PHYSICAL REVIEW D 100, 024023 (2019)

Energy-momentum and angular-momentum
of a gyratonic pp-waves spacetime

F. L. Cameiro,l’* S.C. Ulhoa,l’z’% and J. F. da Rocha-Neto'*

Ynstituto de Fisica, Universidade de Brasilia, 70910-900 Brasilia, DF, Brazil
International Center of Physics, Instituto de Fisica, Universidade de Brasilia,
70.910-900 Brasilia, DF, Brazil

® (Received 31 December 2018; published 15 July 2019)

Gyratonic plane fronted gravitational waves are exact solutions of Einstein’s field equations, which
correspond to gravitational waves that carry momentum and angular-momentum. Using the definitions of
the Hamiltonian formulation of the teleparallel equivalent of general relativity, we explicitly evaluate the
general expressions of the energy-momentum and angular-momentum of these space-times. In order to
better understand the additional properties of these gravitational waves, we consider the motion of particles
in this space-time and obtain an interesting relation between the angular-momentum of the particles and

that of the gravitational waves.
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I. INTRODUCTION

The study of plane fronted gravitational waves with parallel
rays (p p-waves) are a standard topic in the inspection of exact
solutions of Einstein’s field equations. Although the existence
of these waves are questioned, they represent a valid class
of solutions of the gravitational field equations that do not
violate any physical principle and are geodesically complete
[1]. The p p-waves space-time were investigated in the 1950s
and 1960s specially by Peres, Pirani, and Bondi [2,3], and
most recently in the Refs. [4-11].

The gravitational waves considered in this paper re-
present the exterior field of spinning particles (gyratons)
moving with speed of light. They were quoted by Peres [2]
and studied by Misner [12]. Most recently, the gyratonic
waves were rediscovered by Frolov and collaborators
[13,14], and studied in great detail in the Refs. [15,16],
where in the latter a direct interaction between the energy of
the gravitational field and the kinetic energy of a particle,
which is hit by the gyratonic wave, was obtained. Despite
the long history of pp-waves research, there are still
properties not yet appreciated.

A recent conjecture about the local exchange of energy
between particles and pp-waves [17] provides an interest-
ing opportunity to better understand these waves in a
general way (gyratonic) by explicitly calculating its energy
and angular-momentum. In order to achieve this, we use the
well-established expressions that arise in the Hamiltonian
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formulation of the teleparallel equivalent of general
relativity (TEGR).

Our aim in this paper is to generalize the nongyra-
tonic pp-waves expressions of the energy-momentum
of the Ref. [18] and the angular-momentum of the
Ref. [19]. In order to better understand the gyratonic
effect of the gravitational field, we consider two
solutions of the FEinstein’s equations: one axially sym-
metric similar to the Aichelburg-Sexl monopole solution
[20], and another which is the monopole solution with
the dipole correction.

This article is organized as follows. In Sec. 11 we
briefly present the structure of the TEGR and its equiv-
alence with general relativity, and then we present the
definitions of energy-momentum and angular-momentum
that arise from the Hamiltonian formulation of the TEGR.
In Sec. III the gyratonic metric and the Einstein’s vacuum
field equations for the gyratonic waves are presented,
and in addition a simple relationship between the two
functions describing the gyratonic pp-waves is pre-
sented. In Sec. IV, a set of tetrads adapted to a spatially
static observer and associated with the gyratonic metric is
constructed. Moreover, the energy density of the gyra-
tonic space-time is explicitly evaluated for an asymptoti-
cally flat solution. In Sec. V, using the tetrads obtained
in the previous section, the angular-momentum of the
gyratonic field is calculated and compared to that of the
non-gyratonic pp-waves. Also in Sec. V, the gyratonic
angular-momentum for an axially symmetric solution is
calculated. Finally, in Sec. VI, we present our conclusions
and consider the effects of the results on the angular-
momentum of a test particle, we also present an interest-
ing relationship between the asymptotic behavior of the

© 2019 American Physical Society
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angular-momentum of particles and the angular-momen-
tum of the wave.

We use the following notation: space-time indices are
denoted by Greek letters u, v, ... and SO(3, 1) indices are
indicated by Latin letters a, b, ..., which run from 0 to 3.
Time and space indices are indicated as y = 0,i and
a = (0), (i). The tetrad field is indicated by e, and the
flat Minkowski space-time metric tensor by #,, =
diag(—1,1,1,1) raises and lowers the Lorentz indices,
while the metric tensor g, raises and lowers the space-time
indices. We use the geometrized units system, i.e.,
G=c=1.

II. THE TELEPARALLEL EQUIVALENT OF
GENERAL RELATIVITY

The TEGR is an alternative description, dynamically
equivalent to the general relativity, constructed in terms
of the tetrad field e“,. The tetrads are reference frames
adapted to preferred observers in space-time. The compo-
nents e )" are always tangent to the observer world line. In
this case, the e(g)* component is identified with the four-
velocity of the observer U* in their own rest frame. To
perform a measurement without the interference of the
frame motion, the spatial velocity U’ must be zero, i.e., the
observer moves along his own world line only. A set of
tetrads adapted to a spatially static observer must satisfy
the condition

UiZE(O)iZO. (1)

The TEGR is constructed in terms of a quadratic combi-
nation in the torsion tensor which is related to the
antisymmetric part of the Cartan connection

Fﬂ/ll/ = eaﬂa/leau- (2)
The above connection is not symmetric in the permutation
of the lower indices. The Cartan connection is curvature
free, but has a non-null torsion tensor

Ta;w = 8/46111/ - al/etlﬂ' (3)

With the torsion tensor above it is possible to obtain a
curvature scalar R(e) such that

1 abc 1 abc a
eR(e) = —€ ZT Tabc+§T Tbac_T Ta

+20,(eT"),

and the Lagrangian density L for the gravitational and
matter fields may be written as [21]

L = —keST,,. — Ly, (4)

where

1
Zahc = (Tabc + Thac _ Tcah) + 5 (nach _ ﬂuth)’ (5)

FN-

with 7% =T%,%, e = det(e®,), k =1/16x and L,, is the
Lagrangian density for the matter fields. The field equa-
tions are obtained varying the above Lagrangian density

with respect to the tetrad field e,,, thus they read [21]

1
ea/leb/lav(ezbh> —-e (ZbDaTbl/ﬂ 3 eaﬂTdeZde>

1

= 4—k€Taﬂ, (6)

where eT,, = g’;"ﬁ is the projected energy-momentum

tensor due the matter fields.

Although the field equations (6) are dynamically
equivalent to Einstein’s field equations [21], their sym-
metries are not. The absence of the divergence term on the
right-hand side of Eq. (4) makes L invariant only under
global SO(3,1) transformations. In order to obtain the
Hamiltonian density of the TEGR for the gravitational
field (L,; = 0), we rewrite the Lagrangian density L in
the phase space as L=I1%¢,;—H, where T1% = -4,z
are the momenta canonically conjugated to e, and the
dot represents the derivative with respect to the time 7.
The Hamiltonian density may then be written as [22]

H(e,Tl) = e,gC% + AT, (7)

where 4,, and e, are Lagrange multipliers.

The constraints C* and I'*” in the above Hamiltonian
density are first class constraints and are functions of 1%
and e,;. The constraint C* may be written as

C* = —9,1% 4 ha =0, (8)

where h“ is a very long expression of the field variables
(explicitly written in the Ref. [21]). The constraint I'* is
given by

[ = 2111 4 4ke (T — xb0a)
= 21 = 2kDfe(e e = ee®)] = 0. (9)

The constraints above satisfy the algebra of the Poincaré
group [22]. Both constraints C¢ and I'*” contain a total
divergence and under integration yield expressions for the
gravitational energy-momentum and angular-momentum,
respectively.

From the integration of the constraint C* in (8) it is
possible to define the energy-momentum four-vector P as
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P :/h“d3x:/3iﬂaid3x.
14 14

Since the expression for A“ is too long, it is more
convenient to work with the right-hand side of the above
expression. The energy-momentum four-vector P of the
gravitational and matter fields, contained in a volume V of
space, is then defined as

P = 4k/ 0;(eZN dx. (10)
v

The expression (9) is identically zero, and in analogy to the
definitions of the energy-momentum four-vector, the pri-
mary constraint '*” = 0 under integration give us the
angular-momentum of the gravitational field as

Lab — / Mab Py — —2k/ 9;le(e%e? — ebie®)]dBx,
v v
(11)

where M is the gravitational angular-momentum density
and V is the three-dimensional volume of the space of
interest.

The expressions (10) and (11) are both invariant under
spatial coordinate transformations and time reparametriza-
tions, but they are not under local Lorentz transformations.
The former make these quantities frame dependent, as
happens in classical physics, e.g., a moving observer with
velocity v # 0 measures a different energy than a spatially
static observer (v = 0). In the case of a vacuum solution,
like the p p-waves, the expressions (10) and (11) represent
the energy-momentum four-vector and angular-momentum
of the gravitational field, respectively.

As mentioned previously, the constraints C¢ and I'“®
satisfy the algebra of the Poincaré group [22]

{ce, Py =0,
{Ca’r‘bc} — i’]abCC _ ;,]accb’
{l—‘ab, l—‘cd} — nacl—‘bd + ;,]bdrac

_ ﬂadLbC _ nbcl—*ad.

Therefore, the interpretations of P* and L, which also
satisfy the same algebra, are physically consistent. We shall
use these definitions to explicitly evaluate the energy and
angular-momentum of the gyratonic space-time, to be
presented in the next section.

III. GYRATONIC SPACE-TIME

The gyratonic pp-waves line element is described in
terms of generalized Brinkmann coordinates as [15]

ds* = H(u, p, p)du* + dp* + p*dp* — 2J (u. p. ) dudd
+ 2dudv. (12)

This wave moves with the speed of light, so the wave front
is always at u = 0 and the surfaces # = constant are flat.
The above line element represents the field generated by
spinning particles that move at the speed of light, named
“gyratonic” by Frolov and Fursaev [13]. Outside the
source, this metric represents a pure radiation field that
propagates along the null direction ». In the asymptotic
limit, one may identify

_z—t
u =7 (13)
and
ozttt

where the z axis represents the propagation axis of the
wave.

The gyratonic metric is specified by two, in principle,
independent functions H(u,p,¢) and J(u,p,¢p). These
functions must be periodic in the angular coordinate ¢,
and if they are independent of ¢, the space-time is axially
symmetric around the propagation axis. If the functions H
and J are written as

H = o*(u)p® + 20(u)y(u, ¢) + Ho(u.p.¢) (15)

and

J = o(u)p? + x(u. $). (16)

respectively, the FEinstein’s vacuum field equations are
reduced to [15]

1 1
V2H0 = apapHO +;8/,H0 + ;64,64,1{0
2

As mentioned in Ref. [15], there exists a gauge freedom
f(u) in the choice of the angular coordinate, resulting in
the gauge @(u) = w(u) + 9,f(u). The function w(u) in
Eq. (15) may be set to zero by an appropriate gauge
transformation. With this simplification, the gyratonic
function J becomes

J=J(u.¢) = x(u,p) (18)
and Eq. (17) is simplified to
2
Pz

VZH, == (9,0,J). (19)

Applying separation of variables in the functions J and
H as
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J(u, @) = ji(u)j>(9)
and
H(u,p,¢) = hy(u)hy(p, #),

the Eq. (19) becomes

P’Vihy(p.¢) _ Ouji(u)

|
204j2()  hy(u)

=constant=49.  (20)

Thus, we have two different equations, namely
p?0,0,hy + pd,hy + 04,0 5hy = 290,j2(¢)  (21)
and
Ouji () = Ohy (u). (22)

A particular solution for h,,, satisfying Eq. (21), with the
homogeneous equation V?h,;, = 0, is given by

hop(p, ) = alnp + 29f(¢),

where 0,f(¢) = jo(¢p) and a = constant. It should be
noted that Eq. (22) allows an explicit relation between
H and J on the variable u. Also from the expression (18), if
x = x(u), then H must satisfy V2H = 0. In addition to an
arbitrary dependence in u, the metric functions can be
explicitly determined by the Einstein’s equations. This fact
is typical of waves solutions, where the geometry of the
wave pulse may be chosen.

In the next two sections, we evaluate the quantities (10)
and (11) for the gyratonic space-time. In this point, it is
important to emphasize that in what follows we will
consider solutions of FEinstein’s equations only in the
vacuum regions outside the gyratonic matter source, i.e.,
in regions where p > p, and the energy momentum tensor
vanishes (T, = 0). In fact, for a more realistic analysis of
these solutions it would be necessary to know the solutions
inside the gyratonic matter source, i.e., in regions where
p < po and the energy momentum tensor is such that
T,, #0. In addition, as mentioned in the Ref. [23], for
physically realistic solutions it is expected that the gyra-
tonic matter source has finite radius p = pg # 0.

IV. THE ENERGY-MOMENTUM
OF GYRATONIC pp-WAVES

For the evaluation of the energy-momentum of a
gravitational field in the TEGR, we need of a set of tetrads
e, associated with the space-time and adapted to a
spatially static observer. The energy expression (10) comes
from a secondary constraint of the Hamiltonian formu-
lation, so the metric must be written in the (z,p,,z)

coordinates using the expressions (13) and (14). In these
coordinates the metric (12) reads

H
ds> = <5 - 1> di® + dp* + p*dg? + V2Jdtd
H
—V2Jdzde + (1 + 5) dz* — Hdtdz. (23)

The frame is determined by fixing six conditions in the
tetrad field. The fact that

1
U" = e(())” = <Z’O’O’ O> (24)

ensures that the observers adapted to this set of tetrads
follows a time like world line and in view of Eq. (1) the
observers do not have any spatial translation movement.
The four-velocity U* is a timelike vector, i.e., U? =
uru, = goo/A%? = —1 and this result is independent of
values of H, however to evaluate the physical quantities we
emphasize that the tetrad field is valid in space time regions
where 2 — H > (0. Anyway, it should be expected that in
regions far way from the source these waves have small
amplitudes.

The others conditions fix the spatial orientation of
the frame, i.e., e()¥, e)¥, and e3)* are asymptotically
unit four-vectors along the directions of x, y, and z,
respectively. A suitable set of tetrads adapted to a spatially
static observer and associated with the line element (23) is
given by

—A 0 ﬁ —
| 0 cos(¢) —psin(¢) O
. sin(¢p)  pcos(¢p) O | (25)
0 0 —ﬁ

— _ __H _ 1
1-H/2, B zm,c \/1_—H/5and

e = det(e’,) = p is the determinant of the tetrad field.
The set of inverse tetrads may be obtained by the relation
e =nge, and it reads

were A =

-1/A 0 0 0
e A
| i sing) e e

v 0 0 A

It is possible to see that by putting H = 0 = J, one obtains
e,/ = &, and the torsion T, vanishes, which excludes the
necessity to regularize the field.

024023-4



ENERGY-MOMENTUM AND ANGULAR-MOMENTUM ...

PHYS. REV. D 100, 024023 (2019)

With the set of tetrads (25), the energy-momentum of the
gravitational field can be obtained. In order to achieve such
aim, first we calculate the nonvanishing components of

T = e e T?,,, reading
T©)(©0)(1) — _7B)(1)(3)
1 . .
= e (2v/2singhd,J — sing0,H +pcos¢p0,H),
T©)(0)(2) — _7(3)(2)(3)
1
= _W(—%/icos $0,J +cospd,H
+psingd, H),
T©)(©)(3) — 73)(0)(3)
1
=
1
TO)(1)(3) :m(\fz singd,J —singd4H + pcosgpd, H),
P
TOR)0) = e (—V/2c0s¢p9,J +cospdzH + psingd, H),
P
1
73)0)(1) — _ singd.J,
\/ipAz ¢ t
TOO@ =L cospo, .

V2pA?

where we made use of (9, +9,)(H.J) =0. From the
above expressions and the definition in (5), the non-null
components X% are

sO01 _w@or _ __L 0,H
WaVa-H
soo _y@oe ___ L OH 0
420°\V2—H 2p*V2-H
1 0,H
(o1 _ + Y
17— Hc0s¢
1 0,H
(o2 _ _ 1 94T .
42— H sin ¢
(1)03 _ 1 0,H sin¢ — pd,H cos ¢
dp 2-H
1 0,H
£ = O sin g
1 0,H
s@02 — 1 9
42— 7708 ¢
1 04H cos ¢ + pd,H sin ¢
zE = 4p ' H : (27)

Finally, from Eq. (10) and the expressions in (27) we have

k
P<0>:P<3>:—g /V d*x[0,(eZ 1) +[9,,(e=@02)].  (28)

Using the Eq. (19) and noticing that 0,J = —%auJ , the
above expression reduces to

2 2 2 17\2
PO _ pO) — / p*(0,H)* + (05H)* +20,J0,H
Vv 8/)A3

+2 W) &Px. (29)

The remaining components of the energy-momentum four-
vector vanish, i.e.,

P =0 =pQ, (30)

The square of the energy-momentum four-vector is null, as
it happens for the nongyratonic pp-wave, i.e., P*P, =0
[18]. This result is consistent with the fact that these fields
describe massless particles.

In the expression (29), the nongyratonic pp-waves
space-time may be obtained only by taking J = 0. This
can be seen by comparing the results obtained here with
those obtained in Ref. [18] by identifying x = p cos ¢ and
y = psin¢. This shows that the gyratonic pp-waves are
more general than the nongyratonic pp-waves.

The result in Eq. (29) has two interesting features. First,
if the gravitational field is axially symmetric, i.e., H =
H(u,p) and J = J(u), the energy of the wave will be the
same of the nongyratonic case. The effect of the gyratonic
term in the gravitational energy may only be detected in
waves that are not axially symmetric so, for these solutions,
the gyratonic wave cannot be distinguished from a non-
gyratonic wave by its gravitational energy. Second, the
nongyratonic pp-waves have only negative energy [18],
but the gyratonic waves may have positive energy.

A. Multipole solution

In order to better understand the effects of the gyratonic
term on the pp-waves, in this subsection the expression
(29) is evaluated for the multipole solution for H with the
function J depending only on u, i.e., J = J(u) and in this
case ji(u) and h(u) are arbitrary functions. For H we
choose the monopole solution with the dipole correction,
namely,

1 1 Xy x?—y? 2
H=—-{_-In\/x>+y>—~ —u
R e e e

1 1
=3 {mp +— (sin2¢) +0052¢)] e (31)
P
and we choose J
2
== — —u . 2
J an e (3 )
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Replacing H and J in the argument of the integral (29) with the solution (31), (32), we obtain the energy density € given by

™2 [p* 4 4p2(32u% — 17) sin(2¢) — 4p>(32u? — 15) cos(2¢) + 8]

€ = 4k0,;(eX00) = —

The above energy density depends on three variables, then
it is not possible to plot a four-dimensional figure, however,
we can plot a contour surface for # = 0. The flatness in the
asymptotic limit can be seen in Fig. 1 for the wave front at
u = 0. For a fixed radial position p = 5, the plot of ¢ is
displayed in Fig. 2 for the gyratonic wave. It can be
compared with the nongyratonic case in Fig. 3. The
gravitational energy density is not dependent on the angular
variable in the nongyratonic case. For the gyratonic wave,
there are regions of positive and negative energy density,

FIG. 1. Energy density (33) on the wave front u = 0.

FIG. 2. Energy density (33) for p = 5.

. 33
81927p° (33)

[

depending on the azimuthal coordinate, while in the non-

gyratonic wave the energy density is always negative.
Although the energy density ¢ depends on three varia-

bles, for fixed values of 7 it is possible to plot levels surfaces

FIG. 3. Energy density (33) for p =5 and J = 0.

2

FIG. 4. Contour plot for the energy density (33) at t = 0.

024023-6



ENERGY-MOMENTUM AND ANGULAR-MOMENTUM ...

PHYS. REV. D 100, 024023 (2019)

L L X L L L 1 L L L L L L L L 1 L L L . L ! t
-15 =10 -5 r 5 10 15
—0.0005

—-0.0010 -

—0.0015 -

—0.0020

FIG. 5. Gravitational energy in the region 20 > p > 1 as a
function of the time 7.

for fixed values of e. For instance, with the aid of the

relation (13) fort =0 = u = z/ \/E the level surface can
be seen in Fig. 4, where in the pink region the energy
density is negative (¢ = —0.0012) and in the yellow region
it is positive (¢ = +0.0012).

Also with the aid of the relation (13), the gravitational
energy density can be numerically integrated to obtain P°(t)
in a sufficiently large z interval, excluding the region around
the z axis (p = 0), this is because this region contains a
singularity in the axis p = 0. The result is presented in Fig. 5.
The study of singularities in pp-waves space-times is a
recent topic of research [24]. The peak in Fig. 5 represents
the total energy of the gyratonic pp-wave that a spatially
static observer will measures. For a particle that interacts
with the wave, the difference in the energy of the particle
before and after the wave hits the particle, represents the
energy absorbed or emitted by the particle. This difference
depends on the direction of the acceleration of the gravita-
tional field, as well on the initial conditions of the particle
[25]. The peak value in Fig. 5 represents the maximum
energy that the particle can absorb from the wave.

V. THE ANGULAR MOMENTUM OF
GYRATONIC PP-WAVES

In this section, we calculate the components of the
angular-momentum of a gyratonic pp-wave. We will use
the set of tetrads (26) that is adapted to a spatially static
observer. With the expression (11) and after some calcu-
lations, it is possible to obtain the nonvanishing compo-
nents of the gravitational angular-momentum, they are

L) — —Zk/ P {— sin 0, H + p cos 0, H
v V2(2 - H)3?
-0 )| 34

cos pOyH + p sin p0,H
V2(2 - H)3?

LOC) = ok / d%{
\%4

+ cos ¢0, (\/2%)] , (35)

sin p0y,H — p cos pO,H
2v2(2 - H)*?

LG = —Zk/ d3x{(4 —H)
|4

+ sin g0, <ﬁ)] , (36)
@0) — _ 3 | 4 g COSQO,H + psingd,H
) Zk/vd x{ A Ty
—cos 0, <\/2J_—H>] : (37)

Taking J = 0, we obtain the same results presented in
Ref. [19] for the case of a nongyratonic wave.

The components L) are related to the gravitational
center of mass [26] and to boosts in the (i) direction. The
components LG and LO)1) are related to rotations
around the x and y axes, respectively. The local indices
are always those of the flat space-time, coinciding with the
space-time indices on the flat wave front. Therefore, it is
possible to identify M@ =M, and MV = -M, so
from Egs. (36) and (37), the angular-momentum vector
density is given by

4A-H 1. (N\]. [4-H .

(38)

where we have made use of X = pcos¢ — (}sing{) and
y=psing + $c05¢ in standard cylindrical coordinates.

It is possible to see that an axially symmetric gyratonic
space-time has a distinct angular-momentum, i.e., is not
the same of the nongyratonic pp-wave. The gyratonic
pp-waves carry the rotational character of the source, so
these waves are expected to bring some information
about the angular-momentum of its source. We note
from Eq. (38) that when the pp-wave is axially sym-
metric, the term in the radial component of the angular-
momentum density is due to the gyratonic term only. This
fact will be explored in the following subsection. Since
for gyratonic and non gyratonic pp-waves with axial
symmetry, the energy is the same [see Eq. (29)] and the
effect of the gyratonic term in the pp-waves may be
analyzed only in terms of the angular momentum.
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The gyratonic term does not affect the azimuthal angular-
momentum of the wave.

A. Axially symmetric solution

In this subsection, the expression (38) is evaluated for a
solution of the Eq. (19). The energy of an axially symmetric
solution is the same for gyratonic and nongyratonic
pp-waves, so the distinction between the two cases is
caused solely by the radial angular-momentum of the wave.
We choose an Aichelburg-Sexl type solution

1
H=—2In(p/po)e™". (39)
where in the following we take py = 1. We choose

d _,

J=—e, 40
e (40)

so the components of the angular-momentum density in
(38) are given by

—2u?
e
= [0 = ) loglp) + Be” (2 1)) (41)
and
2
My = (L 10g(p) + 4 (42)
» = 2567 \4 B '

Since the above components are independent of the angular
variable ¢, it is possible to plot them in terms of the
variables p and u. The component M, is plotted in Fig. 6
and M in Fig. 7. From Eq. (38) we may notice that in the
nongyratonic case, M, is null everywhere for H given by
(39) and M, has the same expression (42).

FIG. 6. M, given by Eq. (41).

FIG. 7. M, given by Eq. (42).

The total gravitational angular-momentum contained in a
finite volume V, which excludes the axis p = 0, may be
obtained performing a numerical integration of the quan-
tities in Egs. (36) and (37). In terms of the coordinates x, v,
and z, this procedure gives

L= / M idx + / M, $dx = 0.
\%4 \%4

-

The total gravitational angular-momentum vector L,
unlike the gravitational energy P%), consists of a vector
field. Since the space is axially symmetric the positive
and negative contributions, in the integration above,
cancel each other out. Nevertheless, it is possible to
obtain a non-null angular-momentum in a specific region
of space, e.g., the integration of the angular-momentum
density over the region (0 < ¢ < x) yields the exactly
opposite of the integration over the region (7 < ¢ < 2x),

ie.,
L R /4
/ dz / dp / dopM,
—L Po 0
L R 2
:—/ dz/ dp/ dgpM, , # 0.
—-L o p4

The same happens in the case J =0 for an axially
symmetric gravitational wave, not being an exclusive
gyratonic behavior.

VI. FINAL CONSIDERATIONS

In this article we reviewed some important aspects of the
TEGR, which is a formulation where the effects of the
gravitational field are described in terms of the torsion
tensor. In this formalism it is possible to define physical
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quantities, namely, the energy-momentum four-vector and
the angular-momentum of the gravitational field. These
physical quantities are invariant under coordinates trans-
formations and time reparametrizations. Using these
definitions we calculated the energy and the angular-
momentum of a gyratonic pp-wave, which was presented
in Sec. III of this work. The energy of the gyratonic wave
yields the expression (29), which is reduced to the case
of nongyratonic pp-wave when the function J =0.
Therefore, the gyratonic pp-wave is a generalization of
the nongyratonic pp-wave. The fact that the energy of a
gyratonic pp-wave is distinct of the nongyratonic case and
the fact that the definition of energy in Eq. (10) is
coordinate independent, goes towards the argument pre-
sented in Ref. [15] on the loss of properties of the
gravitational field when the term J is not considered in
the pp-waves. The total energy for a gyratonic space-time
was integrated using the expression (33), and the result was
presented in Fig. 5. The way in which the energy of the
gravitational wave is altered when it interacts with a particle
is yet to be determined.

The presence of the gyratonic term significantly affects
the radial angular-momentum density of the field. If the
gravitational waves can be detected by their effects on
particles, it is interesting to consider an example of how the
gyratonic term affects some physical properties of free
particles. Let us analyze the case of a particle, initially free
of any forces, that is hit by an axially symmetric wave. The
trajectory of the particle is obtained by numerically solving
the geodesic equations (9)—(11) of the Ref. [16], para-
metrized with respect to u. The effect of the gyratonic term
may be better perceived by considering a wave solution

with a more prominent gyratonic characteristic.
Considering a wave with J given by
d _,
J=8—e™" 43
Tt (43)

and H given by Eq. (39), a particle initially at rest at
position p(u — o0) =35 achieve a three-dimensional
motion. The same particle has a movement constrained
into a plane when hit by a nongyratonic wave. In both
cases, for the tested solution, the particle does not remain at
rest after the passage of the wave, i.e., there is no permanent
exchange of energy between the particle and the field [27].
This can be best seen by evaluating the components of the
velocity of the particle in both cases. This is shown in the
Figs. 8 and 9. We can see in the first one that the gyratonic
wave imparts a permanent displacement on the particle, i.e.,
after the passage of the wave the radial velocity tends to a
non-null constant value. Note that by the definition (13) a
positive parameter u indicates a negative time ¢, so the
initial conditions represent a particle at rest before the wave
passes. As presented in the expressions (29) and (38) the
physical difference between axially symmetric gyratonic
and nongyratonic pp-waves is the presence of a non-null

FIG. 8. Velocity of a free particle initially at rest in p(u — c0) =
5 with J given by (43).

radial angular-momentum density. This ensures that the
different behaviors of the velocity in the Figs. 8 and 9 are
due to the wave radial angular-momentum density only.
The non-nullity of the radial angular-momentum density of
the field affects the behavior of the particles by changing
their angular-momentum components. To demonstrate this,
we consider the angular-momentum per unit of mass for a
classical particle, given by

. ’\_L 2% A
p)¢ 7’ $z. (44

- 1 U
M =—=pzpp+—=(pz —

V2 V2

The total angular-momentum M? = M- M is permanently
altered during the passage of the wave, i.e., the gyratonic
term induces a permanent variation in the particle total
angular-momentum M? = M-M , as can be seen in Fig. 10.

In the nongyratonic case, where the field has only azimu-
thal angular-momentum density, there is not permanent

0.14}
0.12}
0.10¢
0.08
0.06
0.04
0.02}
0.00 f‘ .

FIG.9. Velocity of a free particle initially at rest in p(u — c0) =
5 with J = 0.
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FIG. 10. Components of the angular-momentum of a free
particle initially at rest in p(u — o0) = 5 with J given by (43).

exchange of angular-momentum between the wave and
the particle, as can be seen in Fig. 11. We can then conclude
that the angular-momentum of the field is directly con-
nected to the angular-momentum of the particle, especially
the radial angular-momentum density of the field.

A direct analysis between the angular-momentum of the
particle and the angular-momentum of the field cannot be
made in the coordinates used in this paper. An integration
of the angular momentum density of the gravitational field

M2
0.5

0.4

20 10 10 20"
FIG. 11. Components of the angular-momentum of a free
particle initially at rest in p(u — o0) =5 with J = 0.

produces an expression that is a function of the variable ¢,
while the geodesic equations of the particle are para-
metrized by the variable u# which is related with the time
t and the coordinate z. Therefore, only a qualitative analysis
can be obtained. In order to have a consistent quantitative
analysis, one must construct the tetrads associated with
the line element in (12) in pure Brinkmann coordinates,
establishing the appropriated spatially static condition for
this tetrads. This will be pursued elsewhere.

[1] L. Witten, Gravitation: An Introduction to Current Re-
search, edited by L. Witten (Wiley, New York, 1962).

[2] A. Peres, Some Gravitational Waves, Phys. Rev. Lett. 3, 571
(1959).

[3] H. Bondi, F. Pirani, and 1. Robinson, Gravitational waves in
general relativity iii. Exact plane waves, Proc. R. Soc. A
251, 519 (1959).

[4] P.M. Zhang, C. Duval, and P. A. Horvathy, Memory effect
for impulsive gravitational waves, Classical Quantum Grav-
ity 35, 065011 (2018).

[5] K. Andrzejewski and S. Prencel, Memory effect, conformal
symmetry and gravitational plane waves, Phys. Lett. B 782,
421 (2018).

[6] A. Fuster, C. Pabst, and C. Pfeifer, Berwald spacetimes and
very special relativity, Phys. Rev. D 98, 084062 (2018).

[7] K. Andrzejewski and S. Prencel, Niederer’s transformation,
time-dependent oscillators and polarized gravitational
waves, Classical Quantum Gravity, https://dx.doi.org/10
.1088/1361-6382/ab2394.

[8] J. B. Formiga, The energy—momentum tensor of gravita-
tional waves, wyman spacetime, and freely falling observ-
ers, Ann. Phys. (Amsterdam) 530, 1800320 (2018).

[9] P.-M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
Soft gravitons and the memory effect for plane gravitational
waves, Phys. Rev. D 96, 064013 (2017).

[10] P-M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
Velocity memory effect for polarized gravitational waves,
J. Cosmol. Astropart. Phys. 05 (2018) 030.

[11] P-M. Zhang, M. Cariglia, C. Duval, M. Elbistan, G. W.
Gibbons, and P. A. Horvathy, Ion traps and the memory
effect for periodic gravitational waves, Phys. Rev. D 98,
044037 (2018).

[12] C.W. Misner and J. A. Wheeler, Classical physics as
geometry, Ann. Phys. (N.Y.) 2, 525 (1957).

[13] V.P. Frolov and D.V. Fursaev, Gravitational field of a
spinning radiation beam pulse in higher dimensions, Phys.
Rev. D 71, 104034 (2005).

[14] V.P. Frolov, W. Israel, and A. Zelnikov, Gravitational
field of relativistic gyratons, Phys. Rev. D 72, 084031
(2005).

[15] J. Podolsky, R. Steinbauer, and R. Svarc, Gyratonic p p
waves and their impulsive limit, Phys. Rev. D 90, 044050
(2014).

[16] J. W. Maluf, J.F. da Rocha-Neto, S.C. Ulhoa, and F.L.
Carneiro, Kinetic energy and angular momentum of free
particles in the gyratonic pp-waves space-times, Classical
Quantum Gravity 35, 115001 (2018).

[17] J. W. Maluf, J.E. da Rocha-Neto, S.C. Ulhoa, and F.L.
Carneiro, Variations of the energy of free particles in the pp-
wave spacetimes, Universe 4, 74 (2018).

[18] J.W. Maluf and S.C. Ulhoa, The energy-momentum
of plane-fronted gravitational waves in the tele-
parallel equivalent of GR, Phys. Rev. D 78, 047502
(2008).

[19] J. F. da Rocha-Neto and J. W. Maluf, The angular momen-
tum of plane-fronted gravitational waves in the teleparallel

024023-10


https://doi.org/10.1103/PhysRevLett.3.571
https://doi.org/10.1103/PhysRevLett.3.571
https://doi.org/10.1098/rspa.1959.0124
https://doi.org/10.1098/rspa.1959.0124
https://doi.org/10.1088/1361-6382/aaa987
https://doi.org/10.1088/1361-6382/aaa987
https://doi.org/10.1016/j.physletb.2018.05.072
https://doi.org/10.1016/j.physletb.2018.05.072
https://doi.org/10.1103/PhysRevD.98.084062
https://dx.doi.org/10.1088/1361-6382/ab2394
https://dx.doi.org/10.1088/1361-6382/ab2394
https://dx.doi.org/10.1088/1361-6382/ab2394
https://dx.doi.org/10.1088/1361-6382/ab2394
https://doi.org/10.1002/andp.201800320
https://doi.org/10.1103/PhysRevD.96.064013
https://doi.org/10.1088/1475-7516/2018/05/030
https://doi.org/10.1103/PhysRevD.98.044037
https://doi.org/10.1103/PhysRevD.98.044037
https://doi.org/10.1016/0003-4916(57)90049-0
https://doi.org/10.1103/PhysRevD.71.104034
https://doi.org/10.1103/PhysRevD.71.104034
https://doi.org/10.1103/PhysRevD.72.084031
https://doi.org/10.1103/PhysRevD.72.084031
https://doi.org/10.1103/PhysRevD.90.044050
https://doi.org/10.1103/PhysRevD.90.044050
https://doi.org/10.1088/1361-6382/aabd4e
https://doi.org/10.1088/1361-6382/aabd4e
https://doi.org/10.3390/universe4070074
https://doi.org/10.1103/PhysRevD.78.047502
https://doi.org/10.1103/PhysRevD.78.047502

ENERGY-MOMENTUM AND ANGULAR-MOMENTUM ...

PHYS. REV. D 100, 024023 (2019)

equivalent of general relativity, Gen. Relativ. Gravit. 46,
1667 (2014).

[20] P.C. Aichelburg and R.U. Sexl, On the gravitational
field of a massless particle, Gen. Relativ. Gravit. 2, 303
(1971).

[21] J. W. Maluf, The teleparallel equivalent of general relativity,
Ann. Phys. (Amsterdam) 525, 339 (2013).

[22] J.FE. da Rocha-Neto, J.W. Maluf, and S.C. Ulhoa,
Hamiltonian formulation of unimodular gravity in the tele-
parallel geometry, Phys. Rev. D 82, 124035 (2010).

[23] H. Yoshino, A. Zelnivov, and P. V. Frolov, Apparent horizon
formation in the head-on collision of gyratons, Phys. Rev. D
75, 124005 (2007).

[24] T. Wang, J. Fier, B. Li, G. Lv, Z. Wang, Y. Wu, and A.
Wang, Singularities of plane gravitational waves and their
memory effects, arXiv:1807.09397.

[25] J. W. Maluf, J.F. da Rocha-Neto, S.C. Ulhoa, and F. L.
Carneiro, The work-energy relation for particles on geo-
desics in the pp-wave spacetimes, J. Cosmol. Astropart.
Phys. 03 (2019) 028.

[26] J. W. Maluf, The teleparallel equivalent of general relativity
and the gravitational centre of mass, Universe 2, 19 (2016).

[27] J.W. Maluf, J.F. Rocha-Neto, S.C. Ulhoa, and F. L.
Carneiro, Plane gravitational waves, the kinetic energy of
free particles and the memory effect, Gravitation Cosmol.
24, 261 (2018).

024023-11


https://doi.org/10.1007/s10714-014-1667-5
https://doi.org/10.1007/s10714-014-1667-5
https://doi.org/10.1007/BF00758149
https://doi.org/10.1007/BF00758149
https://doi.org/10.1002/andp.201200272
https://doi.org/10.1103/PhysRevD.82.124035
https://doi.org/10.1103/PhysRevD.75.124005
https://doi.org/10.1103/PhysRevD.75.124005
http://arXiv.org/abs/1807.09397
https://doi.org/10.1088/1475-7516/2019/03/028
https://doi.org/10.1088/1475-7516/2019/03/028
https://doi.org/10.3390/universe2030019
https://doi.org/10.1134/S020228931803009X
https://doi.org/10.1134/S020228931803009X

