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We study the optical appearance and the apparent radiation flux of a geometrically thin and optically
thick accretion disk around the static Janis-Newman-Winicour naked singularity. We confine ourselves to
the astrophysically most relevant case, when the solution possesses a photon sphere, assuming that the
radiation emitted by the disk is described by the Novikov-Thorne model. The observable images closely
resemble the visual appearance of the Schwarzschild black hole, as only quantitative differences are
present. For the Janis-Newman-Winicour solution the accretion disk appears smaller, and its emission is
characterized by a higher peak of the radiation flux. In addition, the most significant part of the radiation is
concentrated in a closer neighborhood of the flux maximum. The results are obtained independently by two
alternative methods, consisting of a semianalytical scheme using the spherical symmetry of the spacetime,
and a fully numerical ray-tracing procedure valid for any stationary and axisymmetric spacetime.
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I. INTRODUCTION

In recent years we have witnessed several major exper-
imental breakthroughs, which have expanded our resources
for astrophysical measurements. The gravitational waves
were detected, which opened a new channel for obtaining
information about the gravitational field. On the other hand,
the experiments in the electromagnetic spectrum achieved a
historical success when the Event Horizon Collaboration
was able to provide the first image of the black hole shadow
[1–7]. Complemented with further experiments measuring
the radiation flux from the accretion disk around the
compact objects, and the advances of astroparticle physics,
we have gained access to an extremely rich collection of
data for examining the properties of the self-gravitating
objects in the strong field regime.
General relativity and alternative theories of gravitation

predict various compact objects, which arise as particular
solutions to the gravitational field equations. However,
the possibility of their existence in a real astrophysical
environment cannot be determined by purely theoretical
arguments. The current experimental resources give the
opportunity to test the observable effects, which are
characteristic for a certain spacetime, and in this way to
differentiate between the possible compact objects.

Currently, we possess solid observational evidence for
the existence of black holes in astrophysical scenarios.
However, by certain observational phenomena other com-
pact objects can mimic closely the black hole behavior, and
the interpretation of the observational data can remain
ambiguous. For example, wormholes and naked singular-
ities, possessing a photon sphere, can give rise to shadow
images, which very much resemble that of a black hole [8–
12]. The shadows of various compact objects in general
relativity and its modifications were studied in [13–22].
The shadow image contains information about the physi-

cal characteristics of the compact object creating it. If we
assume that the compact object is surrounded by an optically
thinmedium, so that the shadow corresponds to the image of
the photon region, and its mass and the radial distance to it
are available, we can estimate its angular momentum and
inclination angle by the characteristic deformation of the
shadow boundary due to the rotation [23]. A similar idea can
be applied for differentiating between different compact
objects arising in modified theories of gravity by estimating
the influence of the multipolar structure of the spacetime,
which describes the compact object on the deformation of
the shadow boundary [24–30]. The scenario when the
compact object is surrounded by a geometrically thin and
optically thick accretion disk was studied in [31,32]. Then,
the shadow arises as an image of the innermost stable
circular object, and the spin and the inclination angle of the
compact object can be evaluated by examining the shape of
its optical appearance.
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The aim of our work is to study a geometrically thin and
optically thick accretion disk surrounding the static Janis-
Newman-Winicour (JNW) naked singularity [33] and its
optical appearance to a distant observer. Originally this
solution was obtained by Fisher [34] in a different para-
metrization, and its stability was studied in [35]. It was
subsequently rediscovered in various works, e.g., [36,37],
but it is generally recognized in the literature in the form
derived by Janis, Newman, and Winicour. If the Einstein
field equations are minimally extended by assuming the
presence of a massless scalar field, the JNW solution arises
naturally as the unique spherically symmetric solution
allowed by the theory. It contains as a certain limit the
Schwarzschild black hole, permitting no other spherically
symmetric spacetimes with a regular event horizon.
Although the existence of naked singularities is prohibited
by the cosmic censorship conjecture [38], there is no
conclusive evidence for its validity. Furthermore, naked
singularities are formed in a natural way as final stages of
the gravitational collapse by assuming suitable initial
conditions [39,40], and they are expected to be resolved
if quantum gravity effects are taken into account.
Various works investigated the optical properties of the

Janis-Newman-Winicour solution and the relativistic
images, which can arise as a result of the gravitational
lensing in this spacetime [41–46]. Our aim is to analyze the
observable images of the thin accretion disk in its vicinity
and the radiation emitted by it, and to evaluate the possible
deviation from the case of the Schwarzschild black hole.
Similar studies were performed for the Schwarzschild black
hole already in the 1970s, when they were considered
mainly of academic interest due to the lack of adequate
observational resources [47–51]. With the advance of
visualization technology much more elaborate images were
produced [52,53]. We generalize the semianalytical pro-
cedure developed in [50,52] for spacetimes of naked
singularities, taking advantage of the spherical symmetry
of the solution. On the other hand, we implement a fully
numerical ray-tracing algorithm, which can be applied for
arbitrary stationary and axisymmetric spacetime, and com-
pare the obtained results.
The paper is organized as follows. In Sec. II we briefly

discuss the Janis-Newman-Winicour solution focusing on
its lensing properties, as well as the analysis of the stable
circular timelike geodesics in the equatorial plane. In
Sec. III we describe our computational techniques and
present the images, which illustrate the optical appearance
of a geometrically thin and optically thick accretion disk,
consisting of particles moving on circular equatorial orbits.
The images are compared to the Schwarzschild black hole,
and some quantitative differences in the visible disk size are
evaluated. In Sec. IV we study the radiation emitted by the
disk adopting the Novikov-Thorne thin disk model [54,55].
The apparent radiation flux is illustrated by means of
contour plots and continuous color maps. The characteristic

features of the radiation, such as the peak value, and its
particular observable distribution are analyzed in compari-
son to the Schwarzschild solution. In Sec. V we summarize
our results.

II. JANIS-NEWMAN-WINICOUR NAKED
SINGULARITY

The Janis-Newman-Winicour solution [33] is the most
general static and spherically symmetric solution to the
Einstein-massless scalar field equations

Rμν ¼ 2∇μφ∇νφ;

∇μ∇μφ ¼ 0: ð1Þ

We use its parametrization proposed in [37],

ds2 ¼ −
�
1 −

b
r

�
γ

dt2 þ
�
1 −

b
r

�
−γ
dr2

þ
�
1 −

b
r

�
1−γ

r2ðdθ2 þ sin2θdϕ2Þ; ð2Þ

where the scalar field takes the form

φ ¼ q
b
ln
�
1 −

b
r

�
: ð3Þ

The solution is characterized by two real parameters γ and
b, which are related to its ADM massM and scalar charge q
by the expressions

γ ¼ 2M
b

; b ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ q2

q
: ð4Þ

The parameter γ takes the range 0 ≤ γ ≤ 1, as in the limit
γ ¼ 1 the scalar charge vanishes and the Schwarzschild
solution is recovered. For nontrivial scalar fields the
solution does not possess an event horizon, and it describes
a naked curvature singularity located at radial dis-
tance rcs ¼ b.
According to its lensing properties the Janis-Newman-

Winicour solution can be divided into two classes separated
by the value of the parameter γ ¼ 0.5, or equivalently by
the scalar charge to mass ratio q=M ¼ ffiffiffi

3
p

. Weakly naked
singularities occurring for 0.5 < γ < 1, or 0 < q=M <

ffiffiffi
3

p
,

possess a photon sphere located at rph ¼ ð2γ þ 1Þb=2.
Consequently, they are characterized observationally by
a shadow, and the structure of the relativistic images typical
for them, such as the Einstein rings for example, is similar
to that of the Schwarzschild black hole. For 0 ≤ γ < 0.5 the
photon sphere disappears and the light propagation exhibits
qualitatively different features. In this regime the solution
describes a strongly naked singularity. In the intermediate
case γ ¼ 0.5, when the so-called marginally strongly naked
singularity is realized, there is also no photon sphere, but
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the gravitational lensing leads to the appearance of rela-
tivistic images. We do not consider this situation, in
particular, because it is qualitatively similar to the weakly
naked singularities scenario.
The structure of the timelike circular geodesics in the

equatorial plane also depends crucially on the value of the
parameter γ. It is determined by the roots r� of the equation

r2γ2 − 2rγð3γ þ 1Þ þ 2ð2γ2 þ 3γ þ 1Þ ¼ 0; ð5Þ

given explicitly by the expressions

r� ¼ 1

γ

�
3γ þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5γ2 − 1

q �
: ð6Þ

Using this equation we can obtain a condition for the
stability of the circular orbits. They should possess radial
positions belonging to one of the regions r > rþ or rcs <
r < r− when r− is larger than the position of the curvature
singularity rcs, and the second inequality is reasonable.
For weakly naked singularities r− < rcs is satisfied, and
the stable circular orbits occur only for radii larger than the
marginally stable orbit rþ. In this case it represents the
innermost stable circular orbit (ISCO), and its position
takes values slightly larger than the location of the ISCO for
the Schwarzschild solution at r ¼ 6M. For strongly naked
singularities two qualitatively different cases are observed.
When the solution parameter γ takes the range 1=

ffiffiffi
5

p
<

γ < 1=2 we have r− > rcs, and the stable circular orbits are
represented by two disconnected regions—an annular
region for radial distances larger than rþ and a circular
region surrounding the singularity, which is limited by the
marginally stable orbit at r−. For γ < 1=

ffiffiffi
5

p
Eq. (5) has no

real roots. Therefore, no marginally stable orbits are
present, and the stable circular geodesics exist for any
radial distance.
In Fig. 1 we illustrate the behavior of the location of the

curvature singularity rcs, the photon sphere rph, and the
marginally stable circular orbits with respect to the value of
the parameter γ. When γ decreases, the radial positions of
the curvature singularity and the photon sphere increase.
However, they grow at a different rate, and for γ ¼ 1=2 they
merge at r ¼ 4M. At the same time the second marginally
stable orbit appears, which delimits the inner circular
region of the stable circular geodesics in the vicinity of
the singularity. In the range 1=

ffiffiffi
5

p
< γ < 1=2 the position

of the inner marginally stable orbit located at r− increases,
while the position of the outer marginally stable orbit
at rþ decreases; for γ ¼ 1=

ffiffiffi
5

p
they coincide at r ≈ 5.236.

Then, the two disconnected regions of stability limited
by the inner and outer marginally stable orbits merge,
and for γ < 1=

ffiffiffi
5

p
the stable circular geodesics span the

whole spacetime up to the curvature singularity. A detailed
analysis of the circular geodesics, however in a different

parametrization of the Janis-Newman-Winicour solution, is
performed in [56].

III. OPTICAL APPEARANCE OF THE
JANIS-NEWMAN-WINICOUR NAKED

SINGULARITY WITH A THIN
ACCRETION DISK

We consider a simple physical model of a thin accretion
disk surrounding the Janis-Newman-Winicour curvature
singularity, which consists of particles moving on stable
circular geodesics in the solution spacetime. Each particle
is assumed to emit radiation isotropically. The structure of
the thin disk depends on the value of the scalar charge to
mass ratio, as described in the previous section. In the
analysis we restrict ourselves to the case of q=M <

ffiffiffi
3

p
, or

γ > 1=2, when a photon sphere is present, and the disk
extends from an inner edge determined by the ISCO to
infinity. The rest of the parametric space, when the disc
structure is more complicated, will be investigated in a
future work.
The radiation of the particles moving on a circular orbit

is deflected by the curved spacetime, and as a result the
circular orbit will appear distorted to a distant observer. The
image of the circular orbits observed at asymptotic infinity
forms the apparent shape of the accretion disk. In practice
the disk is represented up to a certain effective radius
encompassing the region of a strong gravitational field
where the most pronounced relativistic effects occur. In our
case we investigate the image of the circular geodesics
located at radial distances up to the boundary r ¼ 30M.

FIG. 1. Behavior of the location of the curvature singularity rcs
(in black), the photon sphere rph (in orange), and the outer and the
inner marginally stable orbits rþ and r− (in red and blue,
respectively) when varying the solution parameter γ. Two critical
points are represented, denoted by P and Q. At the point P
(γ ¼ 1=2) the position of the photon sphere reaches the curvature
singularity, and for lower values of γ no photon sphere exists. At
the same time a second marginally stable orbit appears at r ¼ r−,
and the region of stability of the circular geodesics gets
disconnected. At the point Q (γ ¼ 1=

ffiffiffi
5

p
) the two marginally

stable orbits merge, and for lower values of γ no marginally stable
orbits exist. For γ < 1=

ffiffiffi
5

p
the region of stability of circular

geodesics encompasses the whole spacetime.
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The apparent shape of the accretion disk is calculated
independently by two alternative methods comparing the
results. Since the spacetime is spherically symmetric, we
can develop a semianalytical procedure, taking advantage
of the available integrals of motion, which lead to the
conservation of the orbital plane, and the photon’s energy E
and angular momentum L on the geodesic trajectory. We
consider the constraint equation for the null geodesics
gμν _xμ _xν ¼ 0, where the dot denotes differentiation with
respect to an affine parameter. For the Janis-Newman-
Winicour naked singularity it takes the explicit form

_r2 þ L2

r2

�
1 −

b
r

�
2γ−1

¼ E2: ð7Þ

Using the geodesic equation for the azimuthal angle

_ϕ ¼ L
r2

�
1 −

b
r

�
γ−1

; ð8Þ

we can obtain its variation along the photon trajectory as a
function of the radial distance

Δϕ ¼
Z

dr

r2ð1 − b
rÞ1−γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
D2 − 1

r2 ð1 − b
rÞ2γ−1

q : ð9Þ

The azimuthal angle depends on a single impact param-
eter D ¼ L=E determined by the ratio of the angular
momentum and the energy on the geodesic. We are
interested in the photon trajectories, which are emitted
by a particle orbiting at a certain radial distance rs in the
disk and, after scattering by the gravitational field of the
Janis-Newman-Winicour solution, reach a distant observer.
Therefore, the integration is performed numerically from
the orbit’s location to infinity. In the computations we
assume that asymptotic infinity corresponds effectively to a
radial distance of the observer robs ¼ 5000M. The photon
trajectory is projected on the observer’s sky, giving rise to
an image determined by two celestial coordinates ξ and η. If
we consider the general form of a static spherically
symmetric metric in spherical coordinates

ds2 ¼ gttdt2 þ gϕϕdϕ2 þ grrdr2 þ gθθdθ2; ð10Þ

we can define a local reference frame at the observer’s
location with basis vectors

êðθÞ ¼
1ffiffiffiffiffiffi
gθθ

p ∂θ; êðrÞ ¼
1ffiffiffiffiffiffi
grr

p ∂r;

êðϕÞ ¼
1ffiffiffiffiffiffiffigϕϕ

p ∂ϕ; êðtÞ ¼
1ffiffiffiffiffiffiffiffi−gtt

p ∂t; ð11Þ

expanded in the coordinate basis f∂t; ∂r; ∂θ; ∂ϕg. The
radial vector êðrÞ is assumed to point into the direction

of the compact object. In this local tetrad the celestial
coordinate η is defined as the angle between the null
geodesic plane and the basis vector êðϕÞ, while ξ is the angle
between the trajectory and the compact object direction
êðrÞ. Due to the spherical symmetry we can express the
variation of the azimuthal angle along the geodesic by
means of the celestial angle η, and the inclination angle i of
the observer with respect to the orbital plane of the emitting
particle [52],

cosϕ¼−
sinη taniffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2ηtan2iþ1
p ; sinϕ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2ηtan2iþ1
p :

ð12Þ
On the other hand, the celestial angle ξ is connected to

the impact parameter D on the geodesic as

ξ ¼ arcsin
D
robs

�
1 −

b
robs

�
γ−1

2

: ð13Þ

For a given radial position rs of the orbit of the emitting
particle and a given inclination angle i of the observer,
Eqs. (9) and (12) define a relation between the impact
parameter of the photon trajectory and the corresponding
observational angle η.

Z
robs

rs

dr

r2ð1 − b
rÞ1−γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
D2 − 1

r2 ð1 − b
rÞ2γ−1

q

¼ − arccos
sin η tan iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2ηtan2iþ 1
p : ð14Þ

Using Eq. (13) it is transformed into a relation between
the celestial coordinates ξ ¼ ξðηÞ. In practice, by scanning
all the observational angles η ∈ ½0; 2π� we can obtain the
possible impact parameters D, which arise as solutions of
(15) for a particular inclinational angle i and initial position
rs. Then, the curve ξ ¼ ξðηÞ determined by (13) defines the
observable image of the circular orbit located at radial
distance rs.
The variation of the azimuthal angle (12) is supposed to

belong to the range Δϕ ∈ ½0; πÞ. However, certain trajec-
tories are deflected at larger angles or perform several
circles around the compact object before reaching the
observer. In order to take these cases into account
Eq. (9) should be generalized to

Z
robs

rs

dr

r2ð1 − b
rÞ1−γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
D2 − 1

r2 ð1 − b
rÞ2γ−1

q

¼ kπ − arccos
sin η tan iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin2ηtan2iþ 1
p ; ð15Þ

where k is a non-negative integer. Trajectories with k ¼ 0
give rise to direct images, while those with k ¼ 1 form
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secondary images. Null geodesics with k ≥ 2 result in
images very close to the image of the photon sphere.
We calculate the image of the circular orbits independ-

ently in a second way by using a fully numerical ray-tracing
procedure. The computation scheme does not take advan-
tage of the spherical symmetry of the solution, and it can be
applied for any stationary and axisymmetric spacetime. The
null geodesic equations are represented in Hamiltonian
form and integrated numerically. A photon trajectory
reaching a distant observer is projected on their observa-
tional plane by means of two angles α and β related to the
photon’s 4-momentum as [57]

pθ ¼ ffiffiffiffiffiffi
gθθ

p
sin α; pϕ ¼ L ¼ ffiffiffiffiffiffiffi

gϕϕ
p

sin β cos α;

pr ¼
ffiffiffiffiffiffi
grr

p
cos β cos α; pt ¼ −E: ð16Þ

Given the radial position and the inclination angle of the
observer we can use the angles α and β as initial data on
the geodesic and integrate the trajectory backwards to the
position of the emitting particle, which moves on a circular
orbit in the equatorial plane. Scanning all the observational
angles in the range α ∈ ½0; π� and β ∈ ½−π=2; π=2� we
can select the appropriate ones which correspond to
trajectories emitted by the accretion disk. In practice,
they should represent solutions to the geodesic equations
passing through a point with coordinates θ ¼ π=2 and
r ∈ ½rISCO; rout�, where rISCO is the position of the inner-
most stable circular orbit and rout is some outer boundary,
which we select for physical reasons. This set of observa-
tional angles defines the image of the accretion disk on the
observer’s sky.1

Using the described procedures we compute the observ-
able image of a thin accretion disk around a Janis-Newman-
Winicour naked singularity in the region of the parametric
space γ ∈ ð0.5; 1Þ when a photon sphere is present. We
compare the optical appearance of the accretion disk around
the naked singularity with the case of the Schwarzschild
black hole, which corresponds to the limit γ ¼ 1. In order to
illustrate the effects of the absence of an event horizon most
clearly, we present the image of the Janis-Nemwan-
Winicour solution for a value of the parameter γ close to
the lower limit γ ¼ 0.5, when the deviation from the
Schwarzschild black hole is most pronounced. The optical
appearance of the accretion disk depends substantially on
the inclination angle of the observer; therefore we provide
two sets of images for an observer with inclination angle
i ¼ 60°, and a nearly equatorial observer with i ¼ 80°. The
observer is located at the radial distance robs ¼ 5000M,
which corresponds effectively to asymptotic infinity.
The optical appearance of the accretion disk is presented

in Figs. 2 and 3, illustrating the image of the circular orbits
in the equatorial plane located between the ISCO and an
outer orbit with radius r ¼ 30M. In each figure two images
are superposed. The first one is generated by the numerical
procedure and represents the visual appearance of a
continuous distribution of circular orbits with radii belong-
ing to the range rISCO ≤ r ≤ 30M. The second image is
computed by the semianalytical procedure and illustrates the
optical appearance of a discrete set of circular orbits
corresponding to particular radial distances. The visualiza-
tion of these orbits is represented by solid lines in the figures,
where we also specify the radial position of each orbit. We
can further differentiate between direct images, characterized
by variation of the azimuthal angle along the photon
trajectory in the range Δϕ ∈ ½0; πÞ, and secondary images
for which the null geodesic is deflected at a larger angle or
circles several times around the compact object before

FIG. 2. Optical appearance of the thin accretion disk around the Schwarzschild black hole (left) and Janis-Newman-Winicour naked
singularity (right) with solution parameter γ ¼ 0.51. The inclination angle of the observer is i ¼ 60°, and their radial position is
r ¼ 5000M. The direct image of the accretion disk is depicted in orange, while the secondary image is in blue. The black circle represents
the optical appearance of the photon sphere.Wepresent the image of the accretion disk in the region between the ISCOand an outer circular
orbit located at r ¼ 30M, which illustrates the regime of the strong gravitational field. The innermost stable circular orbit is located at
r ¼ 6M for the Schwarzschild solution and at r ¼ 6.03 for the Janis-Newman-Winicour naked singularity with γ ¼ 0.51.

1For an asymptotic observer the celestial coordinates α and β
are related to the observational angles η and ξ introduced in the
semianalytical computation procedure as α ¼ ξ cos η, β ¼ ξ sin η.

IMAGE OF THE JANIS-NEWMAN-WINICOUR NAKED … PHYS. REV. D 100, 024055 (2019)

024055-5



reaching the observer, i.e.,Δϕ ∈ ½kπ; ðkþ 1Þπ�, k ∈ N . The
direct images are generated by photons emitted in the
direction above the equatorial plane, while secondary images
with k ¼ 1 correspond to photons heading in the direction
below the equatorial plane. These two cases are depicted in
orange and blue, respectively. We further represent in black
the apparent shape of the photon sphere. The photons which
perform several circles around the compact object before
reaching the observer (k ≥ 2) possess impact parameters
very close to that of the photon sphere. Therefore, they give
rise to images, which approach its apparent shape, and
practically cannot be distinguished in the figures.
The thin accretion disks around the Schwarzschild black

hole and a weakly naked Janis-Newman-Winicour singu-
larity appear in a very similar way to a distant observer. The
two images share the samequalitative features and can hardly
be distinguished by observations. Quantitatively they can be
differentiated by evaluating the size of the apparent shape of
the disk, provided the future observational techniques reach
sufficient resolution. The differences are most pronounced in
the apparent size of the ISCO,while the deviation in the outer
rim of the disk is expected to be negligible.
The Janis-Newman-Winicour singularity possesses a

stronger focusing effect on the photon trajectories since the
circular orbits result in a smaller image than the corresponding
ones for the Schwarzschild solution. We investigate the
shrinking of the visual size by comparing the ranges of the
celestial coordinates in the horizontal and vertical directions
appearing in the images of circular orbits with certain radii in
both spacetimes. As a quantitative measure for the horizontal
shrinking we take the difference Δα between the maximal
values of the α-coordinate in the image of a particular orbit for
the Schwarzschild and the Janis-Newman-Winicour space-
times,αSchw andαJN respectively, normalized by themaximal
value of the α-coordinate for the Schwarzschild solution

Δα
α

¼ αSchw − αJN
αSchw

: ð17Þ

In a similar way we can estimate the vertical shrinking
by the normalized difference of the β-coordinate for
the two solutions. We take the difference between the

maximum value βþ and the minimum value β− of the β-
coordinate in each image for the Schwarzschild and Janis-
Newman-Winicour solutions, i.e., βSchw ¼ βþSchw − β−Schw
and βJN ¼ βþJN − β−JN . Then, we define a measure of the
variation in the β-direction as

Δβ
β

¼ βSchw − βJN
βSchw

: ð18Þ

The results are presented in Tables I and II for the
inclination angles i ¼ 60° and i ¼ 80°, examining several
circular orbits. The reduction of the visual size of the orbit
depends on its radius and on the order of the image k. For a
given image order the innermost stable circular orbit
exhibits the largest relative shrinking, and the effect
decreases when the radius of the orbit grows. For most
of the orbits the reduction of their visual size increases with
the increase of the image order. This effect is consistent
with the fact that for images of higher order we observe a
smaller relative distance between the visual positions of the
different orbits, so all of them appear closer to the ISCO.
However, the effect is violated for orbits in the vicinity of
the ISCO, for which the reduction of the visual size for the
secondary image with order k ¼ 1 is less than the reduction
for the direct image with k ¼ 0 (see Tables I and II).
The shrinking of the visual size was observed previously

for the image of the photon sphere of the Janis-Newman-
Winicour solution [42]. Decreasing the solution parameter
γ in the range γ ∈ ð0.5; 1�, or equivalently increasing the
scalar charge to mass ratio, the radial position of the photon
sphere increases. At the same time we observe reduction of
its apparent size on the observer’s sky. In this case the
phenomenon can be explained analytically by calculating
the impact parameter on the photon sphere, which deter-
mines the size of its observable image, and showing that it
is a decreasing function of the parameter γ.
We can further study the influence of the reduction of the

visual orbital size on the apparent area of the accretion disk.
We calculate the area of the disk image bounded between the
image of the ISCOand the outer circular orbit at r ¼ 30M for
the Janis-Newman-Winicour solution with γ ¼ 0.51 and for

FIG. 3. Optical appearance of the thin accretion disk around the Schwarzschild black hole (left) and Janis-Newman-Winicour naked
singularity (right) with solution parameter γ ¼ 0.51, and an inclination angle of the observer i ¼ 80°. We use the same conventions as in
Fig. 2.
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the Schwarzschild black hole. Denoting these quantities by
AJN and ASchw respectively, we define a measure of the
relative visual area deviation between the two solutions,

δA ¼ ASchw − AJN

ASchw
: ð19Þ

In Table III we present the values of δA for the direct image
(k ¼ 0) and the secondary images (k ¼ 1, 2) for two

inclination angles i ¼ 60° and i ¼ 80°,while the correspond-
ing areas are visualized in Fig. 4. The Schwarzschild black
hole leads to larger direct images of the accretion disk than
the Janis-Newman-Winicour naked singularity, while for
secondary images we observe the opposite effect. This
scenario is represented by negative values of the quantity
δA in Table III.

IV. RADIATION FROMA THIN ACCRETION DISK
AROUND THE JANIS-NEWMAN-WINICOUR

NAKED SINGULARITY

In the previous section we investigated the optical
appearance of a thin disk consisting of particles moving
on circular equatorial orbits around the Janis-Newman-
Winicour naked singularity. We extend our analysis by
considering a physical model of radiation of the disk and
studying its image as seen by a distant observer. We adopt
the Novikov-Thorne model of a thin accretion disk con-
sisting of anisotropic fluid moving in the equatorial plane

TABLE I. The relative visual size shrinking in the horizontal direction Δα
α ½%� of the circular equatorial orbits for γ ¼ 0.51 with respect

to the corresponding orbits for the Schwarzschild black hole for different image order k. We study two inclination angles i ¼ 60° (a) and
i ¼ 80° (b).

r=M
k 6.03 7 8 9 10 20 30

(a) i ¼ 60°
0 17.99% 15.15% 12.98% 11.43% 10.18% 4.91% 3.24%
1 16.84% 15.86% 15.11% 14.51% 14.02% 11.70% 10.85%
2 19.91% 19.86% 19.82% 19.78% 19.76% 19.66% 19.63%

r=M
k 6.03 7 8 9 10 20 30

(b) i ¼ 80°
0 17.51% 14.93% 12.80% 11.35% 10.09% 4.91% 3.23%
1 15.61% 14.16% 12.91% 11.99% 11.33% 7.72% 6.66%
2 19.91% 19.82% 19.75% 19.70% 19.76% 19.62% 19.53%

TABLE II. The relative visual size shrinking in the vertical direction Δβ
β ½%� of the circular equatorial orbits for γ ¼ 0.51with respect to

the corresponding orbits for the Schwarzschild black hole for different image order k. We study two inclination angles i ¼ 60° (a) and
i ¼ 80° (b).

r=M
k 6.03 7 8 9 10 20 30

(a) i ¼ 60°
0 17.25% 14.52% 12.53% 11.04% 9.89% 4.88% 3.24%
1 17.00% 16.00% 15.26% 14.70% 14.24% 12.15% 11.40%
2 19.80% 19.72% 19.66% 19.62% 19.58% 19.45% 19.41%

r=M
k 6.03 7 8 9 10 20 30

(b) i ¼ 80°
0 16.11% 13.78% 12.06% 10.77% 9.75% 5.18% 3.58%
1 17.00% 15.81% 14.91% 14.20% 13.62% 10.70% 9.47%
2 19.86% 19.60% 19.53% 19.48% 19.60% 19.43% 19.38%

TABLE III. The relative visual area size shrinking δA for the
Janis-Newman-Winicour naked singularity with solution param-
eter γ ¼ 0.51with respect to the corresponding disk region for the
Schwarzschild black hole for different image order k ¼ 0, 1, 2.
We study two inclination angles i ¼ 60° and i ¼ 80°.

i\k 0 1 2

60° 4.57% −2.17% −36.24%
80° 3.84% −0.20% −29.54%
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[54,55]. The disk height is negligible compared to its
horizontal size, and the disk is stabilized at hydrodynamic
equilibrium. The physical properties of the accretion disk
are governed by certain structure equations, which follow
from the requirement of the conservation of the rest mass,
the energy, and the angular momentum of the fluid. Using
these conservation laws we can derive the flux of the
radiant energy over the disk spanning between the ISCO
and a certain radial distance r [54,55],

FðrÞ¼−
_M0

4π
ffiffiffiffiffiffiffiffiffiffi
−gð3Þ

p Ω;r

ðE−ΩLÞ2
Z

r

rISCO

ðE−ΩLÞL;rdr: ð20Þ

We denote by gð3Þ the determinant of the induced metric
in the equatorial plane, _M0 is the mass accretion rate, and E,
L, and Ω are the energy, the angular momentum, and the
angular velocity of the particles moving on a particular
circular orbit. For steady-state accretion disk models the
accretion rate is independent of time; i.e., it is given by a
constant depending on the compact object sourcing the
gravitational field. The kinematic quantities depend only on
the radius of the orbit, and they are determined explicitly by
the expressions [58] for a general static spherically sym-
metric metric (10),

E ¼ −
gttffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gtt − gϕϕΩ2
q ; ð21Þ

L ¼ gϕϕΩffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gtt − gϕϕΩ2

q ; ð22Þ

Ω ¼ dϕ
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

gtt;r
gϕϕ;r

r
: ð23Þ

We calculate the radiation flux numerically and illustrate
its behavior as a function of the radial distance for different
values of the solution parameter γ (see Fig. 5). The flux
possesses a single maximum, which grows monotonically
when decreasing the value of γ in the range γ ∈ ð0.5; 1�.
At the same time its radial position is shifted towards
the location of the curvature singularity. All the curves
presented in Fig. 5 are normalized by the maximum
of the energy flux for γ ¼ 0.51, which takes the value
Fmax ¼ 25.78 × 10−6M _M, where M is the mass of the
compact object. The most substantial part of the radiation is
emitted by the disk portion extending up to the radial
distance r ¼ 30M. This gives us a further reason to
consider this range as representative for studying the
interaction of the accreting matter with the gravitational
field of the compact object in the strong field regime.
The radiation flux will appear deformed to a distant

observer, as its apparent intensity Fobs in each point of the
observer’s sky will be modified by a factor depending on
the gravitational redshift z [50],

Fobs ¼
F

ð1þ zÞ4 : ð24Þ

For a general static spherically symmetric metric, the
redshift factor is given by the expression [50]
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FIG. 4. The relative visual area size shrinking δA for the Janis-
Newman-Winicour naked singularity with solution parameter
γ ¼ 0.51 (dashed line) with respect to the corresponding disk
region for the Schwarzschild black hole (solid line) for different
image order k ¼ 0, 1, 2. The inclination angle is i ¼ 80°. For
secondary images with k ¼ 1, 2 the area bounded between the
image of the ISCO and the outer boundary of the disk at r ¼ 30M
is greater for the Janis-Newman-Winicour solution than the
corresponding area for the Schwarzschild black hole.

FIG. 5. Dependence of the radiation energy flux over the disk
on the radial distance for different values of the solution
parameter γ in the range γ ∈ ð0.5; 1�. The position of the flux
maximum is denoted by r̃, and it is specified for each value of γ
next to the corresponding curve. All the curves are normalized by
the maximum of the energy flux for γ ¼ 0.51.
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1þ z ¼ 1þ ΩDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gtt −Ω2gϕϕ

q ; ð25Þ

whereD ¼ L=E is the impact parameter, which is related to
the celestial coordinates α and β by means of Eq. (16). In
order to get intuition about the observable flux we inves-
tigate its variation as appearing on the observer’s sky. In
Fig. 6 we present the curves of constant redshift z for the
Schwarzschild black hole and the Janis-Newman-Winicour
naked singularity with γ ¼ 0.51. Both solutions possess
very similar observable redshift distributions. A region of
negative redshift (blueshift) exists for negative values of the
celestial coordinate α, which will lead to a region with
maximal intensity of the observable radiation flux.
In Figs. 7–9 we study the apparent flux intensity as seen

by a distant observer for the Schwarzschild black hole and
the Janis-Newman-Winicour solution with γ ¼ 0.51. The
apparent flux distribution is similar for the two solutions,
and only quantitative differences occur. We present two
types of images—contour plots, which give the curves of
constant flux, and color images, which illustrate the
continuous distribution of the apparent radiant energy by
associating certain colors to the different intensities. In
the contour plots the apparent flux Fobs is normalized by
the maximum value of the radial flux distribution (20) for

the particular solution. As expected the maximum value of
the radiation flux appears for negative α, where the redshift
is negative, and is located near the visual image of the orbit
with the appropriate radius, for which the radial distribution
of the radiation energy (20) has a maximum. Another
characteristic feature of the image is the occurrence of a
saddle point in the apparent flux as a function of the
celestial coordinates. It is located opposite to the flux
maximum with respect to the β-axis at similar values of the
celestial coordinates. In Fig. 8 we illustrate the effect more
clearly by providing a more detailed contour map. For the
Schwarzschild solution the saddle point corresponds to the
relative flux value Fobs=Fmax ≈ 0.16, and it is located at
the celestial coordinates ðα;βÞ¼ð67.77;2.52Þ for the incli-
nation angle i ¼ 80°. For the Janis-Newman-Winicour
naked singularity the flux value is Fobs=Fmax ≈ 0.12 at
ðα; βÞ ¼ ð57.77; 2.82Þ for the same inclination angle. On the
other hand, the relative flux maximum possesses the value
Fobs=Fmax≈2.81 and location ðα; βÞ ¼ ð−52.19; 2.52Þ for
the Schwarzschild black hole, and Fobs=Fmax ≈ 3.11,
ðα; βÞ ¼ ð−42.19; 2.52Þ for the Janis-Newman-Winicour
solution. We see that for the Janis-Newman-Winicour
solution the maximal value of the observable flux is higher
than for the Schwarzschild black hole, and both extrema are
shifted more closely to the inner edge of the disk.

FIG. 6. Optical appearance of the curves of constant redshift z for the Schwarzschild black hole (left column) and the Janis-Newman-
Winicour naked singularity with solution parameter γ ¼ 0.51 (right column). We present the images for two inclination angles i ¼ 60°
and i ¼ 80°. The value of the relevant redshift is specified on each contour.
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We illustrate the continuous distribution of the apparent
radiation flux in Fig. 9. Contrary to the contour plots, in this
case the flux is normalized by the maximal value of the
observable flux for each solution, so its values belong to
the interval [0, 1]. We define a color map continuously
associating a certain color of the spectrum from red to blue
to each value in the interval [0, 1]. Red corresponds to
the lowest flux, while blue denotes the maximum flux
value. From the contour plots we see that for the
Schwarzschild black hole the flux is more evenly distrib-
uted and grows more gradually toward its peak than for the

Janis-Newman-Winicour solution. For the JNW naked
singularity the flux possesses lower values for positive
α, and in this region it grows more slowly than for the
Schwarzschild black hole. Yet, in the vicinity of the flux
maximum, it increases more steeply and reaches a higher
value at the peak. Therefore, for this solution the apparent
emitted radiation is more concentrated around the observ-
able location of its maximum. Since all the visualized flux
values are normalized by the maximum value of the
observable flux, the disk for the JNW solution appears
redder than that for the Schwarzschild black hole. In this

FIG. 8. Saddle points in the apparent flux distribution for the Schwarzschild black hole (left) and the Janis-Newman-Winicour naked
singularity with solution parameter γ ¼ 0.51 (right). The saddle point for the Janis-Newman-Winicour solution is located closer to the
inner edge of the disk and corresponds to a lower value of the relative flux (see main text). The inclination angle is i ¼ 80°.

FIG. 7. Contour lines of the apparent radiation flux for the Schwarzschild black hole (left column) and the Janis-Newman-Winicour
naked singularity with solution parameter γ ¼ 0.51 (right column). We present the images for two inclination angles i ¼ 60° and
i ¼ 80°. The observable flux is normalized by the maximal value of the radial flux distribution for each solution.
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case the region for positive α is characterized by lower
apparent flux values, while the maximal value of the
apparent flux is higher. This lead to further decreasing
the values of the normalized flux.

V. CONCLUSION

In this paper we study the optical appearance of a
geometrically thin and optically thick accretion disk sur-
rounding the Janis-Newman-Winicour naked singularity
and its observable radiation in the framework of the
Novikov-Thorne model. We concentrate on the case when
the Janis-Newman-Winicour solution possesses a photon
sphere, which ensures that its lensing properties are similar
to those of the Schwarzschild black hole. We aim at
comparing the images produced by the accretion disk
around the Janis-Newman-Winicour naked singularity
and the Schwarzschild black hole, and deducing observable
effects, which can differentiate between the two space-
times. We observe qualitatively very similar features in
both cases, so the two solutions can be distinguished
only by quantitative measurements. The Janis-Newman-
Winicour naked singularity leads to a smaller direct image

of the accretion disk, with a higher maximum of the
radiation flux. Its observable radiation is more unevenly
distributed across the disk, as it exhibits lower values in its
periphery, and concentrates in its largest portion in a
smaller neighborhood of the emission peak. In a future
work we extend our analysis to the case of the strongly
naked Janis-Newman-Winicour singularity when no pho-
ton sphere is present, and the spacetime can be qualitatively
distinguished by the Schwarzschild black hole by the image
of the accretion disk. In this case certain relativistic images
arise within the apparent shape of the ISCO, which form
bright rings in the central region of the disk image.
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and i ¼ 80°. The flux is normalized by the maximal value of the observable flux for each solution.
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