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Modified gravitational waves across galaxies from macroscopic gravity
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We analyze the propagation of gravitational waves in a medium containing bounded subsystems
(“molecules”) able to induce significant macroscopic gravity effects We establish a precise constitutive
relation between the average quadrupole and the amplitudes of a vacuum gravitational wave, via the
geodesic deviation equation. Then we determine the modified equation for the wave inside the medium and
the associated dispersion relation. A phenomenological analysis shows that anomalous polarizations of the
wave emerge with an appreciable experimental detectability if the medium is identified with a typical
galaxy. Both the modified dispersion relation (wave velocity less than the speed of light) and anomalous
oscillations modes could be detectable by the incoming LISA or pulsar timing array experiments, having
the appropriate size to see the concerned wavelengths (larger than the molecular size) and the appropriate
sensitivity to detect the expected deviation from vacuum general relativity.
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I. INTRODUCTION

The Einsteinian theory of gravity offers a predictive tool
to investigate the Universe structure on very different
spatial scales, from the Hubble flow to the Solar System
morphology [1-4].

However, the FEinstein field equation in matter is
approached by considering the space-time metric and the
physical sources as continuous fields, having a differ-
entiable (at least of class C?) profile. Nonetheless, as it
turns out looking at the real morphology of astrophysical
systems [5-8], this notion of continuum is valid only on
an average sense. In fact, the matter sources are typically
characterized by a discrete nature, for instance, stars or
galaxies are merely pointlike sources, when treated on a
scale much larger than their typical size. As a consequence,
also the space-time geometry and the associated metric
tensor acquire a discrete nature: clumpiness of the sources
induces irregularities in the Finsteinian manifold.

Therefore, an appropriate treatment of the implementa-
tion of the Einstein equation to real astrophysical systems
requires a suitable procedure for averaging both matter and
geometry. It is easy to realize how the definition of an
averaging procedure of the space-time is a nontrivial task,
mainly due to the nonlinearity of the gravitational inter-
action: the average of the Einstein tensor is not the Einstein
tensor in the averaged metric, but a complicate set of
correlation functions comes out [9—11].
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Another subtle question, strictly connected with the
above considerations, is the existence of bounded sub-
systems within a matter medium, for instance, the presence
of binary systems and open clusters within the galaxy [12].
Such subsystems behave as real “gravitational molecules”
and when the gravitational field interacts with them, their
structure is altered with a consequent gravitational back-
reaction. Thus, we see how it is, in general, necessary to
deal with “macroscopic gravity” physics, in close analogy
to what happens in the case of the electromagnetism within
matter [13—15]. For relevant analyses of macroscopic
gravity, see [16,17], where covariance requirements and
constitutive relations are addressed. In particular, in [16],
the theory is constructed in close analogy to electromagnet-
ism, taking the Weyl tensor as the gravitational counterpart
of the electromagnetic tensor field. Furthermore, an interest-
ing technique to separate the source energy-momentum
tensor is provided, reconstructing the continuous matter
field plus a quadrupole term, associated to the molecular
structure. In [17], the case of high frequency gravitational
waves is considered on a generic background and a closed set
of constitutive equations is fixed, relating the quadrupole
term to the background curvature.

Several authors have dealt with the problem of gravita-
tional waves in a matter medium: In [18-20] the authors
analyzed the amplitude damping arising from the propa-
gation in a dissipative fluid, characterized by a definite
viscosity, and in [21] constraints on the viscosity of the
Universe given by observations of gravitational waves are
addressed; in [22-26] the authors studied the modification
in the dispersion relation when the matter medium is a
collisionless kinetic gas, whose density perturbation is
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governed by the Vlasov equation; with the same method the
interaction of cosmological gravitational waves with neu-
trinos [27-29] and spinning particles [30] is studied; a
review of results mainly coming from the kinetic approach
can be found in [31], where it is stated that the effects
should be in any case negligible; the possibility of Landau
damping of gravitational waves traveling in a Robertson-
Walker zero curvature space-time filled with a perfect fluid
is considered in [32], whereas in [33] a modified dispersion
relation and extra modes of polarizations are shown to
appear when the medium considered is a spherical cloud
(perfect fluid in Schwarzschild metric); the case of pres-
sureless matter (dust) is studied in [34], where the appear-
ance of extra modes is outlined, and in [35], where the
possibility of amplitude damping is investigated.

Here, we analyze the problem of the macroscopic gravity
theory, referred to as the propagation of gravitational waves
in a molecular medium. We retain the splitting, proposed in
[16], between the free continuum energy-momentum tensor
and the quadrupole term; then we calculate the constitutive
relation, i.e., the form of the molecule quadrupole from the
geodesic deviation equation, by perturbing the molecule
structure with the physical degrees of freedom of the wave,
namely, the plus and cross polarizations. We construct the
quadrupole tensor via the geodesic deviation vector and
then express it in terms of the vacuum gravitational wave
amplitudes. As a result, we get a closed wave equation in
the medium, which provides us with five effective physical
degrees of freedom. We characterize this modified scenario
for the weak gravitational field, by studying the wave
polarizations and the dispersion relation descending from
the macroscopic field equation, then considering some
specific example of molecular structures. Our study out-
lines a dispersion profile of a gravitational wave in a
molecular medium and new modes of oscillation to be
searched in the experimental devices.

This work can be summarized as follows: in Sec. II a
constitutive equation relating the components of the quad-
rupole tensor to the amplitudes of an incoming gravitational
wave is derived via the geodesic deviation equation, taken
in the comoving frame; in Sec. III we calculate the wave
equation descending from the adoption of the constitutive
relation derived in Sec. II and we analyze the phenom-
enological features implied, emphasizing the discrepancies
with the standard case; in Sec. IV we compare our study to
the previous literature, stressing the conceptual and tech-
nical differences of our approach; in Sec. V we establish
two different models of macroscopic medium, giving some
quantitative estimates of the observable effects; in Sec. VI
we comment on the results obtained.

II. QUADRUPOLE TENSOR AND
CONSTITUTIVE RELATION

This work is included in the theoretical framework of
linearized gravity. As usual in this context, the metric g,

can be written as a sum of Minkowksi flat metric 7, =
diag(—1, 1,1, 1) plus a perturbation /,,,, small enough to be
neglected in the contribution of terms of quadratic order.

The approach to macroscopic gravity proposed in [16] is
based on the hypothesis that the material medium can be
described as a set of pointlike masses grouped into
molecules. This means that, defining z’; as the world line
of the ith particle and Y, as the world line of the center of
mass of the ath molecule, the four-vector s/ =z =y}
satisfies

s < D. (1)

where D indicates the mean distance between the centers
of mass of the molecules.' It must be stressed that
st = 2¢(7;) = ya(z,), 7; and 7, being the proper times of
the ith particle and of the ath molecule, respectively. This
means that s/ depends both on 7; and 7,, so a relation
between the two proper times must be fixed. This is done
via the equation

’7,4115’;”2 =0, (2)

ul; being the velocity of the center of mass of the ath
molecule, i.e., u; = dy,/dr,. This equation states that s/ is
a spacelike vector and reduces to s = 0 in the comoving
frame. As shown in [16] a stress-energy tensor describing a
set of pointlike masses can be written, after the application
of Kaufman’s molecular moments method [14] (denoted
as (-)) and expanding all the involved quantities up to the

second order in s¥, as
2
C
(T} = T + 5 Qupo" (3)
where Tf,fy) is the stress-energy tensor that describes a set of

free particles, i.e., the centers of mass of the molecules, and
Qv 18 the quadrupole polarization tensor, whose expres-
sion in terms of s% and § can be found in [16]. The notation
Vv, " indicates % V while the dot is intended as a derivation
with respect to the proper time. The quadrupole tensor
shares the same set of symmetries of the Riemann, i.e., is
characterized by twenty free components: these twenty
quantities describe the structure of the molecule.

Our aim is to calculate a linear constitutive relation
between the quadrupole polarization tensor of a spherical
molecule and the amplitudes of an incoming gravitational
wave. The presence of the wave alters the molecular
structure and the resulting variation of the components
of the quadrupole tensor can be expressed in terms of the
amplitudes of the wave itself. The problem is treated on a
linear level, i.e., neglecting the changes in the metric
coming from the alteration in the background quadrupole.

'If we assume the medium to be homogeneous and isotropic
the quantity D is proportional to the density of molecules N, as

D « N3
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We follow an approach analogous to the electromagnetic

case, replacing Newton’s law of motion with the geodesic

deviation equation
D3¢+
dr?

=RV, u"u’&’, (4)

where u* = dx*/dr is the velocity of the observer, 7 is
the proper time measured by the observer, and &* is the
infinitesimal vector connecting adjacent geodesics: in the
following calculation it is identified with s%. We stress
the fact that the geodesic deviation equation holds for
infinitesimal vectors, i.e., vectors that are small when
compared with the typical scale of variation of the
gravitational field. If we define the macroscopic parameter
L, the radius of the molecule, as the average performed on
all the particles belonging to that molecule of the quantities

I>1L, (5)

7 being the reduced wavelength of the gravitational radia-
tion. We write the geodesic deviation equation in a frame
comoving with the center of mass of the molecule, setting
u = ¢(1,0,0,0). It follows, from (2), that & = 0: it can be
shown that, under this circumstance, the covariant derivative
D?/dr? coincides with the ordinary derivative d*/dz> [36].
In addition to this we have that, in the linear approximation,
the coordinate time ¢ is equal to the proper time z. In
computing the components Ry,* of the Riemann tensor, one
has to take into account that the latter is invariant in
linearized gravity, rather than covariant as in the full theory:
we can calculate R,* in a convenient frame, such as the TT
frame, where the form of the metric is simple. The TT frame
is defined as

h,, =
oy =0
h=n"h,, = 0. (6)

The external field that we use to perturb the molecule is a
purely plus polarized vacuum gravitational wave whose
direction of propagation is coincident with the z axis: this
means that the only relevant dynamic component of the
wave, i.e., the plus polarization, can be expressed in terms of
plane waves e/(“0)'=%2) where (k) = ck and k is the wave
number.

This being said, we calculate the components R,* from
the metric

-2 0 0 0

0 -%+a 0 0
= 0 -%2-a o | g

0 0 0o -

where ¢ is the static Newtonian potential generated by the
molecule itself and a is the plus polarization. The geodesic
deviation Eq. (4) takes the form

La? 1,
;F = En’-/(hjk.()() + hOO.jk)ék
1 ..
= 5’7” < jk00 = 3 ¢’1k> (8)

The Newtonian potential inside a spherical distribution of
mass, taking the mass-energy density p(x) to be a constant

Po> is

2
#(r) :gﬂGﬂo”Qa )

where r is the distance from the center of the sphere: then
inside the molecule the tensor of the second derivatives of
the potential /¢, ;; can be written’

’/Iij¢vjk: a%(sijv (10)

where a)O 3 2 2Gpy.
The second time derivatives of the spatial components of
the wave can be calculated as

2(h) 0 O

[0

hij.O() = - 62 0 —a 0. (11)
0 0 O

We find the following system of differential equations,

i l+e 0 0\ /¢
Egl=-03 0 1-¢ 0 e, (12)
& 0 0 1 &

where we have defined the parameter ¢ = 2(,>a If we
assume that @ < @,, the parameter e results in being small
with respect to the unity. Moreover, this assumption implies
that a changes with a typical time much greater than the
time of travel of the wave inside the molecule: in other
words, when we integrate the system (12) we can consider €
as a constant. We obtain

E(t) = a; cos (a)O\/l + €t—|—ﬂ1),
52(t> = Qp COS (0)0\/ 1- €t+ﬁ2),

8 (1) = az cos (wyt + f), (13)

"Despite the fact that the potential ¢ 2 that we use in this
calculation is not the potential associated with a large number of
particles, we outline the fact that the molecule is imagined as a
bounded and stable system: the particles can be assumed to be
confined in a region sufficiently close to the center, so that their
motion can be described as small oscillations around a parabolic
minimum.
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where a;, a,, a3, f1, P>, and 5 are constants of integration.
This allows us to calculate the components of the quadru-
pole tensor from its expression, as in [16],

1
Qivjo = N</psl-sjd3x> = 5MN<a,2)6ij, (14)

where M is the total mass of the molecule and N the density
of molecules.

In the absence of the gravitational wave one would have
found

E(t) = A, cos (wot + ¢1),
52([> = A2 COS (a)ot -+ Cz),
E(1) = Az cos (wpt + ¢3), (15)

implying the following expression for the quadrupole
tensor,

1
(Qijo)y = 5 MNL?5;;

2 ijs (16)

having defined
L2 = (A}) = (A3) = (A3) (17)

as the square of the typical radius of the molecule, since the
spatial oscillation are, on average, comparable with the size
of the molecule. Specifically, the definition (17) is allowed
by the assumption of homogeneity and isotropy of the
molecule. If we average the amplitudes of the trajectories
of the particles we get the same value along all the three
directions: in this sense the molecule is (averagely) spheri-
cal. If we consider a harmonic oscillator with equation of
motion

x(t) = Acos (wyt + ¢) (18)

and we imagine changing the frequency from w, to @’
when x = x, after which

x(t) = acos (o't + '), (19)

we have, on equating kinetic energies3 when x = x, as first
done in [16], that

*In calculating, through formula (22), the modified amplitudes
of the particles’ trajectory, one has to perform an average over a
time interval AT comparable with the period of motion of the
point particles. Since w < @,, we can assume that the gravita-
tional wave is seen by the point particles as a constant at any time
during the averaging. In addition to this, the turning on of the
wave is considered as an instantaneous process, in the sense that it
happens on a time scale much smaller than the period on which
the average is taken.

2 2
wy— @

= A+ D2 (42— ). (20)

If we take the mean value of this equation we get

G022y @)

w;

(af) = L2 +

having identified a with one of the amplitudes «; in (13), o’
with w;, the modified angular frequencies in (13), and A
with one of the amplitudes A; in (15). In order to calculate
the term (x3) we have to remember that x, is a random
point of the unperturbed trajectory, so we can take one of
the equations of motion in (15) and perform an average
over time,

() =3 (43 =512 (22)

0F T

where the last equality is implied by (17) and the factor %
comes from the mean value of the square of the cosine.
In this way Eq. (21) can be recast in

a)(z) + o}

5 L1 (23)

2

<a2>_a)(2)(1—€)+a)(2)L2N <1+ >L2

Y 2wp(l-e) T ’
(a3) = L. (24)

2
<ai>
Hence, at first order in €, we get

(a2> :("(2)(1 +€>+w(2)L2z 1 —
! 203(1 +¢)

NS N

NS N

Casting what we have just found into Eq. (14) yields to

MNL2 1-¢ 0 0
Quop=——1 0 145 0]. (25)
0 0 1

In order to enounce a constitutive relation we have to
express this tensor in terms of the degrees of freedom
perturbing the metric. By comparing Eq. (25) with the
expressions of /;; and ¢,;;, (7) and (10), we get

5ij9

2 1
Qiojo = €4 (?(p’ij +§hi,’,00>, (26)
where the gravitational dielectric constant is
MNL?c?
=— 27
K 4w} 27)

With the same method we can calculate the other compo-
nents of the quadrupole tensor: this results in
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QOijk =0,
QUK ~ 0. (28)
The components Q¥ can be written as
Qijkl — €;Hijkl (29)

where H/K! is a tensor linear in the second derivatives of
h,, and

, _MNL*

€
If we compare this new dielectric constant with €,, we find
that

/ 272
z_a)OL

= 0(p). (31)

=
€y 3¢

where f is the ratio between the velocities of the particles
composing the molecule and the speed of light. This means
that the effect of the components QV* in the field equation
is negligible, hence we ignore it in the following. A
completely analogous calculation can be performed by
perturbing the molecule with a purely cross polarized
gravitational wave. It can be shown that the material
relation has the same form as in (26) and (28). This is
certainly not a surprise, given the spheric symmetry of the
molecule and considering that the effect of the cross
polarization is the same as the plus polarization rotated
by an angle of 45°.

III. FIELD EQUATION AND PHENOMENOLOGY

We now write the field equation of macroscopic gravity

B 87G

7} (32)

. c2
<Gﬂv> =X (Tl(lf) + B) Qﬂpw,pa> ) X -

that governs the dynamics of the average gravitational field
within the macroscopic medium, making use of the set of
constitutive relations (26) and (28). We recall that the
macroscopic field dynamics lives on a spatial scale much
greater than the molecular separation D. Noticing that the set
of centers of mass of the molecules behaves as a dust, i.e.,
pressure can be neglected, the free stress-energy tensor is
written

7V _

w0 = P, T =0, (33)

TE){) =0, ij
where p is the smoothed-out mass density of the centers of
mass of the molecules. The left handed side of the field
equation (32) is the averaged Einstein tensor, expressed up to
the firstorderin (h,,) = (h,,) —1n,,(h), (h) being the trace
of the averaged metric (/,,): the tensorial nature of the field

equation allows us a gauge freedom connected with the
diffeomorphism invariance of the theory. We exploit this
freedom by imposing the usual Hilbert gauge fixing

0 (h,,) = 0. (34)
With this choice the Einstein tensor reduces to

(Gyu) = —5 0. (33)

We stress the fact that, after the imposition of the gauge fixing
(34), one can express four components of the wave in terms
of the six remaining: the number of degrees of freedom of the
wave decreases from 10 to 6. At this level, if we impose that
the direction of propagation of the wave is coincident with the
7 axis, we can represent (/1 W>4 as

- hy hi his
hyy hos
hss

(36)

We express the constitutive relations (26) and (28) in terms
of 1_1”,, and we compute the components of the field
equation (32). The (00) component results in

42 47G 252
A¢—C—2Dh33 =4zGp + " 269 A2¢++nGegc—28‘o‘h33
4 c w
nGe -
—Tmagh, (37)

A being the Laplace operator, [J=—03+ A the
d’ Alembertian, and % the trace of the radiative part of the

.7
metric h,,,” namely,

_ _ _ 22N -
h:h11+h22+ <1—7>h33. (38)

Given the fact that in (37) the variables /33 and h are
functions of time, while ¢ is static, we argue that the
following equations must hold, separately:

“From this time forth we drop the symbol (-) for the sake of
convenience.

>The static contribution to the trace coming from the New-
tonian potential is negligible in this context, due to the fact that
h appears in the field equations only through its time derivatives.
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47G
A = 4nGp + il N2, (39)

477.'G€ 27rG€ w?

Dilg,g, — 84h33 Aaz (40)
Equation (39) results in a modified Poisson equation for the
macroscopic Newtonian potential: in [17] an analogous
equation has been derived and analyzed in detail, discussing
the peculiarity of the solutions both in strong and weak field.

Now we calculate the (0i) components of (32),

471'G€g

_ 272G
Ohy; = — o €9 “oR0h.  (41)
C

together with the (ij) components, resulting in

= 4nGe

2 G
- zGe

984 C2 gn,jﬁg}_l (42)

Making use of (38) we can compute a wave equation for the
trace h,

_ _ _ k2 _
Dh = Dhll + thz + (l - —2> Dh33. (43)
w

Ohy, and Ohy, can be calculated from (42), whereas (i3
can be taken either from (40) and (41) or even from (42) itself.
If one expresses (i3 from (40) we obtain the following
equation:

241G ?
Oh = - %% <1 >A82 (44)

6'2 2k2

Making use of (41) leads instead to

27Ge, w c2k?
= - g—<1 . >a3a3 (45)

c- ck

ol

O

Lastly, from Eq. (42) one gets

_ 27Ge, (c*k? .
Uh =-— g (—2 - 1>6gh. (46)

C [0

Even if it seems a serious ambiguity that could outline a
shortcoming of the procedure, when we investigate the real
physics behind the three wave equations, i.e., we compute the
dispersion relation @ = w(k), we find that, in all three cases,
the angular frequency satisfies

(k) = *ck, +v2¢m, (47)

where the parameter m?> = % has been introduced. This
9

means that /1 can be written as a superposition of a solution of
the d’ Alembert equation, which can be canceled out with a

further gauge transformation that preserves the Hilbert
gauge, plus an oscillation that does not propagate (the group
velocity v, = dw/dk is 0) and has no observational mean-
ing: we can erase the trace / bringing the count of degrees of
freedom to 5. At this stage all the components of the wave
solve an identical wave equation,

- 1 -
Ohy, = ——5 hy,. (48)

H m

Let us calculate the dispersion relation descending from
Egs. (48),

2 2
W2 (k) = ¢2 (— m? + mT + m2k2> . (49)

It is immediate to verify that

0t (k)=0 V k @? (k) <0 V k. (50)
The fact that @? (k) is always negative implies that w_(k)
are two purely imaginary solutions that characterize damped
and growing modes. However we show that this branch of
solutions does not contain any physical meaning. If we
consider the solutions characterized by the plus sign and we
perform the limit ¢, — 0, or m? = o0, i.e., we remove the
material medium, we find

Tim @2 (k) = K. (51)

This solution shows a good behavior: when we remove the
material medium @? (k) goes back to be the dispersion
relation of a vacuum solution. Performing the same limit on

the solution characterized by the minus sign yields to

k2
lim @ (k) = lim — c?m? <1 —|——2), (52)
m2—o0 m2—>oo m

which is an infinite quantity. The fact that this solution does
not go back to being a vacuum solution when we remove the
material medium, performing the limit ¢, — 0, allows us to
look at this branch of solutions as not physical. Then, the
only solution that gives us physical information on the
propagation of gravitational waves through a material
medium is the one characterized by w? (k). As previously
stated, w? (k) is always positive: this implies that the
propagation is characterized by dispersion only. Let us
calculate the group velocity,

m2ke

v,(k) = . (53)

2\/(\/%27“ ) (ke )
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We observe that the group velocity is always smaller than
the speed of light. Increasing the parameter m causes the
function v,(k) to reach small values in correspondence
with increasing values of k; in the limit m — oo the group
velocity tends to be the constant c. For a given m, if we
consider (k) in the region k < m, we can approximate
the function (53) with

3k? 67Ge

We show that the condition (5) implies k << m for all the
realistic scenarios we study. In this approximation the
following equation holds:

w?(k) :c2k2<1 —51—22+0<:1—1)). (55)

The appearance of three extra degrees of freedom with
respect to the vacuum case causes the fact that the wave
possesses new longitudinal modes of oscillation. In order
to analyze which kind of deformation is induced by each
component on a sphere of test particles, we calculate the
geodesic deviation equation, taken in the comoving frame

idzé:ﬂ — RH v /)60 — RH §i (56)
C2 dt2 - vpol” U - 00i% »

where & = (0, &, £, &%) is a vector denoting the separation
between two nearby geodesics and the Riemann tensor is
constructed up to the first order in £, as given in (36),

together with the condition /4 = 0, that we exploit through
the following gauge fixing:

Bll = f_l_;'_ + ljl*,

/7122 = —il+ + }_l*,

- 2w? -

hes = a2 (57)

We fix the vector & as
g = (0.8} + 6E%. &y + 88", &y +88).  (58)

&6y 5{0)7 £y being the initial positions and 6", 68", 65 the
displacements of order O(h) induced by the gravitational
wave. We compute (56) up to order h separately for each
component of 7.

M hy#0

2og __o?
2
>26E @* .

R 2 oy
d25&
dr*

he £y

() h*#0

d*5&* > -
L
d*sg @ -
dr 2
d?o&
dr

= —(c*k* — wz)fz*éfo). (60)

(D) /1 #0

d>5&~ w?
a2 )
d> 58 w?
a2
d?6&
dr

=0. (61)

(IV) h;3 #0
d*68° Pk —w® -
e > h13&()-
dPor
a7
68 Pk - w?
a2

/71135)({0)' (62)
(V) hy #0

A28
S =0
dr
d*6& Ak - w? -
a2 = ) h23§f0),
d?6° B 2k — w?
a2

sy, (63)

System I represents a standard plus polarization in the
xy plane. The deformation depicted by system II is a
superposition of two independent modes: in the xy plane
we notice the presence of a breathing mode [37-39] while
along the z direction is detectable a pure longitudinal stress
in phase with the breathing, since w® < c?k* for any &,
with the amplitude of the longitudinal deformation being
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smaller than the amplitude of the breathin g.6 Systems -V
describe cross polarizations in the xy, xz, and yz plane,
respectively. We can give an estimate of the ratio between
the amplitudes of the anomalous polarizations and the
standard one. We define the following quantities:

2

s
A> = 5
272 .2
Avew _ Kz 07 (64)

2

where the superscript S stays for standard. Making use of
the approximate formula (55) we calculate the following

estimate
ANew k2 k4
T:Ww(w)- (65)

In Sec. V we establish a pair of definite models of
macroscopic medium in order to give a quantitative
estimate of the ratio k?/m? that acts as a precise marker
of macroscopic gravity effects.

IV. COMPARISON WITH PREVIOUS MODELS

It is now necessary to point out some relevant differences
between this work and Szekeres’ model [16], given the
fact that also in that work is described a derivation of a
constitutive relation between the quadrupole tensor and
vacuum fields. We perturb the molecule with a vacuum
gravitational wave expressed in TT gauge; i.e., we act on
the molecule uniquely with the two physical degrees of
freedom possessed by the wave. Szekeres perturbs the
molecule with both the electric (E,,) and magnetic (B,,)
part of Weyl tensor; then he discards the contribution
arising from the magnetic part and lastly he performs the
calculation in a frame in which the electric part of the Weyl
is diagonal. This requirement, together with the trace-free
condition E¥, = 0, brings the number of degrees of free-
dom to 2, but it can be shown that a vacuum gravitational
wave that can be expressed as a diagonal tensor must be a
purely plus polarized gravitational wave; i.e., E,, cannot
represent a generic vacuum perturbation. We argue that the
nature of the vacuum fields chosen to perturb the molecule
in Szekeres’ work is not satisfactorily general. Another
significant distinction is that Szekeres writes a constitutive
relation for the induced quadrupole moment only; i.e., he
ignores the contribution of the static quadrupole.7 In our
opinion this looks like a shortcoming of this work: in the
unperturbed scenario the molecule is, in an averaged sense,

®In fact ¢2k? — @* < w? is satisfied in the region k < v/2m, but
we_show that the condition (5) implies k < m.
7 (f : : :

We stress that 7',/ does not contain any information about the
static quadrupole of the molecules: it simply describes the
energy-momentum tensor of the centers of mass of the molecular
dust.

spherical, but it possesses an intrinsic quadrupole propor-
tional to the identity (16) that must be reproduced through
the second spatial derivatives of the Newtonian potential
(10). This term comes to be source of a static contribution
to the quadrupole. This difference between the two works
produces a remarkable distinction when one calculates the
Newtonian limit of the theory: in Szekeres case there is no
modification on the Poisson equation for the Newtonian
potential whereas we find a modified equation, i.e., (39).
The fact that the Newtonian potential inside the medium
is modified in its shape by a global contribution, encoded
in the value of €¢,, coming from the whole medium, is
physically reasonable. That being said, Szekeres’ constit-
utive relation, when written in terms of a TT gauge
gravitational wave, reads as

1 1
Qiojo = € <Zhij,00 + ZAhi/)‘ (66)

This equation is identical to (26) if one makes the
assumption that the Laplace operator acts on the wave in
the same way the second time derivative does. This is
certainly true in vacuum, but we stress the fact that the
derivation of the constitutive relation is made inside the
molecule. When we have to reproduce the components
proportional to € in Egs. (25), we are forced to express it in
terms of the second time derivative, because inside the
molecule w(k) is no longer equal to ck. As a consequence
we obtain five dynamical degrees of freedom, both transverse
and longitudinal, characterized by the same dispersion
relation, whereas in Szekeres’ model it can be shown that
there are four transverse degrees of freedom, characterized
by two different dispersion relations that coincide only in
the short wavelength limit, and that the longitudinal degrees
of freedom do not propagate. This causes a completely
different phenomenology on test masses.

V. MODELS OF MACROSCOPIC MEDIUM

Now we give some quantitative estimates of ¢/, without
any intention of being too accurate, but merely realistic, in
the characterization of the involved parameters. First we
simplify the expression (27) for the gravitational dielectric
constant €,: remembering that w} = %ﬂGpO and also that
the molecule is described as a sphere with constant mass
density p, we get to the following simplified expression:

_ NL3¢

=746

(67)

This means that, in order to characterize a macroscopic
medium composed by molecules that are spheres with
constant mass density, it is necessary to assign only the
values of the radius of the molecule and the density of
molecules: the dielectric response of the medium is inde-
pendent from the mass of the molecules. We describe two
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different models of the material medium: the first assuming
binary systems to be the molecules of the medium, the second
being composed by open clusters. Let us begin with the
first case: the molecules are binary systems. It was widely
believed [40-43] that the majority of the stars in our Galaxy
were part of binary or multiple systems: more recent
observations changed this paradigm. A better estimate
[44] is that approximately one third of the stars in our galaxy
are located in binary, or with higher multiplicity, systems; the
remaining two thirds can be safely considered single stars.
We calculate the dielectric constant in three different regions
of the Galaxy, from the edge to the center of it: (i) is a region
characterized by a stellar density of 1 pc=3, in (ii) this value
increases to 100 pc, and in (iii) it reaches 10° pc™>. We set
N as one third of these values in each region. The size of a
binary system is a quite variable parameter: it can go from
less than 1 to some thousands of AU. However, the typical
distances are those of the Solar system, rather than the typical
distances between stars (a few light years) [43]: we set the
radius of the molecule to 100 AU = 1.5 x 10'* m. We get
the following three values for the gravitational dielectric
constant:
(i) €, =287 x10* kgm m> =3.74 x 1077 m2,

(i) €, =2.87 x 10* kgm m? =3.74 x 107" m2,

(i) €, =2.87 x 104" kgm m* =3.74 x 107> m™2.
The size of the molecule has been set to L = 1.5 x 10" m.
Hence, only gravitational waves with wave number
k< 1/L =6.68x 1074 m~! satisfy the condition (5).
We consider gravitational radiation with wave number
k=6.68x 1071 m™" = 10721 It is easy to check that
% < m; hence the condition k < m is satisfied and we are
allowed to use formula (54) to calculate the group velocity of
the wave inside the medium. If we take the maximum value
obtained for ¢, (iii) we find

vy(k) = ¢(1 = 1.79 x 1079). (68)
Taking for ¢, the value (ii) yields to

v,(k) = c(1=1.79 x 10712). (69)
If we consider for €, the minimum value (i), we find

vy(k) = c(1 = 1.79 x 10714). (70)

With the chosen values of the parameters we observe that the
ratio k> /m? is at most 10~: as we have shown, this quantity
indicates the ratio between the amplitudes of the anomalous
polarizations and the standard one. Actually binary system
can only be roughly approximated via the model of a
spherical molecule, since they posses an intrinsic quadru-
pole. However, the random orientation of the orbital planes of
these binaries with respect to the direction of propagation of
the incoming gravitational wave leads us to infer that the

average effect can be qualitatively estimated even in the
present simplified framework. An improvement of the model
is currently under development.

Now we consider the case of a material medium whose
molecules are open clusters [45,46]. Our Galaxy is estimated
to contain about 100,000 open clusters, mainly located in the
central disc. We calculate the density of molecules as
the number of molecules (10°) divided by the volume of
the Galaxy, assuming it to be a disc with diameter of 30 kpc
and thickness of the disc of about 0.6 kpc (roughly the size
of the Milky Way [47]). For the density of molecules we
calculate the value N = 8.03 x 1077 m™3. The radius of the
moleculeis fixedto L = 3 pc = 9.26 x 10'® m. Under these
assumptions we get the following value for the gravitational
dielectric constant:
€, =184x10" kgm  m?=584x10"" m=2. (71)
We consider gravitational radiation with wave number
k=101 =1.08 x 107" m™': once again the condition
k < m is satisfied and we use Eq. (54) to calculate the
dispersion. We obtain

v, (k) = ¢(1-3.01 x107). (72)

As in the case of the first model, the ratio k* /m? is roughly of
order 107°.

We focused our analysis on two specific regions of
wavelengths. In the first case (binaries) the signal is
characterized by 4~ 10" m, which is comparable with
the scale of lengths to which the space interferometer LISA
will be sensitive [48,49]. In the second case (clusters) the
wavelength of the signal is in the region # ~ 10'® m and it
is, in principle, inside the sensitivity curve of experiments
like IPTA [50,51].

Our analysis demonstrates that, both from a conceptual
and phenomenological point of view, the deformation that a
gravitational wave induces on the bounded systems in the
galaxies effectively modifies the nature of the wave itself,
generating longitudinal polarization modes and, overall,
a subluminal velocity of propagation, in contrast to the
vacuum case. Despite the fact the deviation from the speed of
light is at most of order 107, its integrated effect over very
large distances can produce a significant delay with respect
to the electromagnetic signal. This scenario is expected
to significantly impact the analysis of the “follow-up” of
astrophysical sources and this feature must be taken into
account in the setup of a gravitational astronomy.

VI. CONCLUSIONS

The main merit of the analysis above is to give
significant phenomenological implications when the case
of a gravitational wave crossing a medium characterized by
a molecular structure is considered. We revise the original
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and valuable approach presented in [16] only in avoiding
the use of Weyl tensor components as basic gravitational
field variables. We simply adopt the space-time ripple as
the natural variable set to describe the gravitational field
both in vacuum and within the matter. In fact, the vacuum
gravitational wave modifies, via the geodesic deviation
equation, the molecule morphology, inducing in this
manner an effective (average) quadrupole contribution,
which is calculated just via the resulting displacements
inside the molecule. More specifically, we calculate an
expression of the induced quadrupole components in terms
of the second time derivatives of the vacuum gravitational
wave amplitudes (whose spatial variation is neglected when
calculating the geodesic deviation). Furthermore, we also
account for the deformation of the Newtonian potential
living within the self-gravitating medium. In fact, we
reproduce through the second spatial derivatives of the
Newtonian potential the nonzero quadrupole tensor also for
the unperturbed molecule and this causes the emergence of
a macroscopic gravity effect also on the static level. Poisson
equation acquires, as a result of the medium, a biharmonic
term, whose relative amplitude with respect to the standard
Laplacian term is fixed by the same macroscopic gravity
parameter that modifies the gravitational wave propagation.
This result is in close analogy to the one obtained in [17],
where an ad hoc (strong field) hypothesis on the link
existing between the quadrupole tensor and the Riemann
tensor is postulated. The emergence of a net nonzero
quadrupole in the field equation modifies the wave propa-
gation, introducing new effective modes of oscillation and
implying a subluminal speed of these ripples. The new
polarization modes and the group velocity we obtain are
a precise marker of the present approach and offer a
phenomenological tool to search their signature in data
analyses of incoming experiments, like LISA or IPTA
[48-51]. However, it is relevant to stress that, in the limit of

large scales (small wave numbers) of the wave, the group
velocity expression overlaps the corresponding limit in the
analysis developed in [16]. Such a degeneracy of the two
approaches when implementation of the model is performed
for real and relevant astrophysical systems, can be regarded
as areciprocal validation of the two approaches on a physical
level: when the modifications concern large scales with
respect to the characteristic length scale of the macroscopic
gravity effect, different representations of the constitutive
relation provide the same weak features on the gravitational
wave propagation. In [16] the use of Weyl tensor was mainly
due to the construction of a parallelism with the electro-
magnetic case, in the spirit of constructing a “gravitational
induction” tensor, which however cannot be consistently
defined along such a parallelism. Also our approach does not
provide an induction tensor for the gravitational interaction,
but it relies on the metric perturbation as the only quantity to
be treated like an independent one in the procedure. Such a
natural choice has important implications on the exact
form of the constitutive relation and of the dispersion
relation. We get different polarization modes with respect
to the ones outlined in [16] and the gravitational ripples have,
within the gravitational medium, five independent degrees
of freedom. It remains, as an open issue, the construction of
a suitable gravitational induction field, based on the paral-
lelism with the electromagnetism with matter, but restricting
the study to the weak field only. In fact, the valuable splitting
of the total energy-momentum tensor of the medium into
a free contribution (the molecule center of mass) and a
quadrupole tensor is valid only for small deviation of the
particle trajectories from the unperturbed scenario.
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