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We discuss black hole solutions in (2 + 1)-dimensions with a scalar field nonminimally coupled to
Einstein’s gravity in the presence of a cosmological constant and a self-interacting scalar potential. Without
specifying the form of the potential, we find a general solution of the field equations, which includes all the
known asymptotically anti—de Sitter (AdS) black hole solutions in (2 + 1)-dimensions as special cases once
values of the coupling constants are chosen appropriately. In addition, we obtain numerically new black
hole solutions and for some specific choices of the coupling constants we derive new exact AdS black hole
solutions. We also discuss the possibility of obtaining asymptotically de Sitter black hole solutions with or

without an electromagnetic field.
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I. INTRODUCTION

Despite the wide application of the AdS/CFT correspon-
dence (and more generally the gauge/gravity duality) in a
variety of settings, such as quark gluon plasma and
condensed matter systems, the properties of asymptotically
anti—de Sitter (AdS) spacetimes are still far from being
completely understood, even at the classical level. A good
example of our lack of understanding is the stability
issue of asymptotically AdS spacetimes. It came as a
surprise that—unlike Minkowski spacetime—AdS space-
time is generically unstable under small perturbations. For
Minkowski spacetime, small perturbations eventually dis-
perse to infinity and thus the spacetime is stable [1]. In the
case of AdS spacetime, however, due to the presence of
timelike boundary at infinity, perturbations can bounce off
and return to the bulk (recall that null rays can bounce back
in a finite time), which in turn can focus enough energy to
cause black hole formation. The stability of D-dimensional
AdS spacetime, here denoted AdSp,, for D > 4 was studied
in [2,3]. It was found that for arbitrarily small perturbations
of a massless scalar field minimally coupled to AdS gravity,
the AdSp spacetime is unstable and finally results in black
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hole formation. To be more specific, this instability was
understood to be the result of resonant transfer of energy
from low to high frequencies [4]. In (2 4 1)-dimensions,
however, AdS gravity has a different behavior. It was found
[5] that for a large class of perturbations, a turbulent cascade
of energy to high frequencies still occurs, which entails
instability of AdS3, but cannot be terminated by black hole
formation because small perturbations have energy below
the black hole threshold (due to mass gap of the black hole).

As is well known, in (2 + 1)-dimensions the local
geometry without the presence of any matter field remains
trivial even if a cosmological term is introduced, since the
Einstein space is a space of constant curvature in (2 + 1)-
dimensions. Surprisingly, the presence of the cosmological
constant introduces a scale which allows one to find a black
hole solution in the absence of any scalar field. This three
dimensional black hole discovered by Bafiados, Teitelboim,
and Zanelli is known as the BTZ black hole [6]. It is
obtained by identifying certain points of the anti—de Sitter
spacetime. The BTZ black hole is characterized by the
mass, angular momentum and a negative cosmological
constant, and has almost all the features of the Kerr-AdS
black hole in four-dimensional Einstein gravity.

In the context of gauge/gravity duality, one could
construct black hole solutions in the gravity sector that
acquires hair below a critical temperature. Even a static and
spherically symmetric black hole with scalar hair requires a

© 2019 American Physical Society
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deep understanding of the matter field near the black hole
horizon, as it should satisfy some physical requirements,
e.g., being regular on the horizon, and decays sufficiently
fast towards infinity, so that the black hole shows its
presence as (primary or secondary) hair in the boundary
field theory with finite temperature.

The early attempts to couple a scalar field to gravity were
first carried out in asymptotically flat spacetimes. Black
hole solutions were found [7] but the scalar field was
divergent on the horizon and they were unstable under
scalar perturbations [8]. Introducing a cosmological con-
stant we expect the scalar field to have regular behavior on
the resulting black hole horizon, while all possible diver-
gences are hidden behind the horizon. Hairy black hole
solutions were found in asymptotically de Sitter spacetime
with either a minimally or a nonminimally coupled scalar
field but they were unstable [9-13]. In the case of AdS
spacetime with a negative cosmological constant, stable
solutions were found numerically for spherical geometries
[14-16] and an exact solution in asymptotically AdS
spacetime with hyperbolic geometry was presented in
[17] and generalized later to include charge [18]. In all
the above solutions the scalar field is conformally coupled
to gravity. A generalization to nonconformal solutions was
discussed in [19]. Besides, three-dimensional black holes in
dilatonic gravity were also studied in [20-23].

A scale can also be introduced in the scalar sector of the
theory. This can be done if in the Einstein-Hilbert action
there is a coupling of a scalar field to the Einstein tensor.
The derivative coupling has the dimension of length
squared and it was shown to act as an effective cosmo-
logical constant [24,25]. Spherically symmetric black hole
solutions which are asymptotically anti-de Sitter were
found [26-32], thus evading the no-hair theorem for
Horndeski theory [33].

In (2 + 1)-dimensions black holes with scalar field non-
minimally coupled to gravity are known to exist [34,35].
Furthermore, both static [36] and rotating [37-39] hairy
(2 + 1)-dimensional black holes were constructed by speci-
fying some suitable forms of the potential. An exact dynami-
cal and inhomogeneous solution that represents gravitational
collapse was presented in [40]. If an electromagnetic field
is introduced then it is possible to find hairy charged black
hole solutions in (2 4 1)-dimensions [41]. More recently
exact dynamical and inhomogeneous solutions in (2 + 1)-
dimensional AdS gravity with a conformally coupled scalar
field were discussed in [42].

Gravity in (2 + 1)-dimensions is interesting in many
ways. One of the principal advantages of working in
(2 + 1)-dimensions is that for simple enough topologies,
this space can be characterized completely and explicitly,
which can help to gain important insights into black hole
physics and the structure of quantum gravity. Hairy black
hole solutions in the presence of a cosmological constant
and conformally coupled matter are good theoretical

laboratories to examine further the gauge/gravity corre-
spondence [43] by connecting the three-dimensional grav-
ity bulk with the two-dimensional boundary field theory
and holographically relating to, e.g., condensed matter
systems of two-dimensional materials and superfluids.

In this work we study general relativity in (2 + 1)-
dimensions with a scalar field nonminimally coupled to the
gravity sector, with a general potential in the presence of a
cosmological constant. Our aim is—without specifying the
form of the potential a priori—to find a general solution of
the field equations in the coupled Einstein-scalar field
system, which can give a general hairy black hole solution.
To this end, we solve the Einstein-scalar field equations
with a static and spherically symmetric metric ansatz. The
general solution we found can be reduced to the known
black hole solutions [6,34,40,41,44] depending on the
value of the coupling constant. Going beyond the known
solutions in the literature, we can also derive other new
solutions. We also investigate the possibility of finding
asymptotically dS black hole solutions in (2 + 1)-dimen-
sions and we show that no such black hole exists, consistent
with previous no-go results. However, surprisingly, we note
that in the presence of an electromagnetic field the solution
found in [41] can give an asymptotically de Sitter black
hole solution for a specific choice of parameters.

This work is organized as follows: in Sec. I we
discuss the general solution of a scalar field nonminimally
coupled to gravity, in Sec. Il we show some explicit—
exact solutions—of asymptotically AdS black holes, in
Sec. IV we discuss the possibility of finding dS black hole
solutions and finally in the last section we present our
conclusions.

II. GENERAL SOLUTION WITH A SCALAR
FIELD NONMINIMALLY COUPLED
TO EINSTEIN’S GRAVITY

In this section we consider a scalar field nonminimally
coupled to (2 + 1)-dimensional Einstein’s gravity with a
self-interacting scalar potential. The action is

I= / dx\/=g [g - % ¢V, oV, 0 - %5ch2 - U(®)|,
(1)

where & is a coupling constant and U(®) is the self-
interacting potential of the scalar field in which the
cosmological constant is included via U(® =0)=A
(see details below). The FEinstein equations and the
Klein-Gordon equation read, respectively,

(1-&0%)G,, =V, 0V, ®-g, (;g”/” V, V0 + U (<I>)>

+§(g;u/|:| —V”VD)CI)Z, (2)
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AU (D)
d® (3)

O® = ERD +

where G,, denotes the Einstein’s tensor. We consider a
spherically symmetric ansatz for the metric

dr?
ds* = —f(r)de* + —— + r*d6”. (4)
f(r)
Then, the t—¢ and r—r components of the FEinstein
equations give
A\’
D(r) = , 5
0-(;25) 5)

where 6 =4¢£/(1 —4¢), with A and B being some con-
stants. We first consider A > 0, B > 0 and 6 > 0, corre-
sponding to 0 < £ < 1/4. Note that § # —1, since § = —1
would correspond to unphysical value of & = co.

The r—r component of the Einstein equations then gives
the metric function

_ (r+B)'"°[Co = 8(1 +6) [U(r)rdr]
1= A*8[or = (r+ B)| +4(1 +6)(r + B)'**”

(6)

where C, is an integration constant. (In our notation,
the integration constant is written explicitly; i.e., the
integral [ U(r)rdr itself is understood to be without a
constant term.)

If we substitute the scalar field (5) and the metric
function (6) into the 6—@ component of the Einstein
equations, we would obtain an integral equation of the
potential U(r),

Co—8(1+96) / U(ryrdr = a(r)U(r) + b(r)U'(r), (7)

where

a(r) = c(r)[A°6(3B = 6r +r) —4(6+ 1)(B + r)°(3B = 261 + r)], (8)

b(r) = c(r)(B+ r)A=°52[A%8*(B — 6r + r) + 4A%5(5 + 1)(6r —2(B + r))(B + r)°+16(5 + 1)*(B + r)**1],  (9)

c(r)=—=46+ D)r(B+r)46+ 1)(B+r)t — A% (B —6r +r)|/{A®B(6 — 1)6*(B + r)
_2A%(5 + 1)[~4B2 + B(=362 + 5 — 4)r + (5 — 1)26r2)(B + r)o+8(5 + 1)3(r — 2B)(B + r)®*1}. (10)

By Eq. (7), the metric function (6) becomes

__ (r+B)"la(nU(r) + b(r)U'(r)]
A%5[6r — (r+ B)] +4(1 + 8)(r + B)'*%°

f(r) (11)

which can be reduced to the solutions in [34,44] when
U(r) = A = —¢2 and 6 = 1. Moreover, when § = 0, we
get the BTZ black hole solution [6].

Taking the derivative of Eq. (7) we obtain, with prime
denoting derivative with respect to r, the second order
differential equation

U"(r) + P(nU'(r) + Q(NU(r) =0, (12)

Uy(r) =

Using Eq. (5) for @ and introducing the ratio y = B/A, we have

Uy (@)

(13)
A particular solution of Eq. (12) is
|
8(6+1)(r+ B)>*? —6(6 —1)(6 — 2)A°r* + 45(5 — 1)A°Br — 26A°B? (14)
8(6+ 1)(r + B)*™ '
_S[@?(—8(y@*° - 1)(y(6+ )P —54+3) —2) + 8] +8 (15)

8(5+1)

In the following we discuss various solutions for the potential U(r).
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A. AdS spacetimes with a stealth structure

If we choose U(r) = C,U,(r) as the potential, then the
cosmological constant is simply

A=U®=0)=C, (16)
and the metric function becomes

£y = = Bl U() B UL )
A%5[6r — (r+B)] +4(1 +6)(r + B)!*?
=-r’C; = —r’A, (17)

with constant curvature R(r) =6C; = 6A. It describes
AdS spacetimes when A = —£72 <0, where 7 is the
length of the AdS space. In fact, this solution has what
is known in the literature as a “stealth structure”—this kind
of matter configuration has no influence on the geometry.
Black holes with stealth scalar field in (2 + 1)-dimensions
have been studied in [45]; their potential, which is obtained
from the vanishing of energy momentum, is the same as our
solutions.

B. General AdS black hole solution

Using Liouville’s formula, we can obtain the other
linearly independent particular solution to Eq. (12),

Us(r) = U, (r) / U (r)2e JP0drg, (18)
We define

P(r) = e—fP(r)dr
_ B(1-9) A%83(5+1)[(6 —3)r — 4B]
C2r(B+ 1) (B 1) A% —4(5+ 1) (B + r)°)?
5(5+1)(—4B +8r+r)
B+ )P4+ 1) (B +r)® — A%

(19)

so that

The general solution of Eq. (12) is
U(r) = CU,(r) + CoUy(r)

— U9 [cl LG / Ul(r)‘z[lj’(r)dr], 21)

where C; and C, are constants. The constant of integration
coming from P(r) can be absorbed into C,.

The potential has been determined from the Einstein
equations without using the Klein-Gordon equation (3).

Considering the Bianchi identity V,G}, = 0 the Einstein
equations are equivalent to the on-shell condition
V, T}, = 0, which ensures that our potential is valid under
the on-shell condition. We have also checked that the
Klein-Gordon equation is always satisfied.

The potential can be written as a function of the scalar
field &,

U(®) =U,(P) {Cl + Cz/ U1(®>_2P((D)A£5q)l/5_ld(1) ’
(22)
where

y(6— 1At
2(y®*% — 1)
N 5(8 + 1)@ (5y @ + 5(yd*/° — 1) - 1)
A3(A25 — 4(5+1)A° ®2/5 — 1
( o ) )
(6 + 1) (y /% + §(yd*° — 1) + 3)

A(A25 - H0E0Ay?

P(®) =

(23)

In the above expression an integral remains but all
functions in the integrand are known. This general form
with arbitrary coupling constants and free integration
constants contains all the potentials we can take in this
system and it has not appeared in the literature before. This
general form of potential enables us to obtain the exact
solution for metric function (11), which gives the relation
for metric and potential functions. From (11) we can see
that once we know the expression of potential the metric
function is known.

Since the integral in U,(r) cannot be integrated
analytically, special attention should be given to the
continuity of the potential and the metric function for
further analysis.

We start our consideration with negative values of .
For =1 <6 <0, P(r) and U,(r)~2 are both continuous.
The potential U(r) is also continuous because U,(r) is
continuous. For other cases, namely 6 > 0 and § < —1,
the continuity conditions for P(r) and U,(r)~% are
identical,

SA° <4B°(1+6) ie. 4(1+08)y°>68.  (24)
From Eq. (6), we can see that if the potential is
continuous, then so is the metric function. Therefore
the continuity condition (24) can ensure the continuity of
the potential and the metric.

Then we begin to analyze the asymptotic behavior of the
potential at the leading order
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U(r— o) lim [ U,(r)"2P(r)dr
=C U, (r = ) + CoU,(r — o) S(541)r0=2
2 =0 §>0
=C U (r— o)+ CoU(r — o) lim / U,(r)*P(r)dr (54104252
r—oo = 7(5_2)2(5_”52 -0 -1<6<0. (26)
. _ 2 A—26,0-3
=U,(r— ) {Cl—i—Czrllglo/Ul(r) Z[P’(r)dr}, (25) —%ao §<—1
where So we have
U(r - o) =C U (r > o)
C, = A 5> 0
_ ] GO0 Sen(Cl)eo —1 <8< 0 (27)
— QRO 15, _Sen(C))eo 6 < ~ 1

|
from which we can see that for positive ¢ the constant of
integration C; is the effective cosmological constant
A=U@®=0)=U(r » o) =C;, but for negative §
the cosmological constant is difficult to define from the

U(r—0)=GCU,(r - 0)}%/ U,(r)2P(r)dr

Sgn(Cy)0 6>0

knowledge of the potential. The asymptotic behavior of the - < Sgn(Cy)0 —-1<6<0, (31)
potential at r — 0 is —Sgn(Cz)oo 5 < —1
U(r - 0) so the potential goes to infinity at both » — oo and r — 0.

Therefore we rely on the metric function to find out the
asympotic behavior of the spacetime.

The asymptotic behavior of the metric function at r — oo
and r - 0 is

= C U (r = 0) + CUy(r = 0)

=CU(r-0)+GCU(r— O)Iin(l)/ U,(r)"2P(r)dr

= U](r—>0) |:C1 +C21ri_r)1(l)/U1(r)‘2P(r)dr}, (28) f(r—) oo) :—C1r2 :—Arz’ (32)
8C2 (5 + 1)276

where Hr= 0=~ —ap + p) o B

5 from which we can see that for all values of ¢ the constant

Ui(r—0)=1- m (29) C, plays the role of cosmological constant. Under the

continuity condition 4(1 + 8)y° > &, the sign of f(r — 0)
is sgn(f(r — 0)) = sgn(C,). For § =1, we recover the
1s a constant while BTZ black hole [6].
We now consider the case where the continuity condition
is 4(1 + 8)y° = 8. At r — 0 the asymptotic expressions of

hn& / Uy(r)P(r)dr potential and metric functions are same,
8(6+1)°B°2((6 — 1)6A° + 4(5 + 1)°B°) C)(6 — 65— 7)B-52
B r(4(6 4 1)B? — 6A%)° - 400 Ulr—-0)=- 2 5 = const, (34)
(30) e
flr—0)= ;52 — Sgn(C,) 0. (35)
r

is going to infinity. Using the continuity condition
4(1 4 8)y° > & we finally get At r — co we have
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C, 0>0
U(r = ) = ~SHETE T S1<8 <0, (3g)
%ﬁ)—wr—‘i 5<—1
fr— ) ==Cir* = =Ar. (37)

Therefore the asymptotic expressions are exactly the same
as the case for 4(1 +8)y° > 6.

Another way to see the properties of the spacetime at
large distances is to consider the perturbations of a neutral
massless scalar field in the spacetime of a black hole.
Consider the equation of the scalar field ¢y,

Ol = O. (38)

If we transform the scalar field as ¢y = r~'/%¢pye~*’, then
with the use of the tortoise coordinate r, = % the scalar

equation can be written in a Schrodinger-like form as

d? Po
dr?

+ (@ = Vetr)po = 0. (39)

where the effective potential in the background of the
spherically symmetric metric (4) is

J()(f(r) =2rf'(r))
452 '

Vetr = — (40)

The asymptotic behavior of the effective potential is
Ve (r = 00) = 3A%r? /4. Therefore, for all cases and
independently of the sign of § we have a potential barrier
at AdS boundary that can constrain the matter fields.

Since the integral in U,(r) cannot be solved with all
parameters being free, we need to fix some parameters and
confirm our solution by consistency check. We set 6 = 1,
A=1/q.B=1/(8q),C, = —% and C, = 6144aq where
the additional free parameter g characterizes the strength
of the scalar field. We find that the potential and metric
function become

813gr + 24¢°r* + 644> + 32ac>

u(r) = (1 + 8qr)? - 4D
U(®) = —% + (ﬁ - g) @, (42)

r2 a  a
fy = (43)

which can reduce to the static limit of the black hole
solution in [40]. This potential form has been widely

1.0 '
o=-1
1
l
0.5 !
l
W e mmmm - R o I i
§=1/4 !
0.0 :
1
-05 !
-4 -2 0 2 4
6
FIG. 1. The coupling constant £ always rises with §. Note that

6 # —1 and & # 1/4, the former corresponds to & # +oo.

studied in static exact black hole solutions dressed with
nonminimally coupled scalar field [34,40,46]. In [47] a
random potential V was introduced, but the purpose of that
work was not to find the most general solution for a given
scalar potential V().

Let us now discuss the general solution. If C; < 0 and
C, < 0, the relation (32) and (33) can lead to f(r - 0) <0
and f(r — o0) > 0. Then there must be a 0 in the metric
function, which corresponds to the event horizon of an AdS
black hole. Note that what really has physical meaning is
the coupling constant & rather than &, so we first plot the
relation &(5) = ﬁ in Fig. 1.

From the figure we can see that positive § corresponds to
0<¢&é<1/8, §<—1 corresponds to £ > 1/8 and —1 <
0 < 0 corresponds to negative £&. We plot the potential and
metric functions with different ranges of d respectively in
Figs. 2-5, in all of which we have fixed the other
parameters as A=1, B=2, A=C;=-1 and C, = -10.
Table I shows the influence of the coupling constant &
and 0.

From the figures we can see that for 0 < & < 1/4, large
coupling constants & correspond to black holes with small
radius of event horizons while for £ < 0 and & > 1/4, large
coupling constants £ correspond to large radius of event
horizons. (For £ < 0, to be larger means its absolute value is
smaller.) Also note that this change of behavior corre-
sponds to the sign reversal of , so there is a consistent
influence from o: large absolute values of § correspond to
black holes with small radius of event horizon, and the
gradient of self-potential of the scalar field becomes steeper
at the origin. Finally, when § — *o0, the curve corresponds
to £ = 1/4. Note that in all of our plots, we have fixed
B=2 and A =1, ie.,, y =2. With this value of y, an
arbitrary value of 0 can satisfy the continuity condition
4(1468)y° > 6.

Lastly we check for the curvature singularity of the
solutions. The Ricci scalar and the Kretschmann scalar are
given by
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FIG. 2. The black curve, black dashed curve, pink curve and pink dashed curve correspond to § = 1, 2, 3, 4,i.e.,E =1/8,1/6,3/16,
1/5, respectively. Large coupling constant & corresponds to black holes with small event horizon when 1/8 < & < 1/4.

-0.90

. :
\ 600
\
1
-0.92} \
: \ 400
\
-0.94
200
= -0.96| e
0
-0.98}
-1.00} -200
~1.02f -400
0 2 4 6 8 10 0
r
(a) Scalar potential U(r)
FIG. 3.

10 15 20 25 30
r

(b) Metric function f(r)

The black curve, black dashed curve, pink curve and pink dashed curve correspond to 6 = 1, 1/2, 1/3, 1/4, ie., £ =1/8,

1/12, 1/16, 1/20, respectively. Large coupling constant £ corresponds to black holes with small event horizon when 0 < £ < 1/8.
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FIG. 4. The black dashed curve, pink curve and pink dashed curve correspond to 6 = —2, =3, —4,i.e., £ = 1/2,3/8, 1/3 respectively.
Large coupling constant & corresponds to black holes with large event horizon when & > 1/4.
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—1/12 respectively. Large coupling constant & corresponds to black holes with large event horizon when & < 0.

2f'(r)

R(r) =—f"(r) - and
(p 2
k() = 1o+ L0 (44

respectively. We note that

24(C,(5+1)*B° ' Inr) 5

Since f'(r - 0) - oo and f”(r — 0) - oo, there must be
a curvature singularity at r = 0.

III. SPECIAL EXACT SOLUTIONS

Since the integral in U,(r) cannot be solved with &
unspecified, let us fix § to find some special solutions. In
fact, for 6 = n,—n,1/n,—1/n with n = 1,2,3..., we can
always—in principle—obtain the corresponding exact

flr—=0)= C,B1- 5 black hole solutions; however this becomes more compli-
ERED RN A1 +0)" =6 cated with increasing n. So we only present the solutions
(45) with 6=1, 6=2, 6=-2, 6=1/2 and 6 =-1/2 to
illustrate the different properties of spacetimes for 6 > 1,
_ _24Cy(5+1)°B! 4148 > 5 o0<-1,-1<6<0and 0 <6< 1.
Fi(r—0) = r(6AP—4(5+1)B%)%
22 ind 4(1+8)y° =6, A.o=1
When 6 = 1 the scalar field, the metric and the potential
(40) functions are
|
®(r) = A(r + B)™'/2, (47)
£r) = 8A2C,(B + 2r) — A’C,r*(A* — 16A’B + 64B?) — 64B2C, 3 128A2C,r? a r (48)
B A%(A%? - 8B)? A%*(A>-8B)* 8(B+r)—A*
U(®) = C,U,(®) + CUs (D), (49)
2(1)6
Ui(@) = 1= (50)
TABLE I. The influence of the coupling constant £ and &.
0<o6<1 6>1 -1<6<1 o< -1
0<&<1/8 1/8<é<1/4 E<0 E>1/4

Large & leads to small event horizon.

Large ¢ leads to large event horizon.

Large absolute values of § correspond to small radius of event horizon.
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32 ’ -8
= 1673 (®? — 4)@* 4 2y(®? — 8)(y*®P° — 8) In———
A3]/(8)/— 1)3((1)2 _ 8) 4 ( ) + 7( )(7 ) nl —yCI>2

U, (@)
= 272(D° — 8D* + 32d% + 256) — y(P? — 16)D* — ®* + 8], (51)

which agree with the black hole solution presented in [47] except for a clerical error in that paper.
The continuity condition becomes A < 8B. In fact this solution only describes the case when A < 8B. If we choose
A = 8B, then the solution reduces to the solution [40] as mentioned before.

B.6=2

We can obtain a new exact black hole solution when 6 = 2, with

A
D(r) = , 52
(= (52)
1
f(r) = 272 Zp2\3 _(AZ - 632)[A6C1r2 - 12A4BZC1r2 + 9AZB(4BBC17‘2 + BC2 + 4C2r)
A2(A2 - 6B2)
6r* V6(B+r)+A
— 54B*C,| + 9A2C,r*(A? + 18 B2 ln—+27\/6ABC r2(A%2 + 2B? ln—}, 53
2]+ 9ACor( BT A P2 YT (59)
U(®) = C,U (@) + C,U,(®), (54)
_ 1 22y 3
U,(®) 6( 3@ + 2y®° + 6), (55)
Uy(®) = 3(3p2@* — 2y®® — 6) [12(6y> — 1)(18y3® + 30y% + y® — 1) (67> = 1)
T A6y - 1)} (5472 — 1)(@2 - 6) (5472 — 1) (3720* — 2y®° - 6)
X (1296p° @3 + 972y*(®? + 2) + 36y°D(7D? + 30) — 247> (D? — 24) — 6yD(D? + 6) + D? — 6)
6 — @2 ()
+ (1872 4+ DIn——— — 6vV6(27° + tanh"(—)}, 56
(187" +1) 1=,07 (27 +7) 7 (56)
where A% < 6B2 agrees with our continuity condition (24). If we choose B = 0, A = v/6a, C; = —# and C, = —4aa®, it
will reduce to the black hole solution [48] when dimension is 3. When A2 = 6B2, the solution can be simplified as
V6B
D = , 57
() =3+ (57)
Czl"z r Czl" 3C2 C2 5
= —C,r?, 58
F) =55 Y 16m "1 T 128 € (58)
U(®) = C,U (@) + C,U,(®), (59)
1
Ui (®) =2 (=30* + 2v/6®° + 36), (60)
2 3 2 \/6 -@ 4 3 2
U (@) = —( (D2 = 6)(3D + V6D + 6@ + 61/6) I 7=t 6(V6d* + 20° — 21/6d? — 40 + 81/6)
+
(=3®* + 21/6@% 4 36) (/6D — 36D* + 541/6D° — 36D> — 2161/6® + 648) (61)

. 32A4%(v/6 — @) (® + V6) (V6D — 18D — 181/6) (3D + v/6D2 + 6B + 6/6)
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C.6=-2
For negative §, we can obtain an exact solution when 6 = -2, with
r+B
@ =
(n =",
1
f(l") = m (—2(2A2 - BZ)(2A6C2 + A4(—BZC2 + 4BC2r + 4C] r2) — 4AZBZC] r2 —+ B4C| r2)
2 V2(B+r) =24
£ 2AYC, 2 (242 4 3BY)In——— + \J2ABBC, 2 (6A% + B ln—>,
2 ( ) (B+r)2—2A2 2 ( ) \/E(B—l—r)—ZA
U(®) = C,U (@) + C,U» (D),
72
U, (®) = -5+ 3y® — 302 + 1,
2 2 2
y? — 6y® + 6@ —2( 2—-® (D
Uy (@) = (372 +2)In —V2y(y? + 6)tanh™! [ —
? 2(y* -2)° (®—y)? V2
2(7 =2)(PP® + 14y% + 22y® +20)  18(y*> = 2)(y* = 2/’ ® — 12y% + 52y® + 20)
(r* = 50)(@* - 2) (r* = 50)(r* = 6y® + 60> — 2) ’

which is the solution for 242 < B2
When A? = B?/2 we have

V2(B+r)

o) = Y=o,

2B+r

96r ’

f( ) SB3C2 — 6BQC21” + 3C2r3 InsL + 6BC27‘2 - 96C1 73
r) =

U(®) = C,U (@) + C,U,(®),

Uy (®) =3(V2 - D),

(V20 — 602 + 6120 — 4) (4(3@2 —4) +3v20(0* - 2)In ﬁ—‘b)

_ D2
V2(®) = 64(\/2 — @)X (D2 —2)

D.5=1/2

We can also obtain an exact black hole solution with 6 = 1/2, with

- (25)"

{\/§(2432B — A)[72A%/?(=4B*C,r* 4 Corv/B + r + 2BC,V/B + 1)

1

~ VAB32(A —2432B)?
+ ASI2BC 12 + 273*V/AB(2B*C,r* + 3C,rv/B + r — 2BCyV/B + 1) + 2633ABC,(B + 2r)

| 2VBVB+r+2B+r

n

r

—21035B3C,] + 36 [\/Zczr2 (A2 = 2533AB — 2835 B?)

+2°33AB*2Cyr* In +2°33AB2Cyr? In

2432(VA + 12\/B—+r)} }

.
2'3*(B+r)-A 12VB+r—VA
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U(®@) = CU (@) + C,U, (D),

1
U (®) = 96( 32010 — 2y @ — 32 4 96),
33200 + 2y@° + 302 — 96) [(283°y% 4 293%y — 1)tanh™! (/7 @?) . —y®*
Uy (@) =~ 5/2(9472 3 3/2 — ¥ I
8A>/2(243%y — 1) v ((D —12)?

211342432y — 1) 2433y -3
(243% +5)(@* —12)  y(2*33%y +5) (3 @10 + 2y®° + 30? — 233)
+ 293292 (1108 + 1200° + 233%230* + 20332 + 2!134)

+y(=50% +2932110* + 29327®? + 21433) — 5(P* — 8D? — 283))} :

where VA < 12v/B agrees with the continuity condition (24).
For /A = 12+/B the solution becomes much simpler,

O(r) = 2f3<3ir>1/4,

Cyr? 1n”§7 VBEridbr /g 2VBC, .,
f(r): 8B5/2 (6B 4B2+ >C2\/B+r+\/— 3, —Clr s
U(®) = C U (@) + CLU»(P).
q)IO (D6 q)2
U@ =g g st
3((1)10 + 2531(136 + 2834(1)2 21334) In <]1>22 IIIDZ + 2332((1)8 + 2432(1)4 2834q)2 _ 21332)
64A5/2
E.6=-1/2
To show the effects for negative £ we present the solution with 6 = —1/2 as well,

o = (722"

= BB - 16A) {—\/EB — 16A(64A%2BC,(B — 2r) — 1024A>?BC, — 8AB

X (4BC r? —=3CorvV/B + 1 +2BCyV/B + r)+128A2(2B(CoVB + r + C1?) + Corv/B + 1))
+ B3C,r* + 128A3/2B3/2C2r% In

-

8VAVB+r+16A+B+r

2\/§\/B+r+2B+r}
r b

+ 4AC,r*(-256A% + 96AB + 3B2) In

U(®) = C,U (@) + C,U,(®),

y? + 6y®* — 158 — 320
326 ’

Ui(®) =~
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2 1 @?
U, (@) = _yz 1 6y®* — 1508 — 320° ~ (3y* 4+ 96y — 256)tanh (W) e ot —y
2 - 4A3/2(J/ _ 16)3(1)6 7/3/2 ((DZ + 4)2
128(y — 16) y— 16

(y + 112)(@*+4)  y(y + 112)(y* + 6yD* — 1508 — 320°)
X (3 (3% — 8) + y?(—45®° + 144d* — 544D + 2560) — 32y(105D° — 376D* — 56D + 448)

— 1792(15®?% + 32)<I>4)}, (86)

where 164 # B. When —6A°% = 435(1 +6), i.e., 16A = B, the solution is simpler,

B —1/4
olr)=2 87
(r) (B+r> | )
_ C2(SB3/2+(%2_8B_2")\/B—+7) Czrzlnz\/ELW o "
== 12r + 8B3/2 -Gy (88)
U(®) = C iU (D) + C,U, (D), (89)
8 150 3
O@)=-gt5 et (90)
(4505 + 96@* — 482 + 512) + 3(1508 + 3206 — 96d* — 256) In 252
Us(®) = ( ) +3( JIngy (91)

2]431A3/2(I)6

IV. DE SITTER BLACK HOLE SOLUTIONS IN (2 +1) DIMENSIONS

To study the possibility of the de Sitter black hole, we study the 0’s of the metric function. The equivalent equation for
f(ry) =01is a(r,)U(ry) + b(r,)U'(r,) = 0, where the roots r;, correspond to the horizons. After substituting in the
concrete expressions we obtain a rather complicated equation,

R(ry) = /rh Ui(r)P(r)dr — {16Cy(6 + 1)*r7.(B + r;,)°(A%(6 = 1)6 + 4(6 + 1) (B + r,)?)

+2B2(4(5 + 1)(B + r;,)? — A%5)[AC, 6212 (A% — 4(5 + 1)(B + r4)°) + 8C5(6 + 1)2(B + r3,)°]

— APC 8 r}(A%* (8% =38 +2) —4A%(5° —26° + 8 +4) (B + r,)° +32(6 + 1)*(B + ry)*)

— 4Br,[A°C 81 (=AY (8 = 1) + 4A%5(8% — 5 — 2)(B + r,)° + 16(5 + 1)2(B + 1))

—4C5 (84 1)2(B + 1) (A%(5 = 2)5 + 8(6 4 1)(B + r,,)°)]} /{APC28%1%(4(8 + 1) (B + r,,)? — A%6)

X [B2(8(6 + 1)(B + r4)? — 2A4%8) + r,2(8(8 + 1)(B + r3,)° — A%5(8* — 35 + 2))

+4Br,(A°(5 = 1) +4(5+ 1)(B +r,)%)]} =0, (92)

where we have defined the root function R(r,). It monotonically increases for positive ry,

16(6+ 1)*(B +r,)°

Cl
> —
A6(52r2(4(5 + 1)(3 + rh)5 - A5¢5)

R’ = =—,
(rh) C,

0, R(eo) (93)

which is valid for all values of 8. If C| and C, have the same signs, then R(c0) > 0 means there is one horizon. While if C,
and C, have opposite signs, then R(c0) < 0 means there is no horizon. If we want a dS black hole, at least two horizons are
required, so there cannot exist dS black holes.
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If we consider negative A and B, the scalar field is
restricted to the region 0 < r < —B. Because of the con-
tinuity condition 4(1 + 8)y° > &, the function R(r;) is
divided into two monotonic pieces by the line r, = —B.
For 0 < r < —B, there is at most one horizon, but no
asymptotically de Sitter black hole.

If we consider a metric function containing divergent
points, then the continuity condition is not valid and in
this case the metric function is divided into three parts
by the two divergent points (we only consider the non-
negative ry,),

+ o v B B 94
rp, = m — D, rp = —b. ( )

The function R(r}) is still monotonic in the region without
divergence but there is still no dS black hole.

On the other hand, an asymptotically flat spacetime
requires C; = 0, U(r) = C,U,(r) and the metric function
becomes

Co(r+ B)™**[a(r)Us(r) + b(r)Uj(r)]

R(ry) = / " UL (AP (r)dr = 16(5 + 12(B + 1) [~APBS + A(5 — 1)o7,

+4B(S+ 1) (B +1,)° + 48+ 1)ry(B + 1,,)°) [{A°8 r,(4(5 + 1)(B + 1) = A%5)
x [B*(8(6+ 1)(B + ry,)° —24%5) + r3(8(6 4+ 1)(B + r),)° — A%5(8* = 36 + 2))

+4Br,(A%(5—1)8 +4(5 + 1)(B + rp)%)]},

whose derivative is the same as Eq. (93).

16(6+1)>(B+r,)°

R'(ry) :A552r2(4(5+ 1)(B+r;,)°—A%)

>0, R(o0)=0.

(99)

We observe that we have neither a cosmological horizon
nor a black hole horizon. When C, > 0 the spacetime is
asymptotically flat without black hole solutions.

Therefore, we conclude that there is only asymptotically
AdS (2 + 1)-dimensional black hole in nonminimally
coupled theory without electromagnetic field, at least under
our metric ansatz assumption.

A. Charged de Sitter black hole solution

In [41], under the action

1= % / dx\/=g [R — ¢V, YV, — ERD?

1
~2V(g) -y Fur®| (100)
a charged scalar black hole solution is obtained,
8B
=+ , 101
o) =2 = (101)

IO = sor—r+ B 4 +oyr+ B OV
At infinity we have
___ &
U(r - o) = G12)7 (96)
2C(0+ 1
fo=fr—e) =202 D ()
which imply sgn(f(r = 0)) = sgn(C,) = sgn(f ).
In this case, the function R(r),) becomes simpler,
(98)
_ 0° 0*\ B
f(r) = <3ﬂ—7> + (2,5—?) -
1 B 2
—Q2<§+§>lnr+%, (102)
1 1 1
Vo=t e )
2
—ﬁ(192¢2+48¢4+5¢6)
0’ [ 247 1 B(8-¢?)
3B {(8—4)2)2 "0 " g } (103)

where £ is an integral constant and the maxwell field
is A,dx' = —QlIn(L)dr.

We discuss the possibility of obtaining an asymptotically
de Sitter black hole solution from this metric. Here A =
—£~2 appears in V(¢) as a constant term, which plays the
role of the cosmological constant. In [41] only negative A is
considered, and so A is set to be —#~2. However, the
constant A can either be positive, 0 or negative. So we
rewrite their solution with general A,

(104)
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0= (#-2) + (2-2)*

—Q2<%—|—§) Inr— Ar?, (105)
_ Ll A P
V() _A+53< A+B2)¢6
2
- ﬁ (192¢> + 48¢* + 5¢°)
0? 24? 1 B(8 — ¢?)
(106)

If B > 0, then there is no black hole for non-negative A.
However, once B < 0, it is possible to have a black hole
solution with positive A, which is a de Sitter black hole
solution. The scalar field and the metric functions are
shown in Fig. 6. Note that the scalar field is divergent at
r = —B = 5, but this does not matter because it lies outside
the cosmological horizon. The metric function and the
curvature are both not divergent at this point.

To check the stability of the spacetime, we study the
perturbations of a massless scalar field ¢; and a massive
scalar field ¢, respectively,

O¢, =0, (107)

Oy = m* b, (108)
where m is the mass of the scalar field ¢,. The trans-
formations ¢, = r~'2p, e~ " and ¢, = r~'2p,e " lead
to the differential equations

45

4.0

35F

3.0r

0.0 0.5 1.0 1.5 2.0 2.5 3.0
r

(a) Scalar field ¢(r)

)
drzl + ((0% - le)§01 =0, (109)
d*¢
dr22 + (w% - Vms)(p2 =0, (110)
where r, = % is the tortoise coordinate and
L) =2 () 1)
ml 42 ’
J()(f(r) =2rf'(r))
Vms = f(r)m2 - 47‘2 ’ (112)

are the effective potentials of the massless scalar field and
the massive scalar field, respectively.

We plot these two effective potentials in Fig. 7. From
the figures we can see that there is a negative potential well
outside the black hole event horizon. Therefore this dS
black hole spacetime is maybe unstable under the mass-
less scalar perturbations and massive scalar perturbations
within some ranges of parameters. But this does not
mean that the three-dimensional charged dS black hole
we found is definitely unstable. This behavior is similar to
that of the four-dimensional Reissner-Nordstrom dS black
hole under neutral scalar perturbation (see Fig. 8), where
the potential is negative outside the black hole horizon.
Possible instabilities of the quasinormal and super-radiant
spectrum usually appear in such regions in four dimensions
with negative potential; see e.g., [49].

For comparison, we also plot the simplest BTZ and
charged BTZ cases in Figs. 9 and 10.

From these plots we see that the spacetime is more stable
with larger mass of the scalar field in BTZ and charged
BTZ backgrounds, while it becomes less stable with the
increase of the mass in the (2 + 1)-charged dS black hole
spacetime.

-20r

=30 ¢, ‘ ‘ ‘ ‘ ‘ e
0.0 0.5 1.0 1.5 2.0 25 3.0
r

(b) Metric function f(r)

FIG. 6. A (2 + 1)-dimensional asymptotically de Sitter charged black hole. In this example we take A =1, B= -5, Q =2 and

p=-1.
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2000 ‘ ‘ ‘ ‘ ‘ 2000
1500 1 1500 “/
H‘
~ 1000} 1 < 1000 |
G £ "
500 1 500 ‘
i‘
A 1] | '
0.0 05 1.0 15 20 25 3.0 0.0 05 1.0 15 20 25 3.0
r r
(@) Viu(r) (b) Vins
FIG. 7. The effective potentials for (a) massless scalar field, (b) massive scalar field, with the black curve, black dashed curve, pink
curve and pink dashed curve represent scalar mass m = 1, 2, 3, 4 respectively. Here we take A=1, B=-5, Q =2 and f = —1.
25
20t A
20
|
15 1 10 .
g £ e
} \ I”
5 \’
-10}
0 \/
-5 : ‘ ‘ : -20— : : : :
0 1 2 3 4 5 0 1 2 3 4 5
r r
(@ Vi (r) () Vins(r)
FIG. 8. For comparison, the metric function of the Reissner-Nordstrdm-dS black hole is f(r) = =2 + ?—22 - AT’Z + 1. Here we take

A =0.1, M =0.7 and Q = 0.5, which give Cauchy horizon r = 0.21, event horizon r = 1.27 and cosmologiéal horizon r = 4.61.
Figure (a) corresponds to the effective potential of a massless scalar field, while figure (b) depicts effective potential for massive scalar
fields: the black curve, black dashed curve, pink curve and pink dashed curve represent scalar mass m = 1, 2, 3, 4 respectively.

5|
100 1
= O =~ 50f
: i
0 — e
-5}t
=50
O‘.O 015 1‘.0 115 2‘.0 215 3‘.0 0.0 0.5 1.0 15 2.0 25 3.0
r r
(a) le (T’) (b) Vms (7")

FIG.9. The metric function of BTZ black hole is f(r) = ;722 — M. Here we take # = 1 and M = 1. In figure (a), we have the effective
potential of a massless scalar field. In figure (b), we have the effective potential for massive scalar fields. The black curve, black dashed
curve, pink curve and pink dashed curve represent scalar mass m = 1, 2, 3, 4 respectively.
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Vini(r)

-10+F

15

0 1 2 3 4 5
r

(@) V()

100 [

50t Pl

Vims(r)

-
-
e ———————

=50

-100+

0 1 2 3 4 5
r

(b) Vins(r)

FIG. 10. The metric function of charged BTZ black hole is f(r) = ;722 - M -2g%In 2. Here we take £ = 1, M = 1 and g = 2. Figures
(a) and (b) show, respectively, the effective potential for massless and massive scalar fields. In figure (b), the black curve, black dashed
curve, pink curve and pink dashed curve represent scalar mass m = 1, 2, 3, 4 respectively.

V. CONCLUSIONS

The main purpose of our manuscript is to find a general
black hole solution from the field equations when a scalar
field is nonminimally coupled to Einstein’s gravity in the
presence of a cosmological constant. As it is well known that
in 2 + 1-dimensional gravity only AdS black hole solutions
are known. Our motivation was to make a systematic study
of black hole solutions in 2 + 1 dimensions with as few
assumptions as possible. We found a solution of the Einstein
equations and the Klein-Gordon equation with a general
scalar potential for arbitrary coupling constants and integra-
tion parameters. This solution is new in the literature and
based on the form of this potential we reproduced all the
known black hole solutions in 2 4 1 dimensions and also we
produced new solutions which were not found previously.

It was argued in [47] that it is very unlikely to find an
exact solution for a random potential V. Fortunately we
obtained the general potential with arbitrary coupling
constant and four free integration constants, and based
on this general potential we found exact solutions of the
metric function. Starting from this general potential we
reproduced all the known black hole solutions in 2 + 1
dimensions; besides we have also got some new solutions
in our formalism. Considering that the integral in the
expression of potential may bring divergent points, we
also proved the continuity condition (24) for the potential
and metric function with arbitrary coupling constant. We
analyzed the asymptotic behaviors of potential and metric
functions for different ranges of 6. We found that for any
range of values of § the asymptotic behavior of metric
is f(r - 0) = =C,r* = —Ar2.

Further, we discussed the influence of the coupling
constant on the sizes of the event horizon and the form
of the resulting scalar potential by plotting the figures of the
metric and potential functions. Although not all integrals of
potential V can be integrated out explicitly, a list of exact

analytic solutions can be obtained for 6 =n,1/n, —n,
—1/nwhere n = 1,2, 3,4.... These solutions have a simple
form of the scalar field, but the metric function and the
scalar potential are complicated functions with arbitrary
parameters. However, an appropriate choice of parameters
involved can bring these solutions to a simpler form. The
properties of these black holes will be interesting to study in
future works.

We also attempted in this general framework to find
asymptotically de Sitter black hole solutions. We showed
the requirement that the parameters of our theory should
satisfy appropriate constraint conditions, which does not
allow dS black hole solutions in (2 + 1)-dimensions.
Likewise, we found that there cannot exist asymptotically
flat black holes. As is well known in (2 + 1)-dimensions
there are strong constraints coming from the energy
conditions [50] for the existence of black holes, so this
is to be expected, though it is still interesting to see how our
construction fails explicitly. However, when an electro-
magnetic field is introduced, surprisingly it is possible to
find a charged-dS black hole solution in some ranges of
parameters. Nevertheless, this dS black hole solution is
maybe unstable under scalar perturbations. It would be
interesting to further explore the energy conditions, and see
how such a black hole evades the previous no-go results.
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