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The Hamiltonian formalism of the generalized unimodular gravity theory, which was recently suggested
as a model of dark energy, is shown to be a complicated example of constrained dynamical system. The set
of its canonical constraints has a bifurcation—splitting of the theory into two branches differing by the
number and type of these constraints, one of the branches effectively describing a gravitating perfect fluid
with the time-dependent equation of state, which can potentially play the role of dark energy in cosmology.
The first class constraints in this branch generate local gauge symmetries of the Lagrangian action—two
spatial diffeomorphisms—and rule out the temporal diffeomorphism which does not have a realization in
the form of the canonical transformation on phase space of the theory and turns out to be either nonlocal in
time or violating boundary conditions at spatial infinity. As a consequence, the Hamiltonian reduction of
the model enlarges its physical sector from two general relativistic modes to three degrees of freedom
including the scalar graviton. This scalar mode is free from ghost and gradient instabilities on the
Friedmann background in a wide class of models subject to a certain restriction on time-dependent
parameter w of the dark fluid equation of state, p = we. For a special family of models this scalar mode can
be ruled out even below the phantom divide line w = —1, but this line cannot be crossed in the course of the
cosmological expansion. This is likely to disable the generalized unimodular gravity as a model of the
phenomenologically consistent dark energy scenario, but opens the prospects in inflation theory with a

scalar graviton playing the role of inflaton.
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I. INTRODUCTION

Recently suggested theory of the generalized unimodular
gravity (GUMG) [1] was motivated by the necessity to
build a model of dark energy with a variable in time
equation of state that could fit cosmological acceleration
data. As a candidate for dark energy, this model oversteps
the limitations of the simplest models—FEinstein general
relativity (GR) with a fundamental cosmological constant
and the unimodular gravity (UMG) theory [2]. In GR the
global degree of freedom (d.o.f.) responsible for cosmo-
logical acceleration exists in the form of the fundamental
cosmological constant A, while the UMG theory is more
flexible because A arises as an integration constant of
equations of motion and should be fixed by the choice of
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initial conditions. This flexibility is not sufficient, however,

to unleash dark energy evolution, A#0. In particular, it
does not allow the system to cross the phantom divide line
w = —1 of the equation of state parameter [3,4], which is
likely to be indicated by observations [5,6].

Quite interestingly, this dilemma of obtaining nonclus-
tering (that is global or homogeneous in space) but
evolving in time physical mode can be solved by general-
izing the unimodular gravity theory—replacing the UMG
condition of a unit determinant of the spacetime metric g,
by the following condition

(=g™)2 =N(y). (1.1)

with some rather generic function N(y) of the determinant
of the 3-dimensional metric y;;. Using this kinematical
restriction on metric coefficients in the Einstein-Hilbert
action Sgy[g,,] as the definition of the GUMG action,

Yy = det]/ij,

SGUMG[gijv 9oi] = Sen [ny”(—gOO)-'/Z:N(y)v (1.2)

one obtains the theory whose equations of motion effec-
tively coincide with Einstein equations in the presence of a
perfect fluid which has a barotropic equation of state
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p = we, its parameter w = w(y) being determined by the
function N(y) and therefore evolving in time [1]. An
important feature of the model is that this dark fluid is
built of purely gravitational degrees of freedom—dark
energy constituent of the theory is not achieved by adding
extra fields, like for example quintessence [7], Chaplygin
gas [8], dilaton [9], or khronon [10], but composed of the
original spacetime metric variables. As a modification of
Einstein gravity, it also does not fall into the category of
higher-derivative [11] or nonlocal gravity [12] models,
because it is based on an ultralocal kinematical restriction
on the lapse function of the theory.

An obvious advantage of this model is that it should not
actually be required to pass typical tests on correspondence
principle with GR phenomenology, because every solution
of Einstein theory solves GUMG equations of motion—as
one can show, nine GUMG equations of motion are just the
projections of ten Einstein equations onto the subspace of
metric coefficients satisfying the condition (1.1). The
reversed statement is not correct—there are nontrivial
solutions in GUMG theory, which are absent in general
relativity. Equivalently, GUMG theory generically has
additional physical degrees of freedom missing in GR.
Their dynamics might lead to classical and quantum
instabilities including as a particular case clustering phe-
nomenon which is not acceptable for dark energy constitu-
ents. The attempt of addressing this problem was recently
undertaken in [13], but it is hard to agree with various
points and conclusions of this work. Therefore, the main
goal of our paper is to make a systematic analysis of the
physical degrees of freedom in GUMG theory and find out
how robust is this theory against potential ghost and
gradient instabilities.

The dynamical content of the physical sector strongly
depends on local gauge symmetries and their realization as
canonical transformations in the constrained Hamiltonian
formalism of the theory. Therefore, we develop here the
canonical formalism of GUMG model and immediately
find out that it is very interesting from the viewpoint of the
theory of constrained dynamics [14]. It turns out to be
essentially more complicated than that of the Einstein GR
or UMG. It has several generations of constraints which in
terminology of [14] bifurcate, that is split the theory into
two branches differing both by the number of constraints
and their type—of the first and of the second class.
Moreover, the first class constraints in the physically
interesting branch, associated with the presence of dark
fluid, do not separately belong to definite generations
(primary, secondary, etc.) but represent nontrivial linear
combinations of those. This requires us to modify the
known Henneaux-Teitelboim procedure of recovering the
Lagrangian gauge symmetries from the canonical trans-
formations generated by first class constraints [14]. We
develop such a modification and find that the number of
local gauge symmetries of the Lagrangian action is actually

smaller than their number anticipated in [1], so that GUMG
theory seems to violate the so-called Dirac conjecture of
constrained dynamics—equality of the number of
Lagrangian gauge symmetries and the number of primary
first class constraints. It turns out, however, that the Dirac
conjecture still remains true, because one of the three
spacetime diffeomorphisms of GUMG theory considered in
[1] is actually nonlocal in time (or violates boundary
conditions at spatial infinity) and, therefore, does not
participate in the Hamiltonian reduction to the physical
sector. Ultimately this leads to the third local degree of
freedom—the scalar “graviton” which is absent in GR and
UMG theory.

We find the range of perturbative stability of the theory
on the cosmological Friedmann background—the class of
functions w(y) for which this scalar graviton is free from
ghost and gradient instabilities. With a dynamical scalar
graviton this range implies w > —1. Moreover, there is a
special family of models in which the scalar graviton is not
dynamical, so that stability criteria essentially relax and this
range extends below the phantom divide line w = —1. In
any case, however, this line is not crossed in the course of
the cosmological expansion, which makes GUMG model
hardly feasible as a candidate for dark energy scenario. On
the other hand, this model turns out to be interesting as a
possible source of inflation, the scalar graviton playing the
role of inflaton having a nontrivial speed of sound, which is
briefly discussed in the conclusions of the paper.

II. GAUGE INVARIANCE IN THE
GENERALIZED UNIMODULAR GRAVITY

The GUMG theory action (1.2) can equivalently be
rewritten in terms of ten independent metric coefficients
with the kinematic relation (1.1) enforced via the Lagrange
multiplier 4 [1],"

Scumclgpe A = /[ Al R (= V)

+Sp. (2.1)

Here Sz = S| + Si is the boundary term of the Gibbons-
Hawking type which effectively removes due to integration
by parts second-order spacetime derivatives from the
Einstein-Hilbert Lagrangian. It consists of the surface terms
S| at the future and past spacelike boundaries X, at ., and
the surface term Sp at the “side” timelike boundary of
the topology [f_,7,.] x 0%, OX being the boundary of
spatial slices X—their structure will be discussed in more
detail below.

'For simplicity of the formalism we use the units in which the
gravitational coupling constant is dimensionless and equals
G =1/16x.
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Addition of these surface terms guarantees consistency
of the variational procedure for this action subject to fixed
induced metric of the boundary of the spacetime domain
[f_,t.] xZ. As a result the action is stationary on the
configurations satisfying the Einstein equations,

1 1
Rﬂb - Egle = ETMU, (22)
2 6 /
Ty:— d4)C/1 _900 _I/Z—NV))
= (e+ p)uyity, + PG (2.3)

with the stress tensor of the effective perfect fluid which has
a 4-velocity u, = —52N and the equation of state with a
variable barotropic parameter w,

p = we, w= M, £:i. (2.4)
dlny VY
Nonconstant nature of w is what distinguishes this model
from unimodular gravity (corresponding to w = —1) and
serves as a main motivation to consider GUMG as a
candidate for dark energy which has the phenomenological
equation of state with w essentially depending on the red
shift parameter.
The energy density e here is in fact composed of the
metric,

1
G R, —=9uR,

Y HgV _
e =2u'u’'G w =R =3

o (2.5)
as it follows from the contraction of (2.2) with w”u”.
Therefore, the ten equations (2.2) are not independent, but
represent the projection of the vacuum Einstein equations
on the set of nine independent equations

PG, =0,

P, =& ,0%) — [uu, +wu,u, + g,)uwu’,  (2.6)

1
as it should be for nine independent metric coefficients
gij and go;. Here the projector P,/? has left and
right zero eigenvalue eigenvectors, uw u’Ph, =0,
Pﬂupg[upua + w(”pua + gpa)] - 0'2

The canonical formalism of the theory is usually
described in terms of the ADM (3 + 1)-decomposition
of the spacetime metric into the lapse function N, shift
functions N; and the spatial metric y;; of spacelike slices of
a constant time x° = ¢ [15]

“This explains why every solution of vacuum Einstein theory is
also a solution of the GUMG model, as mentioned in Introduc-
tion. The same property also holds for Einstein and GUMG
theories with matter sources.

N = (=¢*)712, N; = go:» N'=y'N;,
. . NIN/
vi=gi 7=y =47+ N (2.7)

In terms of these variables subtraction of Gibbons-Hawking
boundary terms S, at the future and past spatial surfaces
2, leads to the action

SGUMG }’U,

/ dt / dPxN\YCR+ K5 = K)oy + Sk, (2.8)

where the bulk term is the ADM action in terms the
extrinsic curvature of the spatial slices

K=

: 2N<vzv + VN, -

}./ij)’K_}/jKtp (29)
including spatial covariant derivatives V; with respect to
the 3-metric y;; and the 3-dimensional scalar curvature 3R
of this metric. The lapse function is explicitly expressed as
a function of y, which turns out to be more convenient than
introducing this dependence via the Lagrange multiplier.

We will not give here a concrete form of the “side”
surface term Sp. It certainly identically vanishes for
spatially closed cosmology, and we will also explicitly
describe its effect for the linearized theory on the asymp-
totically flat spacetime, where Sp is responsible for the
ADM energy [15], and asymptotically Friedmann
Universe. As we will see, boundary conditions critically
influence gauge invariance properties of the GUMG theory,
and the mechanisms of this influence are rather different in
these two topologically closed and open cases.

Because of the GUMG kinematical restriction on metric
coefficients (1.1) the theory is not invariant under local
spacetime diffeomorphisms with a generic vector field
parameter & (¢, x)

559/41/ = D/té:u + Dyg;w 5/4 = gﬂl/éy’ (210)

(D, is the covariant derivative with respect to the metric
Guw)- As it was assumed in [1], because of general
coordinate invariance of the Einstein action the GUMG
action (1.2) at least naively is invariant under the subset of
diffeomorphisms which preserve the condition (1.1).
Rewritten in the basis of ADM variables (2.7) the diffeo-
morphisms with a generic & = (£, &) read

§EN = NE + NE — NN'9,E° + El9,N, (2.11)
FN' = N&» + N'&» — (N*/ + N'N7)0,&°
+E 4 EON = N'9,&, (2.12)

5571'; = 7ij50 + 2N171(i8j)§0 + Cflamj + 2}’1(1'8]‘)51’ (2.13)
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so that the preservation of the condition N — N(y) =0
reduces to the differential equation on &

&[N =N(r)] = N9,& — (1 +w)N*0,&" —w0,&'] = 0.
(2.14)

From the viewpoint of the dynamical content of the
theory, the invariance transformations of the action can be
considered as gauge ones (that is not changing the physical
state of the system) only if they are local in time, which
means that they should be labelled by independent gauge
parameters and their time derivatives to some finite order.
Then the invariance transformations can be endowed with a
finite support within the full time range [¢_, ¢, | and should
vanish together with all their time derivatives at 7., thus
changing fields only inside the spacetime sandwich. This
means that the solution of (2.14) for &(x) should not
contain nonlocality in time. At least naively, this does not
apply to nonlocal properties of this solution in space—
spatially nonlocal but local in time system can be consid-
ered as a legitimate gauge constrained system subject to
canonical quantization [14]. This means that Eq. (2.14)
should be solved for the spatial components & of & in
terms of its temporal one & and its time derivative, but not
vice versa. There are two solutions of this type, which were
suggested in [I]—one is given by a purely spatial 3D
transversal vector

a:{;} Bk =0, (2.15)
1

and the second one has a 3D longitudinal component
parametrized by a nonvanishing & and &

oo] 5

5102 (2.16)

:|, Dt:(?,—(l—i—w)Nkak,

where 1/A is the nonlocal operation—the inverse of the
spatial Laplacian A = §'0;, &' = §Y0;. Here an important
subtlety arises which distinguishes the case of spatially
closed models without a boundary from the case of
asymptotically flat spacetimes or Friedmann cosmologies
with asymptotically flat spatial slices.

A. Spatially closed models

Closed GUMG models are important for the theory of
cosmological perturbations on the background of the
Friedman metric with the S°-topology of the spatial slices
2. To begin with, we will modify the formulation of GUMG
theories—incorporate a kind of 3-dimensional bimetric
covariance by introducing in the condition (1.1) the

dependence on auxiliary spatial metric o;;,

N(y) = N(r/o),

o = deto;;. (2.17)
Then this condition becomes a scalar with respect to
simultaneous coordinate transformations of two spatial
metrics y;; and o;; and allows one to consider the model
in an arbitrary coordinate system on >} The auxiliary
metric can be taken time independent, but generally has
curvature and involves spatial coordinates, ¢;; = oij(x),
x =x'. Then Eq. (2.14) gets modified by a simple
replacement of all 3-dimensional partial derivatives with

covariant derivatives for the metric ¢;;,

9, > V., V,0i; =0, Vi=46UV, (2.18)
Note that the transformations (2.11)—(2.13) can also be
rewritten by this replacement in the bimetric covariant form
which involves nonvanishing V-derivatives of the dynami-
cal metric y; j.4

The same rule applies to the solutions (2.15) and (2.16),
but there is a problem with the latter. For the nonlocal

longitudinal vector

i_vilptfo
= " A

i (2.19)

to be well defined the function D,£°/w should not contain
a constant zero mode of the covariant Laplacian
A =6'V,V;. On closed compact X this scalar Laplacian
has a discrete spectrum with a single constant mode, and
this condition reduces to

20 kg £0
/d3x\/55 (1 +w)N O, _o.
b

w

(2.20)

This is in complete agreement with the fact that the
covariant version of the Eq. (2.14) implies on compact
space without a boundary that

20 k5 £0 _
[exyat U0 [ paya9,g =0
¥ z

w

(2.21)

3This also allows one to avoid coordinate singularities, which in
the absence of this additional metric would necessarily mar the
formalism. Say, in the case of £ = S in the natural spherical
coordinate system the determinant y vanishes at the poles of the
3-sphere and becomes not invertible, whereas with the choice of ¢;;
as a metric of the unit 3-sphere the ratio y/o becomes regular
throughout the whole S3. We thank A.Kulyabin for this observation.

It should be emphasized that the bimetric covariance does not
bring in the theory local gauge invariance because an auxiliary
metric is not dynamical—it plays in the action the role of external
parameter which is not subject to variations in the variational
principle.
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Therefore, &(¢, x) should satisfy a nontrivial differential
in time equation, so that it cannot have a compact support
within the time range and cannot be treated as a local gauge
parameter. Thus, on closed compact space £°-transformation
is not a gauge transformation of the theory—it nontrivially
changes field configurations at ¢, and corresponds to
a change in the physical state of the system. Only the
3-dimensional transverse vectors (2.15) generate local
gauge transformations on a compact closed spaces—the
property that was not envisaged in [1]. Below we will
confirm this property both in the canonical formalism of the
full nonlinear GUMG theory and by explicit calculations in
the linearized theory on the homogeneous Friedmann
background.

B. Asymptotically flat models

In asymptotically flat models breakdown of gauge
invariance under &°-transformations has a different mecha-
nism. In this case the most natural choice of the auxiliary
metric is o;; = §;;, the flat space Laplacian has a continu-
ous spectrum and the kernel of its Green’s function

—

1 1
I |.x|_)00,

-~ 2.22
dr|lx —y| |x ( )

ch(x -y) =

generates at the spatial infinity the multipole expansion for
fl in (2.19), beginning with

i (x) ~ # (2.23)
In contrast to the closed model case no equations imposed
on & are needed for the existence of this expansion, except
the requirement of the integration convergence in the
convolution of the Green’s function kernel and D,&(y).
This can be attained by imposing the falloff condition at
infinity D,£%(y) ~ 1/|y|* which is obviously guaranteed for
&(x) with a compact support. In contrast to £°(x), however,
tjfl (x) slowly falls off at infinity, so that the surface integral
over the remote spacetime boundary turns out to be finite
and nonvanishing,

/ dr / P3,(x)E) (x) #0.

[x|—>00

(2.24)

As we show below in the linearized theory, exactly
this integral contributes to the gauge transformation of
the GUMG action and breaks its invariance. Thus,

*Transverse 3-dimensional vectors 51 can be rendered local
compact support in the overcomplete basis of dual two-forms by
choosing the representation &, = ¢V ;2; in terms of an arbi-
trary covector field 4, with a compact support.

&O-transformation also does not belong to local gauge
symmetries of the GUMG theory.

I11. BIFURCATION OF CANONICAL
CONSTRAINTS

Canonical formalism for the Lagrangian action (2.8)
begins with the definition of momenta conjugated to phase
space coordinates N’ and y; j

Pl‘:O, (31)

7l = —J7(KY = yK), (3.2)
and the Legendre transform with respect to phase space
velocities from the Lagrangian to the Hamiltonian . Thus
we get the primary constraint (3.1), and the Hamiltonian
takes the form of the linear combination of what is called in
Einstein theory the Hamiltonian H, and momenta H;
constraints,

H:/dSX(NHl +NiHi)+H|—, (33)
z
H Vin7jmﬂij”mn - %”2 \/_3R ij (3 4)
- - VIR, =Y, .
1 \/7—/ J
Hi = —Zj/l]vkﬂjk (35)

The Hamiltonian also includes a spatial surface term
inherited from integrations by parts and the surface term in
the action (2.8), but here we will not go into its details and
disregard it, though of course it plays an important role by
making the variational procedure consistent under fixed
boundary conditions at 0X.

As a result, the theory can be equivalently reformulated
as a variational principle for the total canonical action
including the primary constraints with the Lagrange multi-
pliers u}

ST[yij,ﬂij,Ni,Pi,uﬂ = /dl‘d3x(71'”7/,] +Pl’Ni

—NH, —N'H; —u'P;). (3.6)
In the conventional terminology [14] this is the tofal action
of the constrained system. For all phase space functions ®
it generates their canonical evolution via the Poisson
bracket {..., ...} defined on the space of canonical coor-
dinates and momenta,

b={on+ [eniwrm | 61

and yields the primary constraints (3.1) by varying their
Lagrange multipliers.
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Unlike in Einstein theory, H, here is no longer a
constraint because the lapse function is not an independent
variable, but the momenta constraints

H;, =0 (3.8)
arise as secondary constraints from the requirement of
conservation of the primary ones, P; =0, because
{Pi,H+ [dyul(y)P(y)} = —H;. In its turn, their con-
servation leads in view of the Poisson bracket commutator
{H;, H} = 0(N*H,) + H0;N* + 0;(wNH | ) to the new
tertiary constraints
T=wNH,, (3.9)

where w = w(y) is given by (2.4). Conservation of T
results in the following relation

(T, H} = 8,(wd,(N*/"H,) + N*T, + TS) =0, (3.10)
where

dl N

s = Qa,Nk - I (3.11)
dlny \/fy
dlnw

Q=1 2 . A2

+w+ dlny (3.12)

Omitting in (3.10) the terms which are already proportional
to the existing constraints, one can rewrite (3.10) as
T0;S =0. This immediately leads to two possible
quaternary constraints:
T=0 (3.13)
(which is equivalent to general relativistic constraint
H, =0)or
0;S=0. (3.14)
In the terminology of [14] this is a bifurcation of the system
of constraints—the theory has two dynamically different
branches corresponding to these cases. No further con-
straints appear in both of these branches. Indeed, in the first
branch the conservation of T
{T, H} = W8k<N2}/lel> + Nka + TS = O (315)
is proportional to the existing constraints, while in the
second branch the conservation of S; is just an equation on
the Lagrange multiplier u!.
All secondary and higher order constraints are the
corollaries of dynamical equations. To see this as a by-

product and get the Lagrangian expressions for constraints
we note that in view of (2.2) the effective stress tensor of the

perfect fluid is covariantly conserved, V¥T,, = 0. With

u* = —g%N the spatial component of this conservation law
reads
V”T#i :Lal(\/]?é'WN) =0 (316)
Ny

But from (2.4) and (2.5) it follows that e, /y = —H |, which
immediately brings us to the tertiary constraint (3.9). On
the other hand, the temporal component of Bianchi iden-
tities gives

€
u”V"TW = N [(1 + w)@ka - (81‘ - Nkak) In \/}7€N} = 0,

(3.17)
where we took into account that u° = 1/N, u’ = —N?/N,

p = we and the expression for w, w =2dInN/dIny. If
¢ =0, then we get the T = —we,/yN = 0 branch of the
theory. If T # 0, then one can express the time derivative of
\/7eéN from the equation above and use it in the con-

servation law 7, = —0,0,(/yewN) =0, which gives
T, =TS; =0, where

S; = 0;[(1 + w)9N* + (9, — N*O;) Inw] (3.18)
coincides with the Lagrangian form of the constraint S;—this
can be directly verified by substituting into (3.11) the
Lagrangian expressions for momenta. Therefore, with
T # 0 we recover the S; = 0 branch.

The last comment of this section concerns the compact
space modification (2.17). Transition to this case in the
above formulas with the fime-independent metric o;;
consists, as was mentioned above, of the replacement of
all partial derivatives by covariant derivatives with the
Riemannian o-metric connection, acting on relevant tensors
or tensor densities. In particular, since H, is a scalar
density, the covariant derivative V,, which should replace
0; in the constraint T;, reads as

WNHL

T.=V.T= - )
1 1 \/Eal \/E

(3.19)

IV. ALGEBRA OF CONSTRAINTS FOR TWO
BRANCHES OF GUMG THEORY

As we saw, the sets of constraints are different for two
bifurcating branches. Here we consider their Poisson
bracket algebras and begin with the 7 = 0 case. In this
case we have primary P;, secondary H,, and tertiary T
constraints which all belong in the Dirac terminology to the
first class, because their commutators with each other are
vanishing on their full constraint surface (P;, H;, T) = 0,
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{Pi(x), P;(y)} = {Pi(x), H;(y)} = {Pi(x), T(y)} = 0,

(4.1)
{H;(x),H;(y)} =H;(x)0;6(x,y) = (i,x < j,y), (4.2)
{H:(x).T(y)} ==6(x.y)0;,T - (QT)(y)9;5(y.x).  (4.3)

{T(x).T(y)}=WN)(y)(y"wNH,;)(x)9;5(x,y) = (x <>y),

(4.4)

and they also commute with the Hamiltonian
{H.P;} = H,, (4.5)
{H,H;} = —0,(N*H;) — H,O;N* — O,T, (4.6)
{H,T} = —wO(N*y*'H,) — N*O, T - TS. (4.7)

For this branch of the theory the stress tensor of the
effective perfect fluid is obviously vanishing because
€ = —=T/w,/yN = 0, and the equations of motion coincide
with the vacuum Finstein equations. Obvious interpretation
of this GUMG branch is that it is a partial gauge fixing of
the Einstein theory in the gauge (1.1).

Interestingly, the algebra of constraints in the 77 =0
branch of the theory is very similar to the case of the
unimodular gravity, even though in UMG with w = —1 and
N(y) = 1/,/7, the function T = —H, /,/y is no longer a
constraint, but rather a constant of motion fixed by initial
conditions. Indeed, in this case Q = 0 and the S-constraint
|

(3.11) is absent, so that P;, H; and T; form the full set of
constraints. Moreover, their Poisson bracket algebra is
closed—the first two sets of commutators coincide with
(4.1) and (4.2), while the rest of them read

{H;(x),T;(y)} = =0;(T:5(y, x)), (4.8)
{T:(x), T;(y)} = 070 (N(y) (/"' NH,) (x)0,6(x, y))
—(i,x < j,y). (4.9)

These constraints also commute with the Hamiltonian as
(4.5) and

{H,H;} = —0,(N*H,) — H,O;N* - T,, (4.10)

{H.T:} = 0,(0c(N*y"'H,) — N*T}). (4.11)
Thus, in unimodular gravity, just like in general relativity,
all constraints belong to the first class [2,16,17].

The second branch of 7' # 0 and S; = 0 is nontrivial and
physically much more interesting because it incorporates
the effective perfect fluid simulating the role of dark energy.
It has four generations of constraints from primary to
quaternary ones for which we will use the collective
notation

¢I = (PivHi’ThSi)' (412)

Their Poisson bracket commutators form the matrix

0 0 {P@.S)
0. T,00) TH(0.5,0))
SON=1 6 mwEey 0 (TS0 (&13)

{Si(x), P;(»)} {Si(x). H;(y)}

Its nonvanishing elements imply that the first class
constraints, which commute with each other and with
the Hamiltonian, should be disentangled from (4.12) as
linear combinations of ¢;(x) with some coefficients U%

ha :/d3xU£(x)¢J(x)
— [ @xlal)pytx) + b0 )
+ ()T (x) + dy (x)S;(x)]. (4.14)

Here we use the first part of the alphabet with capital
roman letters A, B, C, ... to label the first class constraints

{8:0).7,(1)) 0

in contrast to indices from the second part of the alphabet
I,J,... labeling the original set of spatially local con-
straints. The nature of these indices can be very different
depending on the choice of basis in the space of ¢,. To
begin with, the constraints ¢, in contrast to ¢; almost
always are spatially nonlocal like, say, irreducible compo-
nents of transverse vectors and tensors. Therefore, these
indices should include both discrete labels with a finite
range and continuous or countable labels with an infinite
range, like for example a momentum of the Fourier trans-
form k, A~ A =1,2,...;k. We will not specify them
here, because they might be very different in different cases
of closed compact or infinite open space X. We will only
assume the DeWitt rule for contraction of these repeated
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indices, which implies not only the summation over the
discrete labels in A, but also the integration over its
continuous part.

With the choice of first class constraints in the form
(4.14) the coefficients U4 = a’y, b, c;, &, should form on
the subspace of vanishing constraints in phase space a zero
eigenvalue eigenvector of the matrix of constraint commu-
tators

(i)} 0 = / ULy (), by ()]0 = 0.
(4.15)

Using the following nonvanishing elements of this matrix

{Pi(x).8;(»)} = =07 (Q(»)9i6(y.x)),
{Hi(x),H;(y)} = H;(x)9;6(x,y) = (i,x < ], y),
{H;(x),T;(y)} = =T(y)9;(Q(y);6(y, x))
=Q(y)T;(y)9;6(y,x) = 0;(Ti(y)8(y,x)),
(H1(2)5,0)) = =03 |S,8r) = 0,0,N3(3,1)

e (208 =) 1013055

{T:(x).T;(y)} = 9,0;(wN) (y) (WNy"H, ) (x)9,5(x. y))
- ()C(—)y),
{Ti(x).8;(»)} = 0:05(...).

(where we do not explicitly specify the last rather com-
plicated commutator because it will not be needed in what
follows) one has the set of explicit equations on U (x)

9,(Q0,d,) = 0,
0.@r0,¢}) + [ (). 50))0,4() =
10,@0,6}) - [ @3{T,().50)}0,d(5) =0,

0.(0,}) + [ &y(5:(x).H,)}840)

- / Py{S,(x), T(¥)}9,¢h(y) = 0.

The solution of the first three equations gives the condition
of transversality of &}, ¢/, and b/,
i o
8jdA—O, ach—O,

bl =0,  (4.16)

whereas in view of the relation

/d3y{5i(X), H;(9)}bi(y) = =0,1Q0,(b)0N*) = b}S).

(4.17)

the fourth equation takes the form 8,[Q0;(a/, — b} 0, N*)] =0

and has two solutions. The first is a}, = bi&ka when
b} # 0 and the second is 9;a), = 0, otherwise. Therefore,

the full set of first-class constraints is

P, —/d3xa2(x)P,~(x), (4.18)

Ha= [ @ 0(H ) + GNP (419)

Here a/,(x) and b/ (x) both form a complete set of
transversal vectors enumerated by condensed indices which
were discussed above. Without losing generality these two
sets can be identified, which we will do in what follows,

ay(x) = by (x) = e} (x),

€', (x) representing some complete basis in the space of all
transverse vector fields. In addition to this basis it is useful
to introduce the dual basis e?(x) which has the following
properties

diely(x) =0,  (4.20)

/d3xe2 (x)eB(x) = 88,

ey(x)ef(y) =M(x.y),  OI(x.y) =0. (421
Here Hj-(x, y) is a projector on the space of transverse
vectors. This dual basis allows one to show that the
first class constraints form the subalgebra—their commu-
tators express as their own linear combinations without
contributions of second class constraints. Calculating
the commutators of (4.18)—(4.19) one can see that in the
resulting expressions the original constraints P;(x)
and H;(x) get functionally contracted (that is with
summation over the discrete index i and integration over
space) with some transverse vectors Vi(x). Since
Vi = [ &yITi(x, y)V/(y) = V/(x), one can insert into
these contractions the projector Hj. and then use its bilinear

decomposition in the basis of ¢/, and its dual. This converts
the resulting answer into the linear combinations of P, and
H, which read

{P4. Pp} = {Pa,Hg} =0, (4.22)
{HA’HB}:HC/d3xeic(eiajei?_eéajef4)
—i—Pc/d3xeic<9j[8ka(ej'{e{;—e%ef4 . (4.23)
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Similarly we have Poisson brackets of the first-class and
second-class constraints

{PmPi} = {PAaHi} = {PAyTi} = {PmSi} =0, (4'24)

{H,, P;} = —0;(ekPy), (4.25)
{H,,H;} = —eX0 H; — H ek, (4.26)
{H,,T;} = =0;(ekTy), (4.27)
{H,,S;} = —0i(ekSp), (4.28)

and the Poisson brackets of first-class constraints with the
Hamiltonian

{H, PA} = /d3xe2H,~, (429)

(H.H,) = / PxHO,Ne, — Nie)]  (4.30)

V. CANONICAL REALIZATION
OF LAGRANGIAN SYMMETRIES

According to the conventional canonical formalism of
gauge constrained systems [14], the number of Lagrangian
gauge symmetries of the theory equals the number of the
primary first class constraints, which is the essence of the
so-called Dirac conjecture. Under a number of assumptions
on the structure of constraint algebra and the distribution of
constraints in several generations (primary, secondary, etc.)
this conjecture was proven in [14]. In our case of GUMG
theory in its physically interesting S; = 0, T # 0 branch the
situation seems very involved and even contradictory—
the number of anticipated local gauge symmetries of the
Lagrangian action is three, while there are four first class
constraints. Moreover, these constraints do not belong to a
concrete generation, but represent linear combinations of
the original primary and secondary constraints. In addition
we have second class constraints in all four generations, not
to say that the tertiary, 7; = 0, and quaternary, S; = 0,
constraints are reducible in view of their longitudinal
nature. In this section we will apply a modified version
of the Henneaux-Teitelboim procedure [14] to recover the
Lagrangian symmetries of the theory and show that it
actually satisfies the Dirac conjecture, even though it does
not satisfy the set of assumptions made in [14]. Quite
interestingly, this canonical procedure recovers only two
gauge symmetries of the GUMG action—spatial diffeo-
morphisms with the transverse vector field (2.15) and
prohibits the £°-diffeomorphism (2.16) even despite the
fact that at the Lagrangian level the latter falls out of the
category of local gauge symmetries entirely due to subtle
nonlocal behavior at spacetime boundaries.

A. Symmetries of the extended and total actions

The recovery of Lagrangian symmetries of generic
constrained systems begins in [14] with the construction
of the extended canonical action

Sp = / di(peit —H—u"dy).  (5.1)

which includes together with the primary constraints ¢,, a
full set of all the constraints ¢,, and their conjugated
Lagrange multipliers u™, consisting of M (primary, sec-
ondary, etc.) generations,

¢m: (¢m17¢m27"'¢mM)’ m=nmy,...my. (52)
Here m;, i = 1,...M, enumerates the members of the ith
generation. In general, the first class constraints ¢, do not
belong to a concrete generation but rather represent a linear
combination of ¢,, mixing the constraints from different
generations with some coefficients U’f—zero-vectors of
the matrix {¢,, ¢, }|s—o [cf., Eq. (4.15)],

ba = Ui (5.3)
Off the constraint surface in phase space they satisfy the

following commutation relations with some structure
functions,

{¢Av ¢m} = me(ybn’ {Hv ¢A} = Vzld)m’ (54)
and allow one to have a canonical transformation of phase-

space variables which preserves the constraints and the

Hamiltonian
q" q"
o(5,) =1, )2}
Pn Pn

Here y# are some gauge parameters generally depending
explicitly on time, phase-space variables and Lagrange
multipliers, y* = (¢, q, p,u).

This canonical transformation can be accompanied by
the transformation of the Lagrange multipliers #™ which
together with (5.5) leaves the extended action invariant
when the parameters y* have in time a compact support. In
view of the transformations of the symplectic term

(5.5)

d 0 A
5(ped*) = o7 [(pka—pk_ 1)¢AMA:| + ¢ADDit’ (5.6)

where Dy /Dt denotes the partial time derivative acting
only on explicit time dependence on time and Lagrange
multipliers
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Du? 0
. — a " A ta s s
D <t+u Wn)ﬂ( q.p.u)

_(d_ 0 . O,
B (dt q aqk pkapk>ﬂ ([’ q’p,u), (57)

the variation of the extended action (after omitting the total
derivative term) takes the form

Dyt
O0Sg = / dt¢1n |:UZL (E + {”A’ H+ un¢n})

Ot — VIt — 514’”] : (5.8)

This vanishes under an obvious transformation law for the
Lagrange multipliers

D A
ou™ = qun (% + {.“A’ H + ””¢n})

+ C " — VA, (5.9)

Note that this equation includes as a particular case the
situation when the original set of constraints was already
split into the first and second class constraints. In this case
Ul = &, and the transformations of Lagrange multipliers
also split into those of the first class constraints with the
explicit time derivative of y# and those of the second class
ones without this time derivative.

Transformations (5.5) and (5.9) leave the extended
action invariant off shell for arbitrary values of all (primary
and higher) Lagrange multipliers «™, and their number
equals the number of all first class constraints. The number
of Lagrangian gauge transformations is smaller and they act
on the Lagrangian action functional having a smaller
number of arguments—only Lagrangian coordinates g*.
These transformations are in one-to-one correspondence
with the transformations of the so-called fofal canonical
action [14] including, in contrast to the extended action
(5.1), only the primary constraints,

Sr = /dt(pkc']k —H—=u"d¢,,). (5.10)

This action can be regarded as a partial gauge fixing of the
gauge symmetries of the extended action in a special gauge
of vanishing secondary and higher Lagrange multipliers
u™ =0,i=2,...M. Therefore, its invariance transforma-
tions are residual gauge transformations (5.5) and (5.9)
with the special values of parameters u* = (1, q, p,u)
preserving this gauge, ou™ = 0 fori = 2,...M. In view of
the above equation for éu™ this leads to the relation

Dt
+ Czlrinl”Aum] _ VzliﬂA =0,

D A
Uy’ <i+ (W' H+ um‘¢m,}>

i=2,..M, (5.11)
which should be treated as a set of equations on x*. When
this set can be solved for a subset of parameters u”
ultralocally in time in terms of a complementary subset
of independent parameters and their time derivatives, then
the resulting transformations (5.5) and (5.9) with m = m;
will form the gauge symmetries of the total action which
are equivalent to the Lagrangian symmetries of the theory.
Obviously, the number of these symmetries coincides with
the range of this subset of independent parameters u*
complementary to the dependent ones.

When all the constraints are of the first class, Eq. (5.11)
can be further simplified. Indeed, in this case U’} becomes
an identity matrix, so that the indices m and A become
identified. Moreover, the procedure of constraints deriva-
tion implies the following simplifications of structure
functions: V,'Zj =0 wheni> j+ 1 and C%;,ml = 0 when
i > j (following from the fact that the (i + 1)th generation
of constraint is generated only by the first i generations, and
because nonvanishing values of C,,"ij.,m] with i > j+1
would imply the equation on the Lagrange multiplier
u™ rather than the new constraint [14]). This allows one
to rewrite Eq. (5.11) as the following chain of equations

D//”"
Dt

M

n; m miN - m;

+ E (ijmlu I_ij)/" /
J=i

Vini p"t = +{u" H A+ u" gy, }

(5.12)

with i = 2,...M, where the summation over generations
runs for each i from i to M. This system of equations can be
solved for p-! recursively starting from i = M and taking
u™ as independent parameters. This procedure ends at the
step i = 2, in which we evaluate y™ in terms of these
independent parameters.

B. Symmetries of the GUMG action

Here we apply the above procedure to two different
bifurcating branches of the GUMG theory. The branch of
T = 0 physically is less interesting because it corresponds to
the vacuum general relativistic model without the perfect
fluid. However, to demonstrate the recovery of spacetime
diffeomorphisms restricted by the condition (1.1), we start
with this particular branch and the related case of the
unimodular gravity—both having only first class constraints.

1. Symmetries of T =0 branch

All the constraints P;, H;, and T in the extended action of
the T = 0 branch
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SE:/dtd3.x<ﬂ'ij}./ij+PiNi—NHJ_—NiHi

—u'P; — ubH; — u3T), (5.13)
belong to the first class and, according to the previous
section, give rise to extended gauge transformations, which
we derive below. For this purpose, we denote P;(x), H;(x),
and T(x) respectively as ¢y, v, @y, and ¢3, = ¢, and
rewrite the algebra of these constraints (4.1) and (4.5)—(4.7)
in condensed notations with m; > mx, myx, myx = x,
the index i =1, 2, 3 marking in accordance with (5.2)
the constraints generation. Then in view of (4.1)
{@m,x»$my} =0, and the corresponding structure func-

tions turn out to be vanishing, Cﬁ{i_m,.y = 0. In these
notations the relations (4.5)—(4.7) read as

{H, Py} = Vi, (5.14)
{H7 ¢m2x} = V;’fz);c(ﬁnzy + 'ynzx(ﬁy, (515)
{H. .} = Vi*¢p,y + Vidh,. (5.16)

where the integration over y is implied and the remaining
structure functions equal

Vinx = 8(x,y)8m’,
Vitx = =0k (N*6(x, )8, — 8(x,¥),, N™,
Vs = =0, 8(x,y).

v = —w(x) O (N2 m25(x, y)),

Vi = =N (x)3;8(x, y) = S&(x, y).

In the case of solely first class constraints the matrix
U7Y in (5.3) is a unit one, UY = 6%, and Eq. (5.12)
for the parameters of residual gauge transformations,
e (" us® ), takes the form of the following
two equations

, Dy
K™ Viny = 2+ A0 HE ™ {ps, gy} = 3V,
(5.17)
myyysmyx __ /lglzx myx myy myx
Hy le_V - Dt + {/’t2 ’ H} tu {1“2 ’ ¢m1y}

My 7MaX Yy MmoX
—Hy " Vimy =3 Vy™

(5.18)

When the parameter p; is rewritten in terms of a new
independent parameter £°, u; = &/w, the first equa-
tion (5.17) explicitly reads as

1.
Ol :;(50 — NkO&°

— [0kN* + {Inw, H} = N¥O Inw - S]&0),  (5.19)
and in view of the expression for S, S = (1 + w)9;N*+
{Inw, H} — N¥O; In w—a simple corollary of Egs. (3.11)—
(3.12), it finally takes the form

1
O (s — EN¥) = —D, &, (5.20)
w
where D, is defined in Eq. (2.16), D, = 9, — (1 + w)N¥0,.
One solution of this equation is parametrized by an
arbitrary function &°,

. S |
wy = EN 4+ 9 W—AD,go, (5.21)

while another one is an arbitrary transverse vector with
50 = 07

Wy =&, 0 =0 (5.22)
The explicit form of the second equation (5.18),
. Dy} . .
ﬂl] — th + {/,tlz,H —+ /d3yu’]‘Pk} +/t§8kN’
- N"@kué — Ny 0 (wps), (5.23)

can now be used for the determination of the parameter .
For the solution (5.21) it can be rewritten as

ﬂl] _ EONI _|_§O z] _ (NZ},ij +N1N/)8J€O
1 1 .
+0 —D,E H+ / &dxulP, s + 9 —D,E
wA wA
o o1
+ (O;N' = 5jN’8,)8f MDtth, (5.24)
and
i = (9, = N*O)&, + &L OkN' (5.25)
for the solution (5.22).
Thus, we have the following two canonical generators of

gauge transformations of the total GUMG action (3.6) in
the branch 7' = 0. The first one is

. . 1

where £° is an independent parameter and the parameters
and y, are defined in terms of £° respectively by (5.24) and
(5.21). The second one is
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G = [@xtpui v Hg). (527
with an arbitrary transverse vector &) and the vector )
defined in terms of & by Eq. (5.25).

To compare the action of these generators on the
variables N’ and y; ; with their spacetime diffeomorphisms
in the Lagrangian formalism, consider first the transforma-
tion of N' by the generator Gy, §oN' = {N', Gy} = u'.
Note that for the Lagrangian values of canonical momenta
(that is, when the equation of motion for the momenta is
satisfied) u’i = N’ and the two (fourth and fifth) terms in
(5.24) can be rewritten as

1 1 .
{8ZVVAD[§O,H+/CI3XMIIP]} +81ED[§0

1
= 0,0 — D&, (5.28)

whence
8oN' = NiE® 4+ N'&0 — (N2 + N'NY) 9, &0
. B |
+[85(0, = N'9;) + 6/-N’}8JEDI§0, (5.29)

which is just the diffeomorphism transformation law of the
shift function (2.12) with the spacetime vector parameter
(2.16). A similar calculation for the canonical transforma-
tion §; N' = {N', G, } = uX with p} given by (5.25) shows
that it is just a diffeomorphism with the parameter (2.16).

Next, considering the gauge transformations of y;;
take into account that with the Lagrangian value of the
momentum P; =0 the first term in (5.26) and (5.27)
vanishes, so that the commutator of y;; with ui does not
contribute at all. Moreover, note that the generator of the
form G = [d®x(H, F* + H;F') gives rise to the diffeo-
morphism of y;; with the vector parameter £ defined by the
relations & = F+/N and & = F' — N'FL/N (F* and F'
are respectively the normal and tangential projections of &
on the spatial slice of constant x° = ¢). Therefore, com-
parison with the generators (5.26) and (5.27) (remember
that 7 = wNH | ) shows that G, defines the diffeomor-
phism of y;; with the parameter (2.16), while G defines a
spatial diffeomorphism with the parameter (2.15), which is
in a complete agreement with the gauge symmetries of the
Lagrangian formalism.

2. Symmetries of the unimodular gravity theory

The UMG theory, which is directly related to the 7 = 0
branch of GUMG, also demonstrates the canonical reali-
zation of all three diffeomorphism symmetries. In this case
the extended action differs from (5.13) only by the last term
which should read as —uT;. Similarly, the full set of first

class constraints P, (x), H,,(x), and T,,(x) denoted respec-
tively as ¢, v, P p,» and ¢, . differs from that of the 7' = 0
branch by the replacement ¢, — ¢,,.,. Their algebra again
has structure functions with vanishing components
CZfi_miy =0, and their commutators with the Hamiltonian
repeat the relations (5.14)—(5.16) with obvious replace-
ments ¢, = P Vinx = Vix, Va2 = Vpl, and

Vi = Vi, where

Viny = =8m28(x,y), (5.30)
Vinix = O, O (N*Y*™268(x, y)), (5.31)
Vi = =0, (N"68(x,y)). (5.32)

Correspondingly, the Eqgs. (5.12) take the form

Dﬂgnyc
Dt

(Vi = ( )

A Vi) (53
Il

Dﬂmzx
= T (U HY (i b

— Vs uy? = Vo us”, (5.34)

where only the longitudinal part of the first vector equation
is enforced, since it is contracted in the transformation of
the action with the longitudinal vector T,,, =0, T.

Choosing independent longitudinal vector pf as uk =
9% (1/A)&° with an arbitrary scalar parameter &, one finds a
general solution of Eq. (5.33)

1.
=0 L8+ NP+ (5.35)
where & is an arbitrary transverse vector. Therefore, it
follows from (5.34) that for the £°-transformation with

g =0
i = EN + Eul — (N + NINT)9;&°

— [6i(9, = N'9)) + O;N'|¥ %50, (5.36)
where we took into account that in UMG theory w = —1,
the operator D, = 0, is field independent and, therefore,
does not contribute to the Poisson bracket commutator term
in Eq. (5.28). Similarly y} = (9, — N*9,)&| + O,N'EX for
transformations with £ = 0. Thus, as in the 7 = 0 branch
of GUMG theory, we again obtain two generating functions
(5.26) and (5.27) with T/w = NH |, which reproduce at
the Lagrangian level the diffeomorphisms with volume
preserving vector parameters (2.16) and (2.15), (9,, H = 0.
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3. Symmetries of T # 0, S; =0 branch
Extended action of this GUMG branch is of the form

SE: /dtd3x(7z’”}/,j+P,N’—N(y)HL—N’Hl

—MliPi—MéHi—MéTi—MiSi), (537)
where the first-class constraints ¢4 = (P4, Hy,), A —
A, A,, are hidden in the full set of constraints ¢,,, =
(Poyxs Hupyxs Tigxs Simyx) @s the linear combinations (4.18)
and (4.19), ¢, = U} ¢, with the following nonvanishing
components of U},

Uy = €y, (%),

Uyt = ey (x).

Uy = el (x)0N (x),
(5.38)

In view of (4.24)—(4.25) and (4.29)—(4.30) their algebra
reads as

{PAI’ ¢m1x} = {PAI, d)mzx} = {PAlv ¢m3x}

={P4, by} =0, (5.39)

{Ha, s} = ComsPyy- (5.40)

{(H.Pa} = Vi . (5.41)

{H.Hp,} = Vi b + Vi by (5.42)
where

Vi = eyl (x), (5.43)

VIE = O INH()el(x) - N (x)ek, (0] (5.44)

To obtain the generator of canonical transformation which
leaves the total action invariant, one should solve in
accordance with the Henneaux-Teitelboim procedure the
Egs. (5.11) for 4* in terms of some independent param-
eters. For i = 3, 4 these equations are satisfied identically
since

Uyt =y i=3,4.

Ay = Vit =0, (5.45)

In the case of i = 2 the equation takes the form

Dt

MyX A ) nmyx A
+ Cyop U™ =Vt = 0.

Dy’
Uy <—” +{ut H+ u”"ygb,,,]},})
(5.46)

Using the explicit expressions (5.43), (5.44) and the fact

that CZ?,;CI , = 0 due to Egs. (5.39)~(5.40), one obtains the

relation

pit = ET — O (N*ET — N™E), (5.47)
written down in terms of transverse vectors uf'(x) and
&M(x) which are in one-to-one correspondence with
utt and pf

Hi (x) = el (x)uf, & (x) = e (x)us,
A
2

ut = [ et . = [ dreben.

Therefore, the canonical generator G| = Pyuf + Hus,
with y4 and p4 expressed via (5.47) in terms of an arbitrary
transverse vector & can be rewritten in the reducible basis
of transverse vectors as

G, = / d%[(éi—Nkak§1+§’18ka)P,-+§1Hi]. (5.48)

Obviously this is just the generator (5.27) with the vector
given by (5.25), derived above for the case of T =0
branch, which is responsible for transverse spatial diffeo-
morphisms of both y;; and N'.

But in contrast to the 7 = 0 branch, this is the only set of
two (per space point) local gauge transformations that exist
in the §; = 0, T # 0 branch of the theory. The number of
local gauge transformations coincides with the number of
primary first class constraints, which is less than four—the
full number of first class constraints. The Dirac conjecture
turns out to be true again, even though the set of
assumptions listed in [14] as sufficient conditions for the
validity of this conjecture are not satisfied. As one can see,
this conclusion based on the canonical formalism of the
model fully matches with the Lagrangian formalism
accounting for the subtleties of gauge transformations at
timelike and spacelike boundaries of spacetime, considered
above in Sec. II. Below we reveal the detailed mechanism
of this gauge invariance (and its violation) in the approxi-
mation of linearized theory on spatially closed and asymp-
totically flat Friedmann background.

VI. LINEARIZED THEORY

We consider now the GUMG model in the linearized
approximation on the background of the homogeneous
Friedmann metric of positive or zero spatial curvature,
k = 41 or k = 0, respectively. In these cases we have the
metric and curvature in terms of the scale factor a(¢) and
correspondingly the metric ;; of the 3-dimensional sphere
of unit radius or the flat metric,

N = N(a),

N =0, (6.1)

aa a
_—O'l'j, HZ;

a2 ij - N (62)
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H denotes the Hubble factor of the Friedmann background—
we hope that it will not be confused with the notation for the
GR Hamiltonian and momentum constraints. Equations of
motion for this background read

58 af_ . N
572 = \/Eﬁ 2H +3(1=w)H> + (1 +3w)?k o'l =0,
(6.3)
oS
=, 6.4
o (6.4)

where in view of homogeneity the shift component is
identically satisfied. One can check that the first equation
has the integral of motion with a constant C

H?> k C

N T 3NG (65)
which can be interpreted as the Friedmann equation with the
physical Hubble factor in cosmic time, H/N = a/Na, and
the dark energy density e = 2C/Na® (the right-hand side
being 87Ge/3 in our units with G = 1/16x). The nonzero
constant C is what distinguishes the 7 # 0 branch of the
model from its general relativistic branch and simulates this
dark energy density which identically satisfies the stress
tensor conservation law

de £
— = -3(1 —.
(14w)°

- (6.6)

1 5
S(2> = /dtd3x\/3a3{ﬁ <V(1Sj) - 7])

6 1

A. Action of linearized theory and
its gauge invariance properties

Now we expand the GUMG action to second order in
perturbations of y;; and N i, which we denote as follows
6},11 = Clzsl'j, 6Nl = Si, (67)
along with the first and second order variations of N(y)—
the function of the perturbed 3-metric,

1
SN = NA, N = ZWN[(Q —1)s* =2s7], (6.8)

Here in view of 6N = wNs/2

A= —ws, s =o'ls;;, s%j =0"0/"5;iSyn. (6.9)
Q is defined by Eq. (3.12), and everywhere here and in
what follows all spatial indices are raised and lowered by
the metric 6;;. As a result the second order variation of the

action reads
1 d aH 1
552SGUMG = S(z) + /dld3xE {\/ET <Sij —ESZ) },

with the first term given by

2 $\2 4H §
—— (Vs =2 ) = (Vsh-2)A
N( & 2) N( € 2)

— —H’A? + 17 (2VKs'iV s — VRSN si; — 2,55V is + VisV;s)

N 4

N 1 N N _. . 1
—I—;k(s?j —§s2> - szsA —?(V/sij - V's)V,A —|—@CWQS2}7

where in addition to the rule of raising and lowering indices
by the metric o;; all covariant derivatives are also defined
with respect to this metric. One can check that all the terms
except the last one coincide with the quadratic part of the
Einstein action on the Friedmann background [18]. The last
term is a modification due to GUMG generalization, which
obviously vanishes for C = 0 (GR branch of the model)
and for w = —1 when Q = 0—see Eq. (3.12). In this case
this is just a unimodular gravity model.

Below we will discard the total derivative term in (6.10)
and build the canonical formalism and the physical sector
for the quadratic action S(,). Hamiltonian formalisms for
(6.10) and (6.11) differ, of course, by a canonical trans-
formation, but for S(z) the formalism is simpler. Another
remark concerns spatial surface terms in (6.11). The spatial

(6.11)

|

derivatives here are organized so that the variational
principle is consistent under a fixed metric of the timelike
boundary (only squares of first order derivatives and no
second order derivatives are contained in S,)). On the other
hand, for spatially closed model (k = 1) this problem is
irrelevant and the same applies to asymptotically flat space,
because the falloff condition for metric perturbations makes
all quadratic surface terms arising from integrations by
parts vanishing at infinity.

As usual in the linearized theory on the field background,
the gauge transformations of perturbation fields are defined
as the part of the transformations (2.11)—(2.13) of zeroth
order in perturbations (their cross terms with & belong to
the next order of perturbation theory). Therefore, these
transformations read
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5ESU=2HGU§O—|—V,Z_,:1—I—VJ§I, él:Gljgj’ (612)
SESk = —N—2Vk§° + & Vi =6V (6.13)
= a2 s =0 j» .

and they of course reproduce for the vectors & satisfying
the (o-metric covariantized) Eq. (2.14) the general relativ-
istic transformation law for A = ws/2, 5°A = 9,(N&°)/N.
Under these transformations the quadratic action trans-
forms as

5Sp) = /dr . d?Z;\/oNa[2(S'(A + 2k) — S;VIVH)E + (5UV; — 5V E0

+4HAVIE + kNI & — SUNE; — 4kAE — % (14 w)S'&]

+ / d*x\/oNa [(—Vjsifvi + VisV,; — 2ks)& + % (1+ w)sfo] o

dlnw
dlny

+2C / dtd®x\/o [

where we carefully took into account all surface terms
originating from integration by parts.

As is expected this expression for general relativistic
case of C = 0 reduces to the surface integral and vanishes
for & with a compact support inside the spacetime domain,
which is the case of the theory invariant under local gauge
transformations. For GUMG theory we have additional
terms including spacetime volume integrals. This is strange
because the gauge transformations of GUMG theory are
just a subclass of gauge transformations of general rela-
tivity, so that the difference in the gauge transformation of
the action can only be of the boundary terms type. It turns
out indeed that this extra spacetime integral reduces to the
surface integral at timelike and spacelike boundaries.

To see this perturb the exact equation (1.1) for & and
obtain the relation

dlnw

anw 6.15
diny "’ (6.15)

where élm = 6 and 5((’1) = &0 are the first order pertur-
bations of & under the variations of the metric and shift
functions on the Friedmann background (6.1)—(6.2), and
we took into account that the background value of w is
independent of space coordinates. Therefore, the last
spacetime integral term in (6.14) also becomes a surface
term

nw

dl
2C / dtd®x/c
dlny
zzc/d3x\/55((’l)|§+—2c/dzw/ L. (6.16)
z [

&+ (1 +w)SiVi§0}

As we show now, this relation implies that for both closed
compact and open asymptotically Friedmann models the
action is not invariant under &-transformation.

s+ (1+ w)S"VZ-éO} ,

(6.14)

[

Indeed, for closed models timelike surface integrals are
absent, but & cannot be a field independent variable with a
compact support, because it should satisfy the Eq. (2.14)
nontrivially depending on the fields. When expanded in
powers of metric perturbations, & = an’(‘n), this equation

implies that the spatially constant mode of the lowest order
£{p) s time independent, [ d*x\/o€)) = 0, other harmonics
of 5(()0) being arbitrary and admitting a compact support in
time. On the contrary, the same mode of 5?1) is strongly
restricted by the differential in time equation

. dlnw .
/ dx\/o {5% =iy S0 ~ (L w)SVily | =0,

(6.17)

so that 5?1) cannot have a compact support. In particular,
5(()1) (t+) # 0 and the gauge transformation (6.14) is nonzero
in view of the first term of Eq. (6.16). Other terms are
vanishing because they already contain one power of
perturbation fields, so that & factor should include only
the leading order part 5?0) which has a compact support in
time. Thus, the closed model action is invariant only under
the transverse spatial diffeomorphisms with the vectors
& = (0, &) having a compact support in time. These are
the only gauge transformations generated by the canonical
first class constraints in the 7 ~ C # 0 branch of the theory.

In the open models case with asymptotically flat space
slices, & can be taken field independent, because the
integral of Eq. (6.15) is no longer a restriction on the choice
of £, but just the relation which determines the flux
of the vector 5’('1) through the remote spatial boundary,

. d22i§E1). Therefore, £ can have a compact support in
time, and all spacelike integrals at 7, in (6.14) and (6.16)
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vanish. However, fél)(x) ~ 1/]x|*, |x| = oo, and this “side”
surface flux of the form (2.24), generated by the last term of
(6.16), is nonvanishing. Note that this is also the only term
that breaks gauge invariance of the action, because other
“side” surface integrals are zero in view of the falloff
conditions for s;;(x), S'(x), & (x).°

Thus, in both closed and open cases the £°-transformation
of the action is given by the nonvanishing 3-dimensional
integral over the full boundary of spacetime (6.16),

FS@m) =2C /
o(*M)

M= [t 1] x 3%,

=

El(ll) = (i?w _Wézl))’ (6.18)
with a zero timelike or “side” part in a closed model case and
a zero spacelike part, E(()l )= 0, for an asymptotically flat
model. The GUMG action is gauge invariant only under
two spatial diffeomorphisms with a transverse 3-vector
having a compact support both in space and time. All this
is in full accordance with the canonical formalism of the
T ~ C # 0 branch, considered above. Note that UMG theory
with w = —1 is an exception from this rule even for C # 0,
because the Eq. (1.1) in this case is field independent,
and 5’(‘]> =0.

B. Physical sector

The number of degrees of freedom in the physical sector
is determined by the number of first and second class
constraints and, therefore, is different in different branches
of the model. In the T # 0 branch their counting gives
18 — 2 x4 —4 =2 x 3—three local degrees of freedom,
where 18 is the number of phase space variables N, P;,
7ij» @, 4 is the number of first class constraints P,, H, and
4 is the number of second class constraints—two longi-
tudinal components of P; and H; and two independent
constraints among 7; and S; (since T; = 0;T and S; = 0;S
only one longitudinal component counts for each of them).
In the T = 0 branch of GUMG and in UMG, just like in
GR, the counting is different and obviously gives two
degrees of freedom, 18 — 2 x 7 = 2 x 2, where 7 is the full
set of first class constraints P;, H;, and T [16].

In the linearized theory disentangling these degrees of
freedom runs via the decomposition of the metric pertur-
bations into the linear combination of transverse-traceless
tensor modes 7;;, transverse vector modes F;, V;, and the
scalar modes vy, E, B,

®Integrability condition for terms without spatial derivatives
of metric perturbations in (6.11) imply that s;;(x) ~ 1/|x[%,
Si(x) ~ 1/]x|, &(x)~1/]x| and &(x) ~ 1/|x|*> [the latter two
restrictions guarantee that the gauge transformation (2.13) with
7ij ~ 6;;a/a should not violate the falloff condition for s;;(x)],
which guarantees that all surface terms except the one in (6.16)
vanish at spatial infinity |x| — oco.

S.=V,+V,B, V,Vi=0. (6.21)

Using this decomposition in (6.11) one finds that the tensor
transverse-traceless modes decouple from the vector and
scalar sectors, So) = S, + S, + S, in the form of the action
of two field-theoretical oscillators on the nonstatic
Friedmann background

(6.22)

%, N kN
St_/dtd3x 0613 {ﬁ—m(vkl‘u)z—ﬁt% .

Transverse vector modes F'; and V; enter only the action §,,,
while the action of the scalar sector S, equals

S, = / dtd3x\/oa’ [— % (i + HA)?

—%<¢+HA)A(B—E) +2ﬁk<B —E)A(B - E)

2N 4N
Q
+C/drd3x\/E—A2, (6.23)
w
where the perturbation of the lapse function A,

cf., Eq. (6.7), reads in terms of the scalar modes of the
metric perturbations as
A = w(AE - 3y). (6.24)

Obviously, it is this sector that contains in the case of the
T # 0 GUMG branch the third physical d.o.f. To disen-
tangle it one has to build the canonical formalism of the
linearized theory and solve the relevant constraints and
canonical gauge conditions in a conventional Hamiltonian
reduction procedure. Four gauge conditions, necessary to
gauge out the symmetries generated by the four first class
constraints P, and H, at the linearized level are used for
the determination of the four transverse vector modes
(F;,V;). But their quadratic action S, vanishes on the
linearized constraints, and their choice dynamically affect
neither the transverse-traceless, nor the scalar sector of the
theory. Therefore, we do not specify vector modes at all and
consider only the scalar sector in what follows. The
reduction of this scalar sector to physical modes follows
only from solving its canonical first and second class
constraints—the linearized version of the constraints of the
full nonlinear theory considered above.

As one can see now, this reduction goes very differently
in the spatially homogeneous and inhomogeneous sub-
spaces of the model. To begin with, for spatially constant
modes v, Ey, and B, the quadratic action (6.23) reads as
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SO — /dtd3x\/5a3{—%(1j/0 — 3wHy,)?

+ ﬁl_f wQ — %k(l + 6w)} (v/o)z}, (6.25)

and does not generate any constraints. This is the action of
one global physical mode which is in fact the first order
perturbation of the background solution of Eq. (6.3). This

can be easily verified by noting that S§0> coincides with the

second order variation of the minisuperspace action

6a® &

Ny (6.26)

1
5O = 5% / dtd3x\/5[6kN(a)a -

under the variations of the scale factor éa = ay and the a-
dependent lapse function 6N (a) = 3wN (a)y,. This action
generates the second order equation of motion for y, which
has a runaway solution corresponding to either the cos-
mological acceleration or inflation, if it is applied in context
of inflationary cosmology. This single mechanical (rather
than field-theoretical) mode has a ghost nature because of
the negative sign of its kinetic term and does not differ
much from the scale factor mode in GR, except that
wo in GUMG is dynamically independent and its non-
vanishing constant of motion C is freely specified by initial
conditions.

For spatially inhomogeneous modes with A # 0 the
situation is different—this is the case of the constrained
system. The definition of the canonical momenta,

I, = —4\6%3 B(y + HA) + AB—E)],  (6.27)

3 (6.28)

(6.29)

implies one primary constraint. On the subspace of invert-
ible operator A + 3k, where the equations

(A +3k)( + HA) = %\% (Mg — kI1,,), (6.30)
. N 1
(A+3k)AB-E) = —@%(AHW +30)  (6.31)

can be uniquely solved for yr and E, the Legendre transform
with respect to these velocities gives the total canonical
action which includes the Hamiltonian H and this primary
constraint with the Lagrange multiplier u,

S0 / dt{ / Bx(T,yr + T E + Tz B)

—H—/d3xul'[3},

_N [dx] g M, + 20, — 1
" 8a%) o | YA+3k VA+3k ©

(6.32)

11
3 —— 11
TR A E}

+ / d3x{2Na\/Ey/(A +3k)y — A[HT],
+4v/oNa(A +3k)y] - c\/E%A2 - BHE}. (6.33)

The conservation of the primary constraint (6.29) leads
to the sequence of secondary, tertiary, and quaternary
constraints

{Ilp. H} = —Tg =0, (6.34)

(Mg, H} =T =0, (6.35)

T=\/cA <2CQA+W [Hg—”é+4Na(A+3k)w} ) , (6.36)

oT dQ A
—+{T =C Al 12H ——
8t+{ T} = Cw/o < dlnyw

N dlnwTI,

+$dlny\/5

+ ZQAB) =0, (637

where the explicit time derivative 9/0t acts only on the
background variables in 7. The conservation of the last
constraint leads to the equation on the Lagrange multiplier
u, so that the sequence of these constraints terminates at
the quaternary one.”

There is an additional subtlety for a spatially closed
model, k = +1, when the operator A + 3 has discrete zero
modes, and the nonlocal terms in the Hamiltonian (6.33)
seem to be ill defined. This is the set of four eigenmodes
of the Laplacian operator on the 3-sphere, AZ,(x) =
—n(n+2)Z,(x), labeled by n = 1, which have the prop-
erty V;,V,Z,(x) = —6;;Z,(x). This mode, however, does
not contribute to the physical sector of the theory. To see
this, note that in the subspace of this mode the left-hand

"These constraints are equivalent to but not directly coincide
with the longitudinal parts of linearized constraints H;, T;, and S;
of the full nonlinear theory considered above. This is because
the canonical formalisms of the full theory and its linearized
version are related by the canonical transformation corresponding
to the total derivative term in (6.10)—see discussion following
Eq. (6.11).
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sides of Egs. (6.30)—(6.31) are vanishing, which means that
we have an extra primary first class constraint
I — 11, = 0. (6.38)
This constraint generates the gauge transformation E; —
E, + ¢,y = v — ¢, which leaves the linearized 3-metric
(6.19) invariant because its scalar part equals —2y6;;+
2V,V,E, = —20;;(y + E),. Indistinguishability of these
two terms in the decomposition of s;; into irreducible
components requires additional gauge condition to fix y
and E; separately, while the physical sector depends only
on their sum. The dynamical effect of this extra constraint is
that the kinetic term of the n = 1 mode completely vanishes
in the Hamiltonian, so that ill-defined nonlocal terms
disappear. Moreover, in view of the secondary constraint
H}E = 0 both momenta in the n = 1 sector vanish, and the
tertiary and quaternary constraints completely kill its
physical mode, because both (w + E); and B; turn out
to be zero due to (6.36) and (6.37).°
Thus, for spatially inhomogeneous modes with A # 0
the tertiary and quaternary constraints (6.36)—(6.37) can be
algebraically solved for A and B in terms of y and IT,, and
used in (6.32) along with primary and secondary con-
straints. This gives the sector of one local scalar d.o.f. with
the physical Hamiltonian 7, [y, IT,,|

S_(y>0)[l//, Hx//] = /dt{/d3xHV/l//_H*[W’ HV/]}’ (639)

Hly.1,] = / dx BHWG(A)HV, + 11, V(A)y

1

+ —wU(A)yf} , (6.40)

2

where the coefficients G(A), U(A), and V(A) are the
following (non)local operators—functions of the covariant
Laplacian,

G(a) = ! |:2WH2 N &

= | H - . (641
45| cQ a3A+3k] (6.41)

¥For the open model with k£ = 0 the difficulty of the above type
becomes the problem of the dipole mode which seems to invalidate
the Hamiltonian (6.33) because of the infrared divergent integral
J&xTE(1/ A= [dx[(1/A)E* with (1/A)g(x) ~ 1/]x]
at |x| — oo. But again in the physical sector, when the secondary
constraint [Tz = 01is enforced, this problem is easily circumvented.

Local degrees of freedom with a nonlocal Hamiltonian sounds
as an euphemism, but this is a usual terminology accepted to
distinguish field-theoretical modes associated with location in
coordinate or dual momentum space from global mechanical
ones.

V(A) = %NaH(A +3k), (6.42)
U(A) = 4Nav/a(A + 30 |1 + 2N A 23], (6.43)

cQ

The above equations for 50 ly.11,,] and H, [, IT,] apply

only in the spatially inhomogeneous sector of the theory.
In the closed cosmological model with the discrete set of
modes on the 3-sphere, w(x) — v, this means that the
space integral should be replaced as [d’x — > %,
G(A) - G(—n(n+ 2)), etc. For spatially flat Friedmann
background, k = 0, the spectrum of degrees of freedom is
continuous and can be represented by Fourier modes,
y(x) > (p). [dx— [d’p, G(A) - G(-p?), which
are adjacent at p — 0 to the discrete homogeneous mode yr .

C. Perturbative (in)stability

A nontrivial effect of solving the constraints is a
complicated form of the coefficient G(A) in the kinetic
term of (6.40)—in contrast to the ghost mode in the
homogeneous sector, its sign strongly depends on the
details of the model. The positivity of this coefficient
guarantees absence of ghost modes and conversion of the
action to the Lagrangian form with the canonical normali-
zation of the physical mode, w — @. Exclusion of the
canonical momentum via its equation of motion,
I, = G™'(y — V), gives the Lagrangian action

1
S = [ dea| G- i6 vy

- %y/(U - VG‘1V)1//} . (6.44)

For positive G in terms of the canonically normalized
field ¢,

w = 6"/*VGo, (6.45)

it reads after several integrations by parts

> 1 )
st O)M_E/dtd%\/a{(f—(p[GU—vz

1. (G\ 1/G\? G

A remarkable property of the coefficients (6.41)—(6.43)
is that the combination GU — V? is linear in A, so that
nonpolynomial in spatial derivatives (nonlocal) nature of
the action takes place only for a closed model and is
significant only for long wavelengths modes with a small A,
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wH? k
G=—r=—=+0(—]. 6.47
2/oca " <A> (6.47)
In this limit the potential part of the action represents the
sum of gradient squared and the mass term with the

effective mass parameter m2; = m2%;(a) which explicitly
depends on a,

1. (G\ 1/G\? G
GU—V2+§8t< )——(—) +Vat1nv

G) 4\G
A k
- —c?;NZ +m2:N* + O <K>, (6.48)
and c,—the speed of sound parameter defined by
1
2= M (6.49)

Q

Thus, the short wavelengths part of the action—the limit of
big A—takes the form

1 - A
SOy = 3 / dtd3x\/3{(p2 + N*¢ [C? i mgff:| fﬂ}'
(6.50)

For spatially flat Friedmann model this representation is
exact for the full range of spatial gradients A = —p>—the
square of the comoving momentum.

Absence of ghost instability, G > 0, and gradient insta-
bility, ¢2 > 0, implies in view of (6.47), (6.49), and the
positivity of the constant C [cf., Eq. (6.5)] the following
two inequalities

>0, 1+w>o. (6.51)
Q

Outside of this range generic GUMG theory is unstable
either due to ghost or gradient instability of the infinite set
of modes extending to UV limit. Note that the second
inequality is consistent with conclusions that violation of
null energy condition is associated with perturbative
instabilities [19,20].

Of course, there is always a ghost spatially homogeneous
mode which, as was mentioned above, is just the pertur-
bation of the minisuperspace Friedmann background. This
mode can hardly disprove the GUMG theory, because this
type of instability, or presence of a runaway solution, is just
the essence of the cosmological acceleration or inflation
phenomenon. A wrong sign of the kinetic term of the
homogeneous background mode does not make general
relativity an unstable theory, which is usually explained by
the fact that this mode is not dynamically independent. In
GUMG theory this mode is the physical one, and its effect
is measured by the magnitude of the constant C which is a
part of freely specifiable initial conditions—just like the

cosmological constant as a constant of integration in UMG
theory. Otherwise, it works dynamically exactly the same
way as the scale factor mode in GR.

A possible objection to the stability of the GUMG model
might be that simultaneous growth of negative energy
background mode and the positive energy inhomogeneous
modes is not prohibited by the conservation law for the total
energy. But this objection is likely to be refuted by a simple
argument that this is just a back reaction of cosmological
perturbations on the Friedmann background, and the issue
of this problem, or the magnitude of this effect, is far from
being settled both at the classical and, even more so, at the
quantum level [21,22]. Thus, GUMG theory can be added
to the list of reasons [4,23] why in certain cases ghost
modes are not harmful in physical models.

The linearized theory analysis above does not stand a
smooth limit w = —1 which corresponds to the UMG
theory, because of the singularity caused by Q = 0. This
is because the number of local degrees of freedom drops in
this limit to two, and the theory still remains stable even
though it falls out of the domain (6.51). Finally, below the
phantom divide line w = —1 the extra scalar mode again
becomes dynamical, but it suffers gradient instability with a
negative c2.

We will not discuss here other sources of instability, like
the tachyonic one associated with the sign of the effective
mass term in (6.50). The criteria of stability of the theory on
a nonstationary background are very sophisticated when
the positivity of the Hamiltonian, which is not conserved,
becomes parametrization dependent and no longer indica-
tive of the consistency of the model [24]. In particular,
competing contributions of time dependent comoving
momentum and masslike terms in (6.50) are subject to
cosmological perturbation theory which reveals the particle
creation and formation of inflationary power spectra. These
phenomena will be considered elsewhere [25], whereas
below we will only briefly discuss the prospects of
applying the GUMG model in context of dark energy
and inflation theories.

VII. DISCUSSION AND CONCLUSIONS

Generalized unimodular gravity theory turned out to
have a very rich dynamical structure. Its canonical formal-
ism incorporates four generations of constraints of both the
first and the second class, the first class ones being
nontrivial linear combinations of the constraints belonging
to different (primary and secondary) generations.
Moreover, the number of primary first class constraints
seemingly contradicts the originally claimed local sym-
metries of the Lagrangian action of GUMG model [1],
which would indicate the breakdown of the Dirac con-
jecture in the theory of constrained dynamics. It turned out,
however, that this conjecture still applies in GUMG model,
because one of the originally assumed Lagrangian sym-
metries is actually either nonlocal in time or violates
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boundary conditions at spatial infinity. The constrained
Hamiltonian formalism clearly reveals this peculiarity,
which is deeply hidden in the Lagrangian framework,
and allows one to recover true local symmetries as
canonical transformations acting in the phase space of
the theory.

Another peculiarity of this model is the so-called
bifurcation of the system of constraints, which means that
the theory has two branches with different numbers of
constraints belonging to different classes. One branch is
characterized by the set of first class constraints and can be
interpreted as general relativity within a partial gauge
fixation of spacetime diffeomorphisms, corresponding to
the kinematical restriction on metric coefficients in GUMG
model—the lapse function as a rather generic function of
the 3-metric determinant. The second, physically most
interesting branch, is the one in which this restriction gives
rise to the effective perfect fluid originally suggested as a
candidate for dark energy. This dark fluid has a barotropic
equation of state p = we with a variable parameter w =
w(a) depending on the cosmological scale factor [1]. This
branch has only two local diffeomorphism symmetries
realized as canonical transformations on phase space—this
enlarges the physical sector of the theory from two general
relativistic degrees of freedom to three degrees of freedom.
Perturbative analyses on the closed and spatially flat
Friedmann background shows that this extra degree of
freedom—the scalar graviton—can be free of ghost and
gradient instabilities in a wide class of GUMG models
satisfying the restrictions (6.51). The second branch also
includes a well-known unimodular gravity model corre-
sponding to a constant value w = —1 which belongs to the
boundary of this stability domain, but the theory is still
stable, because the scalar mode is not dynamical one—all
the constraints of UMG model are the first class ones and
they rule this mode out of the physical sector.

Even though GUMG theory was originally suggested as
a model for cosmological acceleration, by and large it fails
to accommodate the dark energy phenomenology.
Cosmological data suggests [5,6] that the effective param-
eter w could be below —1 at small z, which contradicts
(6.51). One of the possibilities to relax this stability
criterion could be an attempt to construct a GUMG model
in which the unstable scalar mode y is not physical—the
method analogous to the elimination of ghost modes by
canonical constraints in [26]. Quite interestingly, it is
possible.

If one chooses the function w(a) in such a way that
Q = 0, the sequence of canonical constraints (6.34)—(6.37)
does not terminate at the fourth generation, because the
conservation of (6.37) is no longer an equation on the
Lagrange multiplier. In addition, two more constraints are
generated, A(A + 3k)A = 0 and AB = 0. As aresult all six
scalar variables (y, I,.E.1g, B, I1g) are ruled out by the
six constraints, and only harmless transverse-traceless

tensor modes survive in the inhomogeneous sector of the
model. In view of the expression (3.12) for Q its zero value
implies the following dependence of w and N on the scale
factor

v v—a

(7.1)

i va
where » and n are some integration constants. The
interesting case of w < —1 implies that v > a*. In the
course of cosmological expansion when a grows to ay =
v'/3 the barotropic parameter w — —oo and N — 0, so that
a — 0 as it follows from the modified Friedmann equa-
tion (6.5). The scale factor reaches maximum with the
infinite physical Hubble parameter a/Na ~ (v — a®)~'/?
and infinite acceleration in the cosmic (proper) time,
d*a/dr* = d®a/(Ndt)*> - co. This is the analogue of
the big rip singularity [27] beyond which the physical
evolution cannot be analytically continued. For a negative v
the parameter w stays above its value —1 and smoothly
grows to zero in the course of expansion, which is again
different from the dark energy scenario, because it does not
cross the phantom divide line w = —1 and resembles more
the exit from inflation picture. Altogether, including this
case of nondynamical scalar graviton, it seems that the
GUMG model is more interesting as a new candidate for
inflation scenario, rather than the source of dark energy.

The GUMG model of inflation could be rather interest-
ing, because the role of the inflaton is played by the scalar
sector of the metric field. The situation is similar to the R>-
inflation in the Starobinsky model [11], when the role of
inflaton is played by the dynamical conformal mode of the
metric. Here the same is realized without higher order
derivatives of the metric—entirely due to kinematical
restriction on the lapse function of the theory. In view of
the expression (3.12) for €, stability conditions (6.51) for
the scalar graviton at negative w imply that

dw
dlna

> =3w(l +w) >0, (7.2)

which is consistent with the inflation scenario, because w
grows to zero at the exit from inflation, just like in the zero
Q case above.

Moreover, the scalar graviton y with the action (6.50)
has a dispersion equation with a nontrivial speed of sound
(6.49) determined by the time-dependent equation of state
of the effective perfect fluid p = w(a)e. It is interesting that
in the hydrodynamical formalism of inflation theories,
incorporating also the class of k-essence models [28],
the speed of sound (critically effecting the primordial
power spectrum of perturbations) is determined by the
effective equation of state of the inflaton field, ¢ = dp/de.
In the GUMG model this expression equals
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dp dw/da I 1 dw

de " gde/da -

314+ wdlna’

(7.3)

where we took into account the stress tensor conservation
law (6.6) for €. On the other hand, in view of the expression
(3.12) for Q, the sound of speed of the GUMG scalar
graviton (6.49) is the same up to quadratic order in
dw/da

5 w dp 5
s =——1— =+ 0((dw/da)*).
1+ 3w(ll+w)dt{_na de

(7.4)

For slowly varying functions w(a) these two parameters
nearly coincide. For faster varying equations of state their
discrepancy is not surprising, though, because the dynam-
ics of the usual inflaton field additional to gravity is
qualitatively different from the case when the inflaton
belongs to the metric sector and acquires a dynamical
nature due to nontrivial GUMG kinematics.

Thus, despite the fact that generalized unimodular
gravity most likely represents a failed attempt to build a
phenomenologically consistent model of dark energy, this
theory can be regarded as a rather prospective source of
inflation scenario, which is a subject of further studies [25].
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