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We point out two ways to search for low-mass axion dark matter using cosmic microwave background
(CMB) polarization measurements. These appear, in particular, to be some of the most promising ways to
directly detect fuzzy dark matter. Axion dark matter causes rotation of the polarization of light passing through
it. This gives rise to two novel phenomena in the CMB. First, the late-time oscillations of the axion field today
cause the CMB polarization to oscillate in phase across the entire sky. Second, the early-time oscillations of the
axion field wash out the polarization produced at last scattering, reducing the polarized fraction (TE and EE
power spectra) compared to the standard prediction. Since the axion field is oscillating, the common (static)
“cosmic birefringence” search is not appropriate for axion dark matter. These two phenomena can be used to
search for axion dark matter at the lighter end of the mass range, with a reach several orders of magnitude
beyond current constraints. We set a limit from the washout effect using existing Planck results, and find
significant future discovery potential for CMB detectors searching in particular for the oscillating effect.
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I. INTRODUCTION

Overwhelming gravitational evidence for the existence
of dark matter (DM) is to be found over a wide range of
astrophysical and cosmological scales (see Refs. [1,2] for
reviews). Elucidating the nongravitational properties of the
dark matter is one of the most pressing open problems in
particle physics. A particularly intriguing class of potential
DM candidates is supplied by light bosonic degrees of
freedom (d.o.f.), of which axions and axionlike particles
[3-5], and dark photons [6-9], are prototypical.

Apart from these being well-motivated d.o.f. from the
standpoint of UV theory (e.g., Refs. [10—13]), the canonical
QCD axion is independently extremely well-motivated as a
solution to the strong CP problem [14—17], in certain regions
of parameter space. More generally, much attention in the
literature has also recently been directed toward axionlike
particles (hereinafter, axions),l which interact with the
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'Such a particle in general has no fixed relationship between its
mass and couplings. We avoid the more elaborate ‘“‘axionlike
particle” nomenclature in favor of “axion” as we refer almost
exclusively to such particles in this work; where necessary, we
distinguish the axion from the QCD axion, whose mass is fixed once
its QCD coupling is specified.
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Standard Model via similar couplings to the QCD axion,
but which populate a much broader region of mass-coupling
parameter space. In particular, extremely light axions, with
astrophysically macroscopic de Broglie wavelengths, can act
as “fuzzy dark matter” (see Ref. [18] for a review), which may
provide a solution to a number of potential small-scale
structure anomalies [19].

Light bosonic DM also provides an interesting counter-
foil to the long-dominant weakly interacting massive
particle (WIMP) paradigm [20] for particle dark matter.
Indeed, the absence of definitive evidence for the WIMP
in the face of ever-advancing experimental sensitivities
[21-31] is becoming a strong motivation to cast a wider net
in the search for the identity of the dark matter. The very
high phase-space occupancy numbers required for light
bosons to constitute all of the dark matter [18],2 resulting in
effective classical-fieldlike behavior of these candidates,
gives rise to a broad array of novel effects (see, e.g.,
Ref. [41]), requiring experimental approaches quite distinct
from the canonical WIMP search techniques. A plethora
of such approaches have recently been proposed, e.g.,
Refs. [5,42-53].

Over wide regions of parameter space, there are plausible
production mechanisms for both axions and dark photons; see,
e.g., Refs. [32-40].
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One of the more exotic consequences that arises within
the context of light bosonic dark matter is the effect of a
pseudoscalar dark-matter axion background field on the
propagation of linearly polarized light. It has long been
known that the breaking of parity associated with coupling
of any generic nonstationary or nonuniform background
pseudoscalar to electromagnetism gives rise to a birefrin-
gence for the propagation of opposite-helicity photons,
manifesting itself as a rotation of the plane of linear
polarization of the light by an angle proportional to the
difference in the values of the pseudoscalar field at the
emission and absorption of the photon [54-57].}

An extensive literature exists on this subject.
Interferometric searches for the rotation effect have been
recently proposed [60-63] for the case of a DM axion in the
mass range m,, ~ 1071%-107% eV, which varies on a time-
scale amenable to a laboratory setting. Existing searches
for the rotation effect when the pseudoscalar varies on
temporal or spatial scales inaccessible at Earth- or local
space-based facilities exploit the fact that a variety of
astrophysical and cosmological sources emit polarized light,
which travels over very long baselines to reach Earth,
allowing observable net rotations to accumulate over the
long travel times. In the context of polarized emission from
astrophysical sources (radio galaxies, pulsars, protoplanetary
disks, etc.), searches have encompassed the rotation arising
from DM axions [64—68], cosmologically slowly varying
pseudoscalars [55-57,64,69-77], and the case where the
related Chern-Simons term gives rise to the rotation [54].
More germane to the topic of the present work, the rotation
of the polarized fraction of the cosmic microwave back-
ground (CMB) has been considered in the case where the
pseudoscalar field varies slowly on cosmological timescales
[56,74-76,78-100]; more exotic scenarios have also been
considered  [80,85,86,89,91-93,101-107].* Searches by
CMB experimental collaborations for either isotropic or
anisotropic static “cosmic birefringence” are standard, e.g.,
Refs. [99,118-124].

Relatively fewer works have discussed the rotation of the
polarization of the CMB due to DM axions [125-129],
which necessarily vary rapidly on cosmological timescales
given that small-scale structure measurements (e.g.,
Lyman-a measurements [130,131], as well as dwarf-
galactic structure [19]) constrain such axions to have
oscillation periods of at most O(1 yr).

3This rotation effect is distinct from the axion-photon mixing
effects that occur in an external magnetic field background, which
also give rise to a rotation effect [58,59].

Complementarily, the gravitational effects of axions on the
CMB power spectra have also been extensively explored (e.g.,
Refs. [108—117]); these typically probe an axion mass range
lighter than we consider in this work, where the axions constitute
at most a fraction of the DM (or, for extremely light masses, some
fraction of the dark energy).

II. EXECUTIVE SUMMARY

In this work, we revisit the photon polarization rotation
effect arising from a dark-matter axion on the polarized
fraction of the CMB. We point out a number of important
phenomena that arise in this context that appear to have
either escaped notice or been underappreciated in previous
analyses.

First, we reemphasize a fundamental point that has long
been known in the literature [56]: the rotation angle of the
plane of polarization that arises from the birefringence
induced by the axion-photon coupling is proportional to the
difference in the values of the axion field at the emission
and the absorption of the photon, and is independent of the
details of the behavior of the axion field along the photon
trajectory.5

Applying this understanding to the polarized fraction of
the CMB, we find two main phenomenological implica-
tions: (1) there will be an AC oscillation, at the axion
oscillation period, of the CMB polarization pattern on the
sky as measured today, arising as a result of the local DM
axion value evolving over the total lifetime of a CMB
experiment; and (2) given that a DM axion must oscillate
many times during the CMB decoupling epoch, there is a
necessity in the line-of-sight approach to computing CMB
anisotropies [132] to average the axion-induced linear
polarization rotation angle over all possible axion field
values explored during the decoupling epoch: this “washes
out” the polarization, leading to a reduction of the net
polarized fraction of the CMB light as compared to the
ACDM expectation. Relatedly, the cancellations inherent in
having a fast-oscillating axion field at the decoupling epoch
result in only a highly suppressed net static (DC) rotation of
the CMB linear polarization angle at any point on the sky as
compared to a naive estimate of the effect made taking into
account only the axion field magnitude at decoupling.

The polarization washout effect is quadratic in the early-
time axion field times the axion-photon coupling (i.e.,
3,47, a small parameter), and existing Planck CMB
measurements constrain g, ¢, <1.5% 107! (future, cosmic-
variance-limited reach, g,,¢. <5.7 x 1072). Normalizing
the axion field ¢, to be all the dark matter at the decoupling
epoch, a m, ~ 1072? eV dark-matter axion is excluded for
Gy 29-6x10714GeV™! (future, g,, % 3.6 x 107* GeV™).
The AC effect is linear the late-time axion field times the
axion-photon coupling (i.e., g,,¢o, a small parameter);
taking an informed estimate for the present detectable
amplitude of the AC oscillation to be 0.1° (future assumed
reach, 0.01°) allows a reach of g, ¢y ~ 3.5 x 1073 (future,
9pyPo ~ 3.5 10~*). However, the local dark-matter density
is smaller than that at decoupling, ¢/¢. ~ 1072, with the

>This statement applies generally to any pseudoscalar field
coupled to a photon in a fashion similar to the axion.
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resulting sensitivity to a my ~ 10722 eV dark-matter axion
from the AC effect being g,, ~ 1.6 x 1073 GeV~! (future,
gy ~ 1.6 x 10714 GeV™"), comparable to that of the wash-
out effect at current sensitivities. Both effects have a reach of
a few orders of magnitude beyond existing bounds for the
lightest possible fuzzy axion dark-matter masses. The AC
effect, being linear in the axion-photon coupling and not
cosmic-variance limited, has better potential future reach
than the washout effect.

Our work is complementary to, and not in conflict with,
the many existing analyses cited in Sec. I that consider the
distinct phenomenology that arises for pseudoscalars that
vary slowly on cosmological timescales. The effects we
note, arising from the faster-oscillating DM axions, are
largely new (or importantly different from previous dis-
cussions of this phenomenology). We defer a detailed
comparison to previous work considering DM axions to
the body of the paper.

In the remainder of this paper, we review how the
axion-induced modifications to Maxwell’s equations give
rise to a photon polarization rotation effect (Sec. III), which
we then employ in a series of increasingly realistic toy
models (Sec. 1V) designed to illustrate the resulting
washout and oscillation phenomenology, building up to
our analysis of the CMB (Sec. V) and main results (Fig. 3).
After discussing past work (Sec. VI), we conclude
(Sec. VII). Additional details are given in Appendixes A
and B.

III. AXION ELECTRODYNAMICS

We consider the action

s [ axy=a (V9 - Vg~ g Fure

1 -
_JMAF_Zg{/’V¢FﬂZ’FW/ s (1)

where g is the metric determinant, A, is the photon,
F, (F w) 18 the (dual) field-strength tensor, J¥ is the
electromagnetic (EM) current, ¢ is the axion, and gy, is
the axion-photon coupling constant, which has mass
dimension —1; throughout this paper, we assume that
V(g) =3 myd’.

It is well known that the axion-photon coupling gives
rise to modifications to electrodynamics in an axion field
background [133]. As we show in detail in Appendix A, if
we specialize to a homogeneous, isotropic Friedmann-
Lemaitre-Robertson-Walker (FLRW) universe with scale
factor a, working in the conformal-comoving coordinate
system (n,x) where 7 is conformal time such that the line
element is ds?> = [a(n)]*(dn* — dx?), and we assume that
the axion background field varies along only the x* = z

spatial direction,® ¢b(5,x) = (5. z), the photon equations
of motion admit the following approximate transverse
plane-wave solution (see also, e.g., Ref. [56], wherein
equivalent alternative derivations are presented in terms of
the electric and magnetic fields):

Ag=4;=0, (2)

A,(n.2) = A, (n.2)
x exp[—iw(n —1n') + ik(z - 2')

+ ia%Aqﬁ(ﬂ, zn', )] (3)
with @ = k, where

Ap(n, 2 ) =dn.z) —p(n'. 2) (4)

is the difference in the axion field values between absorp-
tion at (7, z) and emission at (7, 7). Here, we have defined
the opposite-helicity transverse photon d.o.f.

A, =—= (A —icA,) (o6 = =£1). (5)

This approximate solution holds in the regime where the
axion field varies in space and time much more slowly than
the photon field; see Appendix A.

The leading effect of the opposite-sign phase corrections
to the two helicity modes A, shown in Eq. (3) is to cause a
rotation of the linear polarization of the EM field by an angle
A0 x g¢yA¢’ where A¢ = ¢(77absnxabs.) - ¢(77emit7xemit) is
the difference of the axion field values at photon absorption
and photon emission.

Explicitly, the electric field E, = (E*, E¥)T in the plane
transverse to Z undergoes a clockwise rotation as viewed by
an observer looking back toward the source of the photon
[i.e., an observer directing their view in the (—£)-direction],

B2 = (D) expliotn ) + ik = )]
< (1% 29| L1021 ) (6

with @ = k, where

cosd

RO = ( ) )

—sin@ cos@

and where the redshift factor correctly accounts for the
fact that radiation redshifts in a FLRW universe as
pxE>xa* In Eq. (6), we have neglected terms

°In this section, z = x° is the third spatial coordinate, not the
redshift.
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g4y 0y¢p/@w < 1, and we also sum over repeated indices
assuming a 3-metric equal to the identity. The rotation
effect is independent of the frequency of the light.

It is worth reiterating that, from Eq. (6), the E | -field
rotates through an angular excursion,

9y
AO = %A¢(”abs,axabs.; ﬂemit,xemit) (8)
- %/ dsn*0,¢ ®)
c
_ 9

{¢(’7abs.’xabs.) - ¢(776mit’xemit)]1 (10)

2
where C is the path of the photon in spacetime from the
point of emission to the point of absorption, and n* is the
null tangent vector to C. This form of the result makes clear
that it is indeed a cumulative integrated effect along the
whole path of the local derivative axion-photon coupling
in Eq. (1)

We emphasize strongly that the net rotation effect is
independent of the details of the axion field configuration
along the photon path at all points between emission and
absorption: the net rotation depends only on the initial and
final axion field values [56]. It is immediate from this
understanding of the effect that treating the net rotation
angle arising from a photon passing through multiple
different coherently oscillating axion patches as a stochas-
tic process of random jitters in the polarization angle, as
has been done in number of recent works, is incorrect;
see further discussion in Sec. VI. These statements apply
whenever the assumptions for using a Wentzel-Kramers-
Brillouin (WKB)-like approach to solve the photon equa-
tions of motion are satisfied, as detailed in Appendix A; for
an axion dark-matter field that is everywhere differentiable
and nonrelativistic (i.e., with spatial gradients smaller than
its temporal gradients), a sufficient condition is that the
photon frequency is much larger than the axion mass,
> m¢

IV. SIMPLE TOY MODELS

In this section we demonstrate the impact of the
polarization rotation effect elucidated in Sec. III in the
context of a series of three related, simplified toy models
designed to bear broad similarity to an observer detecting
polarized photons emitted from the CMB surface of last
scattering. The third model essentially gives all the physics
underlying our results for the effect of a DM axion on
the CMB.

7Recall,

1 - 1 -
_Z/ d*x\/=9 Gy, F ., F* = 5/ d*x\/=g 94, (0,P)A, F*.

A. Minkowski spacetime, source
at one instant of time

To avoid a number of the initially distracting complex-
ities of FLRW spacetime, we first work in Minkowski
spacetime with a =1 in this subsection; this implies
without loss of generality that we may set n =1, the
cosmic time. First consider an observer at x.,, = (z,0),
receiving photons from a distant source localized on the
fixed-time surface xXgouee = (¢, D(t,¢)it), where i =
sin 9 cos pXx + sin I sin @y + cos IZ is the direction from
observer to source, and the distance D(z,1') = ¢ — ¢ is such
that x,p, and X, are lightlike separated. Suppose that in
an observation time 6t < x/m,, the observer receives from
the source at random times within that interval a total of
(N + M) photons, with N of those photons having been
emitted as linearly polarized along the é;-direction at the
source, and M of the photons having been emitted as
linearly polarized along the é,-direction at the source; we
denote the quantum-mechanical polarization states of the
photons as |&(7)) and |é,(7)), respectively. We take

é; = cosyeg(in) +sinye, (i) and & = —cosye,(it) +
sinyéy(it), where ég(it) = cosdcospx + cosIsinpy —
sindz and é,(1) = —sin@X +cospy; see Fig. 1.2

We are agnostic here to the mechanism generating the
polarization, but assume it to be an immutable, constant
characteristic of the source (in particular, we assume the
fractions of photons of each polarization in any sized
sample of photons do not change).

Assume further that this entire setup occurs in a
near-homogeneous background axion field ¢(z,x)
[i.e., [0,00| > |V@|]; this implies that ¢y (1) = ¢(7,0) ~
¢0 cos(m¢t + 0() and ¢source(t’ l/) = ¢([/1 D(L t,)ﬁ) R
¢ocos(myt’ + p(t —1')], with a and f(r — ') being some
phases, in general different by O(z) because we assume
that D is much larger than either z/m, or the larger axion
field coherence length ~z/(m,v). Note that, as written
here, f(t — 1) = p(D(t —')) is also supposed to capture
additional phase variation not made explicit in the mt
term, due to the small spatial gradients of the axion
field; as a result of the assumed near homogeneity,
|p(t+n/my—1)=p(t=1)| < 7.

Suppose our observer has a polarization-sensitive detec-
tor with two sensors, oriented such that one sensor is
sensitive to polarization along the ég4(i2)-direction, and the
other is sensitive along the orthogonal &, (t)-direction [we
denote the photon polarization states along these two axes
as |eg(i)) and |é,(i2)), respectively]. The observer deter-
mines the Stokes parameters (see Appendix B) character-
izing the incoming photons by performing an incoherent

®The sign convention for the 1, system is chosen this way
such that the triplet (p,é,.é,) forms a right-handed coordinate
system, where p = —ii is the direction of photon propagation
from source to observer.
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FIG. 1.

sum over the photons received from direction 7 during the
observation time ¢,

N M

I(A)=> "Ii+Y 1, (11)
i=1 j=1

V(i) =0, (12)

0h)=>"0i+> 0, (13)
i=1 j=1

U(h) = ZU,-+§)U,», (14)

where I, ;, Q;;, and U, ; are the single-photon Stokes
parameters defined in Appendix B2 with respect to
the axes éy(72) and &,(n); see also Ref. [134]. At the
source, the photons are polarized as |i; (¥, Dit)) = |é,(i))
for i=1,...,N, while |j;(¢,Dn))=|e(n)) for
j=1,...,M. However, we know from Sec. III that the
linear polarization of each individual photon rotates in a
(counter-) clockwise direction when A¢ >0 (< 0), as
viewed by an observer looking in the #i-direction, due to
the axion oscillation between photon emission and photon
absorption,

500,00y = cos (%2 ) () =sin (%2 0 ) ()

i=1,...N] (15)
— cos <w + %mp) 125(R))
< Yoy A A

sin(u %89 ) iy ) (16)

A

[

7.

¥

Qe

P
‘0<0d
T

n

0

Axis and angle conventions.

:0.0)) = cos (%2 29 ) o) + sin (% 89 ) 1)
J=1,...M| (17)

— - cos(v+ 48 ) ey )
sin(y+ 2 09 ) eyl (18)

where A¢ = ¢p[cos(myt + a) — cos(myt’ + p(t =1'))].
Therefore, the observer measures the Stokes parameters
for the radiation field’

I(R) =N+ M (19)
V(i) =0, (20)
(0 = iU) (i) = el exp [ﬂi(wju%m)} (21)

= exp {izi (% A¢>} (0 £iU), (), (22)

where we have defined e= (N —-M)/(N+ M) as an
intrinsic polarization asymmetry of the source, and
(Q+iU)y(n) to be the values that would be measured
in the axion decoupling limit g,, — 0.

From this setup we can immediately observe one
interesting signal: suppose we made two sets of measure-
ments of /(i2), Q(i1), U(i) at times ¢, and t,, separated by
something on the order of [t; —#,|~O(x/m,), using

’Note that a right-handed rotation of the axes (e
an angle ¢ [i.e., a clockwise rotation of the axes (
viewed in the right panel of Fig. 1] would send v — y — &, with
the resulting transformation Q & iU — e¢¥2¢(Q 4 iU).

—
e
—
=
=
>
_S(Q)_s
—
> =
~—
~—
o
<
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integration durations 6t < x/m, for each measurement.
(i) is the same at both times and, by virtue of the fact that
p varies slowly on timescales ~z/m;, we can write

Ay — Ay = po[cos(myty, + a) — cos(myty +a)].  (23)
Therefore, Q(it) and U(t) are observed to rotate into each
other as a function of ¢, (for fixed #;) as though the detector
angle y were being oscillated with a period ~27/m, and
excursion amplitude g,,¢/2. In other words, we see an
axion-induced AC oscillation of the Q(#) and U(#) Stokes
parameters measured to be emitted from a lightlike sepa-
rated source located on a fixed-time surface in the past,
assuming that the source properties are otherwise fixed over
the relevant timescales, and the source has some intrinsic
net polarization asymmetry.

B. Minkowski spacetime, source smeared in time

The toy model of Sec. IV A fails to account for a situation
in which the source is not localized at one point in time on
the past light cone of the observer; we extend the model to
that case in this subsection.

We continue in Minkowski spacetime with a = 1, taking
n = t. Suppose now that our source is otherwise unchanged
from the toy model of Sec. IV A, but that there is instead a
smeared region along the past light cone of the observer
which contributes all the photons arriving at the observer
within a time interval 6¢ around the time ¢. That is, instead
of being localized at x = rit = D at one fixed instant of
time 7, it is rather the case that our source has some unit-
normalized probability density function (PDF) ¢(#) to be
spatially located atx;, = rii = Dyt = (t — 1,)it at the time
! =1, whenitemits eachof thek =1,....N+ M photons
that the observer receives in the 6¢- 1nterva1 around time #.'
We assume g(t) has non-negligible support only in the
region? € [{ —T/2, + T/2] where t — ¢ >>T>>7r/m{/,
i.e., the duration 7 of the photon emission / source
smearing is small compared to the distance to the source,
but large compared to the axion period (had we instead
assumed the hierarchy # —¢' > n/my > T, such that the
axion field oscillates slowly during the period of photon
emission, we would recover the result of Sec. IVA). We
additionally assume that 27|0,9(t)| < m,, so that g(z) is
fairly constant on one axion period.

|

In this second case, the expressions for the observer-
measured Stokes parameters are modified to account for the
fact that each individual photon has its own value of Ag,

I=N+M, (24)
V=0, (25)
(0+iU)(h Zexp [i2t<w+g¢yA¢)]
- Z exp [iZz <y/ + 90 A¢j>} (26)
=
where

Agy = Ad(1.1}) = go[cos(myt + a)

—cos(myti + (= 1)), (27)

with 7, being the emission time for photon k. For fixed z,
and assuming that we are in the limit where N and M are
large enough that we may pass to the continuum limit (i.e.,
we have large photon statistics), we have

(Q +iU)(n)
— el / 47 g(7) exp [izi<y/+%A¢(t, 7'))]. (28)

Now,

2W + g¢yA¢(t7 ;/) = 21// + g¢},¢0 COS(m¢t + a)
= ggypocos(my? +p(t=7));  (29)

although f(t —7') can vary by O(x) on timescales ~7, we
still have the scale separation |m,T|> [p(t—1 —T/2)-
p(t—+t +T/2)l. We can thus separate the integration
domain into a large number of subdomains 7 € [7, — 67 /2,
t, + 61 /2], where 67 =2x/m,, such that | (17, -6 /2)—
B(t=1,+61/2)|<x, so that we may take f(r—7)~
p(t—1,) = B, to be independent of 7 in each subdomain.
Moreover, we have assumed that g(7') varies slowly on the
timescale 67, and so may approximate ¢(7') ~ g(7,') = g, in
each subdomain,

401/
(Q+iU)( IZgn /_::/22 exp |::|:21 <1;/ —|——¢0 cos(myt + a) — —(/)O cos(myt' —l—ﬂ,,))] (30)
— el <Zgn§t> exp [:I:Zz (1// + 7 cos(myt + ))]Jo(gm(,/)o) (31)

10 2 2
. Note that (xk _ xobserver) - (t - tk)
arrive at the same instant at the observer.

- D% = 0; the photons are emitted at slightly different times and distances, such that they all
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- €I< / cft’g(?’)) exp {121' <y/ v %(po cos(myt + a)> } Jo(ggyho) (32)

= Jo(gyytho) exp {ib’ (% o cos(myt + a))] (0 £ iU), (i), (33)

where (Q +iU), are as before the values that would be
measured in the axion decoupling limit g4, — 0. We also
used that ¢(7) is a unit-normalized PDF, and the integral
representation of the Bessel function of the first kind, J,(x):
[7_dxexpliA + iBcos(x + 8)] = 2zeJo(B)."

We thus see again that there is an AC effect ascribable to
the axion field oscillation at the observer: a time-varying
rotation of Q(72) and U(#) into each other as though the
detector were being rotated about the 7-axis through an
angular excursion of amplitude g,,¢/2 at period 27z /m.

We also now have a new effect, polarization washout,
ascribable to the axion field oscillating rapidly at the
source: the smearing of the source in time leads to a
smearing of polarizations measured in any arbitrary fixed
observer frame (provided the source is not varying), leading
to an effective reduction in the polarized fraction inter-
preted to be produced at the source: € — €J(g4,¢0). We
note that this second effect is only valid in the regime in
which the emission does not occur during a period rapid
compared to the axion oscillation frequency (i.e., that we
have T' > 2z/m,); in the opposite limit (T < 27/m,), the
results of Sec. IVA would apply instead.

Finally, we emphasize that, in this regime, there is no
unsuppressed leading-order static (DC) rotation of the
polarization axis that arises from the axion field behavior
at the source [4,12], in sharp contrast to the usual treatment
of static cosmic birefringence which assumes a setup closer
to our initial case from Sec. IVA, with T < 2z/m,,. We do
however note that we have in our above derivation
neglected the last partially uncanceled oscillation which
would lead to a residual overall rotation from source to
observer that is power-law suppressed by ~(m¢T)‘]
compared to the naive estimate of an O(g,,¢,) rotation
(note that we disagree on the size of the suppression
compared to Ref. [12], which claims an exponential
~e T suppression).

If we imagined the extension of the preceding analysis to
a collection of sources at different angular positions i1 with
respect to the observer, and all beaming photons toward the
observer, and analyzed how the polarization from each
location would be impacted, our conclusions would hold
point by point: there is a Q(it) <> U(it) oscillation driven
by the axion field at the location of the observer, and a
second-order reduction in the Q(it) and U (1) values arising

"Jo(x)~ 1 —x2/4+ - for x < 1.

from the axion field oscillating many times during the
emission from the smeared source.

C. FLRW spacetime, source smeared in time

Consider the third and final toy model, which is taken
to be similar to the model in Sec. IV B, with two
exceptions: (a) the analysis is conducted in a FLRW
spacetime instead of in Minkowski spacetime, and
(b) instead of assuming near homogeneity of the axion
field across our entire setup, the axion field at the source is
taken to be approximately the axion field as it would be at
the epoch of CMB last scattering, while the axion field at
the observer is taken to be the axion field as it would be
locally in the Milky Way (MW).

Since the analysis of Sec. III (or, more specifically,
the detailed derivation in Appendix A) indicates that the
polarization rotation effect operates in FLRW the same as it
would in Minkowski, (a) is an almost trivial change: we
simply locate the observer at x,,, = (17,0) and have the
source for each of the (N + M) photons located at
Xsourcen = (1ns D), where D, = D(n,n,) =n—m, is
the comoving distance between the observer and source,
and 7 is conformal time. We assume that 7, is drawn from
the distribution ¢(z(r')) with g(z) being the visibility
function, which we take to be localized around z = z,,
where z, is the redshift of last scattering."?

To evaluate the axion field at the source, we consider the
axion field equation, Eq. (A1), ignoring the source term on
the rhs (see discussion in Appendix A), and assume that
spatial gradients are irrelevant: |V¢|/a < |0,¢|, which is
justified by our assumption that the axion field serves as the
cold, nonrelativistic dark matter. Moreover, we evaluate the
axion equation of motion in the FLRW spacetime describ-
ing our Universe,

M) = O]9 (34)
S d)+ [m;—%{%% <g>2H$(t) —0  (35)
)41+ %6—;;1)] (1) =0, (36)

In contrast to Sec. III, here z is the redshift, not the third
spatial coordinate, x°.
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where " = d,, we defined ¢(r) to factor off the dominant
scale-factor dependence of ¢(¢), and in the last step we
used the Friedmann equations to trade out derivatives of a
for the total pressure from all sources,

Diotal = Pmatter T PA + PR (37)
= PA T DR (38)
1
=—pA Tt 3PR (39)
QO
=[-8+ 5, (40)

where QY = p;(ty)/p. are the present-day fractional energy
densities, and we used that the matter fields (including the
cold DM axion field at this epoch) do not contribute to the
pressure, as their equation of state is w ~ 0. But then using
Q) = QY /(1 + z¢ ), we have

6 3H)\?2 QY (1+2)*
— = (=) |- +=M . (41
m{z/)MIz)l Protal <2m¢> |: A + 31+ Zeq. ( )

Using the latest Planck (TT4TE-+EE+lowE+lensing+
BAO) results [135], Q% = 0.6889(56), Q3, = 0.3111(56),

Zeq. = 3387(21), 7. = 1089.89(21), and H, =
67.77(42) kms™' Mpc~!, we find that
6r
m(Q/)Mlz)l Protal
1 4
~ [—3.3 % 10724 1+ 2.1 x 10-“’)(“) ]
1+ z,
m,/, -2
P T . 42
x (10‘21 eV) (42)

As we are assuming in this section that z ~ z, within ~20%,
the [- - -] bracket in Eq. (36) is negligibly different from I,
and we can write

1+7
1+z,

3/2
o7, h)~ ¢*(ﬁ)[ ] cos (myt' + f3),  (43)

where ¢, (1) is a normalization that in principle we allow
to vary across the sky, f is a phase, and 7/ = z(#') is the
redshift. If the axion constitutes a fraction « of all the cold
dark matter at the average redshift of decoupling, and
we ignore the small matter perturbations at decoupling
which would give rise to variations of ¢, (1) across the sky,
we have

1
Em;gﬁz =Kkp Q1 +z,)3
= (3k/8x)M3 Q0W>(Ho/h)*(1 +z,)°  (44)

= ¢.(A) = 1.6 x 10! GeV x k!/?
my -1 Q(C)hZ 1/2
T . (45
x <10—21 ev> x (0.11933 (45)

where we used the Planck result Q%4> =0.11933(91) [135].
In evaluating the axion field at the observer, we use the
axion field local to us in the MW,

¢(t) = g cos(myt + a(t)), (46)

where a(¢) is a phase approximately constant on timescales
shorter than the axion coherence time .oy ~ 27/ (myv3)
with vy being the MW virial velocity, and we take ¢, to be
normalized such that the axion field constitutes a fraction
of the local DM density, py ~ 0.3 GeV/cm?,

1
Eméqﬁ% = Kpo (47)

= o = 2.1 x 10° GeV x k!/2
Mg - Po 12
X | —— X |——m—— . 48
(10‘21 eV> <0.3 GeV/cm3> (48)

The reader will note that the axion field normalizations
given at Eqs. (45) and (48) differ by only 2 orders of
magnitude, which is understood by virtue of the fact that
p o« ¢?, our Galaxy is locally overdense compared to the
present-day critical density (p. ~ 4.8 x 107® GeV/cm?®) by
roughly 5 orders of magnitude, and the dark matter in the
Universe around last scattering was ~(1 + z,)? ~ 10° times
denser that the present-day critical density; it is important
that these two normalizations, ¢, and ¢, are not wildly
dissimilar.

In our Universe, the photon visibility function g(z) has a
FWHM spanning z ~ 1000-1200 [136,137], corresponding
to a cosmic time interval T = At ~ 103 yrs, while an axion
with mass my oscillates with a period Ty ~ 0.1 yrs X
(102" eV/my); g(z) thus varies slowly on the timescale
of the axion oscillation in the parameter region of interest.
As a result, most of the analysis of Sec. IV B now goes
through as before, with the exception that we need to
additionally note that in a time period 67 = 27/m,, around
z=12,, z2=2z(7) is such that we have 67 = z(7' + 67 )—
z(7) < Z, so that at the step analogous to the subdivision of
the integration domain just above Eq. (30), we may write
14+ Z~1+7%, in each subdomain,
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(0 + iU)(R) ~ el / 47 g(7) exp [i2i<w+%¢ocos(m¢z+a) Jor (j)*(ﬁ){

1472
14z,

r/z cos(my? + A1, ?)))] (49)

R~ eIZg,, [; :/tz/z "exp |::|:21 (z// + —450 cos(myt + a) — g(ﬁy . (i) [ ::—_ Z] v cos(myt + /5,,))]
(50)
> 13/2
= elexp {jﬁi (l// + %¢0 cos(myt + a))} [zn:gné?Jo <g,,,y¢*(ﬁ) E i ij )] (51)
573/2
= el exp [iZi <1// + %qﬁo cos(myt + a))] / di' g(7)J, <g{/,y¢* (i) [IIT—FZZ*] ) (52)
373/2
= el exp {121' <z// + %qﬁo cos(myt + a))} / dzg(z)Jo (gd,ycﬁ* (n) LITTJ ) (53)
— ol 9} @ exp 420 (% gy costngr +.0) ) | (@ 2 0. (54)

where (Q £ iU), are as before the values that would be
measured in the axion decoupling limit g4, — 0, and where
for convenience we defined ¢(7) = ¢(z)(dz/dt), as well as
a visibility-function-weighted average axion field ampli-
tude at decoupling,

olgyy )9
= [ @z (s ;5] 7) 9

~ Jol9gpy P ()], (56)

where the latter approximate equality holds since ¢(Z) is
fairly strongly peaked around Z = z,.. Within the context of
this most-developed toy model, we see the same overall
effects as in Sec. IV B, with the magnitude of the AC
oscillation effect now explicitly seen to be governed by the
amplitude of the local axion field value, and the magnitude
of the washout effect controlled by a visibility-function-
weighted average of the axion field amplitude at last
scattering.

Finally, in the limit where g,, ¢ . < 1, so that all the
axion effects are small, Eq. (54) immediately tells us that
the effect of ¢, manifests itself only quadratically in the
reduction of the Stokes Q(72) and U(#) parameter ampli-
tudes (Jo(x) ~ 1 — x?/4 for small x), while the effect of ¢,
appears linearly in the amplitude of the oscillating Q(72) <>
U(n) rotation at period 2z/m,. Therefore, despite the

hierarchy g, ¢ ~ 10‘2g4,y¢* < 1, it is incumbent upon us

|
in what follows to keep track of both the washout and the
AC effect, as it is not a priori clear how the magnitudes
of (gy,(¢.))* and g,,¢y compare in the relevant part of
parameter space. In other words, even though the axion
field is larger at last scattering than today, the washout
effect is quadratic while the AC effect is linear in the axion
field, so both effects could be important.

To conclude this section, we give a simple heuristic,
pictorial understanding for the origins of the washout and
AC effects; see Fig. 2. For any fixed direction 72 on the sky,
the local temperature quadrupole conditions prevailing at
decoupling set up some preferred polarization direction,
E'(#), at that point. In the absence of an axion-induced
rotation effect, this same polarization direction would be
seen by an observer at or near Earth. However, suppose we
turn on the axion field, and focus initially on a fixed
observation time at which the local axion field value at the
detector is momentarily O (Fig. 2, left panel). An observer at
Earth receives photons which were emitted at random times
during any one of the >10° axion oscillation periods during
the decoupling epoch; these photons thus fully and ran-
domly sample all possible axion field values explored
around the decoupling epoch. Because the polarization of
each such photon therefore ends up rotating between
emission and absorption by a different amount (set by
the axion field value at the emission time of each photon),
the observer sees instead a series of incoming photons
whose polarizations are fanned out over an angular range

A0 ~ g,,¢, around the direction E'(#). But the observer
(i.e., a bolometric CMB detector) naturally performs an

015040-9



FEDDERKE, GRAHAM, and RAJENDRAN

PHYS. REV. D 100, 015040 (2019)

E(7,ty) AW /B, ty)
/X0,

N\ N

d’obs.(tﬂ) =0
@obs.(tl> >0

FIG. 2. Heuristic explanation of the washout and AC effects.
Effects exaggerated for clarity; see text for further discussion. In
both panels, the thick black lines marked E'(#) indicate the axis
of polarization favored by the local CMB temperature anisotro-
pies, at some point on the sky, 2. The thin grey lines are a
representative sample of the “fanned-out” (by an angle
A8 ~ g,,¢,) set of incoming photon polarization directions seen
by an observer at Earth, arising as a result of the individual
photons being emitted at random points during the axion field
evolution around decoupling. The thick red lines marked E(, t;)
indicate the average of these fanned-out polarizations detected at
Earth; the reduced length of those lines is supposed to indicate the
reduction in observed polarization amplitude as compared to that
at the source. In the left panel, we consider an observer making
the measurement at a time ¢, such that the axion field at the
observer is instantaneously O [¢hys. (f9) = 0], so there is instanta-
neously no offset between the direction of the polarization
intended to be imprinted by CMB source conditions, and the
direction of the polarization observed at Earth: E'(7)||E(, 1,).
That is, we instantaneously see only the washout. In the right
panel, we consider an observer making its measurement at time #;
some fraction of an axion period later [¢hy, (2;) > 0], such that
the entire polarization pattern at the detector also undergoes an
overall rotation A#(t;) compared to the direction intended to
be imprinted by CMB source conditions: E' () JE(#, t,). As the
axion field at the observer continues to evolve in time, the angular
offset AO(z) of the pattern oscillates back and forth. Note that
nothing in this figure is intended to imply a net unsuppressed
static DC rotation offset of the received polarization pattern; these
are simply snapshots in time of the AC oscillation A6(7) of the
polarization angle offset.

incoherent sum over the fanned-out collection of incoming

photons, and as a result detects only their average, E (i, 1),
as the incoming polarization from direction 7. As can be
seen from the left panel in Fig. 2, in the limit of large
photon statistics, this averaging merely results in a reduc-
tion in the amplitude of the polarization, but no net static
rotation. Finally, as we allow time to evolve at the observer
and the local axion field evolves away from 0 (Fig. 2, right
panel), the entire fan pattern further executes an angular
oscillation of amplitude A0 ~ g, ¢y, which naturally also
oscillates the average of the fanned-out polarizations,

E (7, 1); this is the AC effect.

V. CMB OBSERVABLES AND LIMITS

By construction, the toy model results of Sec. IV C give
a good approximation to the effects to be expected in the
realistic CMB case:" a polarization power washout on all
(pristine; see comments below) scales, and an AC oscil-
lation effect at period 27/m, with the size of the effects
given by Eq. (54). As the polarization rotation effect we are
considering impacts only the propagation, and not (at least
at leading order) the production, of polarized photons, it is
not necessary at the level of accuracy required for the
present work to modify any publicly available CMB codes
(e.g., cMBFast [132] and cAMB [146]) to explicitly track the
washout effect through the decoupling epoch. At high [/
(i.e., [ Z 20), we judge that simply taking the usual output
of unmodified CMB codes, and transforming the output
polarizations in the manner indicated by Eq. (54) is
sufficient. At low [, where the primary CMB anisotropies
have been significantly reprocessed by the reionized uni-
verse, this approach would not be correct; we discuss this
case in more detail below.

Furthermore, note that the visibility function g¢(z)
appears only in the average (¢, ), and our results are thus
insensitive to its exact shape, so long as it is strongly
peaked near z ~ z,, but slowly varying on the timescale of
one axion oscillation; in the relevant region of axion mass
parameter space, this is always the case with any physically
reasonable ¢(z).

While the washout effect can be constrained using
current publicly available CMB power spectrum data
(from, e.g., Planck [135]), a correct treatment of the AC
oscillation effect necessarily requires access to nonpublic
time-series CMB polarization data, and demands a more
rigorous treatment of experimental systematics than is
appropriate for the scope of the present work. Therefore,

Bt is necessary to remark that, in our toy models, we dictated
that only linear polarization was present, so the elliptical
polarization Stokes parameter V was necessarily 0. For the
CMB observations we consider in this work, V =0 is a good
assumption. Only linear polarization is generated primordially in
the standard picture of Thompson scattering of photons off
unpolarized electrons in the plasma around the decoupling epoch
[136,137]. Elliptical polarization can be generated either in
nonstandard scenarios (e.g., Refs. [140,141]) or by foreground
effects (e.g., Refs. [142—-144]). The CMB measurements we
consider explicitly in this work [135] were taken in the
O(100 GHz) frequency range, where strong upper limits on
the CMB elliptical polarization component exist (e.g., Ref. [145]).
The effects of foregrounds or nonstandard physics in generating
elliptical polarization at these frequencies are thus necessarily
small, and it is justified to approximate V = O throughout this
paper when discussing the effects of the axion-photon interaction
on the primordial linear polarization measured at these frequen-
cies. Note however that effects generating V # 0 are in general
frequency dependent (e.g., Refs. [143,144]); consideration of the
impact of the axion-photon interaction on measurements of the
CMB polarization at frequencies outside the O(100 GHz) region
may thus need to consider V # 0 for full generality.
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while a combined approach considering both effects
simultaneously would be preferable, we instead present
two independent estimates for the reach of each effect:
(a) the current reach for a washout-only search using the
sensitivity of current Planck [135] CMB power spectra, as
well as a projection for future reach; and (b) the approxi-
mate reach attainable by a detailed time-series analysis as
informed by the statistical power of current DC searches for
cosmic birefringence, as well as a minimal projection for
possible future reach.

A. Washout of polarization

For the purposes of the washout analysis, we neglect the
local oscillating axion field, and consider the washout
effects via their impact on the CMB TT, TE, and EE auto-
and cross-correlation power spectra.

In considering full-experiment combined maps produced
by, e.g., Planck, we are implicitly averaging over the local
axion phase evolution too, as each point on the sky was
revisited multiple times over the multiyear duration of the
Planck experiment (see, e.g., footnote 34 of Ref. [147]) and
such repeat observations were obviously combined without
making any corrections for an actual on-the-sky variation of
the CMB polarization arising in the manner we consider in
this work. However, since the local axion field amplitude is
noticeably smaller than the field amplitude at decoupling,
¢o ~ 1072¢,,, this second averaging / washout effect should
not dramatically alter the prediction for the polarization
reduction which we obtain considering only the axion field
behavior at the decoupling epoch.

In harmonic-space all-sky CMB analysis (see, e.g.,
Refs. [148,149]), the observed temperature maps 7'(it)
are decomposed over a basis of scalar spherical harmonics,
and the observed Q(it) and U(ft) maps are decomposed
over a basis of spin-weight-2 spherical harmonics,

T(ﬁ) = ZaT,lelm (ﬁ) (57)

l,m

(Q+iU)(n) = Zai2,lm X0 Yy (R2), (58)

ILm

from which the E and B modes are constructed as [148],

1
Apim = — 5 (a+2.lm + a—2,lm) (59)
i
apim = B (a+2,zm — A ), (60)

with the observed Cyy, auto- and cross-correlation power
spectra being defined as

obs. —

1 *
Cxvi = %1 > @ iy im: (61)

for X,Y € {T,E,B}. Up to the limitations imposed by
cosmic variance, the observed C3j, are compared to the
true Cxy,; = (C) (with (- - -) denoting the average over
the ensemble of possible statistical realizations of the sky),
which are a prediction of the cosmology of interest.

From this, it is clear that an axion-induced reduction in
the amplitude of Q(7t) and U(#1) point by point on the sky
results in a reduction in the amplitudes of the Crg gg pp
power spectra compared to the values expected for these
quantities in a base ACDM cosmology with the amplitude
of Crr held fixed. Quantitatively, the relevant effects are
[assuming that (¢, )(72) ~ (¢,) is independent of 71, except
for small fluctuations]

(Q £iU)(R) — Jo(94,(h:))(Q £ iU)(R)  (62)

= agggyim — Jo(94y(P.))aiE By im> (63)

implying that'*
Crg; — J0(9¢y<¢*>>CTE.l’ (64)

CEE,I - []0(g¢y<¢*>)]2CEE,l’ (65)

where (¢,) is as defined at Eq. (55). For values of
94y () such that Jo(gs,(#.)) =1—06 for some 6 < 1,
it follows that the fractional reduction in the EE power
spectrum, |(ACgg;)/Cgg | ~ 26, is approximately twice
the fractional reduction in the TE power spectrum,
|(ACTE,I)/CTE,Z| ~ 6.

Note, however, that the approach outlined above is only
correct for those pristine CMB multipoles that have not
been significantly reprocessed since the decoupling epoch;
this prescription fails at low /, since the polarization power
for [ <20 is significantly contaminated by polarization
generated by rescattering after reionization [152]. We
therefore mostly confine our attention to the high-/ multi-
poles of the CMB power spectra, which reflect the
polarization imprinted at the last scattering surface; where
necessary, we include low-/ data, but make an approxima-
tion as to how the effect operates there (see Sec. VA 2).

A fully correct treatment of our effect at low [ would
require running a full set of Boltzmann evolution equations
to incorporate also the axion field oscillation during the
reionization era. This is however computationally chal-
lenging, owing to the extreme ratio of scales in our
problem: the timescale of variation of the axion field, 7, <
1 year in our parameter range, is orders of magnitude less
than other relevant timescales (the time since reionization

“Note that since the temperature and polarization maps are
imperfectly correlated [150,151], it is appropriate to treat the
effects at the lower of the power spectra, and in particular to
incorporate cosmic-variance uncertainties on all the power
spectra.
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FIG. 3. Reach for current and future searches for the washout and AC oscillation effects induced by an axion field of mass m,
constituting all of the dark matter (x = 1, in the notation of Sec. IV C). We find that the diagonal (green) shaded region is excluded on the
grounds that a reduction in the predicted polarization amplitude of at least 0.58% is in conflict at 95% confidence with Planck
measurements [135]; see Sec. VA 2. The diagonal dashed (green) line indicates how the bound would improve if the 95%-confidence
upper limit on the fractional reduction were improved to 0.082%, our projection for the sensitivity if all three of the power spectra C,TT‘TE EE
were measured to the cosmic-variance limit out to /., = 3000 (assuming the Planck sky coverage, fq, = 0.577); see Sec. VA 3. The
diagonal dash-dotted (red) line indicates where the AC oscillation effect has an amplitude of rotation of at least 0.1°; based on the statistical
power of the DC search conducted in Ref. [123], we estimate that, at a minimum, this region may be excludable at 95% confidence given
current sensitivity of the Planck measurements, although this would require a dedicated time-series analysis to confirm. The diagonal
dotted (red) line indicates the reach of the AC oscillation search if a 0.01° rotation amplitude were detectable, as an example of future
potential. For comparison, the reach for the AC search exceeds the current (respectively, future) washout reach for a rotation amplitude of
0.059° (0.022°). Note that all of our bounds and projections are upward-sloping diagonal lines g,, o m, because all the rotation effects are
& Ggyho.«» While méqﬁ(z),*  const.; see Egs. (44) and (47). The vertical (grey) line marked “Lyman-a” denotes the smallest axion mass
claimed to be consistent at 95% confidence with observed small-scale structure in the Lyman-a forest [131]. The graduated shaded (grey)
region labeled “small-scale structure” is where the axion de Broglie wavelength is large enough to cause tension with observed galactic
small-scale structure [18]. The horizontal (grey) shaded region is the current 95%-confidence exclusion limit from CAST [138]. The
horizontal dashed (grey) line is a limit arising from conversion to gamma-rays in galactic magnetic fields of axions emitted by SN1987A
[139] (we take their “10.8 M, Jansson and Farrar” limit).

began, length of the decoupling epoch, the age of the  computational burden associated with a fully correct treat-
Universe, etc.), which makes the resulting system of  ment at low / would not be justified within the scope of the
equations stiff. While usual treatments of faster-oscillating  present work, and we discuss in more detail below how we
axion fields (see, e.g., Ref. [110]) have utilized an effective  treat the low-/ data approximately, when necessary.

fluid description for the axions that essentially averages Relatedly, although we do not take this approach, we
over the axion oscillations [153], all our polarization effects  caution the reader that the numerics of computing the CMB
arise explicitly from the axion oscillations; we would notbe  polarizations with modified versions of standard Boltzmann
able to follow such an approach to alleviate the computa-  codes requires some care, even at high /: when the axion field
tional burden. As the uncertainties of measured power  oscillates rapidly on cosmological timescales, an accurate
spectra are dominated by (large) cosmic variance at low /,  numerical evaluation of the line-of-sight time integrals over
most of the statistical power of our analyses does not arise  the polarization source functions (see, e.g., Ref. [132], and
from the lowest few multipole bins. Therefore, the extra ~ modifications in Refs. [82,95,125,126]) requires a much
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finer time sampling than would ordinarily be required in the
case of standard ACDM, in order not to alias over the rapid
axion oscillations.

In the remainder of this section, we detail our analysis of
the current and future constraining power of CMB data on
the washout effect, making use of the full-mission Planck
[135] results for the measured power spectra, along with the
current best-fit ACDM model (specifically, the Planck
TT + TE + EE + lowE + lensing fit [135]).

1. Current bound: approximate analysis

We first perform an approximate analysis, considering
only 50 <[ <[, to avoid the low-/ reionization bump
(Imax = 1996 is the highest available Planck polarization
multipole [135]). In this multipole range, there is within
ACDM models a single undetermined overall normaliza-
tion, A « A e?", which governs the Cirr.rE.EE). SPectra
[136,137]; this is the most obvious ACDM parameter
combination whose variation could partially compensate
the polarization washout effect.”” Therefore, we profile
over the joint overall normalization A of the three power
spectra in performing a one-parameter profile likelihood
ratio test for the alternative hypothesis that assumes the
existence of a nonzero polarization reduction parameter
r= gy, (. (my)), with (¢, (m,)) = ¢, (my) as in Eq. (45),
against the null hypothesis of no polarization reduction,
r = 0. Quantitatively, we define'®

—2InL(r=gy,(#.(my));A)
.oy (cﬁbyss”ed—Axfxymxcz?i??)z

observed
XYe{TT,TE.EE} =50 ”(ny,l )
(66)
where
1 XY =TT
fxv(r)=< Jo(r) XY =TE, (67)

[Jo(P)]* XY =EE

BTo develop an intuitive understanding for why this compen-
sation can occur, take the crude approximation u(C;) « C;; each
term in the sum over [ in Eq. (66) would then take the
approximate form ~(1 —A)%2+ (1 — (1 =8)A)? + (1 — (1 -
5)%A)? where 6 ~ r*/4 for small r, if exact agreement between
the observed and theory C; is additionally crudely assumed. If
A = 1 is fixed, this term contributes an amount ~582 to the sum;
on the other hand, if A is profiled over and allowed to float to
A =1+ 6, then the contribution to the sum is only ~282% Failure
to profile over A would result in setting a bound on r a factor of
~(5/2)1/* % 1.25 too strong (although note that this heuristic
argument should not be taken seriously in any quantitative sense).

'We make the approximation that we may ignore any off-
diagonal elements in the covariance matrix in constructing this
likelihood.

and where I,,, = 1996, C335¥ is the Planck observed
power, Ciys is the best-fit (TT -+ TE + EE + lowE +
lensing) prediction of the base ACDM model, and
u(Cee?) is the uncertainty in the C$35™e¢ (all as quoted
by Ref. [135]). We form the test statistic

) @

where hatted quantities are the best-fit values of parameters
given a fixed value of r.'” The one-parameter 95%-
confidence limit is then obtained as Ay?(ros) = 3.84, or
expressed in terms of a bound on g,,¢, (my),

Ay*(r)=-21In (,C(r —0

1= Jo(gpy@s(my)) <49 %107 [approximate] (69)

[i.e., a 0.49% reduction in (Q + iU)], which implies

9py S8.8x 1071 GeV™'  [approximate]
my QU2 \-12
T — . (70
) (10—21 eV) ) (KX 0.11933 70)

where in the second line we have used the small-argument
expansion of the Bessel function.

2. Current bound: full analysis

The exclusion limit at Eq. (70) from the analysis
procedure of Sec. VA 1 is approximate. In order to give
a rigorous exclusion limit from the current Planck data, we
undertook a more complete analysis in which we profiled
over the full six-dimensional ACDM base parameter set
0 = (Q,h%, Q.h%, 1000yc, 7, In(10'°A,), ny). We form the
test statistic for the one-parameter profile likelihood ratio
test on r as'®

2 = o LO0)
Ay*(r)=-21 <£(r '@(r—O)))’ (71)

"By not fixing A(r =0) = 1, we allow for the possibility in
our procedure that the differences between our simplified version
of the Planck likelihood in this approximate analysis and the full
Planck analysis pipeline give rise to a small offset between the
parameter point that our procedure deems to be the best-fit
cosmology and the parameter point that the full Planck analysis
pipeline selects as the best-fit cosmology. This offset is at
the per mille level: i.c., A(r=0)=1~0(107).

"®We again permit ©(r = 0) to float to account for differences
in our analysis procedure and the full Planck analysis pipeline
causing a small shift in what we deem the best-fit cosmology as
compared to the Planck results.
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utilizing cAMB [146] to compute the necessary power
spectra, and sampling the ACDM parameters to find the
best-fit parameters using Monte Carlo (MC) techniques. As
this is computationally intensive, we were informed in our
choices of the values of r to investigate by the results of our
approximate analysis of Sec. VA 1.

Moreover, excluding the low-/ multipoles completely in
this full analysis would lead to an almost unconstrained
parameter degeneracy between A, and 7. In this part of our
analysis we therefore retain all multipoles down to [ = 2
but in order to not incorrectly wash out the polarization
of the nonpristine multipoles at / <20, we replace the
function fyy(r) as defined at Eq. (67) by fxy(r) —
(1= h(l)) + fxy(r)h(l), where h(l)=1[1+tanh((I-1y)/
6l)] with [y = 20 and 51 = 5; this approximate choice only
turns the polarization washout effect on for / 2 20, and it
breaks the parameter degeneracy in the same sense that
the low-/ reionization bump usually breaks this parameter
degeneracy in base ACDM models. While this is an
approximation, most of the statistical power in the limits
does not arise from this range of multipoles (where cosmic
variance is large), so the impact of this approximation on
our results is not significant.

This more rigorous analysis procedure yields a one-
parameter 95%-confidence exclusion bound given the
current Planck data of

1= Jo(ggyhe(my)) < 5.8 x 1073 (72)
[i.e., a 0.58% reduction in (Q + iU)], or

9py S9.6 x 10713 GeV™!

My
(10—2' eV> (KX

The bound shown by the diagonal (green) shaded region in
Fig. 3 reflects the result at Eq. (73). This full result reflects
weakening of the limit on g, at fixed m, by only 9% as
compared to the approximate bound at Eq. (70).

Our full analysis thus validates the approximate approach
of Sec. VA 1 within 10%, and also definitively settles the
question as to whether any multiparameter combinations of
base ACDM parameters can completely mimic or compen-
sate our effect: no such combinations exist.

Q2 \12
¢ (7
0.11933) (73)

3. Future reach

In order to give a perhaps optimistic estimate where this
search could reach in the future, we assume that the 7T,
TE, and EE power spectra can all be measured at the
cosmic-variance limit from / = 50 to /,,, = 3000 with the
same sky coverage as Planck, fg, = 0.577 [135]. At large
[, the results of Ref. [154] indicate that the likelihood for
observing the data €, = (CI,CT®, CFF) given a model

predicting C; = (CI™, CTE, CFF) is approximately a multi-
variate Gaussian with the covariance matrix
1
YN
SCTER TS
2 acfTeE Ay
x | 2CTTCTE CITCEE 4 (CTEY 2CTECEE |
AP acpe Ay

(74)

in the limit where cosmic variance dominates noise. For
our estimate for future sensitivity, we revert to the approxi-
mate analysis procedure of Sec. VA 1, having verified in
Sec. VA 2 that it is accurate within 10% for setting exclusion
bounds. As we are setting a future projected exclusion bound
on r = g,,(¢.(m,)), we take as our data the predictions of
the Planck TT + TE + EE + lowE + lensing best fit [135]
base ACDM model assuming no polarization washout:

C) = (C))branckacom best i (Which we  recompute  using
CAMB [146]).20 The theory we fit to these data, C, is taken
to be the modified ACDM prediction with washout that
was used at Eqs. (66) and (67): CfY =A X fxy(r)x
(CXY) pranckaCDM best fir- Our likelihood function for the
one-parameter profile likelihood ratio test on r is thus

mdx

—2InL(r = g4, (¢.(my)) ZATZ, A, (75)

where
Al = Cl - él (76)

XY _ (XY
= A7 = (C7) pranckaACDM best fit

X [AX fxy(r) =1]. (77)

Performing the same profile likelihood ratio test as con-
templated at Eq. (68), we find that our estimate for a future
95%-confidence exclusion bound under these assumptions
is given by

1= Jo(g4,#.(my)) <8.2x 107 (78)

[i.e., a 0.082% reduction in (Q £ iU)], or

"We have also checked that the covariance matrix may be
approximated by its diagonal entries with essentially negligible
impact on the estimated future bound. Note however that, since
the TE-TE diagonal entry of X; is not just proportional to (CT£)2,
one must still always still run, e.g., CAMB [146] to obtain an
accurate value for the ratio CITCFE/(CTE)2.

This is the Asimov data set [155] for this exclusion bound.
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Gpy S3.6x 1071 GeV™!

my Qth -1/2
- . (79
x <10—21 ev> 8 <KX0.11933 (79)

which is a factor of ~\/7 better than the current limit given at
Eq. (73). The diagonal dashed (green) line in Fig. 3 shows
the result at Eq. (79). Of course, if higher multipoles can be
probed at the cosmic-variance limit, this reach could
potentially be improved further; however, significant fore-
grounds exist for the temperature maps above / ~ 3000 (see,
e.g., Ref. [156]), so sensitivity estimates are more compli-
cated to make.

4. Further discussion

In all of the above, we have neglected the small
fluctuations in the value of (¢, (1)) across different
locations in the sky owing to fluctuations in the DM
density; these would induce only a very small (fractionally
~1073) modulation on top of the uniform amount by which
the amplitudes of Crg g pp are reduced from their base
ACDM predicted values. Additionally, the approximation
(@) = ¢, is valid to within (at worst) 10%, as the visibility
function is sufficiently sharply peaked around z ~ z,.

Finally, as we noted in Sec. IV C, there is no unsuppressed
net (static DC) rotation of the polarization at any point on
the sky induced by the axion field at last scattering; there
is only a residual last-uncanceled-period effect (i.e., an
incomplete cancellation of the positive and negative polari-
zation rotation angle deviations averaged over the CMB
decoupling epoch), and this is suppressed by a factor of
~Atose [ Algecoupling < 1073, Thus, the usual birefringence
searches for a conversion of CMB polarization £ modes into
B modes are not very useful to search for a dark-matter axion
since the field oscillates rapidly at the decoupling epoch;
see also comments in this regard in Refs. [125,126]. Of
course, there is still an overall AC polarization rotation due
to the late-time effect of the axion field today (at the position
of the detector). We analyze this in the next subsection.

B. AC oscillation of polarization

In considering the AC oscillation effect, we ignore the
power reduction from the previous subsection.

Searches for the Q(it) <> U(fi) oscillation effect in
Eq. (54) require dedicated analyses to be performed by
CMB experimental collaborations as the real on-the-sky
variation of the polarization pattern on timescales short or
comparable (~ a few hours to a few years) to the total
observation times (~ months to years) demands consid-
eration of nonpublic time-series data; such an analysis is
beyond the intended scope of this work.

However, we can provide a rough, minimal estimate for
the reach of such a search. Most recently, Planck [123] has
performed an analysis looking for an all-sky DC rotation of
polarization that would give rise to a rotation of £ modes

into B modes, and have quoted null results (within
uncertainties) for such searches that have statistical 68%
uncertainties at the 0.05° level on the all-sky rotation angle
[123]; see also Refs. [120,121] for older analyses with
lower precision. The systematic uncertainties on such
searches are much larger, at the 0.3° level [123], but are
dominated by uncertainty in the absolute calibration of the
relative orientation of the bolometers [123] (but see, e.g.,
Ref. [157] for possible improvements in absolute calibra-
tion possible for ground-based detectors), which is irrel-
evant for an AC oscillation search so long as a fixed
reference frame for the experiment can be maintained.
We estimate that a search in, e.g., the Planck time-series
data for an oscillation signal should be able to resolve an
oscillation with an amplitude roughly approaching the
statistical power of the searches for these all-sky DC
effects, although we have not considered in detail the
impact of possible confounding systematic effects for such
a search. Based on this estimate, we assume a limit on the
amplitude of the AC oscillation (g,,¢0/2) of 0.1°, at least,
would be attainable at 95% confidence in an analysis of
currently existing time-series data. This leads to

g¢},¢0 < 3.5 % 10_3 (80)

= g4y < 1.6 x 10712 GeV™!

) Po -1/
x (10—21 eV) x (K 03 GeV/cm3> ’
(81)

which gives the diagonal dash-dotted (red) line in Fig. 3. As
an example of the possible reach of this technique, we
consider the impact of improving the sensitivity to the AC
oscillation amplitude to 0.01° (g,, ¢y < 3.5 X 10~%); since
the amplitude of the rotation « g,,, this would correspond
to the factor-of-10 improvement in the coupling reach
compared to Eq. (81) that is shown with the diagonal dotted
(red) line in Fig. 3. For comparison, the reach for the AC
search exceeds the current (respectively, future) washout
reach for a rotation amplitude of 0.059° (0.022°).

Note that with the minimal assumed sensitivity of the AC
oscillation effect, both the washout and AC effects have
similar reach, but since the AC oscillation effect is propor-
tional to g,,, while the washout effect is proportional to
/G4, and is almost cosmic-variance limited already, the AC
effect holds more promise for increased future reach. In
particular, we do not attempt to estimate the ultimate reach
of this technique here, though it could possibly be signifi-
cantly better than the reach shown in Fig. 3. The minimal
reach estimate we have used comes from what is already
possible for measuring the static, absolute value of the
polarization. However, the effect we are looking for should
be easier to measure since many of the limitations of the
static search do not apply to a time-oscillating signal.
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Moreover, since the AC effect arises solely as a result of
the local axion field value, the effect must be in phase for
photons arriving from any direction on the sky; this
provides a highly nontrivial cross-check of any putative
positive signal.

While we have based our reach estimates here on Planck
results, searches for the AC effect are of course possible
with time-series data from any of the existing or proposed
ground-based, polarization-sensitive CMB experiments
[158] (e.g., BICEP and the Keck Array [159-161],
ACTpol [162], SPTpol [163], POLARBEAR-2 [164],
Simons Observatory [165], etc.). A dedicated experiment
built to search for oscillating CMB polarization could also
potentially have a significantly greater sensitivity to the AC
effect than we plot in Fig. 3; we defer a detailed exami-
nation of this point to future work.

Aliasing and averaging effects complicate setting exper-
imental bounds for sufficiently short axion periods (high
m,) compared to, respectively, the interval between suc-
cessive measurements of the same point on the sky, and
the time for one observation during the overall integration
time for any experiment. Although aliasing effects render
an experiment blind to certain specific axion masses (i.e.,
frequencies), they do not generally imply a loss of
sensitivity at other masses; they are also mitigated against
by the existence of multiple CMB polarization experiments
which all have distinct survey strategies. Moreover, with
respect to the averaging effect, note that by “one observa-
tion” we do not mean the time required to integrate to get
a decent statistical uncertainty on the polarization, but
rather the much higher data acquisition rate of the exper-
imental apparatus. Given that the axion coherence time
~(myv*)~" ~ 10°/m, is much longer than the oscillation
period ~1/ m¢,21 it is possible through appropriate data
analysis to extract an oscillatory AC signal even when the
single observation data points are individually quite noisy.
However, as can be seen from Fig. 3, the relevant axion
periods in the parameter range of interest to us are generally
quite long, and certainly much longer than the data
acquisition rates of modern CMB experiments; we have
thus ignored complications from this effect in estimating
the reach in our parameter range of interest.

VI. DISCUSSION OF PREVIOUS WORK

In this section we distinguish the present paper from
prior relevant work in the literature in some detail,
supplementing the comments in this regard that we have
already made in Secs. I and II.

*'We exceed CAST bounds for masses below approximately
my ~ 1071 eV, corresponding to frequencies ~3 x 107 Hz, or
periods ~1073 yr. Thus, the coherence times for even the fastest-
varying axions of interest to us are on the order of a thousand
years.

Ref. [125]22 derives the effects on the CMB of a time-
varying axion field (see also Refs. [76,82,103]). The authors
of Ref. [125] note and examine numerically that the usual
static rotation approximation (i.e., the usual treatment of
cosmic birefringence for cosmologically slowly varying
fields) fails to accurately capture all relevant effects when the
axion field oscillates rapidly. In particular, the numerical
comparison shown at Fig. 6 of Ref. [125] between the full
evolution and results based on the static rotation approxi-
mation does show an effect that appears to be the polari-
zation washout effect we have examined in the present work.
However, while Ref. [125] remarks that this effect is clearly
distinct from the results of a DC static birefringence analysis,
that work does not present an analytical estimate for the
magnitude of the effect, and no simple physical picture is
developed to heuristically explain the origin of the washout.
Moreover, Ref. [125] does not utilize their numerical results
including this effect to set limits on the axion-photon
coupling parameter space. The present work discusses the
washout effect in detail, and provides both a straightforward
heuristic picture explaining its origin, and a simple analyti-
cal expression for its magnitude; we also use the effect
to place new and powerful limits on the axion-photon
coupling parameter space.

Moreover, Refs. [125,126,166] do mention that the
linear polarization angle of the CMB would oscillate in
time in an oscillating axion background [see, e.g., the
discussion around Eq. (90) of Ref. [125]]; however, the
results given in those works provide an incorrect estimate
for the size of the effect, and they misidentify its origin. In
particular, those works give an estimate for the amplitude of
this oscillation that is set by the axion field amplitude at
decoupling;23 we have shown that the early-universe axion
field oscillations average out to 0, instead giving rise to the
polarization washout effect. We have also shown that, as a
result, it is the local, late-time axion field that controls the
amplitude of the AC effect. This distinction is qualitative
as well as quantitative: the understanding developed in the
present work that the AC oscillation arises from the local,
late-time value of the axion field implies that the oscillation
signal is in phase in different detectors looking at different
directions on the sky, which is to our knowledge a novel
observation.

Separately, a number of recent works (e.g., Ref. [128]
in the CMB context) have treated the net rotation angle
accumulated by a photon traversing N different coherently
oscillating axion DM patches by summing incoherently

ZRefs. [126,166] are related works by the same author(s), to
which we omit further reference here for the sake of brevity.

*Moreover, although they drop the local axion field amplitude
as small in making this estimate, the results at the first line of
Eq. (90) of Ref. [125] indicate that the authors of that work did
not account for the local overdensity of the axion dark matter
inside the Milky Way in estimating the axion field amplitude at
late times.
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over the mean-square rotation angles from each patch,

obtaining a random-walk \/N enhancement. As we have
shown, such a treatment is erroneous, as the net rotation is
simply proportional to the difference of axion field values
at photon emission and photon absorption, independent of
the intervening behavior of the axion field [56] (see also
Appendix A for a discussion of the assumptions underlying
this result).24

One other related previous work of which we are aware,
Ref. [127], looks for static anisotropic birefringence
induced by axion dark matter at the time of last scattering;
however, as we have discussed, axion dark matter does not
actually exhibit an unsuppressed signal of this type, as the
net rotation angle induced at the last scattering surface
averages to approximately O point by point on the sky.

Our bounds compare favorably with some recent analy-
ses of polarization rotation induced by axion dark matter in
astrophysical contexts: over the relevant range of masses,
we exceed by a factor of a few the limits set in Ref. [66]
from considering active galactic nuclei as the polarized
source;” our results also exceed the recently revised (see
footnote 24) limits and projections made in Ref. [65], using
a protoplanetary disk as the polarized source; and our limits
are comparable to the recently revised (see footnote 24)
projections made in Ref. [67], and limits set in Ref. [68],26
using pulsars as the linearly polarized source.

In summary, our work is to our knowledge the first to
identify the AC oscillation effect in the CMB context as
arising from the local axion field,” and is thus the first
to provide both a correct estimate for the size of the effect,
and to point out that the oscillations would be in phase
in different CMB detectors observing photons arriving
from any direction on the sky, which allows for nontrivial

2See also the “note added” in Ref. [66]. Similar erroneous
treatments also appeared in the arXiv vl preprints of
Refs. [65,67,68], but were corrected in revised versions (arXiv
v2, and/or published) either as the present work was being
finalized [67,68], or after the arXiv v1 preprint of the present
work appeared [65].

Although we note that results of Ref. [66] require knowledge
of the dark-matter density near the center of elliptical galaxies
hosting such active galactic nuclei, which is naturally subject to
some considerable uncertainty.

*The pulsar considered in Ref. [68], J0437-4715, is only D ~
156 pc distant from Earth [167], which is within an axion coherence
length Ay ~ 27/ (m,v) ~ 156 pc x (3.5 x 1072% eV/m,)x
(220 kms~!/v;) for some part of the axion mass range of interest,
and close enough that the axion field amplitude (i.e., DM density) at
the pulsar would be similar to that at Earth. But then the difference in
the axion field between emission at X' = (r — D, Dit) and absorp-
tion at x = (£,0) is A¢ ~ ¢ho[cos(m,t) — cos(m,(t — D) + 5)],
where § ~ O(zD/Ap.)- We would thus expect to see some loss
of sensitivity in the results of Ref. [68] at certain specific axion
masses [(m,D — &) mod 27 =~ 0] when m, < 3.5 x 10722 eV.

2"In addition to Refs. [125,126,166], see also Refs. [65-68] for
recent analyses in astrophysical contexts employing the idea of an
oscillatory effect.

cross-checks of any putative positive signal. Our work is
also to our knowledge the first to give a simple derivation
and physical explanation of the polarization washout effect,
and use it to bound the axion-photon coupling.
Moreover, we urge caution in utilizing previous CMB-
based birefringence bounds on the axion dark-matter
parameter space that have not considered the effects of
the rapid time variation of the field at the decoupling epoch.

VII. CONCLUSION

In this work, we proposed a new technique to search for
axion dark matter in the lowest allowed mass range. In
particular, this appears to be one of the most sensitive ways
to directly detect (theoretically well-motivated) axion-type
fuzzy dark matter [18]. We found that axion dark matter has
two novel effects on the polarization of the CMB. First, a
uniform reduction in polarization power from the standard
ACDM expectation for all / = 20. This arises from the
axion field oscillating many times during the CMB decou-
pling epoch, resulting in a washout of imprinted polariza-
tion as compared to the net polarization expected to be
imprinted by the local CMB temperature quadrupole
polarization source at last scattering. Second, a real on-
the-sky AC oscillation of the CMB polarization at the
period of the axion field, which is amenable to experi-
mental detection, but which requires detailed and dedicated
time-series analyses by CMB experimental collaborations.

The washout effect is quadratic in a small number, the
axion field times the axion-photon coupling (~gj, $*), but

arises from early times when the axion field is larger. The
AC effect is linear in the axion field times the coupling
(~gy4y®), but arises from late times when the axion field is
smaller. Given the current and projected sensitivities as
shown in our main results in Fig. 3, these two effects are
seen to be of roughly comparable reach in constraining
axion parameter space in the fuzzy-dark-matter region
my ~10719-1072* eV. Indeed, we have used the washout
effect to set a bound on axion dark matter using current
Planck results that is several orders of magnitude beyond
previous limits. This bound is already close to the ultimate
cosmic-variance-limited reach for this effect; see Fig. 3.
Beyond setting limits, both effects have discovery
potential. No CMB physics can mimic either effect, and
the AC effect especially appears distinct from any cosmo-
logical background. Of course, as in any precision experi-
ment, care must be taken to eliminate other backgrounds,
but there are strong checks on a positive signal. For
example, all CMB detectors must see the same effect; in
particular, the signal for the AC effect must be in phase in
the different detectors, independent of their location on or
near Earth, and independent of the location on the sky they
observe. This would be dramatic confirmation of a detec-
tion. For the future, the AC effect, though requiring a
dedicated analysis, has the greater potential reach since it is
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linear in the coupling (and not limited by cosmic variance).
We have drawn two representative curves in Fig. 3 for the
AC analysis, but we suspect that the ultimate reach of this
method could even be beyond either of these. Thus,
undertaking these AC analyses is important as this is
ultimately the better way to search for axion dark matter
in the lowest mass ranges.

In general, there are multiple ways to directly search
for axion dark matter in the lighter part of its mass range,
both with terrestrial experiments (e.g., Refs. [168—174])
and astrophysical observations (e.g., Refs. [66-68]). CMB
polarization appears to be one of the most promising
approaches for the very lightest end of the axion mass
range, and offers the exciting possibility of directly
detecting fuzzy dark matter.
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APPENDIX A: DERIVATION OF THE
POLARIZATION ROTATION EFFECT

The classical field equation for the axion field arising
from Eq. (1), assuming that V(¢) = %miqﬁz, is

9oy . =
O+ mip = — %FWF"”.

(A1)
Throughout, we ignore the backreaction term on the rhs;
we justify this quantitatively at the end of this Appendix.
The classical field equations for the photon are [133]

V, " =J" — g¢y(Vﬂ¢)F"”. (A2)
In Lorenz gauge (generalized to curved spacetime),
g”’/’VaAﬂ = 0, the field equations for the potentials in a
source-free region (J* = 0) become”®

DAIJ + R”UA}l = _gua(gzﬁyaygb)e”alpa/lAp’ (A3)

where we have used that e/ VA, = ¢*9,A, owing to
the symmetries of the Levi-Civita tensor and Christoffel
symbols.

We specialize to a homogeneous, isotropic FLRW
universe with scale factor a, and work in the conformal-
comoving coordinate system (17,x) such that the line
element is ds® = [a(n)]?>(dn* — dx?); n is conformal time.
As a specific case, we consider ¢ = ¢(n,z), and seek
solutions to the photon equations of motion which take the
form A §= Aﬂ (, z) (i.e., solutions in which the variation in
the fields is negligible in the direction transverse to some
selected direction); see also Ref. [56] for a slightly more
general discussion given in terms of the E and B fields.
Under these assumptions, a transverse solution consistent
with the v =0, 3 photon equations of motion and the
Lorenz gauge condition is A) = A3 = 0, while the v = 1,2
equations of motion can be decoupled by defining the
definite-helicity transverse field variables as at Eq. (5), in
terms of which we have

arz/Arr - agAa = i69¢7[(8z¢) (aﬂAO') - (8n¢) (81Aa)]' (A4)

We follow a WKB-like perturbative solution approach.
Consider the following solution ansatz for Eq. (A4):

A,(n,2) = F,(n,2) exp[—iow(n — 1) + ik(z — 7)

+iG,(n, 231, 2')], (A5)

where F, and G, are real functions. Substituting into
Eq. (A4), we have

[02InF, + (0,InF,)* - w* - (9,G,)* + 209,G,] + i[-2(w — 8,G,)d,In F, + 8;G,]|

+ [=02InF, - (8, InF,)* + k* + (0,G,)* + 2k0.G,] + i[-2(k + 0.G,)9, In F, — 9?G,]

= 694,(0.¢)[i0,In Fy + @ — 0,G,| + 64,,(0,¢)[—i0, In F, + k + 0,G,]. (A6)
Equating the real and imaginary parts, we have, using that 92InA + (9, InA)? = §2A/A for x € {n, z},
2 2 B%Fﬁ 6§FU 2 2
k* — @* +2w0,G, +2k0,G, + - +(0.G,)* = (0,G,)* = 694, (0.0)|@—0,G,] + 694,(0,4) [k +0.G,] (A7)

F, F,

Bwe acknowledge an abuse of notation on the rhs of Eq. (A3): g,, is the axion-photon coupling; g,, is the metric.
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—2(w = 8,Go) 0y I F, + Gy = 2(k + 8.G,)0. In F, — 392G, = 6,4, (0.4)[0, In ) + 6g,,(8,)[=0. In F,).

In order to make progress, we introduce a formal small
parameter € < 1 (we quantify this below) by assuming that
¢, F, and G, are functions of slow time (space) variables 7
(§) which are considered to vary slowly on the scale of
1/w (1/k) (the reader will recognize this as an alternative
technique for the derivation of the WKB approximation),

T=ecwn = 0, = ewd,, (A9)

E=ekz = 0, = €kOg. (A10)

Substituting into Eqgs. (A7) and (A8), we obtain

O’F OF
n3—1+2¢d,G,+2en}0:G, +€2%_ €22 ; 4
o o

+€*n3(0:G,)* —€*(0,G,)*
= €n00.g(/)y(a§¢) [1 - €81G6} + €”0°’9¢y(ar¢) [1 + €8§Go‘] ’
(Al1)

—2¢(1 — €0,G,)0,. InF, + 202G,
—2nde(1 + €9:G,)0: In F, — ezngagG”
= 62n00-9¢y(a§¢) [a‘r In FU] - 62”069415}/(8747) [65 In FG]’
(A12)
where we have defined ny = k/w > 0. Equating equal

powers of ¢ in these equations independently, it follows
that, up to O(¢), we have

ng =1, (A13)
a‘rGo‘ + n(z)afGa = nO(Ggqﬁy/z) (a§¢ + 6745) (A14)
O.InF, +n3d:InF, =0, (A15)

where Eq. (A13) and Eq. (A14) arise respectively from the
€ and €' terms in Eq. (A11), and Eq. (A15) arises from the
¢! terms in Eq. (A12). We may ignore the equations at
second and higher order, as € < 1 renders these corrections
irrelevant (see below for a numerical estimate of €). We thus
have ny = 1, which implies that

(0, + 0;) (Ga—ag;’/qb) —0, (A16)

(9, + 0:)InF, = 0. (A17)
The solutions to (9, + 0¢)h(z,£) = 0 are any functions
h(z,&) = h(z — &), so we may write without loss of
generality

(A8)
Gol0.) = o™ L p(r.8) + (s =8).  (ALS)
Fol.) = hale = &), (A19)

where h;, are general real functions to be determined. At
this point, having derived the approximate solution, there
is no purpose served by continuing to distinguish A, as
being functions of (z, &); we thus revert to using (7, z) as
the arguments of these functions.

If we demand that in the limit g,, = 0 we have the
standard plane-wave solution

Al.2) = Age i ), (A20)
with A, = A, (1, 7') being a constant, this can clearly be
achieved by setting

hy(n—z) = |A,| = const.

(94, = 0), (A21)

hy(n —z) = arg|A,] = const. (95, =0), (A22)
which uniquely defines h, as constant functions. If we
require that for g,, # 0 we have a plane-wave solution with
the same normalization and phase at the source as for the

9gy = 0 case,

A,(n. 7)) = A, (A23)
this can be achieved by the choice
hy(n—z) = |A,| = const., (A24)
hy(n—z) = arg[A,] — 6(g,,/2)¢ (0, 2') = const;  (A25)

Eq. (3) follows immediately. Note that we have not
assumed that g,,¢ is small in the above derivation, only
that ¢ varies slowly on the time or length scales of the
photon field (see also Ref. [56] for a similar observation in
the context of an alternative derivation).

In our work, the numerical estimate for the small
parameter € is given approximately by e ~ my, /w [as the
axion field in our work plays the role of nonrelativistic dark
matter, its temporal gradients || ~m|¢| are =O(10°)
larger than the spatial gradients, |V¢| ~ mv|¢|, so the ratio
of temporal evolution timescales is the relevant small
parameter]. Since we are concerned with the CMB, which
has a peak frequency around f ~ 160 GHz, we have
@ ~0.7 meV, and so € ~107"(m,/107%* eV), which is
vanishingly small throughout our region of interest; we are
thus justified in keeping only correction terms arising from
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the equations which are first order in e, which are precisely
the terms shown at Eq. (3).

Finally, we return to the justification for dropping the
backreaction term on the rhs of Eq. (Al). First, note that
—(94,/4)FF = g,,E - B. Our conclusion that the polariza-
tion simply rotates at leading order immediately implies
that, at leading order, we would still have E - B = 0 for any
transverse wave propagating in the axion background
(absent any electromagnetic background); this alone would
justify the neglect of the backreaction term arising from the
passage of CMB photons through the axion background at
leading order.

However, suppose that there is a subleading term whose
impact we have ignored in the main analysis, but which
might cause E - B =0 to fail at O(g,,). Since any such
effect must vanish in the limit of constant ¢, a very
conservative estimate for the maximum magnitude of the
backreaction arising from a transverse light wave of
frequency @ can be given as |g,E - B| < g4 E*x
9|/ ~ pg3, ||/ ~ prgl, my| |/, where in the last
step we approximated || ~ my|¢|, in accordance with the
assumption of vanishing backreaction at leading order; we
also assumed that the axion field has larger temporal than
spatial gradients (i.e., is nonrelativistic). Furthermore, in
the first step, we took the conservative estimate
E - B ~ E? ~ py, the full radiation energy density.

In order to neglect the backreaction, the size of the term
|94,E - B| on the ths of Eq. (A1) is required to be much less
than the individual terms on the lhs of Eq. (A1); under the
assumptions just discussed, these terms are of size 3H(b,
and miqﬁ. The most restrictive condition which must be

imposed to neglect the backreaction term in Eq. (Al) is
|94/E - B| < 3H |¢|. The less restrictive condition,
l94/E - B] < m{z/)|¢|, is then necessarily satisfied because
the axion field is the cold dark matter, and must thus
necessarily be oscillating, which imposes the condition
3H < my, or \3Hdz| < |m{2/)¢|, assuming consistently that
|p| ~ m|¢|. More explicitly, the largest H which is strictly
relevant for the axion dark matter is the value attained
around matter-radiation equality, when H ~ qu‘ /Mp ~
107%% eV (taking T, ~ eV); throughout the entire range of
masses m,, 2 10722 eV in which the axion field can be all
the dark matter consistent with small-scale structure limits,
we thus have 3H < my, at all times from matter-radiation
equality to the present day. In particular, the condition
3H < my is easily satisfied throughout the mass range
where our limits are competitive with or exceed those of
CAST: i.e., my ~ 10722 eV to 107'* eV; see Fig. 3.

We thus require |g,,E - B| < 3H || to ignore the back-
reaction in Eq. (Al). Using the estimate developed above
that |g,,E - B| §pRg§)7|¢| /w, this is achieved whenever

3Hp| > |pRg§)ygb/w|, or prgy,/ (wH) < 1. At the order of
magnitude level, it is easily seen that this is satisfied by a
large margin. After matter-radiation equality, we estimate
H? ~ ot /My ~ T3Teg M2, while pg ~T*, and w ~ T at
the CMB spectral peak. Therefore, we require that
95, Mp.T(T/Teq)'/* < 1. Conservatively taking g, ~
1071 GeV~! to be slightly larger than the largest value
allowed by CAST limits [138] (see Fig. 3), and conserva-
tively taking the largest relevant temperature, T ~ Ty~
eV, we find that g3, Mp T(T/Teq)"/? ~ 1070 < 1.

We thus conclude that, subject to the assumptions
detailed in this Appendix, our results in principle safely
hold throughout the mass range 10722 eV < my < wcpp~
107 eV, for all couplings g,, around or below current
CAST bounds.

APPENDIX B: STOKES PARAMETERS

1. Classical definitions

We define the Stokes parameters following the conven-
tions of Ref. [175]. To translate these results to the axis
conventions of Fig. 1, replace &, — &4(i2) and &, — ¢, ().
Suppose that the electric field can be written as (the real
part of)

E = e ™[E'e) + E%&,) (B1)
= e ™[Ete, + E"e_], (B2)
where
. Lo
e, = E(el + iey), (B3)
E* = %(E‘ T iE?). (B4)

The Stokes parameters (1, Q, U, V) defined with respect to
these frames are

[=|é,-E?+|ey-E (B5)
— |E'P + |22 (B6)
= et -EP + e - EP (B7)
= |[E*P + |E-P (B8)

Q=lé;-EI>—|é;- EP (B9)
= |E"|? - |E2)? (B10)
=2Re[(¢" - E)*(¢" - E)] (B11)
=2|ET||E”|cos (a_ —a,), (B12)
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U = 2Re[(&] - E)* (¢} - E)] (B13)
= 2|E"||E?| cos (a; — a;) (B14)
= 2Im|(¢" - E)*(¢* - E)] (B15)
= 2|EY||E~|sin (a_ — a,) (B16)

V =2Im|(&; - E)*(&; - E)] (B17)
= 2|E"||E2|sin (ap — ;) (B18)
= et -EP—|e= -E? (B19)
= |EF]2 = |E|%, (B20)

where @y is defined by EX =|EX|e/ for any
Xe{l,2,+,-}.

A field which is linearly polarized has V =0; V #0
implies elliptical polarization, with V = 41 implying
circular polarization of helicity 1. A linearly polarized
field with Q > 0, U =0 is polarized along the é;-axis
(E' #0 and E? = 0); whereas a linearly polarized field
with Q < 0, U = 0 is polarized along the &,-axis (E*> # 0
and E' = 0). On the other hand, a linearly polarized field
with U > 0, Q = 0 is polarized along the (&, + é,)-axis
(E' = E?); whereas a linearly polarized field with U < 0,
Q = 0 is polarized along the (&; — &,)-axis (E' = —E?).

2. Quantum mechanical definitions

As explained in Ref. [134], we may equivalently define
the Stokes parameters in terms of quantum mechanical

operators acting on photon polarization states. Using the
(eg(ir), &, (i) basis, we define the operators

I=ley(n))(es(R)| + [, (7)) (&, ()| (B21)
Q = |eg(i)) (@9 ()| — [ (R)) {2y ()]  (B22)
U=leg(n))(@,(R)| + [e5(R)) (2, (R)]  (B23)
V= ile, ())(eg(n)| - ileg(i)) (e, (R)].  (B24)

A single-photon state linearly polarized along the direction

W = cosyey(it) + sinpé, (i) has the polarization state
ly) = cosylég(in)) + sinylé, (i), and thus has

1, = (w|lly) = cos’y +sin’y = 1 (B25)
0, = (w|Qly) = cos’y —sin y = cos(2y)  (B26)
U, = (w|Ulw) = 2cosy siny = sin(2y) (B27)
v, = wlVlw) =0. (B28)

which indicates that a single linearly polarized photon is
present, and that Q, + iU, = ¢**¥. With appropriate
scaling factors, it is clear that these definitions agree with
the definitions for the Stokes parameters in terms of the
classical electric field of an electromagnetic wave given in
Appendix B 1.
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