symmetric solution of a generic massive-gravity
model contains four arbitrary integration constants. One
of them will be an additional constant ¢, in ®(r), which is
physically irrelevant because it can be gauged away by
renormalizing the time variable: 1 — ¢ = ¢~“/2¢. We con-
clude that the general exterior spherically symmetric
solution of a generic (ghostfull) massive-gravity model
contains three physically relevant arbitrary integration
constants. This is one more constant than for the general
exterior spherically symmetric solution of the Fierz-Pauli
linearized massive-gravity model. Indeed, the latter general
linearized solution for &, = g,, — f,, is (see [33])

hOO = 2YK(r)7
ho; = 0.
1
hij = 6;jY(r) = — 0,0, (1), (6.1)
’ K

where x denotes the mass of the massive graviton, and
where Y,(r) is the general exterior spherically symmetric
solution of the Yukawa equation

¥We start by considering generic massive-gravity (and bimet-
ric) models containing a Boulware-Deser ghost to contrast them
with the properties of ghost-free massive-gravity (and bimetric)
models.

Here, “general” means that we do not impose boundary
conditions at infinity.

162G, T},

(A - &)Y, . (6.2)

which contains fwo integration constants, ¢, , c_, namely

e+1cr e—KI‘
+c_ .
r

Ye(r) = ey (63)

We recall in passing that the trace of 4, is locally related to
the matter density via

162G, T,

hy =
" 3k?

(6.4)

Summarizing: the presence of a sixth field d.o.f. in a
generic (ghostfull) massive-gravity model is visible when
considering the general exterior spherically symmetric
solution: indeed, the latter solution generically involves
three physically relevant integration constants, which is one
more than the two physically relevant integration constants
¢, c_ entering the corresponding linearized solution of the
5-d.o.f. Fierz-Pauli model. In addition, we recall that the
linearized massive-gravity solution necessarily involves a K%
factor in some of its components, and that this feature is the
origin of the appearance of a Vainshtein radius below which
one cannot trust the usual weak-field perturbation expan-
sion of massive gravity [32,49].

Let us emphasize that the ability of the spherically
symmetric limit to detect the presence of the Boulware-
Deser ghost is somewhat obscured if one focuses, from the
beginning, on exponentially decaying solutions, rather
than on general exterior solutions. (See, in this respect,
Refs. [48-50].)

When extending a massive-gravity model into a corre-
sponding bimetric gravity one, we must add to the count of
the physically relevant integration constants entering a
general exterior solution the Schwarzschild-like mass m
parametrizing the physics of the massless spin-2 sector. We
therefore conclude that the general exterior solution of a
ghostfull bimetric gravity model will involve four physi-
cally relevant integration constants, while the general
exterior solution of a ghost-free bimetric gravity model
will involve only fthree physically relevant integration
constants (corresponding to m, c,, c_ parametrizing the
corresponding linearized system). [We recall that we dis-
counted here the physically irrelevant additional constant
entering ®(r).] The fact that the general exterior solution of
ghost-free bimetric gravity models [using the restricted
class of potential V(f,g) discovered in [34]] indeed
involves only three physically relevant integration constants
has been explicitly shown by Volkov [51]. Indeed, he
showed how to reduce the (codiagonal) field equations to
a system of three first-order differential equations, for
the three variables N, Y, and U; see Egs. (5.7) in [S1].
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[The variable ® = In Q is then obtained by a quadrature:
® = [drFs + c; see Eq. (5.3¢) in [51].]

We are now going to show that the torsion bigravity
model is similar to the ghost-free bimetric gravity models
in that its general exterior spherically symmetric solution
only involves three physically relevant integration con-
stants. (We will see later that these three integration
constants do correspond to the constants m, C,, C_
parametrizing the corresponding linearized torsion bigrav-
ity system.) This will be shown by reducing the system of
five first-order field equations E|—Es5 written in the pre-
vious section to a system of three first-order differential
equations [together with a quadrature for ®(r)]. In view of
the fact, recalled above, that the presence of the Boulware-
Deser ghost was visible in spherically symmetric solutions
of generic ghostfull bimetric gravity models, we consider
this property of torsion bigravity as a suggestion (though
not a proof) that it might be ghost-free in a general (time-
dependent and nonspherically symmetric) situation.

As our reduction process is algebraically involved, we
will not display all the technical details, but only explain
the algorithm by which we could explicitly derive a reduced
system of three first-order equations for three unknowns.
Explicit calculations are better done anyway by using
algebraic manipulation programs, starting from the explicit
basic field equations written in the previous section.

Before explaining the explicit reduction process we used,
let us briefly indicate how the reduction issue could be
formulated in terms of the Hamilton-Cartan action (5.1).
The variational equations of motion coming from the first-
order action (5.1) are

dx?
E,=F,u(x) 0 0, (6.5)
where F,,(x) = 0A,(x)/0x" — 0A,(x)/0x" are the com-
ponents (with y = 0, 1, 2, 3, 4, 5) of the two-form F' = dA,
and where we recall that x° simply denotes the radial
variable r, which plays the role of time in our action.
Because of the antisymmetry of F,,, there are only five
independent equations among the equations &,, Eq. (6.5)
(say &,, fora =1, 2, 3, 4, 5). A necessary condition for the
variational equations (6.5) to have nontrivial solutions in
the phase-space “velocity” v = %, is that the determinant
of the six-by-six matrix F,, be vanishing. As F,, is
antisymmetric and even, its determinant is the square of
its Pfaffian

Pf[F] = €ﬂl”lﬂ2”2ﬂ3V3Fﬂ v Fu F
1

17 Hala® H3l3®

(6.6)

This shows that a necessary condition following from the
five equations £, = 0 (which are equivalent to the equa-
tions E, = 0 of the previous section) is the constraint

Pf[F(x)] = 0. (6.7)

The latter constraint is purely algebraic in the five variables
x* = (®, A, V,W,r) (and depends on x = r). In turn, the
(primary) constraint (6.7) implies as the secondary con-
straint an equation linear in the velocities v* = % [i.e., the
radial derivatives of (®, A, V, W, )], namely

0— de[FO(x)] _ d_xt‘)an[F(x)] ' (6.8)
dx dx ox#

This argument indicates that the basic system of five
equations E,—Es5 of the previous section implies (at least)
one algebraic constraint, Eq. (6.7), together with the extra
differential condition (6.8). To check what is the precise
import of these constraints on the number of free data
determining the general exterior solution of our system we
need to explicitly write down and study these constraints, as
we will do next [starting directly from the explicit form
(5.17)—(5.21) of our five basic equations E|—Es].

When doing so, it is convenient to start by noticing that
the gauge symmetry t — ' = e¢~“/2¢, which corresponds to
changing ®(r) into ®(r) + ¢, shows that our basic five
field equations can be entirely expressed in terms of
F(r) = @', without any explicit appearance of the undif-
ferentiated variable ®(r). Actually, the various e~® factors
in our definitions (5.17)—(5.21) were designed to realize
this disappearance of ®(r). In other words, we can consider
the system E;—FEj5 as being algebraic in F, and differential
(of first order) only in the four variables A, V, W, and .

It is also useful to work with a slightly modified set of
variables. In the following we shall replace the set of
variables F, A, V, W, and 7 by the new set F, L, V, Y, and
where

L=et, (6.9)
YEY+%EV+W+%, (6.10)

where we used also the intermediate notation
Y=V+Ww. (6.11)

The usefulness of this change of variables is that it allows
one to easily show that two combinations of our five basic
equations E|—Es, (5.17)—(5.21), yield two algebraic con-
straints in the five variables F, L, V, Y, x.
On the one hand, the equation E; turns out to be algebraic
in F, L, V, Y, n (without involving any derivative):
E, =E(F.L,V,Y,7;P). (6.12)
Moreover E is linear in F and quadratic in L. As indicated,
E, also involves the pressure P(r) as a matter source. The
constraint £; = 0 will be used to algebraically eliminate F
by expressing it in terms of the other variables.
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On the other hand, the only derivative entering the two
equations E; and Es is Y’. This implies that a linear
combination of E3 and Es5 yields an algebraic constraint.
More precisely the new expression

Ess = rE; — 2r3AYE;5 (6.13)
is an algebraic expression in our (redefined) variables,
namely

Ess = Ess(F,L,V,Y,n), (6.14)
which is linear in both F and L.

The reduction process we use is then the following. First,
we solve the algebraic constraint E;(F,L,V,Y,z) =0
(which is linear in F) with respect to F to get

F=Fy|L,V,Y,mP. (6.15)
Then, we replace F — Fy,[L,V,Y,n;P] in the other
algebraic constraint E35, Eq. (6.14), to get a reduced
algebraic constraint involving only the four geometric
variables L, V.Y, n, say

EX(L,V,¥,7;P) = Ess(Fyoi[L. V. V. 7; P, L, V.V, 7).
(6.16)

The so-obtained algebraic constraint ES(L,V,Y,x) =0
turns out to be quadratic in L. There is a unique root of this
quadratic equation in L" say

L=L

V.Y, m P, (6.17)
which is such that it has the physically desirable feature of

asymptotically behaving like its Schwarzschild counterpart

1
Ls(r) — eAS(r) =— — 1

v 1=2mg/r

when the arguments V, ¥, 7 asymptotically decay at infinity
in a Schwarzschild-like manner. This requirement follows
from the physical requirement that the contorsion tensor
(being entirely generated, at the linear level, via a massive-
spin-2 excitation; see below) must decay « ™" so that V
and W, and the corresponding Y, 7, must asymptotically
decay as their Schwarzschild counterparts, i.e., as the
corresponding frame components of the Levi-Civita con-
nection; see (3.10).

Then, by substituting L — L,[V,Y,n;P], from
Eq. (6.17), into the expression (6.19), we get an explicit

as r — +oo

(6.18)

This is the smallest root, i.e., the root with a negative
coefficient in front of the discriminant when writing the equation
with a positive coefficient for L2.

expression for F in terms of the three geometric variables
V.Y, &, say

F=FYV,Y,mPl=FylLy,|V.Y, 7P, V.Y, 7, P|.
(6.19)

The final stage of our reduction process consists of
replacing F — F}[V,Y,#n] and L — L[V,Y,z] into
the remaining equations E,, E,, and Es to get three
first-order equations for the three unknowns V, Y, and z

(involving also P and p as source terms), say

0=EMV.Y o, P, V,Y,zp, P,
0= Efd[V’,n’, V.Y, 7P,

0=ENY, V.Y, Pl (6.20)
By construction, these three equations are linear in all the
radial derivatives. When replacing the radial derivative of
the pressure which appears in EXY by the matter equa-
tion (6.22) discussed next, one can solve the three equa-
tions (6.20) for the three derivatives V', ¥, 7’ so as to get an
explicit first-order radial-evolution system, say

V! =DVI[V.,Y,m;p, P,
7' = DYV, ¥, 7:p, P,
7 = Dzx[V.Y,7;p, P). (6.21)
When considering the solution inside a star one must
augment this system by the reduction of Eq. (5.23) con-
straining the radial evolution of the pressure, namely
P'=—(p+P)FY[V,Y,x; P,

sol

(6.22)

and by giving an equation of state relating p to P,
say p = p(P).

After integrating the system (6.21), (6.22), for the four
variables V.Y, x, P, one can compute the values of the
variables F', L (or A), and W by using Eqgs. (6.19), (6.17),
and (6.9). Finally, the value of the gravitational potential
®(r) is obtained by a quadrature,

D(r) = —/ dr'F(r'), (6.23)
where we fixed the arbitrary additional constant in @ by the
requirement that ®(r) — O at radial infinity.

VII. LINEARIZED APPROXIMATION

Let us study the linearized approximation to our five
basic field equations E;—E5, (5.17)—-(5.21). We are, in
particular, interested in understanding how the linearized
solutions behave in the small-mass limit x — 0. In the next
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section we will then consider the second-order (postlinear)
solutions. We will see that, both at the linear level and at
the postlinear level, the limit x — 0 of torsion bigravity is
much better behaved than in massive gravity and bimetric
gravity. Some aspects of the linearized approximation of
dynamical-torsion models have already been considered in
Refs. [23,26], and in Ref. [40] for the spherically sym-
metric solution, but our treatment will be more extensive
and detailed.

In the absence of a material source (i.e., when p — 0 and
P — 0), the torsion bigravity field equations admit the
solution ® =0, F=d' =0, A=0, V=0, W:—%,
Y=v+Ww —l—% = 0. We denote with a subscript 1 a
first-order deviation from this trivial solution, i.e., Fj,
Ay, Vy, and Y,. The explicit form of the linearized
approximation of the field equations looks as follows:

6S
A Eh‘1 =2crV,—cr¥; + A(c =)
2
—Flr(C—A)—ZP:O, (71)
ﬁ. lm_ V/r2_cylr2+A/ ( ﬂ)+'0_’2
5b 4
+2crVy =2crY | + Aj(c =) =0, (7.2)
oS oS
ST DB =Y )= mrd 4 6k r(c — M)A,
+ (9ex?r? — A= 92 r?A)V
=322 (c = A)F,
+ (=6¢cK’r* + 2+ 6x2r?2)Y, =0, (7.3)
oS
A DB = Vi 4 7 PA + myrd
+3k%r(c — )N, + 6K (c = )V
= 3k%r*(c — A)F,
+ (=3ck*r* = 24+ 3c*r?A)Y, =0, (7.4)
oS
5ﬂ Elln_Y/r—ﬂlr_V1+Y1_0 (75)

The hat added on the E!"’s indicate that these equations
differ by a factor from the linearization of the correspond-
ing equations E,, as defined in Egs. (5.17)—(5.21) above.
In keeping with what was already the case at the nonlinear
level, the first equation E'" is algebraic in the variables A,
F\, V., Y, and thus can be used to express F; in terms of
the other three, F; = F;(A;,V,,Y,). Furthermore, the
equation Elln is algebraic in 7| and can be used to express
7, in terms of the variables V;, Y, and Y,’. Henceforth, we
solve £i" = 0 for F}, and Elsi" = 0 for 7, so as to eliminate

lin -
Fi=F/" (AL V,,Y]:P), (7.6)

m =1y (V. 7L FY), (7.7)
from the system.

It is then easily seen that the replacement of Eq. (7.7) in
Eq. (7.3) eliminates the derivative Y,’ and yields an
equation which is algebraic in A;, V,, Y,. We can then
use the latter algebraic equation (which is equivalent to the
combination £l = £ — JEM) to express A, in terms of
V, and Y, say

Ay = AFVER(V Y P). (7.8)

After inserting all the replacements Eqgs. (7.6)—(7.8), one
ends up with two remaining equations to solve: Eq. (7.4),
which is second order in Y, and first order in V,, and
Eq. (7.2), which is first order in ¥, and V. The explicit
form of the latter two equations is streamlined by intro-
ducing the new variables,

mG = 2Vl - (710)

We find that these variables must satisfy the following
equations:

p(r)

2 3
royfy P2 py L 711
m0+erO 4/1 4/1 () 4& () ( )
2 2
V:‘:’Lk + ;Vink - <ﬁ + K2> mG
p(r) K 2, r oo
P _ KT, P L Py, (1.12
61 4P E P+ PN, (712)

Given a solution of these two linear equations, the full
linearized solution is given by the inverse of Egs. (7.9) and
(7.10), i.e.,

Y—l = 2va + vaka

V] - VmO +2mG, (713)
as well as by
LAy = Vo =V 4 —"—P(r), (7.14)
-A = - —P(r), .
r 1 m0 — MV mk 4(1_0)
r
F, = 2nV —P(r). 7.15
1 mO n mk+2(i C) (}") ( )

The total differential order of the system Eqgs. (7.11), (7.12)
is three, i.e., the same order as we found above for the full,
nonlinear system.
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One should note the remarkable fact that these linear-
ized-approximation equations never involve the inverse of
the squared mass x? of the massive spin-2 excitation. This is
in sharp contrast with the corresponding linearized mas-
sive-gravity, or bimetric gravity, equations which always
involve an inverse power of k%; see, e.g., Egs. (6.1) and
(6.4). We will see below that the absence of inverse powers
of k? persists at the postlinear order.

Let us recall the structure of the solutions of equations of
type (7.11) and (7.12), with general source terms on the
right-hand sides,

2
V:nO + ;Vm() = Sm()(l"), (716)

2 2
V::zk + ;Vink - <ﬁ + K2> mG = Smk(r)' (717)

These equations have unique solutions that are regular at
the origin and decaying at infinity. They are given by the
following formulas:

1 r
Voolr) = — / 258,0(F)dP, (7.18)
r 0
mG(r):/w 2G,(r, A)S,c(F)dF.  (7.19)
0

In the second equation, the Green’s function G,(r,7),
satisfying the equation

{a% + %8, - (% + xz)] G(r,F) = %5@ -7, (7.20)

is constructed as

Gulr, ) = X (DX ()0 = )+ X ()X (0L = 1)),
(7.21)

where 6(x) denotes Heaviside’s step function, while

X>(r)=8,<e_:r) and x<<r>:a,<smhr("’)> (7.22)

are two appropriate homogeneous solutions, incorporating
the boundary conditions. Namely, X. (r) decays at infinity,
while X_(r) is regular at r = 0. In addition,

W=r(XL(rX(r) = Xo(nXL(r) =& (7.23)
is the appropriate (constant) Wronskian of the two
solutions.

Note that V,,q and V,,; are “pure” variables correspond-
ing to the massless and massive linear excitations,

respectively. We then see on Egs. (7.13)—(7.15), how each
metric or connection variable is some combination of these
two pure variables.

Let us explicitly display the above linearized solution in
the simple case where the source is a constant density
star, say

p(r) = eq. (7.24)
But, first, let us note that the source terms in the linearized
equations (7.11), (7.12) have different perturbative orders
of magnitude. Indeed, we can consider that the primary
source of all the variables is the matter density p(r), and that
it defines the formal expansion parameter & of our weak-
field expansion: p = €p,. Here, ¢ is a bookkeeping device,
which will be set to one at the end. The linearized variables
&,, Fy, V,, etc., are first order in e. For example, ® =
e®, + O(e?), F = eF| + O(&?) (where F| = @), etc. On
the other hand, the pressure-gradient equation (5.23) has
the structure

P'=—(p+P)F

= —(ep, + P)(eF, + O(€?)). (7.25)
The boundary condition that P(r) vanishes at the surface of
the star then shows that the pressure P is actually of second
order in &: P = P,e* + O(€?), with
To determine P, we must first determine the value of F
generated by p = e¢p,. We shall take into account, in the
next section, the second-order effects induced by the
source terms involving the pressure P = P,e? + O(€?) in
the linearized equations (7.11), (7.12), (7.14), (7.15). In the
present section, we can define the pure linearized fields ',
V4, etc., by neglecting all the pressure-related source terms
in the field equations (7.11), (7.12), (7.14), (7.15), and by
using the constant density ansatz (7.24). This leads to the
following explicit solutions of the system (7.11), (7.12):

myr
R3 ’ r S Rsa
Voo = : 7.27
m0 {,,:_2]’ r> Rs, ( )
e™Rs (1+xR;)
£ UteR)
Vak = § X [— :*W;el* (krcosh(kr) — sinh(zcr))}, r <Ry,
WC‘WG r>R,.
(7.28)

Here, we recall that A = 1/(162G,), while R, denotes the
radius of the star, and we have defined
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o €0R3 o 47TGO 3
m; = 122 = 3 eORS, (729)
2
Cor = _gmlj:(zs)v (7'30)
7y = KkR,, (7.31)
F(z) =3{zcosh(z) —sinh(z)}/z>. (7.32)

The “form factor” F(z), entering the magnitude C,,; of
V.« outside the star, has been defined so that F(z) — 1
when its argument 7 = kR, — 0.

There are apparent factors o« 1/« entering the inner
solution for V ;. However, these factors (which come from
the Wronskian W = x> in Green’s function) are canceled
by O(x*) terms in the numerators. Indeed, the Green’s
function itself is seen to have a finite limit as x — O,

because
limX. (r) =0 Ny __1 (7.33)
-0 =0(;) ==z C
X (r) . sinh(kr)\  r
zlcl—r}(l) IS _g%a,< K 3 (7:34)

This ensures that the linearized solution has a finite limit
when « — 0 (at a fixed value of r). In the limit x — 0
(keeping fixed both R and r) one has indeed the following
limit for V;:

_2myr
- 3R]
anko — { - (7.35)
—
Let us also give the expression for Fj,
' [1 +3ne~s (1 + zs)f(Z)] . ISR,
Fi = B (7.36)
ot CF () S5, r>R,,
where
7 =Kr; 7y = KRy, (7.37)
and
F 4 2
Cl(zy) = snm K> F(zy). (7.38)

3

The full (interior and exterior) solutions for the other variables
are easily derived from the expressions given above. Let us
only write down here the exterior (r > R) solutions for all the
variables. [We recall in passing that all variables have zero
background values, except for W = —% +eW, + 0(£%).]

m e ™ (1 +«r

Fi=—+21C, % (7.39)

r r

Kr 1
A =, r+ k7). (7.40)

Kr 1
v, ="1_2¢,° ( - k7). (7.41)

r r

_ 2 Kr 1
¥, =2l-3¢,c ( - k7). (7.42)

r r

- my e (1 +«r)
W[ - Yl - Vl - 7 — ¢ r2 ) (743)
where
2m1

It is important to display also the linearized values of the two
independent components of the contorsion (and torsion), as
defined in Eq. (3.11),

K" =V —e™F,

Kgg=W+rle™ (7.45)
They read
? e ™ (1 +«r
[Krif}l =V,-F = —2C1(1 ""1)%,
; A e (1 +«r)
[K é@}l :Wl_Tl:_Cl(1+’7)T. (7.46)

Note that the (con)torsion components are exponentially
decaying. (This remains true at all orders of perturbation
theory.) By contrast, the geometric variables ®, F;, Ay,
V4, Wy contain an additive mixture of massless (power-law
decaying) and massive (exponentially decaying) spin-2
excitations.

VIII. SECOND-ORDER PERTURBATIONS

Let us consider the solutions of torsion bigravity at the
second order in the source p = egp; [for the case of a
constant density star: p(r) = ey]. Each variable (except
p = eq itself which is left unexpanded) is now written as

(8.1)

At second order, we define the second-order values of the
functions V ,,;, and V,,;, by (conventionally) using the same
formulas as at first order, i.e.,

F =¢eF| + €2 F, + O(&%); etc.

Vo) = =3V, + 215, Vi) =2Vo = Y5 (8.2)
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We can use the inverse of these equations [see Egs. (7.13)]
to express V, and Y, in terms of Vo) and V).

When expanding to second order our basic field equa-
tions E1—Es, (5.17)—(5.21), we first get algebraic equations
for F, and A, of the form

F2 = VmO(Z) - 2’1mG(2) + Ng’

1
;Az = Vo) = 1Vk(2) + N3

(8.3)
where NI and N2 are additional second-order contributions
which are either quadratic in the first-order variables F',
A, V.Y, (and, eventually, their derivatives), or linear in
the pressure P,.

We also get differential equations for V) and V2
of the form

2
Vo) + 5 Vo) = Smoa):

2

2
V/n,1k(2) + ; V/mk(Z) - <ﬁ + K2> mG(Z) = Smk(2)5 (84)

where the second-order source terms S,,02) and S, (2)
consist of terms bilinear in V,, Y;, F,, A, together with
additional contributions linear in the pressure P, (remem-
bering that P is second order; see Sec. VII). We recall that
P, is obtained by solving the matter equation
P/ZZ_pFl’ (85)
with the condition that P, vanishes at the radius of the
star r = R,.
The second-order solution is then explicitly obtained by
using our general Green’s function representation

1 r A
VmO(Z)(r) = ZA r2SmO(2)(r)dr’ (86)
Viniia) (1) = / PG.(r. S (A (87)

We found that it was possible to explicitly compute all the
integrals generated by inserting the first-order solution in
the source terms S,,0(2), Su(2) entering the latter second-
order expressions. The final expressions involve, besides
elementary functions, some exponential-integral functions
Ei(—x) with various arguments proportional to z = kr or
7y = kR,;. We recall that, with x > 0,

-t

Ei(—x) = —/xoo drs—.

t (8.8)

It would take too much space to display here in full detail
the second-order solutions (both in the interior and in the

exterior of the star) for all our variables. We will only
display here the function of most physical importance at the
second order, namely the variable F,, which is the radial
derivative of the second-order gravitational potential
® = e®, + 2D, + O(?). As we shall explicitly discuss
below, this is indeed the only variable whose second-order
value is needed to discuss the usual first post-Newtonian
approximation. In addition, it is enough to know its value
outside the star to discuss its phenomenological implica-
tions as a modification of the usual Schwarzschild metric
outside a spherical mass distribution.

The full, second-order exterior solution F, has a rather
complicated structure, which can, however, be explicitly
displayed as follows:

my(z) 2m? e (147 et
Fz(r):—2(2 )+—3l+—< 3 )Cg(zs)+—2~70<z)
Z Z

Po(zr) I (5) #

+ Ei(—z) e+ (i; )

+ Ei(—22) @

+Bi(=32) LZZ ~U)

Cei(zy)
CEz(Zs)

Cr3(zy)s (8.9)

where 7z = kr, z, = kR, and where the dependence on the
source characteristics of the various coefficients can be
expressed in terms of two form factors: the previously
defined form factor F(z,), (7.32), and a new one denoted
E(z,) and defined as

e_ZZS

g(zs> - T

+§

+ 3z — e¥7d).

(6 — 6€*s + 12z, + 973 + 3e* 72
(8.10)

With this notation, the various terms in Eq. (8.9) are

2

ma(z) = T EG,). (8.11)
4 2..3
Crn(zy) = 3k F(zy), (8.12)
10-13
Calz) =" B piar), )
4 2.3
Cra(z) = BN F(z), (8.14)
Cr3(z5) = Cri(zy), (8.15)
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2,3
_minK

Po(z) = ot

3¢ mi’n

Cf(zy) 620

X (2 — ¥ + 2z, + e*5z,)n(13n — 10)Ei(=3z,) —

=32,33,,2
e~sK’min
127]

{—24(1 +1n) —48z(1 +1n) — 3472 (1 —|—§) —23(4 = 150) + 162 | F2(z,),

(137 - 10) [—3(1 Lot ;‘ezz.‘z?ﬁ(zs)} Ei(~z,)

3e 2 miK (1 + z,)*n(13n — 10)

7 (8.16)

_Admin _3mid(z = 1)

1628

F(z,)Ei(-2z,)

1628 [Ei(3z,) — 3Ei(z,)]

[<36 4 72e% — 36e%: — 3z, + 102z, — 99e*s7, + 3972 + 294¢%72 + 3e* 72 — 673

+ 2407573 4 42e*5 73 — 127% — 40e%% 74 — 12¢%% 2§ — 16€%5573 — 1085 + 216€*5n — 108e*n — 204z,

+201e% zn+3e* 7 — 72220 — 15€%5 7257 + 105e* 227 + 24730 + 60e 73 — 366 237), (8.17)
3,2 2> min 2
To(2) = 2EminF (z) + =5 (1 + ) +42(1+0) + 27 + )F (). (8.18)
|
In order to better understand the structure of F,, let us  my(z) 2m%
study it under the two limits: (i) r — oo at fixed « (so that power-law: 2 + P (8.21)
7z =kr - o); and (ii) k - 0 at fixed r > R, (so that
z=xr — 0 and z, =«R; — 0). The first limit studies .. e“(1+2) et
the asymptotic structure of the solution at spatial infinity, xe 7 Galz) + Z_ZJO(Z>
while the second one would be the relevant one if (as is _ ez(z ~1)
often done in massive-gravity studies) one would consider + Ei(-2z2) 2 Cr(zy), (8.22)
a Compton wavelength x~! for the massive-gravity exci-
tation of cosmological size. -7(1
xe~In <3> :In <£> e - ) eun(z). (8.23)
Zs Zs z
A. Limit r - oo at fixed x
2z _
Letus start'by recalli.ng that the first-order approximation o« e~ 22 ¢ Po(z) + Ei(—2) ¢ Z(124‘ 2) Cpi(2,)
to the exterior solution for F = F; + F, +--- reads, Z Z
according to (7.36), as follows: . W(z—1
g o (7.30) 4 Ei(=32) (12 ) Cialzy) (8.24)
my e < (Z + 1)
Fy = 2 + 2 CT (zy). As a consequence the leading terms in the limit » — oo of
g F,+ F, read
Cf(z) ="M F (2, (8.19)

F, is the sum of a usual Newton-like (and Schwarzschild-
like) power-law contribution m,/r> and of a decaying
Yukawa contribution o 9,(e™"/r) = —e™"(1 4 «xr)/r?.
Let us now consider the spatial asymptotics r — oo of
the second-order exterior solution F,. To this end, we must
take into account the asymptotic behavior of the exponen-
tial integral Ei(—z) (when z — +o0)

) et 12!

E1(—z)z——<1——+—2+~-->. (8.20)
Z Z z

Using the latter asymptotic behavior, one concludes that

F,, (8.9), contains four types of terms with different

behaviors at infinity:

my + my 2_"1%+€_Z(Z+ 1)

r2 r3 Z2

F1+F2:

Z

x {Cf(zs) +CE(z,) +1n (—) CLN(ZQ]

s
-z -2z
+0 <e—2> +0 <e )
Z Z
where m, = m,(z,) is given by Eq. (8.11), while Cf(z,),
Cf(z;), and C;y are given by Egs. (7.38), (8.17),
and (8.12).

We see that if we define the total mass parameter m of the
star in torsion bigravity (in the Schwarzschild sense of
m = GM, i.e., a length scale associated with the mass) as
the coefficient of 1/r? in F(r), as r —» oo [i.e., ®(r) =
—m/r in this limit], we have

(8.25)
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m=m; +m, + O(&). (8.26)
Here, we set the bookkeeping parameter € back to 1 in the
first two terms, but kept it in the error term as a reminder
that there are higher-order contributions that are at least
cubic in the matter-density source p.

Before looking at the value of m, in various limits, let us

2m? . .

note that the term % is the second-order term in the m/r
expansion of a Schwarzschild solution, say Fg(r), of mass
m;, indeed,

F() m m+2m2+
P — _m
§ r(r=2m) r* 1

(8.27)
More generally, one can show by considering the structure
of perturbation theory in torsion bigravity that, to all orders
of perturbation theory, the asymptotic spatial behavior of
the solution will be such that the two independent (con)
torsion components (3.11) are exponentially decaying
(modulo power-law and logarithmic factors),

Kt = O(e™), Kiyo=K'5; = O(e™).

r—oo 20,500

(8.28)

As a consequence, the variables @, F, A, V, W will
asymptotically approach (modulo exponentially small cor-
rections) some Schwarzschild-like geometric data (for
some mass parameter m)

2
Fs(r) = r(rTZm)
As(r)=—3n <1 —2;">
V() = expl-as(lFs() =5 (1-27)
W(r) = eXp[_;\S(r)] - % 1—27’" (8.29)

Let us look more closely at the value of the asymptotic
mass m = m; + m, + O(¢*), and in particular at its sec-
ond-order contribution m,(z,). We recall that

my = GOMbare’ (830)

where Gy = 1/(16x4) is the (conventionally defined)
massless spin-2 gravitational constant, and where

47R3
3

Myare = € X (volume) = e (8.31)

is the (conventionally defined) bare mass energy of the
constant-density star. We recall in this respect that in GR,

the total Schwarzschild mass of a constant-density star is
actually, simply given by the Newton-like expression

4zG
— M%R?,

: (8.32)

mgr = GyMyge

where Gy denotes Newton’s gravitational constant. If we
identify the torsion bigravity massless spin-2 gravitational
constant Gy = 1/(16z4) with Newton’s constant, Gy, we
see that our first-order mass parameter m; (with units of
length) is equal to the (full) general relativistic mass
parameter mgg.

On the other hand, the second-order contribution to the
torsion-bigravity mass reads

2
my = %S(Zs),

; (8.33)

)

where the form factor £(z;) (with z; = kR,) was defined
in Eq. (8.10).
We recall that the dimensionless parameter

Cr 3 Gm
=—=—-— 8.34
1= T 4G, (8.34)
is a measure of the ratio between the coupling constant G,,
of the massive graviton and the coupling constant G, of the
massless one. Therefore the ratio between m, and m; can
be written as

@ — EGmeare £
mg 4 Rs

(). (8.35)

This expression is compatible with the idea that in the limit
where G,,/G, — 0 (at fixed «) the torsion d.o.f. decouple
from the matter so that torsion bigravity reduces to GR with
Gy = Gy, and the total mass parameter m = m; + m, +
-+ - reduces to its general relativistic value (8.32).

It is interesting to discuss the physical consequences of
the form factor £(z,) = £(kRy) entering m,. It is easily
checked that the form factor &(z,) = £(kR,) has the
following properties: (i) in spite of the prefactor z;> in
its definition, £(z,) is regular when z; — 0 and has the
finite limit

2
Iim& = ——;
Jim, (25) 3

(8.36)
(i) &(z,) is negative in the interval 0 <z, < z,, and
positive for z; > z,, where z, & 1.6969326; and (iii) £(z,)
tends to zero like +1/z2 when z, — oo.

As a consequence of this behavior of the form factor
&(z,) we have the following limiting value for m, as k — 0
(ie., z, = 0):
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2m? 2
my ~ — ln—i——m%nk—ﬁ—---.

37
=0 SR, 3 (8.37)

(We will discuss the small x limit in more detail in the next
section.) The negative value of m, in this limit is probably
due to the fact that the massive-gravitational binding energy
-3G,M},../R; (due to the exchange of massive spin-2
excitations, in the small mass limit) dominates over other
forms of binding energy (e.g., pressure-related energy).

Another limit is the limit of very heavy massive spin-2
excitation (k — o), i.e., of a very short-range modification
of gravity, ™! < R,. In this case the second-order correc-
tion to the mass parameter mass is found (as expected) to go
to zero,

2

mn -3
mzx:ooR—?K +0(K )

(8.38)

B. Limit « — 0 with fixed r > R;

Let us now study in more detail the limit where x
becomes very small, i.e., where the Compton wavelength
1/k is much larger than all the other scales of the problem
(and notably R,), being, e.g., of cosmological magnitude.
This is the situation which is usually considered for massive
gravity and bimetric gravity. As is well known since the
work of Vainshtein [32], the perturbation expansion of
massive gravity (and bimetric gravity) involves negative
powers of x?, which render the perturbative expansion
invalid for radii r smaller than some Vainshtein radius Ry,
given, in generic (ghostfull) massive-gravity theories, by
the formula

RS GM m
vy T Y g
K K

(8.39)

More precisely, at the second-order approximation in G, the
perturbative solution of the field equations of generic
massive-gravity (and bimetric gravity) theories contain
terms that fractionally modify the linear approximation,
say @, ~ m/r by terms of the type (see, e.g., [52])

m R3
q>:<1>1+q>2+~-~7(1+r—5v+--~>

L
men o
ro okt

(8.40)

The latter expansion is performed in the domain R; < r <
x~!, in the limit where x~' is much larger R,. (In this
domain, and in this limit, one does not see the Yukawa
exponential decay « e™ ")

By contrast, we found the rather remarkable fact that,
when considering the same limit, no terms involving

inverse powers of x enter the perturbative expansion of

torsion bigravity (in the domain R, < r < x~!) up to the
second order included.

For instance, the second-order contribution to F, con-
sidered in this limit, takes the following form:

5 m} 18 + 44y + 257 m]
F570 = == 5(3 + dy) ) el
2 out 15 ’7( + ;7) rQRS + 9 r
4n(1 RS
_%%4- O(kInk), (8.41)

where the x-dependent piece tends to zero as k — 0. We
have shown that, similarly, all the other field functions in
second-order perturbation theory, i.e., V,, Y5, A,, have
finite limits (i.e., contain no denominators o 1/x?) as
k — 0. Such a result was a priori not all guaranteed
because the field equations of torsion bigravity do contain
denominators o 1/x2. Indeed, such denominators come
from the fact that the coefficient c2 of the F fj terms in the
action is proportional to 1/x?; see Eq. (2.4).

The absence of O(1/x?) terms at second order is due to a
special cancellation. Let us explain it. We recall that the
second-order variables F, and A, are expressed in terms of
the second-order potentials Vo) and V) via the
equations

Fy = Vo) =21V k) + N5,

1
;Az = V,002) = 1V mi(2) + N5

(8.42)
Here, the additional (nonlinear) terms N% ,Né\ (which are
bilinear in V;, ¥, F;, A, and their derivatives) do contain
some 1/1<2 factors, but all these factors have a special
structure: each monomial containing a factor k=2 simulta-
neously contains at least one power of ¥, or of one of its
derivatives. Similarly, the potentials V) and V()
satisfy the differential equations (8.4) where the source
functions S,,02) and S,,x(2) consist of terms bilinear in V1,
Y,, F\, A, and their derivatives. Again the latter bilinear
eXpressions S,,0(2)> Syui(2) do contain some 1/ K2 factors, but
the latter a priori dangerous (when x — 0) terms have the
same special structure as N5, N2'. Each factor k= multi-
plies a monomial which is at least linear in ¥, or one of its
derivatives.

In turn, the reason why the terms o< k2Y; or & kY7, ...
turn out to be innocuous in the limit x — 0 is that the
variable Y, happens to be of order O(x?) as k — 0, so that
k2Y, has a finite limit as x — 0. Indeed, from the
definition (7.9) one gets that

Yl - 2Vm0 + 3mG.

Then, using Eq. (7.17) and the derivative of Eq. (7.16), one
can see that Y, satisfies the following differential equation:
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2 2 _
Yi+ - Y, - 2 Y1 =36V, + 28,0 + 3. (8.43)

At the linear level, the source terms S,,0(1), Sy(1)> read,
according to Egs. (7.11) and (7.12),

Smo(1y = a5 Smr(ty = — T (8.44)

so that the combination of source terms entering the
equation for Y, cancels:
Finally, Y, satisfies an equation whose right-hand side is
explicitly O(x?), namely
W+%ﬂ—%ﬁ:ﬂﬁmk (8.46)
This explains why ¥, is of order O(k?), thereby ensuring
the absence of denominators 1/x? in the second-order
solution.

It is not a priori clear whether this (or a similar)
cancellation mechanism will continue to work at the third
order of perturbation theory. [The specific property (8.45)
does not seem to persist for S,,02) and (2.1 We note that
one cannot apply the same reasonings to the next (third)
order of perturbations because the property (8.45) is not
true for S,,02) and S,(2). This means that it is a priori
possible that the perturbation theory will involve 1/x>
factors in the third order. We leave the investigation of this
subject to future work, and comment below on what would
be the consequences of the presence of 1/« factors at the
third order of perturbation theory. For the time being, we

shall continue studying the consequences of our results at
the second order of perturbation theory.

IX. NUMERICALLY CONSTRUCTING EXACT
STAR SOLUTIONS

In GR, it is possible to write down analytically the exact
solution for the metric generated by a constant-density
perfect fluid [53]. Though the exterior Schwarzschild
solution [54] is an exact exterior solution of torsion
bigravity (with zero contorsion), this is not true for the
interior Schwarzschild solution. Indeed, as we saw in our
perturbation theory analysis, the presence of a nonzero T,
in space necessarily generates some nonzero contorsion
field, i.e., a difference between the affine connection A;u
and the Levi-Civita connection @' ju- And indeed, one can
check that the interior Schwarzschild solution (with zero
contorsion) does not satisfy the field equations of torsion
bigravity.

As the analytic construction of an exact analytical
solution of the complicated system of torsion bigravity
spherically symmetric field equations discussed in Sec. VI
seems difficult, we have appealed to numerical methods to
confirm the global existence of regular solutions of torsion
bigravity satisfying the boundary conditions imposed in our
perturbation theory. Let us recall that these boundary
conditions are as follows: (1) geometric regularity of all
our variables at the origin » — 0, and (2) decay of all our
variables at spatial infinity r — oo.

We recall that the system of equations to be satisfied (in
the presence of matter) consists either of (i) the original six
field equations comprising E;—FEj5, together with the matter
equation FE,, (knowing that this system is constrained by
two other equations that must be satisfied); or (ii) a reduced
system made of the three radial-evolution equations (6.21),
plus the radial-evolution equation (6.22) for the pressure
P(r). In our numerical simulations, we have used the
reduced first-order system of four ordinary differential
equations defined by Eqgs. (6.21) and (6.22), for the four
variables V, Y, z, P. This system is completed by giving an
equation of state for the matter. In our simulations we use
the simple condition of constant density: p(r) = ey. After
integrating this system, the values of the variables F, L (or
A), and W were obtained by using Egs. (6.19), (6.17),
and (6.9).

As we have seen in Sec. VII, in perturbation theory the
boundary conditions (1) and (2) (together with the choice of
the radius R, of the star) uniquely determine (at each order
of perturbation theory) a torsion bigravity solution. The
main motivation for constructing numerical solutions was
to prove that this uniqueness property holds in the full
nonlinear theory. To do this we need to study what the
conditions of regularity at the origin impose as constraints
on the initial conditions (at r — 0) of our four variables
V(r),Y(r),z(r), P(r). First, the geometric character
(scalar, vector, tensor, etc.) of our variables show that,
near the origin, they must admit general Taylor expansions
of the following restricted type:

V(r) =vir+ v + 0(r),

Y(r) = yir+y3r +0(r),
7(r) = my + mr? + O(r),
)

P(r) = Py + P,r* + O(r*), (9.1)
together with

F(r) = fir + f3r* + 0(#),

A(V) = A2r2 + A4}’4 + 0(1’6). (92)

[A(0) = 0 is necessary to have a locally flat metric at the
origin.] By inserting these expansions into the equations of
our system, we get, at each order in r some relations
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between the various expansion coefficients. The crucial
point is that, if we consider the central value Py=P(r=0)
of the pressure as a given quantity (that will determine the
radius, given the constant density e), the equations of our
system give enough relations to determine all the other
expansion coefficients v, y,, z,, P, in terms of only one of
them. We have chosen v, as unique free initial datum. For
instance, at the lowest order in the r expansion, one finds
that yq, 7y, f1, and A, are determined by v, and Py (and e)
by the following formulas:

vy = ﬁ (eg — 3Py + 364v,),

7y = é (eq — 3Py + 242v,),

fi= m(eo + 3Py — 12¢cvy),

Ay = m [(c =24)eq —3cPy + 12cAvy].  (9.3)

Similar formulas also determine the next order coefficients
in the r expansion: v, y3, 7y, P, etc.

In other words, a single “shooting parameter” at the
origin, namely v;, uniquely determines (after having
chosen P,) the solution of torsion bigravity. When inte-
grating the system, the value R (P, v;) of the star radius
will be obtained as the (first) radius where P(r) (vanishes).

For r > R, (Py, v;) one sets p(r) = 0 and P(r) =0 and
continues integrating the three field equations (6.21) to get
the exterior solution for the three variables V,Y, 7. For a
generic value of v, the so-constructed exterior solution for
V, Y,z (and the associated values of F, W, and A) will not
decay at infinity, but will contain some growing exponen-
tial pieces x e ™. We have seen in Sec. VII that the general
exterior solution contains three parameters: one parameter,
say m (Schwarschild-type total mass), parametrizing all
the power-law behavior of the solution (asymptotically
described by a Schwarzschild metric and connection);
together with two parameters, say C, and C_, respectively,
parametrizing the exponentially growing, and decaying,
Yukawa-type contributions to the solution. At the linear
level, each variable contains different coefficients C, and
C_,eg,

e (1 —xr)

(1 +kr)
3 + O 2 :

r

Fi(r) z%—f— cre (9.4)
but all the exponential-mode coefficients are related
between themselves by the field equations, so that only
two of them are independent.

In order to satisfy the decaying boundary condition at
spatial infinity, we finally have a one-parameter shooting
problem; namely it is enough to impose that (given some
value of Pj) the coefficient C,(v;) of one variable
vanishes. To numerically extract from numerical data an

estimate of the (common, underlying) C, (v;) coefficient,
we worked with the variable V. (r) = 2V (r) — Y(r) which
does not contain a mass-type, power-law contribution. In
practical terms, this meant tuning the value of v, at r =0
until reducing essentially to zero the value of, say

mG(rO)
et (1 —kry)rg?’

Cl'(ro) = (9:5)

taken at some large value of r(, (such that e™" > 1, so that
the exponentially decaying contribution to V,,(rg) is
fractionally negligible). (In practice, we used xry = 10
corresponding to e™*0 &2 x 10*.) The tuning of v, is
obtained by a simple dichotomy procedure, i.e., alternating
the signs of C%t(ry; v;) by changing the value of v; until
C(rp;v;) is smaller than what is permitted by the
numerical accuracy of our simulation.

We implemented this simple, one-parameter shooting
strategy for several star models, of various radii and
compactnesses. Let us only indicate here our results for
one such star model. Without loss of generality, we used
units where k = 1 and 4 = 1. The first condition says that
we measure lengths in units of x~!, while the second one
defines the (independent) unit for the Newtonian constant
such that 162G, = 1. Here, we shall exhibit a specific star
model having the following physical characteristics. First
we set the dimensionless torsion bigravity parameter 7 to
the value n = 1, i.e., c; = ci (both being equal to % in our
units where 4 = ¢ + cp = 1). The other physical choices
concern the following: (a) the radius of the star in units of
k!, i.e., the dimensionless quantity z; = kR,, and (b) the
value of the star compactness,11 C,~2GyM,/R,, with
M, = 47” eoR3. The two quantities z, and C, are dimension-
less and physically depend on the two independent values
of ey and Py. We have chosen (in our units) the specific
values

ey =3, Py = 0.866020112678. (9.6)
These values were chosen by using, as a guideline, our
perturbation-theory expressions, with the aim of getting a
star model having kR ~ 1 and a sufficiently high compact-
ness C; ~ 0.3 (comparable to the expected compactness of
a neutron star in GR).

Anyway, after doing the choices (9.6), we found that we

needed to tune v; to the value

ptned 2~ 0.05367018, (9.7)
to get a sufficiently small value of C%'(r), i.., a solution
exhibiting numerical decay up to r ~ 10/k. As said above,

""We normalize the definition of the compactness so that it is
equal to 1 for a black hole in GR. See below the exact definition
of C,.
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we obtained v by dichotomy, using as first guesses the
analytical estimates of v; obtained either directly from
linearized perturbation theory, namely

lin _ "

=g (9.8)

4
[1 - ge‘KRS(l + K‘RS):| ,

or, alternatively, by combining the relation between »; and
the value f| of F'|,_, with the analytical estimate for f,
deduced from our linear solution (7.36), i.e.,

. 4
fllm _ my |:] —|——r]e_’<RS(1 + KRx):| . (99)

Bl 3

The numerical solution was found to have a star radius
equal to (in our units where x = 1)
R, =~ 0.739525. (9.10)
The value of the star radius was numerically determined by
looking at the point where the pressure P(r) vanishes.
We display in Fig. 1 the numerical values (both inside
and outside the star) of four variables encapsulating the
essential geometrical properties of our solution, namely
F(r), A(r), and the two independent (con)torsion compo-
nents, namely K'55 and K's5, as defined in Eq. (3.11).
While F(r) and A(r) decay for large r in a power-law
fashion [F(r) o 1/7? and A(r) & 1/r], the torsion compo-
nents decay exponentially. Note that the order of magnitude
of the torsion inside the star is comparable to the value of F.

As Kfé(; =V — ¢ F [from (3.11)], we see that the matter
density of the star generates a torsion which is of roughly

the same magnitude as the component a)féé = ¢7AF of the

0.020
06 - 0.015\
F 0.010
0.4 f 0.005
-
0.000
02 A 70 75 80 85 9.0 95 10.0
‘ ‘ ‘ ‘ =,
0.5 1.0 g 25
-02f
Koo K'p;
-04 f
-06f
FIG. 1. Starting from the top left, one displays four functions

characterizing our numerical star solution: the two independent
metric functions F(r) = @'(r), A(r), and (in the lower part of the

graph) the two independent (con)torsion components K f@é and

K fﬁ. The inset contrasts the power-law decay of the metric
functions with the exponential decay of the torsion ones.

Levi-Civita connection. [From Egs. (7.46), this remains
true even when 7 — 0.]

In order to measure the deviation from GR implied by
our numerical star model, we have extracted several
observable, gauge-invariant characteristics of our solution.
First, we extracted an estimate of the total Keplerian-
Schwarzschildian mass parameter mg (as measured faraway)
by fitting (in the interval 6 < r < 10) the numerical value of
r?F(r) to its analytically predicted asymptotic expansion
~mg(142mg/r)+ CEe™ (14 kr)+ CELe™ (1 —kr). This
gave us

mg = 0.1005(3), (9.11)
where the digit in parentheses is a rough measure of the
uncertainty (in the last digit) on the numerical determination
of mg. Note that this is only slightly smaller than what would
be the value of the total mass in Einstein’s theory, namely
mgr = €oR3/12~0.101111. We have verified that such a
value is compatible with our second-order-corrected mass
value, m; + m,, with m, given by Eq. (8.35). [It happens
that the form factor £(z), though still negative, is quite
small, thereby explaining why one does not see the expected
larger self-gravity binding effect due to a high compact-
ness ~0.3.]

The formally defined compactness 2mg/R, would then
be 2mg/R; ~ 0.272. However, such a formal definition
(directly copied on GR expressions) does not correspond to
any observable characteristics of a star in torsion bigravity.
We therefore extracted other (in principle) observable
features and numbers from our solution.

We have seen above that if one probes our bigravity field
at, say, distances r = 5/, the geometry will look like a GR
metric of mass mg. On the other hand, the exact torsion
bigravity metric functions F = @' and A start significantly
differing from their GR counterparts Fg(r) = Fgr(r, mg)
and Ag(r) = Agr(r, myg) as r gets smaller and comparable
to 1/k. This is illustrated in Figs. 2 and 3. These figures
show that, near the star, the torsion bigravity solution
differs by 2100% from its GR counterparts.

Let us observationally define the compactness of a star
by the surface value of

C,=1—-e*®R)(=2GM/R,in GR).  (9.12)

In our torsion bigravity model, we can compute the surface
value ®(R,) of ® [relative to a zero value at infinity:
®(o0) = 0] by integrating F(r), namely

®(R,) = — Aw Fdr. (9.13)

s

A numerical evaluation of this integral gave us
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FIG. 2. Comparing F(r) (upper blue curve), for our exterior
solution, with Fg(r), corresponding to an exterior Schwarzschild
solution with the same asymptotic Keplerian mass mg, Eq. (9.11)
(lower orange curve).

®(R,) ~ —0.302028, (9.14)

and therefore

C, =1 - e*®R) % 0.453410. (9.15)

Note that this is significantly larger than the corresponding
value in GR for a star having the same mass and the same
radius, namely

2
COR — % — 0.271796. (9.16)

A

As a supplementary measure of the strong-gravity nature of
our torsion-bigravity star model, let us also cite the value of

A()

0.25¢

0.20F

L R

0.15

0.10

T

0.05F

0.00t

FIG. 3. Comparing A(r) (upper blue curve), for our exterior
solution r > R, with Ag(r), corresponding to an exterior
Schwarzschild solution with the same asymptotic Keplerian mass
mg, Eq. (9.11) (lower orange curve).

the geometric-deformation quantity 1 — e~2A(®R) (which is
also equal to the compactness ZRﬂ in GR),

K

1 — e72MR) = 0.444855. (9.17)
This value confirms that our torsion bigravity model
induces large deformations of the geometry.

Another quantity of direct observational significance is
the radius of the innermost (or last) stable circular orbit
(LSO). From Eq. (4.14) of Ref. [55], the condition defining
the LSO reads (in terms of the variables A = ¢?® and u = %)

0A 0A\ 2 0*A

Transcribed in terms of the function F(r), this yields

_3F(RLSO) + 2RLSOF2(RLSO> - RLSOF/(RLSO) =0.
(9.19)

Solving this equation gave us

Riso = 1.549 = 15.4my. (9.20)
Note that the ratio Ry go/mg ~ 15.4 is about 2.57 larger than
the well-known corresponding GR value RFR, /mg = 6. This
difference is linked to the fact (already apparent in Fig. 2) that
the gravitational field near a torsion bigravity star (of a given
Keplerian mass) is significantly more attractive than in GR.
[This increase in the strength of the gravitational attraction is
essentially due to the extra (short-range) attraction provided
by the massive spin-2 excitation.] Note that the value of the
ratio Ry so/my is in principle extractable from the observation
of an accretion disk around a neutron star.

In the following section, we shall discuss more potential
phenomenological aspects of torsion bigravity.

X. PHENOMENOLOGY OF TORSION BIGRAVITY

We present a preliminary analysis of the phenomenology
of torsion bigravity based on the first two orders of
perturbation theory, focusing on solar-system tests of gravity.

A. Assuming r ~ 1/k

Let us first consider the case where r ~ 1/k, i.e., when
the exponential decrease of the massive spin-2 excitation is
important in the considered physical situation. In that case,
torsion bigravity already introduces a modification of
Einstein’s (purely massless) theory at the Newtonian level,
i.e., when considering the linearized-gravity interaction
between two slowly moving massive objects. As already
mentioned, previous studies of the linearized approxima-
tion [23,26] have shown that the linearized interaction
between two massive objects (with stress-energy tensor
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T, ) involves the exchange of two fields: a massless
Einstein-like gravitational field #;,, and a massive spin-2
field (contained within the 24 components of the contorsion
tensor). The massless field £, couples to T, with the

Newtonian-like coupling constant

1 1
G pu— pu— N
07 1674 167(cg + cp)

(10.1)

while the massive spin-2 excitation couples to 7, with the
effective Yukawa-Newtonian coupling constant

4 4
G,y = 21Go = =L Gy

10.2
3 3CR ( )

This means that the gravitational interaction term of the
source T, with itself (after integrating out the field d.o.f.)

reads
Sint_/d4xLint
with

—dr 1
Liy = 2Go T (ﬁ) (T;w - 5”7@)

3 —4rn 1
-G, " T,—=T . 10.4
36 (%) (T =570 ). (104

Here the extra numerical prefactors 2 and % are such that the
interaction between two nonrelativistic (7, = To56))
stationary (L] = A) sources read

(10.3)

—4r

' —4r
LiI;Ilctawtoman = GoTo <T> Too+ G, Ty (A — K2> Top-

(10.5)

If we consider the interaction between a test particle of mass
M, and a spherical object (say a nonrelativistic star) of
constant density e, and total mass M| = [ d°xey, separated
by a distance r, (between their centers of mass), the above

formulas yield an interaction potential V;, = — [ d*xLiy,
: MM M\ Mye ™
yNewonian — _ G, ZIT2 _ G F(kRy) 2
V) V)
(10.6)

Here the form factor F(kR;) (where R, denotes the radius
of the object M) is the (normalized) one introduced in
Eq. (7.32). [If we were considering the interaction between
two constant-density spherical objects, we should include
two form factors: F(kR;)F (kR;). In the case of a test
particle considered here, we have F(kR,) — 1.] It is easily
checked that the radial force Fi, = —gViewenian/gp

deduced from the interaction potential is simply equal to
(setting z; = kRy)

—KT12
Fipe = =M, <Go@ +Cf(z) LW)
2 (kr12)

= —MyF(r1). (10.7)
where the function F(r) denotes the external value of our
linearized variable F(r) = ®'(r), as obtained in Eq. (7.36)
above. This is a direct check of the superposition of massless
and massive spin-2 excitations in the Newtonian-like poten-
tial ® = %ln(—goo).

There are many experimental data that have set upper
limits on the existence, in addition to the Newtonian 1/r
interaction, of a Yukawa-type interaction ae™"/r coupled
with gravitational strength to matter. See Refs. [56,57]
for reviews of the experimental situation. (Note that,
when considering non-spin-polarized sources, the torsion
bigravity interaction respects the equivalence principle,
as assumed in the presently considered composition-
independent limits.) The Yukawa strength parameter a
entering these limits is simply a = G,,/Gy = %;7. The
experimental limits on «, as a function of A =1/k, are
summarized in Fig. 2.13 of [56] and Fig. 4 of [57] (for the
range 1073 m < 1 <107 m). We note that the less
stringent upper limits apply in the geophysical range
(i.e., for 1 m <x~' <10 km) and roughly limits # = %a
to be

n<3x107* for k! <10 km. (10.8)
A range of order k! ~ 10 km is interesting to consider if
one wishes to discuss possible deviations from GR in the
physics of neutron stars and black holes.

B. PPN parametrization of the second-order torsion
bigravity metric when assuming R, < r < 1/x

Let us now consider the other phenomenological sit-
uation where the massive-gravity range is much larger than
all the length scales of our system. (We exclude from our
consideration the case where 1/x is roughly between 10 km
and 10" km, for which there are very stringent limits on 7
coming from Earth-satellite, lunar, and planetary data.)

If we consider the motion of classical, non-spin-
polarized, test masses in our second-order torsion bigravity
spacetime (endowed with the metric g, and the connection
A;j,), itis given (as shown in Ref. [22]) by geodesics of the
metric g,,. The observational differences (say for the
motion of the planets around the Sun) between torsion
bigravity and GR are then encapsulated in the difference
between our spherically symmetric metric

ds? = —e?®dt* + e*Ndr? + r?(d6* + sin*0d¢?) (10.9)
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and the usual Schwarzschild metric. As is well known,
solar-system experiments are primarily sensitive only to
the first post-Newtonian approximation to the metric in
the solar system, which is described by the Eddington
parametrized post-Newtonian (PPN) parameters f and y.
When using (as we do) a Schwarzschild-like radial coor-
dinate, the PPN parameters are defined by writing the first
post-Newtonian metric as (see, e.g., [58])

2m m? m3
= e =12 25— ) My o] ).

2
gng_ezA_sz?jLo{%], (10.10)

where my = GyM, is some observable Keplerian mass
parameter. Such an expansion assumes the presence of only
power-law deviations from Einstein’s theory. In order to be
consistent with it, we shall therefore assume in the present
subsection that the Compton wavelength 1/« is much larger
than the length scales that are being experimentally probed.
The first equation (10.10) implies the following second-
order expansions for @ and its radial derivative F = @':

m m?2 m3
Dppy = —7°+ B-r- 1)r—2°+ OL;’] (10.11)

and
my m(z) mg
r r r
Similarly one gets
0 m%

Let us now compare these expansions to the corresponding
k — 0 limits of the torsion bigravity variables F' = F| + F,
and A;. According to (8.19) and (8.41), we have the
following result:

FoF— mp+18+4417+25112m% 4;1(1+11)m%R%
! =0 12 9 r 15 r

(10.14)

4 2

In addition, from Eq. (7.40) one gets the following x — 0
solution for A;:

1
k=0 r r

C 2
Ma_minty _m (1 +§n>- (10.16)

k=0 r
One should identify the observable Keplerian mass m, with
the mass parameter myp (which includes self-gravity
effects). Then one can conclude from the last equality
and Eq. (10.13) that we can indeed parametrize the
linearized torsion-bigravity metric by an Eddington y
parameter equal to

_mpy L43n

}’—mF—T%n,

(10.17)

where we consistently neglected the O(ym,/R;) nonlinear,
gravitational binding energy correction term.

The expression (10.17) for y encapsulates two main facts
related to a theory involving both a massless graviton and a
massive one. We recall that # measures the ratio between
the coupling of the massive graviton to that of the massless
one; see Eq. (2.4). When n — 0, y — 1, which is the usual
Einstein value, while when  — oo, y — % which is the
value corresponding to pure massive gravity [33].

There are stringent limits on the deviation y — 1 between
the PPN parameter y and its Einstein value; see notably
Refs. [59,60]. Note that the Einstein value y = 1 is obtained
for 7 — O and thaty = 1 — 2 + O(»?) as 7 — 0. Using the
limits from Ref. [59] we see that, in the case where k™! is
very large, the allowed upper limit on # is of order

n <1075 (10.18)

Coming back to the second-order terms in F, Eq. (8.41),
we see that there are two types of deviations from Einstein’s
theory. First, there is a term parametrizable by the PPN
parameter S [see (10.12)] with

18 + 44 + 25¢° mj

_ -1, (10.19)
9 P r P '

Using the fact that my = mp = (1 +35n)m;, we get the
following value of f in torsion bigravity:
_ 18 +40n + 235%
23 +4p)?

Note that f — 23/32 as § — oo, while in the limit 7 — 0
we have

p (10.20)

/)’:1—43174— O(n?).

(10.21)
Therefore the upper limit (10.18) on # suffices to guarantee
that f—1 S5 1073, which is more than sufficient to be
compatible with the planetary limits on f — 1 [60].
Concerning the remaining second-order contribution «
n(1 +n)m3R?/r> in Eq. (8.41), we note that it is smaller
than the non-Einsteinian term —2(8 — y)m3/r> by a factor
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(when n — 0) of order (R,/r)?, which is much smaller than
1 in all planetary tests. It can therefore be neglected with
respect to the usual PPN terms. One should take it into
account only when discussing relativistic-gravity tests for
near-Earth satellites.

Let us finally recall that the results of the present section
have been deduced from the assumption that the second-
order perturbation theory of torsion bigravity yields a
sufficiently accurate description of the deviations from
GR. In our conclusions, we will discuss what modifications
might exist if higher-order terms in the perturbation
expansion introduce new features in the x — O limit.

XI. CONCLUSIONS

We studied the spherically symmetric (and static) sector
of torsion bigravity theories, i.e., the four-parameter class
of Einstein-Cartan—type theories (with dynamical torsion)
that contain only two physical excitations (around flat
spacetime): a massless spin-2 excitation and a massive
spin-2 one (of mass ). We found that this sector of torsion
bigravity has the same number of d.o.f. (as counted by the
total differential order of the equations, after discounting
algebraic identities) as their analogs in ghost-free bimetric
gravity theories, defined @ la DeRham-Gabadadze-Tolley-
Hassan-Rosen [see Egs. (6.21)]. Knowing that, by contrast,
spherically symmetric solutions in generic (ghostfull)
bimetric gravity theories exhibit one more d.o.f. (corre-
sponding to the Boulware-Deser ghost), this finding sug-
gests that torsion bigravity might preserve its good (2 + 5)
number of d.o.f. in the full nonlinear regime.

Another remarkable feature of torsion bigravity concerns
its behavior in the limit where the mass of the spin-2
excitation tends to zero (k — 0). Contrary to what happens
in all bimetric gravity theories [where ordinary perturbation
theory is marred by the presence of powers of k2 that
increase at each order of perturbation theory; see, e.g.,
Egs. (6.4) and (8.40)], we found that the perturbation theory
(around the flat space) of torsion bigravity involves no
powers of k2 at the first two orders of perturbation theory.

We numerically constructed a high-compactness (|ggo—+
1|gurtace = 0-45) (asymptotically flat) star model in torsion
bigravity and showed that its physical properties are
significantly different from those of a general relativistic
star having the same observable Kepler-Schwarzschild
mass. See, e.g., Eqs. (9.15) and (9.16) and equations
around. We emphasized that, contrary to the Einstein-
Cartan theory (where the torsion does not propagate), the
dynamical torsion present in torsion bigravity is generated
by the stress-energy tensor 7, of matter (even in the
absence of a spin-density distribution) and can lead (when
n = 1) to significant differences between the Levi-Civita
connection and the torsionfull one. See Fig. 1.

We also briefly discussed (in Sec. X) possible phenom-
enologies of torsion bigravity (depending on the considered

range k~! of the massive excitation and on the value of the
ratio i between the coupling G,, of the massive graviton to
that, G, of the massless one). As we are not assuming in this
work that an analog of the Vainshtein mechanism might be at
work in torsion bigravity, we relied on the fact that the
physical effects of torsion (for non-spin-polarized bodies)
disappear in the # — 0 limit to give upper limits on # making
torsion bigravity compatible with existing solar-system tests
of GR. We leave to future work an analysis of the compat-
ibility of torsion bigravity with other tests of GR, notably in
binary-pulsar data and gravitational-wave data.

As already mentioned, remarkable cancellations of 1/x>
factors take place at the first two orders of the perturbation
theory of torsion bigravity. If these cancellations continued
at all orders, one could use torsion bigravity to define an
infrared modification of gravity and consider its cosmo-
logical applications (as was already attempted in previous
work). On the other hand, if 1/x? factors arise at the third
order of perturbation theory, a preliminary analysis sug-
gests that they could generate contributions to the gravi-
tational acceleration field F = @' (with gyy = —e??®) of the

type

m? m?

Fyim
Tk KPR

(11.1)

Compared to the first-order result F'; ~ 5 this would mean

that perturbation theory might lose its validity below a
Vainshtein-like radius which could be either

2N\ 1 2 1
1 m=\4 2 m 3
Ry ~ (7) or Ry ~ (K2R) . (11.2)

N

If we wished to consider a range 1/x of cosmological
magnitude, both possibilities would be problematic for the
phenomenological consequences we deduced above from
second-order perturbation theory. This would then raise the
issue of whether a Vainshtein-like mechanism might be at
work in torsion bigravity. We leave to future work a
discussion of this issue, which is expected to be quite
different from the discussion of the > — 0 limit in ordinary
Fierz-Pauli—type massive-gravity models because x* enters
the torsion bigravity action directly as a denominator (via
Cp2 = Z—f), while Fierz-Pauli-type actions contain x° in the
numerator.

We wish, however, to recall that the issue of an eventual
bad behavior in the k> — 0 limit is separate from the issue
of absence of a sixth d.o.f., and of ghost-freeness, in the
nonlinear regime. In addition, it is only relevant if one
wishes to consider a range 1/x of cosmological magnitude.
We are currently more interested in considering ranges of
relevance for modifying the gravitational interaction of
compact objects (neutron stars or black holes).

Our hope is that torsion bigravity might define a
theoretically healthy alternative to GR that could lead to
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an interesting modified phenomenology for the gravita-
tional-wave physics of coalescing binary systems of black
holes or neutron stars. The present work is just a first step in
this program. In particular, we have shown the existence of
high-compactness star models. In the present work, we
have exhibited only one model based on an unrealistic
constant-density equation of state, but we have also
constructed neutron-star models based on more realistic
nuclear equations of state (with a range x~' ~ 10 km).

We have also noted that the exterior Schwarzschild
solution defines a black hole solution in torsion bigravity.
We leave to future work the issue of whether this is the
unique spherically symmetric black hole solution of
torsion bigravity, or whether there exist black holes with
torsion hair. Our hope is that the different Young tableau
description of the massive-gravity field might allow for
black-hole hair.

We leave also to future work a Hamiltonian analysis of
torsion bigravity to examine whether its good linearization
properties around simple backgrounds, together with the
good d.o.f. count in fully nonlinear static spherically
symmetric solutions, are sufficient to ensure ghost-freeness
(and mathematical well-posedness) in the full nonlinear
theory.
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APPENDIX A: REMINDERS ON THE
EINSTEIN-CARTAN FORMALISM

In this Appendix we recall some of the basic technicalities
of the Einstein-Cartan(-Weyl-Sciama-Kibble) formalism
(also called Poincaré gauge theory). We generally follow
the notation of [21-24], and of the papers [25,26,36-39],
except for the notation used for the parameters entering into
the action. We use a mostly plus signature and distinguish
Lorentz-frame indices (i, j, k, ... = 0, 1, 2, 3) from coor-
dinateones y, v, ... = 0, 1,2, 3. The co-frame (inverse of the
vierbein) is denoted e, (i.e., g,, =n;e',e/,), while the
independent (but metric-preserving) SO(3,1) connection is
denoted A’ ju- These fields respectively define the one-forms
e' =eldx and A'; = A, dx*. In turn, the basic Cartan
formulas defining the (torsionless) Levi-Civita connection

w'; = w';,dx" (often called the Riemannian spin connec-
tion), the Riemann curvature of ¢, the torsion two-form, and

the curvature two-form of A’ j» respectively, read

de' +'; A e/ =0 (vanishing Riemannian torsion), (A1)

Rij=do'j+a's no'y =3 Rjde A, (A2)

. . 1 . .
del + Aljej = _iTl[jk]eJ AN ek, (A3)
. ) . 1.
flj:dAlj+Als/\ASJZEFZj”UdX”/\dXU. (A4)
The frame components 7" ik = -Ti (k;) Of the torsion tensor
can be written as
Tijjy = Aije — Airj — Cigjay» (A5)
where Cjjjy = —Cy; are the structure constants of the
vierbein, defined as
Ci[jk] = (a/,teiu - 8I/eiﬂ)ejﬂek’/' (A6)

Here, frame indices i, j, k are moved by 7.

The explicit links between the contorsion tensor
Kijx = =Ky (defined as K, =A;j — w;j) and the
torsion tensor are

1
Kij =5 (Tijjg + T — Triig))» (A7)

Tijj = Kijx — Kigj- (A8)

Let us also mention the expression of the Riemannian
spin connection in terms of the vierbein and its derivatives,

1
i = oyrey =5 (Cipg + Cip = Cugpe- (A9)

2

The frame components of the two curvature tensors,

namely R';; =R'j, ele and F'y, =F'j, ele/”, can

then be explicitly written (in their “all indices down”
forms: R = n;y R” jiy and Fijy = nig F' jiy) as

— v mn
Riji = e'e) (0,wij, — 0,05 + 1™ @iy,

- nmnwimuwn,jﬂ)9 (AIO)
Fij = et'el (0,415 — OAju + 1" AiyAnju
- nmnAiml/Anjﬂ)‘ (A] 1)

The tensor and scalar curvatures with contracted indices are
defined as follows:
_ ki _ K
Rij =n Rkilj =n Rikjlv

R = r]inija

(A12)

Fij =n"Fr; =n""Fy. F=nF,;. (A13)

APPENDIX B: LINK WITH THE
NOTATION USED IN [39]

In our previous paper Ref. [39] we considered the more
general action
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3 3
L = E&F[e,A,(?A] +§07R[e,ae,82e] + ¢y
+ C3FijFij + C4Fiiji + C5F2 + C6(€ijleijkl)2’ (Bl)

containing a cosmological constant ¢, and five coupling
constants &, &, c3, ¢4, Cs, Cg. In order to avoid pathologies
around flat spacetime, these parameters must satisfy the
equation

c3t+cy= —3C5 (BZ)

and the inequalities

cs < O, Ce > 0. <B3)
The field content of such a model around flat space con-
sists of a massless spin-2, a massive spin-2, and a massive

pseudoscalar field. The corresponding masses are [26]

a(a + a)

= 2d(=c5) >0, (B4)

m; =K

while that of the pseudoscalar field is

(B5)

We define torsion bigravity by setting ¢4 = 0 so as to “freeze
out” the pseudoscalar field (which becomes infinitely
massive). We also set for simplicity the bare cosmological
constant ¢, to zero. This leaves us with only four indepen-
dent parameters: @, @, c¢3, and cy.

We then find it convenient to change the notation of the
parameters and to introduce

—3~. —3 e
cr=5a CR=5a
cp = c3+ ¢y = —3cs; ey =c3—cy.  (BO)

In terms of these parameters, and of the symmetric (F;;))
and antisymmetric (F;;)) parts of Fy; = F(;;) + F{;j, the
torsion bigravity Lagrangian density reads

L1pg = cgRle, De,0%e] + cpFle, A, 0A]

I )
+cp (F(ij)F(”) - §F2> + e Fp . (B7)

This model contains only a massless spin-2 and a massive
one of squared mass

) _
CF2.

(B8)
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