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We study the generalized uncertainty principle (GUP) modified time evolution for the width of wave
packets for a scalar potential. The free particle case is solved exactly where the wave-packet broadening is
modified by a coupling between the GUP parameter and higher-order moments in the probability
distribution in momentum space. We consider two popular forms of deformations widely used in the
literature—one of which modifies the commutator with a quadratic term in momentum, while the other
modifies it with terms both linear and quadratic in momentum. Unlike the standard case, satisfying
Heisenberg uncertainty, here the GUP modified broadening rates, for both deformations, not only depend
on the initial size (in both position and momentum space) of the wave packet but also on the initial
probability distribution and momentum of the particle. The new rates of wave-packet broadening, for both
situations, are modified by a handful of new terms—such as the skewness and kurtosis coefficients, as well
as the (constant) momentum of the particle. Comparisons with the standard Heisenberg uncertainty
principle-based results show potentially measurable differences in the rates of free wave-packet broadening
for physical systems such as the Cgy and C|74 molecules, and more so for large organic molecular wave
packets. In doing so, we open a path to scan the GUP parameter space by several orders of magnitude inside

the best existing upper bounds for both forms of GUP.
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I. INTRODUCTION

One of the key features of quantum mechanics (QM) is
the fact that it sets, by means of the Heisenberg uncertainty
principle (HUP), a fundamental limit on the precise and
simultaneous knowledge of two canonically conjugate
dynamical variables for any quantum system. This, along
with other fundamental principles, when put together,
ensures the dispersion of free wave packets through space
in a manner that the width of the packet tends to always
increase over time [1]. These insights are important to
understand classical-quantum correspondence in general.
For example, one can easily compute that the wave packet
corresponding to a free electron will disperse in space very
rapidly, and therefore the likelihood of pointing down a free
electron to be present at a specific point in space is negligible.
For a classical particle the wave packet does not have a
detectable dispersion in space over the age of the universe.

The above features are, of course, very well in agreement
with our experiences which, nonetheless, are also verified
in certain cases. On the other hand, there is a growing
consensus that, inspired by certain quantum gravity theo-
ries, is advocating about the existence of a fundamental
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minimal length scale (at the Planck length). Among them,
studies in string theory [2-8], doubly special relativity
[9-12], black hole physics [13-15], loop quantum gravity
(LQG) [16,17], noncommutative quantum geometries
[18-20], and more general approaches concerning QM
and general relativity [21-30] manifest this existence of a
minimal length by replacing the HUP by a generalized
uncertainty principle (GUP) whose exact form, however,
often disagrees among various proposals (for a broad
overview see [7,13,31-35] and references therein). The
GUP-based approaches have a motivation to provide a
shorthand exercise in the search for quantum gravity
effects, hypothesized to be realized in the form of a minimal
length, in low-energy physics, and, if it is indeed found,
then ask for an appropriate fundamental theory, from
first principles, to explain this effective description of
physical reality [36] (which may well be one of the existing
theories—LQG or string theory or an entirely new theory).

One main focus of GUP-based studies is to calculate the
modified spectrum of different observables that can be
useful to test the validity of the theory, and in case no
measurable differences are found it may still give bounds
on the GUP parameters. Some of the studies in this line are
reported in several works [37], and, in fact, a number of
new experiments have been proposed [38] to measure these
GUP contributions.
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We, on the other hand, are opening a new avenue in this
quest for understanding the fundamental insights that are
brought in by the GUP modification (or the minimal
length scale) on the wave function itself and thereby
giving some new information on a distributional level. To
do this we consider the wave packet corresponding to a
free particle which can give an account of the bare effect
of the minimal length scale on the otherwise very well
understood situation. There exist preliminary works on the
GUP effect on free particle wave packets [39], but they
were not developed enough to highlight the theoretical
and experimental impact discussed here. Particularly, in
this article, we present a detailed account of the basic
setting of wave-packet evolution both within the standard
HUP setting (which is well known) and within the GUP
framework (which is a new study). The GUP modification
will be shown to imply a nontrivial distributional ram-
ification on the rate and fundamental properties of the
broadening of the free wave packets. We shall also
compare two situations, i.e., GUP vs HUP explicitly to
clarify various outcomes, both mathematically and physi-
cally. There will be a considerable effort to estimate the
time difference between the GUP and HUP broadening of
the free wave packets and the likelihood of experimentally
detecting this departure. Interestingly, while doing so, we
can also put some bounds on the GUP parameter, and that
will be an improvement of several orders of magnitude to
the current best upper bounds that come from studying the
spectrum of a number of observables. All these will be
done using the two most popular forms of the GUP given
by the Ali-Das-Vagenas (ADV) form and the Kempf-
Mann-Mangano (KMM) form.

This paper is organized in the following manner: in
Sec. II we provide a review of the basic setup to derive the
evolution law for the width of the free wave packet. In
Sec. III we shall take the first step to include the GUP effect
by generalizing Ehrenfest’s equations. Section IV is used
for the derivation of the governing equation for the spread-
ing of free wave packets in the GUP scenario. Here we
consider two popular forms of GUP, given by the ADV and
KMM forms. The Sec. V is dedicated to solving these
equations, exactly, for the free particle case. Section VI
physically explains the new results. Moving on, in Sec. VII
we shall elaborate on the possibility of testing our results
within the present technology, for both forms of GUP.
Finally, in Sec. VIII we conclude.

II. THE MOTION AND SPREADING
OF WAVE PACKETS

In this section we review the standard picture of wave-
packet broadening in quantum mechanics. This is a
standard textbook exercise (see, e.g, [1]); however, it is
important to review it here for the sake of clarity and
completeness of the paper.

A. Ehrenfest’s theorem: A classical analogy

In quantum mechanics, the fundamental principle that
sets a limit in the precision to which one can simultaneously
measure two given physical quantities is the HUP

[q,,pj]:lfl(S,j, l,]:l,Z,,N, (1)
where N is the number of spatial dimensions under
consideration. This is equivalent to the uncertainty relation-

ship between the position and momentum of a particle
satisfying

h
AxAp > 5 (2)

We also have the identity applied to the time derivative of
the average (expectation) value of the observable

d

ihE(A) =([A,H]) + ih<?£>, (3)

where the observable A is understood as a self-adjoint
operator and H = H(q, ..., qn; P1» ---» Py) 1S the system’s
Hamiltonian. Using this identity on coordinates of position
and momentum, we obtain Ehrenfest’s equations

Gt =l ) = () i= 120N @

and

G =gl = ~(F0). =128 ()

which are deduced from Ehrenfest’s theorem. Notice that
these equations are formally identical to Hamilton’s equa-
tions in classical mechanics, although this formal analogy
can be rigorously made only when the conditions

<aiiH(q], ey NP1 ---va)>
= L H({ar). e Agn): (p1). o (1)

1

and

0
<6—qH(ql,-.-,CIN;p17~"7pN)>

J

0
:a_qu<<CIl>: o {gn)s (pi)s - (pw))
are fulfilled. The above equations need not hold for an
arbitrary potential; however, both of them hold up perfectly
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to the quadratic potential that then includes the cases such
as the free particle and the harmonic oscillator.

Now, let us consider a one-dimensional wave packet
W¥(q,t) with Hamiltonian

2

H= f—m +V(q). (6)

In order to study the time evolution of the expectation
values (g) and (p) let us first define their mean-square
deviations,

n=(Ap)* = (p*) —(p)*.
(7)

Note that in the classical approximation ¥(g, ) represents a
particle with position, momentum, and energy given by

&= (Aq)* = (¢%) — (9)*,

_ _ _(p)?
qer = (q)- pa={p), and E. = o V({q))-
(8)
Now, let us define the quantity that tracks the difference
—H) = Ey =~y + (V) =V )
&= cl — 2mrl cl>

where V., = V((q)).

For the classical approximation to hold, we require the
extension Ag of the wave packet to remain small as
compared to the characteristic distances of the problem
under consideration, so that we can make the following
Taylor expansions around (g):

1

V(g)=Ve+(a={a)Vi+5(a- (@) Vit

V’(tI):Viz+(q—<4>)Vﬁz+%(q—<61>)2V'£f+"w (10)

where V/, = % 4= () Using this expansion will guarantee
the results are entirely general, i.e., valid for any V. Taking

the expectation values of (10), we obtain

1
<V> :Vc1+§§V'c'z+---,

(V)= Vi 4 6V 4. (1)
By (4), (5), and (6), we have
d, . _(p) d, . .,
E(Q) =’ E<p> =—(V'). (12)

Notice that, if we use (V') = V/, [(11) up to first order],
then Egs. (12) reduce to “classical” equations of motion

for the mean values (g) and (p). This result holds if V(q)
varies slowly over a distance ~+/&, so that the effect
of V" and higher derivatives in (11) is negligible.
This condition holds trivially for the cases V(q) = cq?
(harmonic oscillator) and V(g) = 0 (free particle), and for
every V(g) of at most order 2 in g. Assuming these
conditions hold [i.e., series (11) are rapidly converging],
we have [see (9)]

1
(n + mV",&) = const.

£~ —
2m

(13)

B. Deriving the master equation

We have described the motion of wave packets, by
means of (g) and (p); now, in order to study the spreading
of wave packets over time, we want to obtain functions &()
and 7(r) (i.e., spread in configuration and momentum
space) explicitly. Notice that & = (u), where u = ¢*> — (q)?
and (g) = f(z), so applying identity (3) to this operator
yields

d

—¢ : ((pg + ap) —2(p){(q))

dt® " m (14)

Analogously, for the operator d&/dt, using again (3)
and (12) we obtain

e 2p 1

o —((Vig +4qV') = 2{q)(V')).  (15)
By using (10) in (15), we get the approximate equation
(16)

and finally, taking (13) into account, we can rewrite it as

d2§ 4 ”
e E(f - V05é).

(17)

which we refer to here as the master equation. Upon
solving it, and knowing the deviations &, 7y, and 50 =
déy/dt at t = t, we obtain £(¢), the spread of the wave
function over time in configuration space; 7(¢) can then be
found with (13), using the fact that ¢ is constant.

Two interesting cases arise: the free particle and har-
monic oscillator potential, in which the motion of the
center of the packet is rigorously identical to that of a
classical particle [1]. In the case of the free particle, V = 0,
and thus from (13) we have n = 2me =1n,; that is,
7 = (Ap)? remains constant. However, we have rigorously
d*£/dt* = 2ny/m? and thus

(1) = o+ ot +- 15 1. (18)
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This result tells us that the free wave packet spreads
indefinitely, as is well known, so this sets a limit for the
time interval during which the classical-particle analogy
holds. If we have 50 = 0 (e.g., the packet has the minimum
width at 7, so that g = %hz), then (18) is simplified to
& = &)+ not*/m? or, equivalently,

aql) = VD) = (a0 + (*2)]7, o)

where Ag, and A p, are the initial uncertainties in position
and momentum space corresponding to the minimum wave
packet. This is a truly remarkable equation and fundamen-
tal to our physical understanding of quantum theory, which
explains why we cannot see an electron as a localized
object and why classical objects are seem to be localized
forever. Take, for instance, the case of free electron—the
second term in (19) increases with time as > and matches

(A[IU

the initial width in time ¢ = (by using the minimum

wave-packet uncertainty relatlon AgoApy = h/2 and the
definition for the Compton wavelength for the electron).
Using A, = 2.4 x 1072 m and initial width Agy ~ 1071 m
we get the time it takes for the second term in (19) to equate
the first term is ¢~ 107'¢ s. This is why it is hard to
detect the electron as a localized object confined to a small
space—the wave packet gets quickly delocalized. On the
other hand, for most of the classical objects this time is
more than the age of the universe.

III. THE GENERALIZED EHRENFEST
EQUATIONS

The general form of the GUP commutator we are
considering here is given by [40,41]

[inpj] = ih{5i,/ <l’51/

This relationship is valid for the nonrelativistic quantum
mechanical context where the coordinates are usually
identified as the Cartesian coordinates (which is true even
with a standard commutator without GUP modifications
[1]). This leads to the generalized Ehrenfest equations

d N OH OH pip: OH
- (i 22)
dt ; \Op; "\" 0p; p Op;

OH OH
(0 gy,) 3y ) ) f e

p >+ﬁ2( 28i;+3p; p,)}
(20)

b5 el 22
Ao}

Putting these equations into the forms

a0 =2 40((5) ~olriy) 7P 5)
—a<p;ffgfj>+ ﬁ2<p,p,gH>} (23)

(e )
) oo

we recognize, in the §ij term, the pattern (1 — a\/p;p; +
A p;p;) that arises in various results of the GUP modified
angular momentum algebra [40].

Since we shall be interested in the one-dimensional
problem of a free wave-packet expansion, we express the
above-mentioned equations for one dimension, starting
from the commutator,

4. Plaup = ih(1 = 2ap + 4 p?), (25)

which leads to the other commutation relations

o P ey~
[q. Hlgup = th’EZ [p, H|gup = —ihyV’,

where 7 = 1-2ap + 4% p?. If we consider a free particle,
then, of course, [p, H] = 0. Using the above results and (3)
we find

%@") = ;Ld <Zp’ p.Hlp ”')> =0

for the free particle in one dimension. Now we move to the
next section to derive the modified master equation
with GUP.
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IV. ONE-DIMENSIONAL WAVE PACKETS AND
GENERALIZED MASTER EQUATION

Using the results of Sec. Il and Eq. (3), for a free particle
we find

bow = 5 {(7p%) = 2al7p®) + 482475 ~ (7)) (26)

As a quick consistency check, let a = =0, i.e., 7 = 1;
the result is & = m% 1o, which is just the standard result for a
free particle using the HUP. For future convenience we
want to rewrite (26) in terms of some new variables, in the
form

Soup = % (no —4aC +4a*>C, + 84°C3),  (27)
which is correct up to second order in GUP parameters.
This consideration is in line with the very definition of the
GUP commutator (20), which is an approximate expression
up to quadratic powers. The new variables in (27) are
defined as

C, = n2pq + Flﬂl/z)’ (28)
Cy =n* (T = 1) +4np(pa +n'7Ty).  (29)

Cs =n(3p% + 30" pIy +1l), (30)

where 1 =1, is the square of the (constant) standard
deviation in momentum, which also appeared with HUP.

Notice that the new variables C,, C,, and Cs involve the
higher-order moments, which introduce a novel statistical
interpretation to our discussion, regarding the shape of the
probability distribution for free wave packets. To under-
stand this meaningfully, we have introduced Pearson’s
skewness coefficient (I'}), which represents the third order
moment, as

_ 3
r =0 - e

Further, we have also introduced the fourth order moment
given by the kurtosis coefficient T, as

_ 4
o= L=t o)

The term o =+/{(p?) — (p)*> =n'/? is the standard
deviation of the momentum distribution. It is important
to recall that both I'; and I, measure the departure of
the probability distribution from the normal distribution.
While I'; measures the asymmetry about its mean (p), I’
measures its failedness. While the skewness can take either

positive or negative values, kurtosis is positive definite.
For a normal (true Gaussian) distribution I'j =0 and
I, =3. This is a remarkable result since every new
correction coming from the GUP has a distributional
interpretation and, therefore, can be explained physically.
Just for completeness, let us note the expanded form of I"’s,
given by

and

r, = ,112<<p4> —4(p)(p) + 6(p2) (P = 3(p)*).

V. GUP MODIFIED BROADENING OF WAVE
PACKETS: THE FREE PARTICLE

It is straightforward, once again, to write down a solution
of (27), under the assumption that the initial wave packet is
minimal [£(zy) = 0]. The resulting equation is

1 ~
ACIfree(t) = (AqO)2 + ﬁ {(Ap0)2 - 4'O(CI
~ - 1/2
+4a2C, + 82C3 12| . (33)

which depends on C,, C,, and C; (which carry the
information on the standard deviation, skewness, and kur-
tosis of the probability distribution in momentum space), as
well as GUP parameters a and f. From here on, we shall
branch our discussion in two directions, with two special
cases of the GUP (i) with @ = f, which is the ADV form of
GUP, and (ii) @ = 0, which is the KMM form.

A. Ali-Das-Vagenas GUP

We can arrive at the form of GUP prescribed by Ali, Das,
and Vagenas in [35,40,41] just by setting @ = f in the
commutator (25), giving us

4. Ploup = iR(1 = 2ap + 4a®p?). (34)

The solution (33) dictating the spread over time for the free
wave packet for this case is given by

Aeree(t> = \/E( t)

1
= \/AL]02 + W (Apoz - 4aC1 + 4(12C2)t2,

(35)

where the coefficients C; = C, and C, = 3(p*) — (p?)>—
2p.(p?). Now, before going on to the analysis of the
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GUP-modified spread of free wave packets, we need to
find an expression for # as a function of the initial size
of the wave packet & = (Ag,)?. To do this, note that (20)
leads to the minimum uncertainty relation, which for the
ADV form is

n a
AgyApy == [1 + < —I—4a2> Ap?
2 Vi) ’
+4a%p?, - 2a <p2>} . (36)

Using this and the fact that (p?) =y + p2,, we find that

2 o + 2p2
5 (Baoy/mo) = [1+4a?(no + p7)] + @ 0—21 =0.
\/ 1o + P
(37)

Upon solving this equation for 7, we find the expression
1o = 1o(Aqq, @, B, p.;) that we were looking for. Notice
that, since both Ag, and p,; are constant parameters that
depend on the particle (or molecule) under consideration,
and g is the GUP parameter, solving (37) will yield a
numerical value for 7, that will be different for the different
systems that one is considering. We shall take advantage of
this in the following section.

B. Kempf-Mann-Mangano GUP

The KMM form of GUP (proposed in [24] and further
discussed in [30]) does not include any linear term in the
momentum and is given by

[q. Plaue = ih(1 + B*p?). (38)

which is identical to (25) with the identification = 2. To
get the solution for the free wave-packet expansion in this
case we can just set @ = 0 in (33), and this gives

1 . 1/2
Aeree(t) = (AqO)2 + W {(APO)z + 2ﬁ2C3}t2 (39)

and it does not include C; and C,. However, statistically
speaking it has the same interpretation in terms of I';, 15,7
since all of them are included in the definition of C;. The
corresponding minimum uncertainty relation and the rela-
tionship to find # are now given by

NSNS

AgoApy = - (1+4B*(Apg + p7y)) (40)

and

(Agoy/mo) — [1 +4B%(no + p2)] =0, (41)

St N

respectively.

VI. RESULTS AND PHYSICAL
INTERPRETATION

Now, let us elaborate on the results obtained in the
previous sections.

The standard discussion based on the HUP provides a
universal time-evolution law (19) for the wave packet’s
width, irrespective of the initial probability distribution
at time #,. The only requirement for (19) is that the wave
packet’s width was minimal at #,. This will apply for a
normal distribution (which is quite ideal) and also for all
other situations where the initial probability distribution is
not normal. For all cases, the evolution law is the same and
is given by (19). On the other hand, as evident from our
analysis, that is not true if we have to believe a GUP-based
calculation, irrespective of the particular form one may
choose (such as the ADV or KMM form). The modified
time evolution laws (35) and (39) are, indeed, dependent on
the type of initial probability distribution. That is to say, for
two wave packets of the same initial width but different
forms (different values of skewness or kurtosis) the
dispersion rate will be different for both (35) and (39).
With that said, the distributions do not need to be skewed or
have excess kurtosis in order to exhibit GUP-induced
effects (the evolution of normal Gaussian wave packets
is modified as well). Furthermore, these rates are dependent
on both the initial momentum and the uncertainty in
momentum, as opposed to the standard case (18) where
it does not depend on the initial momentum.

One may now ask the question: Why do we have to
consider different initial probability distributions, at all, for
a free particle? To answer this question we may think about
a stream of particles that were under some sort of applied
force fields for some time and then those force fields were
switched off at time #, and from that instant on (or a little
while after, depending on the relaxation time) these
particles start behaving as free wave packets. Then the
initial configuration of the wave packet at time 7,, when all
the force fields are switched off, depends on the details of
the interaction between the particles and said force fields,
which can, of course, be arbitrary and, therefore, the initial
configuration of the stream of free particles at 7, need not be
a normal distribution. In fact, it is likely to have any other
distribution including the possibility to have a nonzero
skewness and excess kurtosis.

Therefore, from our discussion it follows that, while
an HUP-based calculation is blind to the moments higher
than second order of the initial probability distribution in
momentum space, GUP-based approaches do differen-
tiate between two different initial templates; it shows an
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enhanced memory of the initial probability distribution
(such as skewness and kurtosis) at any later instant of time.
Note that, however, since all of the physical parameters,
such as the skewness and kurtosis in momentum space,
and the average momentum are constants in time for a free
particle, their initial values will be unchanged during the
course of time. Further, # = (p?) — (p)? is also constant
in time for a free particle so that the initial uncertainty in
momentum space remains unchanged over the course of
time—there is no spreading in momentum space.

To start analyzing these GUP-induced effects, let us first
consider a skewed probability distribution (with vanishing
excess kurtosis) of the initial wave packet. A template of
such a wave packet can be expressed in terms of the
following function (we are only considering the positive
amplitude):

exp (— %) (erf (%) + 1)
(w&(1))'/* '

It is easy to check that the probability distribution asso-
ciated with this wave packet [that is, the square of (42)] is
normalized over the configuration space and, therefore,
satisfies the probability conservation condition at all times.
This function corresponds to a skewed distribution with
normal kurtosis I, = 3; its width satisfies, depending on
the form of GUP, Egs. (39) or (35), and for a given instant
of time ¢ the shape of the wave packet will change for a
given value of the skewness I'j. In Fig. 1 we plot this
behavior for both Cg and Cy7¢ “buckyball" molecules. The
details of parameter values are given in the figure. We chose
Ceo and C74, also known as the buckyballs (scientific name
Buckminsterfullerene), molecules for this analysis because
they are one of the, commercially available, bigger-sized
molecules that behave as a single wave packet; thus they
can be used for experimental studies on our proposal. This
point will be further clarified in the next section where we
discuss a possible test of our results. Just for a reminder,
plots with positive skewness have a higher probability that
the particle will be found on the right-hand side than the
left-hand side of the mean value and vice versa. Here we
have assumed characteristic values for several parameters
including the mass and the initial size (taken to be the
van der Waals diameter [42]) of the molecule. Note that the
GUP coupling constants a and f are taken to be order 1.
These plots are therefore more for a qualitative under-
standing. Accurate quantitative analysis for testing our
result will be carried out in the next section.

Notice that, even though I'; and I', are defined as the
skewness and kurtosis coefficients in momentum space [see
(31) and (32)], this does, of course, introduce skewness and
kurtosis in position space as well, so that the shape of the
wave packet in position space will also be affected, as
shown in the figures. The difference is that the skewness

1) = (42)

and kurtosis coefficients in position space will change over
time; we can readily see this from the fact that, generally
speaking, (¢") = (q")(¢t) for the free particle. With that
said, notice that the GUP-modified spread evolution
laws for free wave packets (39) and (35) do not depend
explicitly on these coefficients in position space, but rather
in momentum space, so we do not need to compute the
former for our present analysis.

Now, let us plot the time evolutions of this wave packet
governed by (42), in Fig. 2, for both C¢ and Cy,4 parameters
for both KMM and ADV time evolutions (39) and (35).
Again, the shape and the rate at which it spreads depends on
the value of I', appearing in (39) and (35) [through C,
in (39) and through both C; and C, in (35)]. Clearly, the
initial distribution has an important role to play in the time
evolution of the wave packet, and this is a new insight
coming from the GUP-based analysis, again irrespective of
the KMM or ADV forms that one may consider—both
modifications have the same statistical interpretation.

In Fig. 3, we compare the wave-packet evolution
with and without the GUP modifications. The sample
distribution is again given by (42) with either Cgqy or
Cy7¢ parameters, and we consider the normal (Gaussian)
part of it by setting I'; =0. We find some important
insights by looking at these plots: first, for the KMM
GUP (38) the minimum uncertainty wave packet, defined at
the initial time, has a larger width for the GUP-based
calculation than the HUP-based standard result, whereas
for the ADV GUP (34) it is opposite—the minimal wave
packet has a smaller width than the HUP-based minimal
width. It is therefore consistent to say that for the ADV
form of GUP, for a physical quantum system, such as the
one given by these buckyballs, the existence of a minimal
length scale in the form of (34) minimizes the uncertainty in
the probability distribution in position space for the same
momentum distribution. Interestingly, this ADV result of
further squeezing the free, minimal wave packet may be
related, of course with certain differences, with an expect-
ation that gravity might have a natural tendency to localize
the wave function, as first pointed out by Penrose and Diosi
[43]. This localization process could be evident in the ADV
form. However, the KMM form predicts the opposite
behavior where the minimal wave packet increases its
width as compared to the standard HUP case, due to their
specific form of GUP. The interpretation of this behavior is
not well known.

Furthermore, as we shall see in the next section, the
broadening rate for the KMM form will be quicker than the
HUP broadening rate, whereas the ADV form will predict a
slower broadening rate for the minimal width wave packet,
for a vast range of parameter values.

So far our discussion did not include a distribution with
an excess kurtosis. In order to study this let us assume the
probability density function of the logistic distribution,
given by
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FIG. 1.

Comparison of GUP wave packets with various skewness and normal kurtosis. The spatial coordinate is along the X axis and

the wave function is along the Y axis. The left column of parts (a), (c), (e), and (g) corresponds to the normal vs negative skewness,
whereas the right column of parts (b), (d), (f), and (h) corresponds to the normal vs positive skewness. The KMM form is used in (a)—(d)
and the ADV form is used in (e)—(h). The first and third rows (a), (b), (e), and (f) correspond to C¢, while the second and fourth rows (c),

(d), (g), and (h) correspond to Cy7.
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G(q.&(1)) = (43)

N—

+1)2'

This function has skewness I'; = 0 and excess kurtosis
with I, =4.2. The wave packet associated with this
probability distribution is (again considering the positive
amplitude)

exp (_ %0
30 (exp (— %) + 1) .

The rate at which the spreading takes place with the GUP
modifications, for both the KMM (39) and the ADV (35)
forms for (44) include the kurtosis I, as opposed to the
standard prediction from the HUP, where the rate of

9(q.§(1) =

024054-8



MINIMAL LENGTH EFFECT ON THE BROADENING .

PHYS. REV. D 100, 024054 (2019)

(@)

800

(b)

mr,=0, M=3 mr=0,r=
mMlr=-05,MN=3 Wmr=05,N=3
~0.00001 51076 0.00000 5106 0.00001 -0.00001 _5.x10-5 0.00000 5.x10°6 0.00001
© 1200 1200
Er=0, =3 mr=0,r=3
BMrM=-05,NL=3 mr=05,MNh=3
~0.00001 -5.x1076 0.00000 5.x1076 0.00001 ~0.00001 _5.x10-5 0.00000 5.x106 0.00001
(e) 800 - H 800 -
t=2x10"%
A\
1
\
1
|}
"‘\ t=4x10"5
mri=0, MN=3 Er=0,lL=
Br=-05,NL=3 = mrh=05,NL=3
#
~0.00001 51076 0.00000 54106 0.00001
(& 1200 (h) 1200
mr=0, Mrn=3 mr=0,lL=3

BMr=-05,INh=3

-0.00001 _5.x1076 0.00000 0.00001

Br=05,NRL=3

-0.00001

FIG. 2. Comparison of (all) GUP time evolution between the normal vs skewed wave packets for both KMM and ADV forms. The
spatial coordinate is along the X axis and the wave function is along the Y axis. The left column of parts (a), (c), (e), and (g) corresponds
to the negative skewness, whereas the right column of (b), (d), (f), and (h) corresponds to the positive skewness. The KMM form is used
in (a)—(d) and the ADV form is used in (e)—(h). The first and third rows (a), (b), (e), and (f) correspond to Cg¢,, while the second and

fourth rows (c), (d), (g), and (h) correspond to Cj7.

expansion of &(¢) (18) is independent of the value of
kurtosis. In Fig. 4 we plot the GUP time evolution of (44)
starting from the minimal width wave packet for KMM
and ADV forms of GUP. Figures 4(a) and 4(b) belong
to the KMM form and correspond to (a) Cgy and (b) C7
molecules, whereas Figs. 4(c) and 4(d) belong to the ADV
form and correspond to (¢) Cgy and (d) C;74 molecules.
Note that, when considering any initial distribution (be it

normal, skewed, or with excess kurtosis), if one takes the
GUP parameters a, f ~ 1, the time evolution is practically
identical to the HUP-based calculation, and it is hard to
differentiate between the two in the plots irrespective of
the KMM or ADV forms. However, given that the allowed
parameter space for 3, a is quite wide [37], for larger values
of these parameters these plots do show a significant
difference between the width of the wave packet with or
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FIG. 3. GUP vs HUP time evolution (broadening) of free wave packets. The spatial coordinate is along the X axis and the wave
function is along the Y axis. The left column of parts (a) and (c) is for Cgy and the right column of parts (b) and (d) is for the C;74
molecule. The first row is for KMM and the second row is for the ADV form. For more discussion see text.
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FIG. 4. GUP modified free wave packets with fixed excess kurtosis. The spatial coordinate is along the X axis and the wave function is
along the Y axis. The left column of parts (a) and (c) is for Cg and the right column of parts (b) and (d) is for the C;4 molecule. The first
row is for KMM and the second row is for the ADV form.
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Comparison between wave packets predicted by GUP and HUP for a probability distribution with excess kurtosis. The spatial

coordinate is along the X axis and the wave function is along the Y axis. The left column of parts (a) and (c) is for Cgy and the right
column of parts (b) and (d) is for the Cy7, molecule. The first row is for KMM and the second row is for the ADV form.

without GUP corrections. This can be visualized in Fig. 5
where we have considered values a, # ~ O(10') for both
KMM and ADV GUP parameters. Figures 5(a) and 5(b)
belong to the KMM form while 5(c) and 5(d) belong to the
ADV form. This characteristic of time evolution and its
difference with or without GUP modifications is just
similar as that we considered before in Fig. 3—just that
here we plot one snapshot while in Fig. 3 we have three of
them. In the next section we shall speak more about the
numbers and the likelihood of measuring them in realistic
experiments.

VII. POSSIBLE TESTS

In this section we study the possibility of experimental
verification of the minimal length effect on the dispersion
of the free wave packets. The scheme that we propose
here is quite simple—one needs to measure the timescale in
which the wave packet (describing a particle or a system of
particles behaving as a single wave packet) doubles its
initial width. In fact, one can choose any final size that is
permissible, but our calculation here will be done consid-

Let us redo the analysis, now in presence of the GUP
modifications. Clearly the doubling time will be different
depending on the choice of modifying the commutator such
as KMM or ADV definitions. For the KMM case, when
using (39) this doubling time is found to be

KMM M
double — ~
\/ApE +2p*Cs

whereas for the ADV case using (35) we can easily
calculate this time to be

(45)

V3mAg,

tADV _ ,
VApPE —4aC, +4a°C,

double

(46)

where the minimum uncertainty wave packet now satisfies
either (40) or (36), depending on the form of GUP under
consideration. Plugging in our expressions for Cy, C,, and
C;, we get

ering that the wave packet is doubling its size. HUP-based KMM V3mAgy (47)
calculation gives a precise estimate for that which we double \/ Ap2 1 282013 1/2 ’
r I
already discussed for the case of electrons in Sec. II. P+ 28 n3pe(pe 0 1) +1l2]
|
V3mAg,
ouble = (48)

\/Ap% +4n[o? (302 = 1) + 10py(Tin' + pey)) = a(2pe + Tin'/?)]

If we, for the sake of simplicity, consider a Gaussian wave packet, then we can set the skewness and kurtosis coefficients to
I') =0 and T', = 3, respectively. With this the above expressions get simplified, giving
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V3mAg
oupte([1 = 0.1, = 3) = — (49)
\/ Apd + 68 n(p% +n)
and
thounte 1 = 0.1, = 3)

\/ Apg + 8n(a?(4n + 5p3) — ape)

With expressions (49) and (50) at hand, we can use the
relations (41) and (37) to replace n = A p(z) in terms of Agy
and other parameters. Therefore, we now have everything
we need for doing a numerical calculation with realistic
molecular wave packets.

First, let us go back to the case of the free electron
(where the initial wave packet had a width of 107!° m) so
we can use (49) and (50) to estimate the magnitude of the
GUP modification for both the KMM and ADV forms,
respectively.

For the KMM form, a simple numerical check for the
free electron case shows that for the values 1 < ﬁ < 10'°
the difference between the HUP and KMM-GUP predic-
tions is negligible. If we go to values such as § = 10'7,
we get a difference between both predictions O(10730)s—
not anywhere near a potentially detectable value. Going
to larger values such as f§ = 10?2 we get a difference
O(1072) s, and even larger values such as = 10°° give a
time difference of 4.06218 x 107'¢ s, which is somewhat
close to a potentially detectable value.

The numbers are better for the ADV form for the free
electron case, but the results are still effectively the same
with or without GUP in the parameter range 1 < a < 10%!.
The numerical calculations show that the difference
between HUP and ADV-GUP is at most O(107%°) s for
a < 10'°, and for higher values such as a = 10'7 we start
getting differences O(10723) s, but practically undetect-
able still.

It is therefore clear that for both KMM and ADV forms a
free electron wave-packet expansion is almost identical to
the original HUP results—the difference being unlikely
to be detected even with the utmost precision of atomic
clocks available today. Furthermore, if we have to believe
an upper bound for a or f, we can infer that the GUP
modification does not give a major difference in the
doubling time for the case of free electrons, at least in
the initial stage where it is more likely to be detectable by a
laboratory-based experiment.

In order for these effects to be detectable in a laboratory,
we must magnify the GUP modifications somehow. To do
this, we must consider probes whose wave packets have
initial size and associated mass bigger than that of an
electron wave packet. One obvious way to achieve this is to

consider atoms instead of electrons or, even better, use
bigger molecules that can behave as a single wave
packet. This brings us to the so-called buckyball systems
and large organic molecules (LOM). Buckyballs or
Buckminsterfullerene molecules are basically a bunch of
carbon atoms behaving as a single quantum wave packet
[44]. We shall consider again Cg, and C;74 molecules—
which we already considered in various plots in the
previous section. On the other hand, LOMs are probably
the most exciting candidates since they are the largest
molecules (in terms of the combination of size and mass
scale) found so far that behave as a single wave packet [45].

Below we do an analysis for these three objects, using
both forms, where we shall keep the relevant GUP
parameter « or j as a free parameter from the beginning,
and see how the wide range of values for these parameters
affect the time difference between the HUP and GUP
results for the minimal width wave packet to double its
initial width.

A. Ali-Das-Vagenas GUP

In the case of a Cgy buckyball molecule, with a mass of
1.19668 x 10724 kg (720 u) and an initial width Ag, equal
to its van der Waals diameter (7 A) [42], the HUP
prediction for the doubling time is f4oupie(Cep, HUP) =
1.92719 x 1078 s. If we start considering ADV type GUP
modifications, first with « = 1 as the value of the GUP
parameter, then we get practically the same value 744,p1c, the
difference between them being

Lo (Co0- @ = 1) = tgoupie (Co. HUP)
= —6.61744 x 1074 s,

However, if we take large values such as & = 10'°, then we
find that

14t (Coo. @ = 10'0) — 14001 (Coo, HUP)
= 1.15631 x 10~ s,

and if we go even further, such as a = 10'6, we find
taouble (Cep, @ = 10]6) —=2.96189 x 108 s and

14DV (Coo. @ = 10'°) — 14001 (Co0. HUP)
=1.0347 x 1078 s.

That is, the difference between both predictions is of the
order of the original HUP prediction (~10~% s) while taking
a ~ 10'® as the GUP parameter.

This analysis shows that depending on the wide range of
values for «, the difference between the HUP and GUP
predictions for ¢4, for Cgp buckyballs stays in an interval
where the lower end is undetectable even with the most
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precise clocks currently available, but the upper end stays
well within the available range of precision.
Furthermore, since we want to amplify the GUP-
induced effects (and thus make them easier to detect
at laboratory-based experiments), let us now consider a
Ci76 buckyball. Using this molecule’s parameters [m =
3.50706 x 1072* kg (2112 u) and Ag, = 1.2 nm [42] ], we
find that the HUP prediction for the doubling time is
taouble(C176 HUP) = 1.6598 x 107 s and, again, taking
small values of o (as order unity) yields an effectively
undetectable difference between the HUP and GUP pre-
dictions. However, if we again set a = 1010, we get

thotie(Ci76: @ = 10') — 24011 (C 176, HUP)
=0.9588 x 107 s,

which is better by a factor of more than 8 as compared with
Ceo, and going to higher values such as a = 10'® yields
tdouble(C176,a = 1016) = 2.55094 x 10_7 s and

14V e(Cra6, @ = 10'®) — 145,41 (C 176, HUP)
=89114x 1078 s.

This is again an improvement by a factor of almost 9 over
the time difference (1.0347 x 1073 s) that we got for the
Cso molecule. Therefore, we see that bigger (larger van der
Waals diameter) and more massive molecules tend to show
stronger deviations from the HUP behavior when consid-
ering GUP-modified ., calculations.

Now let us consider the case of recently discovered LOM
wave packets [45], such as a TPPF152 or tetraphenylpor-
phyrin molecule (which consists of 430 atoms and is
formal]y known as C168H94F15208N4S4), with a mass of
5,310 u (~8.81746 x 10724 kg) and an initial size of 60 A.
Taking a = 1, once again, does not bring the time differ-
ence in a detectable range. However, if we go to larger
values of a such as 10'°, we find

ADV (TPPF152, a = 10'°) — 14,1 (TPPF152, HUP)
=6.25961 x 10712 s,

which improves the result of the Cy;, molecule by a factor
of 63, and this number is 500 times better than for the Cgy
molecule. Further, moving to a~ 10'® the difference
becomes

thoubte(TPPF152, @ = 10') — f40u01(TPPF152, HUP)
=5.60129 x 1076 s,
which is again better by a factor of 63 from C;74 and 560
from Cg.

In Fig. 6, we have plotted the difference between the
doubling times for various values of a (difference between

logjoa
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B Ci76 (Atgounie > 0)
H Cizs (Dtgounie < 0)
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B TPPF152 (Atgousie < O)

log1o(Abs[A tyouble])

FIG. 6. The log-log plots between the GUP parameter « and the
doubling time difference A7}V = 4PV (GUP) — 144451 (HUP)
between the GUP and HUP time evolutions for (a) the Cgg
molecule (the lower plot), (b) the Cy7c molecule (the middle plot),
and (c) the large organic molecule TPPF152 (the upper plot). The
X axis represents the GUP parameter and the Y axis represents the
difference between GUP and HUP doubling times. The shaded
region indicates the region of parameter space that can be probed
by the above-mentioned molecular wave packets with an atomic
clock of maximum precision 107" s.

the ADV type GUP-based and HUP-based calculations).
This is a log-log plot where values of Ar4DY  are shown for
the parameter space 1 < a < 10'. Note that for the larger
values of a > 10'® we get a doubling time difference
O(1078 s) for the Cg molecule, which can easily be
detected by today’s atomic clocks. This result is even
better (1077 s) for C,7 and in us range for TPPF152. On
the other side, we can scan the complete parameter space of
a (up to order unity), if we can measure a time difference of
the order of 107! s to 10733 s, just by considering these
molecules. However, if we have to believe that highly
precise atomic clocks can differentiate the time measure-
ment by at most 10713 s, the use of Cg, molecules can scan
the parameter space @ > 10°, and it is again better for C,7,
for which we can scan a > 10%. The best of the three,
however, stands for TPPF152, which can scan, on the lower
side, down to a ~ 10°. Therefore, if the experiments with
TPPF152 do not show the deviation in doubling time within
femtoseconds, we automatically get an improvement by 4
orders of magnitude on the best existing bound found
coming from the Lamb shift [46], which is a < 10'°. In
addition, if we are lucky and nature behaves in such a
manner, we might be able to verify (34) with these
molecular wave packets. If not, we can put a new bound
and move on to redo the experiments with even bigger and
more massive wave packets, which could scan the whole
parameter space. This is a totally new avenue that has not
been proposed before. In fact, any departure from HUP,
irrespective of the manner it differs, will be a pathbreaking
discovery since it will challenge the standard quantum
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mechanical prediction anyway. We expect that, perhaps,
colleagues from the experimental side will find this result
interesting.

B. Kempf-Mann-Mangano GUP
Performing a similar analysis for the KMM form (38) we
find that, for the case of the spreading wave packet of a Cgy
molecule, for values of the GUP parameter 1 < f < 10° the

difference between the HUP-predicted and GUP-predicted
doubling times is practically negligible and far from being

in a detectable range. Even going to values f ~ 100 still
gives a very small value for this difference,

MM (Coo. B = 10'%) — 14041 (C0. HUP)
= —7.74241 x 1072 s,

which is unlikely to be detected even with today’s best
atomic clocks.

Now, going up to values ~O(10') of § yields a much
more optimistic result,

MM (Coo. B = 10'%) — t40up1e(C0. HUP)
= —7.38707 x 10710 g,

which might be well within the range of precision of the
current technology.

If we start to consider C,7, molecules, again 1 < § < 10°
yields practically negligible results, and § ~ O(10'°) gives

MM (C 6. = 10'°) = tyoupic(C 176, HUP)
= —6.64391 x 1072 s,

an improvement of almost 1 order of magnitude over the
Cgo Tesult. On the other hand, § ~ O(10'°) gives

MM (Cra6. f = 10") = tyoupie(C 176, HUP)
= —6.36215 x 1079 s,

which is, again, a much better result.

Notice that, up to this point, all values of #44,p.(GUP) —
t4oubie (HUP) have been negative for the KMM form—
meaning that the KMM-predicted spreading is faster
than predicted by the HUP, as opposed to the ADV-based
predictions (at least for a majority range of values of the
GUP parameter).

Finally, taking our analysis again to the TPPF152 large
organic molecule gives much better values of the doubling
time difference, where taking 5 ~ O(10'°) gives

SMM (TPPF152, B = 10'°) — #4041 (TPPF152, HUP)
= —4.1674 x 10719 s.

Going even further to  ~ O(10'°) yields

(XMM (TPPF152. B = 10'°) — 14001 (TPPF152, HUP)
= —-3.99893 x 1077 S,

which, as is the case for large organic molecules in both
types of GUP, is well within the range of possible detection
in experiments and once again gives results ~63 times
better than the C74 case and ~500 times better than for Cg,
molecules—albeit the time differences predicted by a
KMM form of GUP are considerably smaller than those
predicted by an ADV-type modification of the HUP. This is
because the deformation of the commutator only includes a
term of quadratic order in momentum and not a term of
linear order in momentum in the KMM case.

In Fig. 7 we present a plot for the doubling time
differences predicted by the KMM GUP, analogous to that
of Fig. 6 for the ADV form. The values of ArSMM are
shown for the parameter space 10'° < < 10 since these
are the values for which the time differences have signifi-
cant values (that may be possible to measure in a labo-
ratory). The shaded region represents the portion of
parameter space that could be possible to probe, given
the assumption that today’s best atomic clocks can resolve
time differences ~O(1071) s. Note, however, that it is
possible for the currently achievable precision to be even
better than this conservative estimate. Assuming this time
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FIG.7. The log-log plots between the GUP parameter /3 and the
doubling time difference AZKMM — MM (GUP) — 1, 1. (HUP)
between the GUP and HUP time evolutions for (a) the Cg
molecule (the lower plot), (b) the C;;¢ molecule (the middle plot),
and (c) the large organic molecule TPPF152 (the upper plot). The
X axis represents the GUP parameter and the Y axis represents the
difference between GUP and HUP doubling times. The shaded
region indicates the region of parameter space that can be probed
by the above molecular wave packets with an atomic clock of
maximum precision 1071 s.
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resolution, C¢, and Cy7, molecules can probe, on the lower
end, down to #~(10'?), while using TPPF152 molecules
would let us probe down to  ~ O(10'2). These values of
will constrain the coupling (the quadratic term) of KMM
form > < 10?*. This is again 15 orders of magnitude better
than the bound claimed $? < 10% (coming from the study
of the cold atom recoil experiment as reported in [47]).

VIII. CONCLUSIONS AND DISCUSSIONS

We have introduced a novel approach and, to some
extent, established the fact that studying the dispersion of
free wave packets might lead to indirect evidence for
the long anticipated minimal length scale in nature. Our
result here is based on the possibility that HUP should be
replaced by a GUP in the presence of the minimal length.
Nonetheless, it is very important to stress that our approach
is quite general and independent of the specific manner in
which the commutator bracket has to be modified. This
specific study, based on two popular choices given by the
ADV form (34) and the KMM form (38), has several
interesting outcomes, which we list below.

(1) For both forms of GUP the deformations have brought
arich distributional consequence on the expansion rate
of free wave packets. The rate of dispersion depends
not only on the initial uncertainty and standard
deviation (in position and momentum) but also on
the higher-order moments in momentum space (such
as skewness and kurtosis). In addition, it also depends
on the initial momentum of the wave packet.

(i) The minimal width of a free wave packet is
modified—for the ADV form it is normally
squeezed in position space while for the KMM
form it is further widened.

(iii) We have shown that by measuring the “doubling
time,” that is, the time in which a free, minimal width
wave packet doubles its size, we may get important
clues on the minimal length scale. The difference
between the doubling times of HUP- and GUP-
based predictions may well be in the detectable
range if we use highly precise atomic clocks and
measure the broadening rates of molecular wave
packets.

(iv) This difference in broadening time is more for
massive molecular wave packets in comparison
with the wave packets representing small objects
such as electrons. Large organic molecules (such as
TPPF152) and buckyball (such as Cgy, Cy76) Wave
packets may be useful for verifying or falsifying the
GUP proposals.

(v) For the ADV form, in the absence of detecting any
difference for doubling time with an atomic clock of
precision level 1071 s, with Cg,, we can better the
best existing upper bound for a(<10'%) by 1 order of
magnitude, for C74 by 2 orders of magnitude, and

for TPPF152 by 4 orders of magnitudes (a < 10%).
This bound can be further sharpened by using
atomic clocks more precise than femtoseconds.

(vi) For the KMM form, the use of TPPF152 and a clock

of femtosecond precision can provide an upper limit
of ;7 < 10%*. This is an improvement by 15 orders of
magnitude of the coupling 5> obtained from the cold
atom recoil experiments [47].

(vii) There are two ways to improve the numbers pre-
sented here and to reach even closer to testing the
GUP theory. One of them is to consider larger and
heavier molecular wave packets, and the other is to
come up with new atomic clocks that can measure
the time difference even beyond a femtosecond.

We want to stress that coming up with an experiment
to test our results might not be impossible in the near
future, especially because of the remarkable progress that
has been achieved to test the superposition principle
with increasingly massive molecular wave packets [45].
Perhaps an experiment in our context will be easier to
conduct since the wave packet does not pass through the
double slit; rather, it only needs to be set free until it
doubles its size.

Finally, we want to add some general remarks on the
relativistic extension of the GUP setting. It should be noted
that our work in this paper is based on the nonrelativistic
quantum mechanics as the molecular wave packets are
highly nonrelativistic objects. If someone wants to study
an ultra-high-energy particle with relativistic velocity,
this approach may not be as useful. One would need to
reformulate the question in terms of fundamental quantum
fields, their particle excitation, etc. One has to also rethink
the physical variables that must be built from the quantum
field and its derivatives that might be considered as
observables. The width of the wave packet would not have
a meaningful usage there. Therefore, one naturally asks the
question to oneself that, should, if at all, GUP be used in
such a context with relativistic particles? A satisfactory
answer to this question can be found in an important work
by Magueijo and Smolin [11], where a concise picture of
the GUP modification in a relativistic setting was outlined.
It was shown that the two forms of GUP (which we used
here) can be derived by satisfying following five criteria:
(i) the validity of relativity in inertial frames, (ii) an
invariant energy/length scale at Planck value, (iii) a varying
speed of light at higher energies, (iv) a modified disper-
sion relation at higher energy (inspired by the ultra-high-
energy-cosmic-ray anomaly), and (iv) the theory should
have a maximum momentum. The idea was to keep the
principle of the relativity of inertial frames by modifying
the laws by which energy/momenta measured by various
inertial observers are related to each other. The only
possibility to achieve all of these conditions was argued
to be achieved by a nonlinear action of the ordinary Lorentz
group (in momentum space) on the states of the theory.
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The appearance of the Lorentz group is quite interesting
and renders the theory as Lorentz invariant. In fact, a naive
judgment that the minimal length scale breaks the Lorentz
invariance is false, and recent works on “modular spaces”
further hint at this possibility [48]. However, the issue of a
fully relativistic approach is beyond the scope of this paper
since our aim is to use low-energy atomic-molecular
experiments in the search of a fundamental length scale.

ACKNOWLEDGMENTS

C. V. thanks Fermilab for allowing him the office space
and research facilities during his stay where a major part
of the research work was completed. Research of SKM is
supported by the Consejo Nacional de Ciencia y
Tecnologia (CONACyT) Project No. CB17-18/A1-S-
33440 (Mexico).

[1] A. Messiah, Quantum Mechanics (North-Holland Publish-
ing, 1967), Vol. L.

[2] D.J. Gross and P.F. Mende, The high-energy behavior of
string scattering amplitudes, Phys. Lett. B 197, 129 (1987).

[3] D.J. Gross and P.F. Mende, String theory beyond the
Planck scale, Nucl. Phys. B303, 407 (1988).

[4] D. Amati, M. Ciafaloni, and G. Veneziano, Can space-time be
probed below the string size, Phys. Lett. B 216, 41 (1989).

[5] K. Konishi, G. Paffuti, and P. Provero, Minimum physical
length and the generalized uncertainty principle in string
theory, Phys. Lett. B 234, 276 (1990).

[6] F. Scardigli and R. Casadio, Generalized uncertainty prin-
ciple, extra dimensions and holography, Classical Quantum
Gravity 20, 3915 (2003).

[7] L. Garay, Quantum Gravity and minimal length, Int. J. Mod.
Phys. A 10, 145 (1995).

[8] C. Castro, String theory, scale relativity and the generalized
uncertainty principle, Found. Phys. Lett. 10, 273 (1997).

[9] W.S. Chung and H. Hassanabadi, New generalized un-
certainty principle from the doubly special relativity, Phys.
Lett. B 785, 127 (2018).

[10] J. L. Cortés and J. Gamboa, Quantum uncertainty in doubly
special relativity, Phys. Rev. D 71, 065015 (2005).

[11] J. Magueijo and L. Smolin, Generalized Lorentz invariance
with aninvariantenergy scale, Phys. Rev. D 67,044017 (2003).

[12] G. Amelino-Camelia, Relativity in space-times with short-
distance structure governed by an observer-independent
(Planckian) length scale, Int. J. Mod. Phys. D 11, 35 (2002).

[13] M. Maggiore, A generalized uncertainty principle in quan-
tum gravity, Phys. Lett. B 304, 65 (1993).

[14] B. Carr, J. Mureika, and P. Nicolini, Sub-Planckian black
holes and the generalized uncertainty principle, J. High
Energy Phys. 07 (2015) 052.

[15] F. Scardigli, Generalized uncertainty principle in quantum
gravity from micro-black hole gedanken experiment, Phys.
Lett. B 452, 39 (1999).

[16] G.M. Hossain, V. Husain, and S.S. Seahra, Background
independent quantization and the uncertainty principle,
Classical Quantum Gravity 27, 165013 (2010).

[17] A. Ashtekar, S. Fairhurst, and J. L. Willis, Quantum gravity,
shadow states, and quantum mechanics, Classical Quantum
Gravity 20, 1031 (2003).

[18] S. Capozziello, G. Lambiase, and G. Scarpetta, Generalized
uncertainty principle from quantum geometry, Int. J. Theor.
Phys. 39, 15 (2000).

[19] H.S. Snyder, Quantized space-time, Phys. Rev. 71, 38
(1947).

[20] S. Doplicher, K. Fredenhagen, and J.E. Roberts, The
quantum structure of spacetime at the Planck scale and
quantum fields, Commun. Math. Phys. 172, 187 (1995).

[21] P. Pedram, A higher order GUP with minimal length
uncertainty and maximal momentum, Phys. Lett. B 714,
317 (2012).

[22] M. Maggiore, The algebraic structure of the generalized
uncertainty principle, Phys. Lett. B 319, 83 (1993).

[23] M. Maggiore, Quantum groups, gravity, and the gener-
alized uncertainty principle, Phys. Rev. D 49, 5182
(1994).

[24] A. Kempf, G. Mangano, and R.B. Mann, Hilbert space
representation of the minimal length uncertainty relation,
Phys. Rev. D 52, 1108 (1995).

[25] R.J. Adler and D.I. Santiago, On gravity and the uncer-
tainty principle, Mod. Phys. Lett. A 14, 1371 (1999).

[26] K. Nozari and A. Etemadi, Minimal length, maximal
momentum and Hilbert space representation of quantum
mechanics, Phys. Rev. D 85, 104029 (2012).

[27] M. Faizal, A.F. Ali, and A. Nassar, Generalized uncertainty
principle as a consequence of the effective field theory,
Phys. Lett. B 765, 238 (2017).

[28] V.E. Kuzmichev and V. V. Kuzmichev, Generalized uncer-
tainty principle in quantum cosmology for the maximally
symmetric space, Ukr. J. Phys. 64, 100 (2019).

[29] A. A. Deriglazov and A. M. Pupasov-Maksimov, Relativis-
tic corrections to the algebra of position variables and spin-
orbital interaction, Phys. Lett. B 761, 207 (2016).

[30] M. Bishop, E. Aiken, and D. Singleton, Modified commu-
tation relationships from the Berry-Keating program, Phys.
Rev. D 99, 026012 (2019).

[31] S. Hossenfelder, Minimal length scale scenarios for quan-
tum gravity, Living Rev. Relativity 16, 2 (2013).

[32] A.N. Tawfik and A.M. Diab, Generalized uncertainty
principle: Approaches and applications, Int. J. Mod. Phys.
D 23, 1430025 (2014).

[33] B.N. Tiwari, On generalized uncertainty principle, arXiv:
0801.3402.

[34] M. Sprenger, P. Nicolini, and M. Bleicher, Physics on
smallest scales—An introduction to minimal length phe-
nomenology, Eur. J. Phys. 33, 853 (2012).

[35] P. Bosso, Generalized uncertainty principle and quantum
gravity phenomenology, arXiv:1709.04947v1.

024054-16


https://doi.org/10.1016/0370-2693(87)90355-8
https://doi.org/10.1016/0550-3213(88)90390-2
https://doi.org/10.1016/0370-2693(89)91366-X
https://doi.org/10.1016/0370-2693(90)91927-4
https://doi.org/10.1088/0264-9381/20/18/305
https://doi.org/10.1088/0264-9381/20/18/305
https://doi.org/10.1142/S0217751X95000085
https://doi.org/10.1142/S0217751X95000085
https://doi.org/10.1007/BF02764209
https://doi.org/10.1016/j.physletb.2018.07.064
https://doi.org/10.1016/j.physletb.2018.07.064
https://doi.org/10.1103/PhysRevD.71.065015
https://doi.org/10.1103/PhysRevD.67.044017
https://doi.org/10.1142/S0218271802001330
https://doi.org/10.1016/0370-2693(93)91401-8
https://doi.org/10.1007/JHEP07(2015)052
https://doi.org/10.1007/JHEP07(2015)052
https://doi.org/10.1016/S0370-2693(99)00167-7
https://doi.org/10.1016/S0370-2693(99)00167-7
https://doi.org/10.1088/0264-9381/27/16/165013
https://doi.org/10.1088/0264-9381/20/6/302
https://doi.org/10.1088/0264-9381/20/6/302
https://doi.org/10.1023/A:1003634814685
https://doi.org/10.1023/A:1003634814685
https://doi.org/10.1103/PhysRev.71.38
https://doi.org/10.1103/PhysRev.71.38
https://doi.org/10.1007/BF02104515
https://doi.org/10.1016/j.physletb.2012.07.005
https://doi.org/10.1016/j.physletb.2012.07.005
https://doi.org/10.1016/0370-2693(93)90785-G
https://doi.org/10.1103/PhysRevD.49.5182
https://doi.org/10.1103/PhysRevD.49.5182
https://doi.org/10.1103/PhysRevD.52.1108
https://doi.org/10.1142/S0217732399001462
https://doi.org/10.1103/PhysRevD.85.104029
https://doi.org/10.1016/j.physletb.2016.11.054
https://doi.org/10.15407/ujpe64.2.100
https://doi.org/10.1016/j.physletb.2016.08.034
https://doi.org/10.1103/PhysRevD.99.026012
https://doi.org/10.1103/PhysRevD.99.026012
https://doi.org/10.12942/lrr-2013-2
https://doi.org/10.1142/S0218271814300250
https://doi.org/10.1142/S0218271814300250
http://arXiv.org/abs/0801.3402
http://arXiv.org/abs/0801.3402
https://doi.org/10.1088/0143-0807/33/4/853
http://arXiv.org/abs/1709.04947

MINIMAL LENGTH EFFECT ON THE BROADENING ...

PHYS. REV. D 100, 024054 (2019)

[36] S. Ghosh and P. Roy, ’Stringy’ coherent states inspired by
generalized uncertainty principle, Phys. Lett. B 711, 423
(2012); S. Ghosh, Quantum gravity effects in geodesic
motion and predictions of equivalence principle violation,
Classical Quantum Gravity 31, 025025 (2014).

[37] S. Das and E. C. Vagenas, Universality of quantum gravity
corrections, Phys. Rev. Lett. 101, 221301 (2008); A. F. Ali,
S. Das, and E. C. Vagenas, Discreteness of space from the
generalized uncertainty principle, Phys. Lett. B 678, 497
(2009); D. Gao and M. Zhan, Constraining the generalized
uncertainty principle with cold atoms, Phys. Rev. A 94,
013607 (2016); Z. Feng, S. Yang, H. Li, and X. Zu,
Constraining the generalized uncertainty principle with
the gravitational wave event GW150914, Phys. Lett. B
768, 81 (2017); F. Scardigli and R. Casadio, Gravitational
tests of the generalized uncertainty principle, Eur. Phys. J. C
75, 425 (2015); F. Scardigli, G. Lambiase, and E. Vagenas,
GUP parameter from quantum corrections to the Newtonian
potential, Phys. Lett. B 767, 242 (2017); G. Lambiase and F.
Scardigli, Lorentz violation and generalized uncertainty
principle, Phys. Rev. D 97, 075003 (2018); L. N. Chang
et al., On the minimal length uncertainty relation and the
foundations of string theory, Adv. High Energy Phys. 2011,
493514 (2011); L. N. Chang, D. Minic, N. Okamura, and
T. Takeuchi, Exact solution of the harmonic oscillator in
arbitrary dimensions with minimal length uncertainty rela-
tions, Phys. Rev. D 65, 125027 (2002); S. Benczik, L. N.
Chang, D. Minic, and T. Takeuchi, Hydrogen-atom spec-
trum under a minimal-length hypothesis, Phys. Rev. A 72,
012104 (2005).

[38] P. Bosso, S. Das, and R. B. Mann, Potential tests of the
generalized uncertainty principle in the advanced LIGO
experiment, Phys. Lett. B 785, 498 (2018); 1. Pikovski,
M. R. Vanner, M. Aspelmeyer, M. Kim, and C. Brukner,

Probing Planck-scale physics with quantum optics, Nat.
Phys. 8, 393 (2012); M. Bawaj, C. Biancofiore, M. Bonaldi,
F. Bonfigli et al, Probing deformed commutators with
macroscopic harmonic oscillators, Nat. Commun. 6, 7503
(2015).

[39] K. Nozari and S. H. Mehdipour, Wave packets propagation
in quantum gravity, Gen. Relativ. Gravit. 37, 1995 (2005);
K. Nozari, Some aspects of planck scale quantum optics,
Phys. Lett. B 629, 41 (2005).

[40] P. Bosso and S. Das, Generalized uncertainty principle
and angular momentum, Ann. Phys. (Amsterdam) 383, 416
(2017).

[41] A.F. Ali, S. Das, and E.C. Vagenas, The generalized
uncertainty principle and quantum gravity phenomenology,
arXiv:1001.2642.

[42] A. Goel, J. B. Howard, and J. B. V. Sande, Size analysis of
single fullerene molecules by electron microscopy, Carbon
42, 1907 (2004).

[43] R. Penrose, On gravity’s role in quantum state reduction,
Gen. Relativ. Gravit. 28, 581 (1996).

[44] M. Arndt, O. Nairz, J. Vos-Andreae, C. Keller, G. van der
Zouw, and A. Zeilinger, Wave-particle duality of Cg
molecules, Nature (London) 401, 680 (1999).

[45] S. Gerlich, S. Eibenberger, M. Tomandl, S. Nimmrichter, K.
Hornberger, P.J. Fagan, J. Tiixen, M. Mayor, and M. Arndt,
Quantum interference of large organic molecules, Nat.
Commun. 2, 263 (2011).

[46] A.F. Ali, S. Das, and E. C. Vagenas, A proposal for testing
quantum gravity in the lab, Phys. Rev. D 84, 044013 (2011).

[47] D. Gao and M. Zhan, Constraining the generalized un-
certainty principle with cold atoms, Phys. Rev. A 94,
013607 (2016).

[48] L. Freidel, R. G. Leigh, and D. Minic, Quantum spaces are
modular, Phys. Rev. D 94, 104052 (2016).

024054-17


https://doi.org/10.1016/j.physletb.2012.04.033
https://doi.org/10.1016/j.physletb.2012.04.033
https://doi.org/10.1088/0264-9381/31/2/025025
https://doi.org/10.1103/PhysRevLett.101.221301
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1103/PhysRevA.94.013607
https://doi.org/10.1103/PhysRevA.94.013607
https://doi.org/10.1016/j.physletb.2017.02.043
https://doi.org/10.1016/j.physletb.2017.02.043
https://doi.org/10.1140/epjc/s10052-015-3635-y
https://doi.org/10.1140/epjc/s10052-015-3635-y
https://doi.org/10.1016/j.physletb.2017.01.054
https://doi.org/10.1103/PhysRevD.97.075003
https://doi.org/10.1103/PhysRevD.65.125027
https://doi.org/10.1103/PhysRevA.72.012104
https://doi.org/10.1103/PhysRevA.72.012104
https://doi.org/10.1016/j.physletb.2018.08.061
https://doi.org/10.1038/nphys2262
https://doi.org/10.1038/nphys2262
https://doi.org/10.1038/ncomms8503
https://doi.org/10.1038/ncomms8503
https://doi.org/10.1007/s10714-005-0175-z
https://doi.org/10.1016/j.physletb.2005.09.057
https://doi.org/10.1016/j.aop.2017.06.003
https://doi.org/10.1016/j.aop.2017.06.003
http://arXiv.org/abs/1001.2642
https://doi.org/10.1016/j.carbon.2004.03.022
https://doi.org/10.1016/j.carbon.2004.03.022
https://doi.org/10.1007/BF02105068
https://doi.org/10.1038/44348
https://doi.org/10.1038/ncomms1263
https://doi.org/10.1038/ncomms1263
https://doi.org/10.1103/PhysRevD.84.044013
https://doi.org/10.1103/PhysRevA.94.013607
https://doi.org/10.1103/PhysRevA.94.013607
https://doi.org/10.1103/PhysRevD.94.104052

