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We analyze models of electroweak symmetry breaking in warped five-dimensional space with gauge
bosons and fermions in the bulk. The Higgs boson is identified with the fifth component of a gauge field.
We dynamically generate the Higgs potential using a competition between the top quark multiplet and
another fermion multiplet to create a little hierarchy characterized by a small parameter s = v/ f. Using a
Green’s function method, we compute the properties of the model systematically as a power series in s. We
discuss the constraints on this model from the measured value of the Higgs mass, the masses of top quark

partners, and precision electroweak observables.
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I. INTRODUCTION

The Standard Model of particle physics (SM) gives an
excellent description of elementary particle interactions as
observed today at particle accelerators. But, at the same time,
this model seems manifestly incomplete. The most impor-
tant qualitative phenomenon in this model, the spontaneous
breaking of its gauge symmetry SU(2) x U(1), is put in by
hand, by the assumption of a fundamental Higgs scalar field
with negative mass parameter. This assumption also makes it
impossible, within the model, to compute the Yukawa
couplings that determine the fermion mass spectrum.

There are two strategies to build a more predictive theory
of SU(2) x U(1) symmetry breaking. One is to keep the
assumption that the breaking is due to a fundamental Higgs
field but add a strong symmetry such as supersymmetry
that constrains its behavior. The other is to assume that the
Higgs field is composite, formed from some underlying
strong dynamics. The discussions of these possibilities in
the literature contrast greatly. Since supersymmetry allows
a weak-coupling description, it is possible to work out the
phenomenology in great detail, defining a “minimal super-
symmetric Standard Model” and canonical nonminimal
extensions, and exploring the properties of these models in
every corner of their parameter spaces [1-3].

On the other hand, models with a composite Higgs field
are much more difficult to bring under control. Descriptions
of these models involve strong coupling. Reviews of the
phenomenology of these models are then necessarily
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qualitative [4—6] and studies of particular models are done
by large-scale parameter scans [7-9].

In an attempt to improve this situation, we have been
studying the approach to composite Higgs models given by
Randall-Sundrum (RS) theory [10]. In this approach, the
four-dimensional strong-coupling dynamics is taken to be
dual to a weak-coupling five-dimensional dynamics in a
slice of anti-de Sitter space [11]. The boundaries of this
slice define infrared (IR) and ultraviolet (UV) scales for the
action of the new strong forces. It is attractive to link this
idea to that of gauge-Higgs unification, in which the Higgs
field is the fifth component of a five-dimensional gauge
field in the bulk space [12,13]. Electroweak symmetry
breaking can be achieved dynamically from condensation
of five-dimensional fermions [14—16]. We do not need to
introduce any fundamental scalars. In this way, it is
possible to build realistic theories with a minimal number
of free parameters.

Realistic RS models necessarily include hierarchies.
These models require heavy vectorlike partners of the
top quark and heavy resonances with the quantum numbers
of the SM gauge bosons, and these are not yet observed at
the LHC. In RS models, these heavy particles appear as
Kaluza-Klein (KK) recurrences in the fifth dimension and
have masses that are several times the IR scale. The
constraints on these particles, especially from precision
electroweak measurements, are sufficiently strong that their
masses must be well above 1 TeV. Gauge-Higgs unification
models contain nonlinear sigma model fields whose
dynamics is governed by a decay constant f, which is
of the order of the RS IR scale. In this paper, we will
arrange that there is a hierarchy between the Higgs field
vacuum expectation value v and the nonlinear sigma model
scale f: v/f < 1. Ideally, this hierarchy should appear
naturally, but here it will be arranged by fine-tuning.
However, once the hierarchy has been arranged, the KK
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masses are also set to be much larger than ». We can use
v/ f as an expansion parameter to organize the corrections
from the new physics present in the RS model. Using this
expansion as a guide, we will be able to present these
effects systematically.

Once this tuning is done, we will be able to focus on the
mass ratios of the heaviest SM particles—the W and Z, the
top quark, and the Higgs boson. In the simplest RS models
with gauge-Higgs unification, the masses of these particles
are all approximately equal. The ratio of these masses can
be corrected by an idea that fits naturally with the picture
that the RS model is a dual description of a strong-coupling
theory in four dimensions. In a complete four-dimensional
model, the electroweak gauge coupling and the top quark
Yukawa coupling will be determined by dynamics at a very
high mass scale, perhaps the grand unification or string
scale. This boundary condition at a high mass scale can be
represented phenomenologically in an RS model by oper-
ators on the UV boundary of the RS interval.

In this paper, we will show how these ideas are realized
in the simplest possible scheme for the bulk gauge group,
the SO(5) x U(1) gauge symmetry put forward by Agashe,
Contino, and Pomarol as the basis for the “minimal
composite Higgs model” [7]. We will ignore the dynamics
of light flavors and concentrate on electroweak symmetry
breaking driven by top quark condensation. With this
restriction, the number of parameters of the model is small,
and the parameter space of the model is straightforward to
describe.

The phenomenology of electroweak symmetry breaking,
including the computation of precision electroweak cor-
rections, has been studied previously in similar models
[17-20].

The outline of this paper is the following: Sections II-IV
will describe the construction of the model. In Sec. II, we
will recall some basic formalism of RS models and present
our notation. In Sec. III, we will discuss the coupling of the
top quark to the SO(5) gauge field in the bulk of the RS
space. We will introduce the idea of competition between
five-dimensional fermion multiplets as a mechanism for
achieving the v/ f hierarchy [21]. This mechanism will give
us a simple tuning parameter and, at the same time, will
provide a robust Higgs quartic term. We will then discuss
the problem of obtaining the correct ratios of the W, Higgs,
and top quark masses. In Sec. IV, we will introduce UV
boundary kinetic terms for the W, Z, and top quark and
explain how to adjust these boundary terms to fit the mass
ratios that are observed in nature.

Section V presents the heart of our analysis. In this
section, we will write the full Higgs potential in our model
and minimize it. We will show that, after applying con-
straints from the W, Z, t and Higgs masses and other
constraints from precision electroweak measurements, we
are left with only three parameters to vary. One of these
controls the v/f hierarchy and the scale of the KK

resonance masses. One controls the degree of composite-
ness of the top quark and its competing vectorlike top
multiplet. The final parameter turns out to be almost
irrelevant, affecting the physics of the model only very
weakly. Thus, the model gives us essentially a two-
parameter space to explore.

The last sections of this paper will analyze the effects of
new physics on precision electroweak observables in this
two-parameter space of models. In Sec. VI, we will
compute the precision electroweak parameters S and T
[22] and explain the constraints on the parameter space that
these imply. To analyze S and 7, we will introduce a
systematic expansion of electroweak amplitudes in powers
of v/f. This expansion applies to a broad class of RS
models beyond the specific models constructed in this
paper. In Sec. VII, we will study the effect of new physics
on the partial width for Z — bb. Although this observable
provides a strong constraint on some classes of composite
Higgs models [23], we will find that the constraint on our
RS models is relatively weak. Section VIII will give some
conclusions.

In this paper, we will ignore the masses of all SM
fermions except the top quark. There are more issues to
discuss in the quantum number assignments for generating
masses for the lighter quarks and leptons. Most immedi-
ately, this RS model predicts deviations from the SM in
ete™ — ff reactions at higher energy that depend on the
detailed scheme for generating the light fermion masses.
We will present these in the next paper in this series [24].

IL SO(5) x U(1) MODEL

This section establishes the basic formalism and notation
for our discussion of RS models with gauge-Higgs uni-
fication. The notation follows that of [21].

A. Overview

We consider a model of gauge and fermion fields living
in the interior of a slice of five-dimensional anti—de Sitter
space

1
(kz)?

ds®> = [dx™dx,, — dz?] (1)

with nontrivial boundary conditions at z = z, and z = zg,
with z, < zg. Then z; gives the position of the “UV brane”
and zp gives the position of the “IR brane.” In many
treatments, the finite fifth dimension originates as an S'/Z,
orbifold of a circle. This restricts the possible choices of
boundary conditions. Here we will view the fifth dimension
as a simple interval, and we will allow arbitrary choices of
boundary conditions at each end.
The perhaps more physical metric

ds?® = e 2% dx"dx,, — (dx®)? (2)
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is related by kz = exp[kx’]. We take the size of the interval
in x> to be zR. Then
z0 = 1/k, g = 1/kg = ™R /k. (3)
The scales k and ki set the ultraviolet and infrared
boundaries of the dynamics described by the 5D fields.
For concreteness, we will be interested in values of kp of
order 1 TeV and values of k of order 100 TeV. Thus, we
imagine that z; is at a flavor dynamics scale rather than at

the Planck scale.
The bulk action of gauge fields and fermions in RS is

1
Shulk = / d4xdz\/g—][—1 g gNCF N F,
+Wliedy Dy — mq;]‘l’] ) (4)

We will notate gauge fields as Aﬁ‘,,, where M = 0,1, 2, 3,5,
with lower case m =0, 1, 2, 3. Fermion fields are
4-component Dirac fields. We parametrize the 5D Dirac
mass as

my = ck, (5)

defining a dimensionless parameter ¢ for each Dirac
multiplet. In our formalism, the Higgs field is a background
gauge field, so we will quantize in the Feynman-Randall-
Schwartz background field gauge [25].

Green’s functions in RS will be important to our
analysis. Since [21] is devoted to the calculation of the
Coleman-Weinberg potential in RS models, formulas for
Green’s functions are given there for Euclidean momenta.
In this paper, we will work with Green’s functions with
Minkowski momenta. Euclidean Green’s functions, where
they appear, will be denoted Gp.

The solutions of field equations in the RS geometry with
Minkowski momenta are given in terms of Bessel functions
in the form [26-28]

O =z [AJu(pZ) + BYu(pZ)]e_ip.X’ (6)

It is useful to define combinations of the Bessel functions
so that the solutions (6), as a function of z = z;, have
definite boundary conditions at a point z = z,. Thus we set

Gop(z1.22) = % Vo, (p21)Y,,(p22) = Yo, (P21)J, (P22)],
(7)

where a, f = £1. For solutions to the Dirac equation, the
orders of the Bessel functions depend on the parameter ¢
according to

Then G (z,zg), G__(z,zg) give solutions of the Dirac
equation with Dirichlet boundary conditions on the IR
brane: ®(z,zz) =0 at z = zz. Similarly, G,_(z,zg),
G_,(z,zg) will give solutions with Neumann boundary
conditions on the IR brane. The solutions to Maxwell’s
equations are given similarly by these Green’s functions for
¢ = 1/2. Further properties of these Green’s functions are
given in Appendix A. The Euclidean Green’s function G
is analogously defined in (F1).

B. Group structure and boundary conditions

We choose the bulk gauge symmetry to be G = SO(5) x
U(1)x [7]. Boundary conditions break the bulk symmetry
to the SM gauge symmetry Ggy = SU(2); x U(1)y on the
UV brane and to H=S0(4)xU(l)y =SU(2), x
SU(2)g x U(1)y on the IR brane. This model can be
viewed as a dual description of an approximately conformal
dynamics between the scales kp = 1/zp and k = 1/z; in
four dimensions. In the dual 4D interpretation, the system
has a global symmetry G, of which the subgroup Ggy is
gauged to a local symmetry. The strongly interacting theory
spontaneously breaks G to the subgroup H at the scale kg.
The extra SU(2) factor in H is a custodial symmetry that
protects the relation my = c¢,m, from receiving large
corrections [29]. The study of the 5D model gives a
calculable approach to the 4D theory.

We decompose the adjoint representation of the SO(5) x
U(1) gauge group as described in Appendix B. The 10
generators of SO(5) are labeled T¢, T%, T®, T*, with
a = 1,2, 3. Consider first a pure SO(5) model, with SO(5)
broken to an SO(4) containing the 4D local gauge group
SU(2), . The boundary conditions for the M = m compo-
nents of the gauge fields would be

Agl ~ (+ 4),
Af~ (= +),
A;llvaﬁls ~ (_ _)’ (9)

with @ = 1, 2, 3 and + (-) indicates Neumann (Dirichlet)
boundary conditions on the left (UV) and right (IR)
boundaries. The zero modes of the A% fields would be
the 4D SU(2), gauge bosons. The components A% have the
opposite boundary conditions to those of the Az, so AL,
A® have zero modes that can be identified with the
Goldstone bosons. To set up an SO(5) x U(1) model
containing the 4D local gauge group SU(2) x U(1) on
the UV boundary, we introduce a U(1) gauge field A%, and
mix it with the field A3R. We also need to modify the

015001-3



JONGMIN YOON and MICHAEL E. PESKIN

PHYS. REV. D 100, 015001 (2019)

boundary condition of AR so that the U(1) gauge sym-
metry coincides with the U(1) symmetry of the Standard
Model. Let g5 and gy be the 5D gauge couplings of SO(5)
and U(1). Introduce an angle $ such that

LB e
\/ 95 9% \/ 95+ 9%
We assign the combinations

Z cg —s AR
)= 20 o
Bm S/} C/} Am

and modify the boundary conditions of A3F in (9) to

cp=cosfi= (10)

B,~(+ +),
Zy~(= +). (12)

The zero mode of the field B,, is the 4D U(1) gauge boson.
In terms of the gauge fields with definite boundary
conditions, the 5D covariant derivative is

Dy = Oy — i |gsAJF TP  + gsyByY + gsAGRT R

9s cSce
+§ZjW(T3R—s§Y)+gSAA§T5 , (13)
summedovera =1,2,3,b=1,2,and ¢ = 1, 2, 3, 4. The
5D hypercharge coupling is given by gsy = gssz. The
hypercharge and electric charge are given by

Y=T3+X and Q=T;+Tx+X (14
where X is the U(1)y charge.

C. Identification of the Higgs field

The four zero modes A%, A% transform as a complex
doublet under SU(2),. In the dual picture, they correspond
to massless Goldstone bosons of the broken global sym-
metry G/H. We identify them as the Higgs doublet. Since
Ag‘ zero modes are proportional to z, we can represent these
zero modes as

ALO(z.x™) = Nyzhe (x™), (15)
with ¢ =1, 2, 3, 4 and N, a normalization constant:
Ny, = [(zk — 25)/2k] 712, (16)

Because the Higgs fields appear as components of gauge
fields, we can gauge away their vacuum expectation values
in the central region of z. However, in a 5D system
with boundaries, we cannot gauge away these background
fields completely. Instead, such a gauge transformation

leaves singular fields at z; or z;. We can parametrize the
gauge-invariant information of the background fields in
terms of a Wilson line element from z, to z. The Coleman-
Weinberg potential of the Higgs field will depend on this
variable [21].

We can align the expectation value along the A%
direction, (h¢) = (h)6°* # 0 in (15). Then the Wilson line
element becomes

Uy =exp (— igs /Z dzth<h>T45> —exp (— ﬁi%T‘”) .
(17)

This equation introduces the Goldstone boson decay
constant f, analogous to the pion decay constant in
QCD. Explicitly,

2
1 g5 [z |3k, gsk
—=== dzNpyz =\/=—(zp — 25) ~ ZR. 18
f \/z . h 4 (R 0) 2 R ( )

The magnitude of f is determined by the IR scale kz and
the 5D gauge coupling gs. The standard identification of a
dimensionless 4D gauge coupling in RS is [25]

) _ % _ g5k
R logzg/zo

g (19)
Then for our models with the parameter choice k/kr =
7r/ 70 = 100, we have

f=2P k. (20)
g

The size of f relative to the IR cutoff depends on the
strength of the 5D coupling gs.

For each type of field, its representation under the bulk
gauge group G will determine the exact form of the 7%
matrix. Therefore, the Coleman-Weinberg potential will
depend on the choice of fermion representation. More
details of the needed SO(5) group theory can be found in
Appendix B.

From the form of Uyy in (17), it is natural to expect that the
potential for i will be minimized either for (h) = 0 or for
(h) ~ f for most of the parameter space. However, our
vacuum should satisfy 0 < (h) < f. This implies that we
must be near a second-order phase transition in the phase
diagram of the system. To implement this, the field content
of our system should provide competing contributions to the
Coleman-Weinberg potential so that the vacuum is in the
vicinity of the phase transition with a hierarchy (h) < f.

III. W/HIGGS,/TOP MASSES IN
REFERENCE MODELS

Before introducing a complete model, we describe some
aspects of our model-building approach and present some
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estimates of the model parameters. Complete RS models
typically invoke some boundary interactions in addition to
interactions in the bulk of 5D AdS. In this section, we will
explain why such boundary interactions are needed in our
models by estimating the RS coupling values in simplified
models in which these terms are absent.

A. Fermion competition and electroweak
symmetry breaking

In this paper, we consider models in which the 5D
multiplet containing the top quark is the main driving
force for the electroweak symmetry breaking (EWSB). In
composite Higgs models, it is well known that the
Coleman-Weinberg potential from gauge fields always
prefer the symmetric point (k) = 0, while fermion fields,
particularly the top quark, can give negative contributions
to the potential and therefore trigger the EWSB. If the
Higgs field pairs up two massless Weyl fermions with
opposite chirality, it is energetically favorable to give an
expectation value to the Higgs and form a massive Dirac
fermion. We call this an “attractive” fermion multiplet.

In models with only gauge fields and the top quark
multiplet ¥,, it is possible to fine-tune the (mass)? of the
Higgs boson to a small value compared to the scale k. But
typically this also results in a small value for the Higgs
quartic term, due to cancellations of the contributions to the
quartic from the two sources, and a minimum of the
potential at (h) ~ f. To achieve (h) < f, we will introduce
a second multiplet of vectorlike fermions W; that gives a
positive contribution to the Higgs potential and opposes the
fermion condensation. We call this a “repulsive” fermion
multiplet. In [21], we gave examples of the competition
between fermion multiplets in simple SU(2) models and
showed how these can lead to (h) < f. In this more
realistic setting, the multiplet ¥ will include a vectorlike
top partner 7 that is naturally light compared to the KK
scale kg.

Our analysis in this paper will explore the interplay of
these two fermion mutiplets and their consequences for
precision electroweak observables and the properties of the
top quark and the Higgs boson. We will not discuss here the
inclusion of light fermions and the issues of flavor and
flavor-changing transitions. We believe that it is possible to
build an acceptable theory of flavor based on this model by
introducing additional fermion multiplets with ¢ > 1/2,
peaked near the ultraviolet boundary [30]. However, a full
analysis of the flavor dynamics is beyond the scope of
this paper.

B. Top quark embeddings

Our first task is to embed the top quark into an SO(5)
multiplet. This multiplet must contain the (#;, b; ) doublet,
so that SU(2) gauge bosons can link these states, and the
tr, so that the Uy matrix can link this state to the 7; . Before
electroweak symmetry breaking, the spectrum of states in

each multiplet depends on the boundary conditions. Our
conventions for fermion boundary conditions are given in
Appendix A. 2.

In our models, the (z;,b;) will be left-handed zero
modes, requiring (++) boundary conditions. The 7, will be
a right-handed zero mode, with (——) boundary conditions.
If the #; and ¢y are to be linked by a Higgs field, all three
fields should belong to the same 5D multiplet. In the
models we consider here, we will not include the by, in this
multiplet. This gives the bottom quark zero mass in the
approximation used in this paper. However, it also explic-
itly breaks the SO(4) custodial symmetry. We will see later
that this produces a loop-suppressed contribution to the
electroweak T parameter [22].

There is a strong possibility of confusion between the
labels L, R used for the 4D chirality components of a 5D
Dirac field in Appendix A. 2 and the SM labels such as #;,
and t for the 4D zero mode fields. Despite this, we will use
the labels #;, b;, tr to denote the 5D Dirac fields that
contain the 4D ¢;, by, tp as zero modes. At points of
possible confusion, we will be explicit about which label
we are applying.

There are several possibilities for the embedding of the
t;, by, and t states into SO(5) multiplets. The simplest is
to embed these three states in the 4 of SO(5) [31],

W(+4) ()

| B(+)
R e N e

b(—+) B(—)

Another possibility is to embed these states in the 5 of
SO(5),

()(f(—+) tL(++))
¥, = )(t(_+) bL(++) )
i tr(——)
()(F(_+> T(+—>)
¥r= | \zr(=+) B(+-) (22)
T'(—+)

The display of the 5 here is as in (B9); the matrix in
parentheses is a bidoublet, with SU(2), acting vertically
and SU(2), acting horizontally. The fields labeled f, F
have charge Q = % The embedding of ¢ and b in the 5 was
suggested by Agashe, Contino, Da Rold, and Pomerol to
provide a custodial symmetry constraining the Zbb cou-
pling [32,33]. For each of these choices, we have also put
the competing repulsive multiplet ¥; into an SO(5)
representation of the same structure.
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We should note that the boundary condition choices in
(21) and (22) are not compatible with the idea that the fifth
dimension of the RS space is an S'/Z, orbifold. In
particular, the boundary conditions for ' in (21) and for
X ad yr in (22) are not consistent for an S'/Z, orbifold.

We note, further, that the boundary conditions that we
have chosen for the fields 0’, ¥, and y7 violate the SU(2),
symmetry on the IR brane, where that symmetry is exact in
the gauge sector. We believe that this is a consistent choice
to make. From the point of view of the four-dimensional
dual theory, SU(2) is only a global symmetry, and there is
no difficulty in writing terms in the Lagrangian that
explicitly violate a global symmetry. The treatment of
these states in perturbation theory does not contain any
anomalous terms, and these modes have little effect at low
energies because they are massive at the KK mass
scale. Finally, the SU(2); symmetry breaking could
potentially lead to large contributions to the 7 parameter
of precision electroweak analysis. We will provide evidence
against such a large effect when we analyze the T parameter
in our models in Sec. VI E. The reader who would insist on
exact gauge symmetry on the IR brane can restore the
formal gauge invariance by adding a scalar field on the IR
brane that spontaneously breaks the SU(2), symmetry
there. Our results would then apply to a decoupling limit in
which this scalar, after symmetry breaking, becomes very
massive.

In this schema, the #; and 7, fields necessarily belong to
the same SO(5) multiplet and have the same value of the
parameter c¢. We will set up the model in such a way that the
t; and b; zero modes are in the UV, to satisfy precision
electroweak constraints on the b;. This implies ¢ > 1/2.
That in turn implies that the # zero mode is in the IR. Some
observable implications of the composite ¢, are presented
in [24].

C. Expected mass ratios

We are now in a position to estimate the mass ratios of
W, Higgs, and r. We assume that it is possible to engineer a
v/f hierarchy by competition between the ¥, and ¥,
multiplets, as described above. In this simplified analysis,
we will ignore the contribution of the gauge bosons to the
Coleman-Weinberg potential. We will see later that this will
be a good approximation in our complete model.

Before we compute the mass ratios, we might ask what
values these ratios have in nature. In the calculations of this
paper, we will not strive for high precision. That would
require a renormalization program for loop diagrams in 5D,
which is beyond the scope of this paper. However, we
should take into account SM renormalizations that have a
large influence on the numerical results. The most impor-
tant of these is the QCD renormalization of the top quark
Yukawa coupling from the scale m, g5 to the 1-3 TeV scale
of 5D top quark condensation. A top quark pole mass of

173 GeV gives an MS mass of 163 GeV. From this value,

we can use the two-loop beta functions to estimate the top
quark Yukawa coupling at higher mass scales [34]. We find

0.84 (at2TeV),
147 GeV (at2 TeV).

¥ =094 (atm, ),

mt’m =163 GeV (at mt‘m),

(23)

The difference between the one- and two-loop extrapola-
tions is about 1.5%. Other SM corrections are of the order
of the error term. For example, the rescaling of the Higgs
boson mass from 2 TeV to v = 246 GeV due to Higgs field
strength rescaling is

1 [2TeV 4Q 3y?
o oo 1[G

2
Taking m,=147GeV, my, =80.4GeV, and m;, = 125 GeV,
we have in nature

} =1-15%. (24)

m,/my =183, m,/my=155 m,/m,=1.18 (25)

for dynamical electroweak symmetry breaking at the 2 TeV
mass scale.

D. Mass ratios in simple models

How do these mass ratios compare to those in our
models? The W and ¢ masses can be computed without
reference to the form of the potential by solving for the
relevant poles in the SD Green’s functions. For definiteness,
consider the gauge fields (9) with a = 1. The representation
of T% on the triplet (A'F, AR A'5) is given in (B13) and
the corresponding Wilson line element (17) in (B12). Then
the matrix C in (A17) is

(14+)/2)G_— (1=¢)/2G_— (=s/VDG_,
C=| (1-0)/2)G,- (14¢)/2)G, (s/VDG,. |,
(s/VDGy-  (=s/VD)G,

Gy
(26)

where s =sin6, c¢=cos6, and G5 = Gu(20.2r D)
evaluated with ¢ = % The W masses are the zeros of the
determinant of C, given by

1 2 2
detC =G, _ %GHG_ + %G+_G_+

=G, [PzZOZRG++G—— - 52/2]/P*202g- (27)

The second step uses the identity (A3).

We can analyze (27) in the limit p/kz < 1. The function
G, _ has its first zero at p/kp = 2.41; this is a KK boson.
For (h) = 0, the quantity in brackets has a zero at p*> = 0;
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this is the massless W boson of the theory with unbroken
SU(2), . Turning on a small value of (k) moves this zero to

S 1
log zr /7 (2% — 23)

P (28)

where we have evaluated the G functions using (AS5). The
Green’s fuctions have a pole at this value that should be
identified with the massive W boson.

Following (17) we set

s =sin(h)/f; also s, = sin(h)/2f. (29)

We define the parameter v by

()

v=fsin— or
f
With this identification, » will correspond closely to the SM
Higgs vacuum expectation value, equal to 246 GeV. For
example, combining (18) and (28), we find, to leading
order in v/f,

v/f=s. (30)

1 ggk 2

mi = -———=>——p?%
Y 41og zp/ 20

(31)
Using the identification of the 4D coupling (19), this gives
the SM formula

miy = g0, (32)

up to corrections of order »?/f2.

The top quark mass can be determined in a similar way.
For the scenario (21), assuming again v/ f < 1, the mixing
of t; and t5 in (21) gives

1
m=s}————
ZOZRG++G__
&
= Y(c,) %02, (33)

where

_ 2
Y(c,) = log(zr/20) (%)

: <1 - (Lj/zzkc)”%) <1 - (Z/if)l-%)' (34)

For the scenario (22), we have a mixing problem that
involves the three fields (#;,y,7z). The lowest mass
eigenvalue is

sz = T(Ct)

7

For zo/zg = 0.01, Y(c,) spans the range 1.75-0.42 as ¢, is
varied from 0.3 to 0.7.

Thus, we find

¢ 4 5

my - gv/2 gv/2

m, 03 094gv/2 1.32gv/2 (36)
0.5 0.71gv/2 gv/2

0.7 0.46gv/2 0.65gv/2

It is not possible to obtain a W/t mass ratio as large as that
seen in nature, even for values of ¢ down to ¢ = 0. If we
ignore the constraint of the W mass, we could adjust g to fit
the top quark mass in any scenario. However, this requires
large values of g, ¢>/4n ~ 1, for large c,.

The Higgs boson mass is determined by the curvature of
the Coleman-Weinberg potential at its minimum. As we
have described in Sec. II C, we will obtain a small value of
v/f by setting up a pair of 5D fermions, one with an
attractive channel for condensation and one with a repulsive
channel, that compete with one another. We choose the
values of ¢ for the two fermion representations such that the
quadratic terms in the Coleman-Weinberg potential come
close to cancelling. If ¢, and ¢ are the ¢ parameters for ¥,
and W7, the condition v/ f < 1 is realized in narrow region
near a phase transition in the (c,, ¢7) plane. Just on the phase
transition line, v = 0 and the masses of W, ¢, and & all
vanish.

In this section, just for the purpose of estimation, we
approximate the potential along this line as having the form

V(v) ~~Ac,)v*. (37)

(In the full expression, there are also v* log 1/v terms [21]).
Then, near the phase transition line, the Higgs mass would
be given by

my, = +/2A(c;)v. (38)

In our method of calculation, the potential is more readily
obtained in terms of s or s, in (29), that is, in the form

1- v\* _,
Vi) gie) () (39)
The relation between A and 1 is
o1 (gk\?
A=21- =1-1=), 40
(fZR)4 < 4 ) ( )

or, for g as in (19) and zz/z, = 100,
A=A () (1.3). (41)
Then
my = 1.6\ 1v. (42)

For each fermion representation, we can compute the
contribution to the Coleman-Weinberg potential in terms of
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a finite-dimensional matrix of RS Green’s functions C
defined in Appendix A.4. The result, called Falkowski’s
theorem [21,35], is

4
V=-2. 3/é—p)’jlogdetc. (43)
v/

The factor 3 is the number of QCD colors. (We assume in
the rest of this paragraph that W7, like ¥,, is a color 3.) For
fermions in the 4 of SO(5),

d4PE [ 52
V(¥ :—6/—10g1+ 2 :
( t) (277)4 p%ZoZRGE++GE__

2 ] . (44)

52

T2
PEZ20ZRGE+-GE_y

V(¥r)= —6/%log [1

For fermions in the 5 of SO(5),

4 2 2
V(‘P,):—6/dpﬁlog{l+ 5/ }
(27) PE20ZRGE+ 1 GE—

a4 2(p — g2
V(¥r) = —6/ pﬁlog {1 -— (2= 53)

The terms of order s* in these expressions are identical
between the 4 and 5 up to an overall factor of 2. Since the
vanishing of the s> term determines the location of the line
of phase transitions in the (c,, ¢) plane, that location will
be the same for the two systems. On the other hand, the
Higgs quartic term is generally bigger in the 5 than in the 4,
since V(¥,) and V(%) in the 5 have different periods in
(h)/f. This gives a relative advantage in model-building
for fermions in the 5. See Appendix F for more details.
Consider first the situation with ¥, in the 4. For ¢, = %,
the phase transition occurs at c; = 0.438 and, at this point,
the sum of the W, and W; potentials is reasonably
approximated by A(c, = 3) = 0.0076. For 0.3 < ¢, < 0.7,
the value of A(c,) varies over the interval 0.019 — 0.0015.
For ¥, in the 5, the location of the phase transition
in ¢y is the same as for the 4. At this point, the sum of
the ¥, and W7 potentials is reasonably approximated by

Alc; =1) =0.043. For 0.3 < ¢, < 0.7, the value of A(c,)
varies over the interval 0.099 — 0.013.

Converting back to 4 and expressing these results in
terms of a prediction for the Higgs boson mass, we

find

}. (45)

¢ 4 5

m, 03 ¢*-55GeV g*-130 GeV (46)
0.5 ¢*-35GeV  ¢*-83 GeV
0.7 ¢*-16 GeV ¢ -45 GeV

It is possible make these values of m; compatible with
the measured value of 125 GeV, but only by increasing the
coupling constant g. Even in the worst case of ¢, = 0.7 with

¥, in the 4, we need ¢* /4x = 0.62, a coupling that is strong
but not prohibitively so. However, across the table, the
value of g required to fit the Higgs boson mass is different
from that required to fit the  mass except at specific (tuned)
values of c;,.

In the simple model presented in this section, a single
value of g5 was expected to explain the W, ¢, and Higgs
masses. We saw that this was overly ambitious. From the
point of view of duality with a strongly coupled 4D theory,
the assumption also seems excessively strong. In a 4D
theory, the values of the SU(2) gauge coupling and the top
quark Yukawa coupling would be set at some much larger
energy scale, perhaps at the scale of grand unification. These
settings would appear in the RS model as boundary con-
ditions on the UV brane. In the next section, we will show
that this effect can be modeled by introducing boundary
kinetic terms for the SU(2), bosons and the top quark
multiplets. This will allow us the freedom that we need to fit
the W, ¢, and Higgs masses and, more generally, represent
the known properties of these particles within our RS model.

Though this can be done with either of the choices for the
representation of ¥,, from here on we will concentrate on
the choice of ¥, in the 5 of SO(5), which requires smaller
values of g5 to fit the top quark and Higgs boson masses.

IV. UV BOUNDARY KINETIC TERMS

To model the UV boundary conditions on the 4D gauge
and Yukawa couplings, we introduce boundary Kkinetic
terms for the SU(2) x U(1) bosons and the top quark. In
this section, we will describe the effects of these boundary
terms on the Green’s fuctions for these 5D fields. These
effects are straightforward to understand. The formal
derivation of these results is somewhat involved. We
present it in Appendix C.

A. Boundary gauge kinetic term

For a spin-1 field with zero modes corresponding to a 4D
gauge field, we introduce the boundary kinetic term of
which size is given by a dimensionless parameter a,

1
Svv = / d*xdz <\/§ {_Z“Zoé(z = 20)9"" 5" F P Pq] )
(47)

For the zero modes, which have wave functions constant in
z, this term adds to the dz/kz or dx integral of the standard
kinetic term over the fifth dimension. Through this, it
modifies the formula (19) for the 4D gauge coupling to

P = s _ g5k . (48)
(xR +a/k) (logzg/zo + a)

To visualize this result, imagine that the vector boson zero
mode, which is constant in z for a = 0, acquires a delta

015001-8



DISSECTION OF AN SO(5) x U(1) ...

PHYS. REV. D 100, 015001 (2019)

function piece proportional to \/a at z = z;. By increasing
a, we can make this gauge coupling as weak as we need for
those modes A% that correspond to weakly coupled 4D
gauge fields. The addition of the boundary term can have a
relatively large effect on the properties of the zero mode
wave functions while giving only small corrections to the
masses and wave functions of the corresponding Kaluza-
Klein states. For the components of A%, that do not appear
in the boundary kinetic term, the effective strength of the
5D gauge interactions is still given by

gsk
logzr/20

2 _
9Irs =

(49)

As shown in Appendix C, the boundary kinetic term for
A,, adds a component with — boundary conditions to the
original component with + boundary conditions. In terms
of the relevant G, functions, the boundary condition at the
UV brane is changed from (A7) according to

G_ 4(z0.2r) =0 G_ 4(z0.28) +apzoG s(20.25) = 0.
(50)

(Here the subscript f specifies the boundary condition on
the IR brane.) The boundary condition on the A5 compo-
nent, which originally had a — boundary condition in the
UV, is also changed by (50). The boundary kinetic term
does not affect A,, fields with — boundary conditions or As
fields with + boundary conditions. We will see that taking
a large compared to log zz /7o, as we will require for a small
SU(2) gauge coupling, suppresses the influence of the zero
modes on the Coleman-Weinberg potential.

In the models in this paper, we introduce separate
boundary kinetic terms with coefficients ay and ap for
the SU(2), and U(1), gauge fields, respectively. Other
boundary terms would have no effect, since the corre-
sponding gauge fields have — boundary conditions on the
UV brane. In the following, we abbreviate

LWZIOgZ—R+aw, LB :logZ—R+aB. (51)
20 20

B. W* and charged KK bosons

The dynamics of the W* bosons and their KK excitations
is encoded in the Green’s functions of A%, A%R "and A% for
a =1, 2. The calculation of these Green’s functions is
described in Appendix D. 1.

The mass eigenvalues in this sector are given by the
zeros of the determinant of the C matrix for this problem.
This is

S2

- . (52
2p?z02g (52

a simple generalization of (27). The factor G,_ has no
zeros near p> = 0. To leading order in s2, the position of the
first zero in the second factor is

2 1

S
Ly (2% — 25)

2,2
g°v
1 (53)

2
mW*

with ¢? given by (48). The low-momentum behavior of the

propagator (A% (z)A4 (7)), at leading order in 52, works
out to
2/ AaL L gn
g (A (AT () = 55 (54)
5 [P

as it should be. To leading order in s2, the matrix elements
of gauge bosons between fermion zero modes such as
(v1, er) involve only this Green’s fuction. The expression
for the Green’s function is independent of z and Z/, so the
fermion scattering amplitudes are independent of details of
the fermion wave functions in z and depend only on the
overall gauge charges [25]. Then we recover the structure
of the SM weak interactions to this order,

iM= i% (TTET-L + T7LTHL), (55)
p-— my

We will discuss the order s? corrections to this result
in Sec. VL.

Evaluating detC in Euclidean momentum space and
using the results of [21], we find the contribution to the
Coleman-Weinberg potential of the Higgs boson from the
sector of charged gauge bosons,

3 [d*p
Vig(h) = +2x3 (Zn)ﬁ
2
2
x log {1 +— s/ .
PE20ZRG 4+ (Gp—_ +awppzoGei)

(56)

The effect of the ay term in this expression is to suppress
the contribution of this sector.

C. Z/y and neutral KK bosons

In a similar way, the dynamics of the photon and Z boson
and their KK excitations is encoded in the Green’s
functions of AL A3R AX and AY. The calculation of
these Green’s functions is described in Appendix D. 2. In
this discussion, we will use the basis (A3, B,,, Z,,, A3))
defined in (11).

The mass eigenvalues in this sector are given by the zeros
of the determinant of the C matrix. For this sector,
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detC=G,_ |Gy (G__+appzyG, ) (G__+awpzG,-)

il (G__+ G,)
- __ a Z _
ZPZZOZR BPZ0U +
+55(G__+awpzG.o))|. (57)

The factor G _ has no zeros near p> = 0. The extra factors
of the form (G__ + apzoG,_) lead to a pole in the Green’s
functions at p?> = 0 in addition to the pole at a position of
order s%/z% that we saw in the charged vector boson
Green’s functions. These poles represent the photon and the
Z boson. The Z pole is located at the first zero of the second
factor in (57), given to leading order in s> by

S2(LB + Slszw) l
LgLy (% —23)

m = (58)
The photon pole at p*> = 0 appears only in the Green’s
functions (A;LASL), (AYB,), and (B,,B,). The Z pole
appears in all 2-point functions of the four vector fields, but
the contributions in the Z’ and A% Green’s functions are
subleading in s?. To leading order in s, we find

kgn

2/ A3L 3L (.1 5'lmn

g Am < An <

siAn ()47 (2) 172(172_’”%)<LB+52LW)

x [=m7sj+ (m3/s?) p*zR L)

kgsgsymn
9595y (A (2)B,(2)) =
ST p*(p* =m3)(Lp+s5Ly)
X [—m7 s
kG3yMn

rBn(2)B0(2)) = p*(p? —m3)(Lg+sjLy)

X [=mZ+ (m7/s*)p*zgLy].  (59)
|

Again, the expressions are independent of z and 7/, and so
fermion matrix elements built with these Green’s functions
depend only on the global gauge charges. Putting these
expressions together with the interaction (13), the pole at
p? = 0 has the form

1
_— T3 + Y)? —. 60
Lyt s/%LW (stﬂ sy ) p2 ( )

For the pole at p> = m%, we can evaluate the residue using

(58), to find

(95(Lg/Lw)" T = gsy(sjLw/Lg)"?Y)?

LB + S;LW
1
. . (61)
p* —mj
Identifying
2 2
2 = sﬂLW o2 = P52 — kg%sﬂ (62)
Y T Ls+ 2Ly T T L 2Ly
B T Splw B T Sglw

everything falls into place, and we find the SM interaction

[e*Q* /e
=+ g/ > (T - 53,0)*|.  (63)
V4 p-—myz

IM=

with Q = T3 + Y as in (14). We will discuss the order s>
corrections to this result in Sec. VI.

Evaluating detC in Euclidean momentum space and
using the results of [21], we find the contribution to the
Coleman-Weinberg potential of the Higgs boson from the
sector of neutral gauge bosons,

3 [d'pe
V,(h) = +§/ (2ﬂ>4log{1 +

Again, the ay, term serves to suppress the contribution of
this sector.

D. Boundary top quark kinetic term

We pointed out at the end of Sec. III that, once we
arrange for the little hierarchy between v and the KK scale,
some extra tuning is required to obtain the observed ratio of
masses m,/m;,. To allow this freedom in our model, we add
a boundary kinetic term for the top quark.

The formalism for a fermion boundary kinetic term is
presented in Appendix C3. For each SU(2) x U(1)

(s°/2)((Gp—- + apppzoGry-) + 53(Gp—— + awppzoGe._))
PE202RG 1+ (Gp—— + agppzoGri_)(Gp—— + awppzoGei—) |

(64)

|
multiplet of fermions, we can add a boundary kinetic term
either for the left-handed or for the right-handed compo-
nents of the 5D Dirac fermion. However, this term has a
substantial effect on the dynamics only if we add a left-
handed boundary term to a fermion with a UV-dominated
left-handed zero mode (¢ = 1/2), or, alternatively, if we
add a right-handed boundary term to a fermion with a UV-
dominated right-handed zero mode (¢ < —1/2). As we
have discussed at the end of Sec. II, we choose the ¥,
multiplet to have ¢ = 1/2. Then the 7z zero mode, which is
also contained in this multiplet, will be IR dominated. With
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this choice, only a left-handed boundary kinetic term for ¥,
gives a robust parameter for the model. Similarly, the
multiplet W7, which has no zero mode, is not strongly
affected by any choice of a boundary kinetic term. Thus, we
will add only one parameter here, the coefficient a, of the
left-handed boundary kinetic term for the components
(t,,br) in (22).

Adding the parameter a,, the determinant of the C matrix
for the (7;,y,, tg) elements of (22) is

s2

detC=G,_|G, . (G__+a,pz0G,_) — (65)

2p*z02r]’

We must take some further care in expanding this expres-
sion for small p, since now the G functions are evaluated at
a general value of c,. Define

L, =(G__+a,pzG._)|,—

1 R c—1/2 20 c,—1/2 2R c,—1/2
= _ —_— _— + at _—
2¢,— 1 20 IR 20

(66)

and note that

1 zp ) G F1/2 70\ 172
otonr=0 =3 (0) - ()
t

(67)

is well approximated by

G (z0.zr:p =0) =3 12 \z
t

c,—1/2
L (Z—R> (68)

for ¢, > 0, zo/zg ~ 0.01. Then, to leading order in s, m,

takes the form

2¢, + 152732 70\ /2
2 ' R (%0
= = . 69
" 2 L, <ZR> (9)

With the effect of a,, the contribution to the Coleman-

Weinberg potential from the ¥, multiplet is altered from
(45) to

4
Vi =6 | G

x log [14—

s%/2
PE202RGE+ 4 (G- +appzgGi)]
(70)

The contribution of the multiplet ¥, remains

Vo(h) :—6/d4pE log[l—p 52 - 5) (71)

(27)* #202RG -G

E. UV and IR gauges

Up to this point in our discussion, we have quoted all
Green’s functions in the gauge in which the Wilson line
(17) is represented as a boundary condition at the UV
boundary. However, it is equally well possible to change
the gauge and move the Wilson line onto the IR boundary.
We will refer to these two gauges as the “UV gauge” and
the “IR gauge,” respectively.

For the purpose of calculation, it is typically easier to use
the UV gauge. In the UV gauge, the boundary conditions in
the IR are simple. For a gauge field, for example, the
Green’s functions are naturally expressed as linear combi-
nations of the elements G,_(z,zg) and G, (z,zg) with
definite boundary conditions in the IR. Physical quantities
computed from the Green’s functions will have an explicit
dependence on zg, but this is a good thing, since z; sets the
scale of the RS dynamics, as we have seen already in this
section. In the IR gauge, the Green’s functions are more
naturally written in terms of elements with definite boun-
dary conditions in the UV, such as G,_(z, 7). Then they
will contain explicit dependence on z, which typically
cancels out to a great extent.

However, there are some advantages to working in the IR
gauge. As we explained at the end of Sec. III of [21],
mixing of fields on the boundary has no effect if these fields
have the same boundary conditions. In our discussion of
precision electroweak corrections, we will find some
mixing effects that seem to magically cancel in the UV
gauge. These cancellations are easier to see in the IR gauge.
The fermions that mix in the UV gauge have identical
boundary conditions in the IR, so that the mixing terms
have no effect [21]. The fields A% have vanishing boundary
values on the IR brane, so the mixing of these fields with
the other gauge fields is also substantially reduced.

Often, the simplest analysis combines these two
approaches, by representing the IR gauge Green’s functions
in terms of the elements used in the UV gauge. This is
achieved by writing the relation between the Green’s
functions in the two gauges as

(A% (DA% ()i = (Uw) (A (2)AR )y (U3y)P".
(72)

For those who do not consider this equation obvious, we
provide an explicit proof in Appendix E.
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FIG. 1. Phase diagram of the potential (73) in the (¢,, c7) plane,
with zz/z9 = 100, ay = ag = 40, and a, = 10. The solid blue
line corresponds to A = 0. It should be noted that in realistic
models, ay, ag, and a, will be determined by the mass relations
(53), (58), and (69).

V. COMPLETE MODEL AND ITS
PARAMETER SPACE

We are now in a position to find the ground state of the
SO(5) model and understand the dependence of the
spectrum of the model on its parameters.

A. The complete Coleman-Weinberg
potential and its implication

The full Higgs potential can be obtained by summing up
the Coleman-Weinberg potentials (56), (64), (70), and (71).
Our final results will be obtained from a full numerical
evaluation of these integrals. However, we can obtain
insight into these result by first examining the expansion
of the potential in powers of s. Up to O(s*), the Higgs
potential can be written as

K 1 1 1
V(h):g —AS2+§BS4+§CS4IOgS—2+O(S6) s (73)

where the full expression for the coefficients (A, B, C) is
given in Appendix F. Their values depend on ¢ parameters
of fermions as well as the boundary kinetic terms a. The
coefficients B and C are always positive. The line of phase
transition is determined by the condition A = 0. Figure 1
shows the phase diagram in the (c;,cy) plane for
zr/z20 = 100, ay = ag =40, and a, = 10. In realistic
models, ¢, and c¢; should be tuned to be near the line
A =0 in order to make v/f <« 1.

Now we compute the mass of the Higgs boson. By
differentiating V' (h) twice, we find

m,\2  gik? v 3

(U’1> = % [B + <— log 5 - 2) c] . (74)
The quartic term in the Higgs potential originates from the
box diagrams of the top quark and the top partner, so we
naturally have a factor of g2 in this expression. Composite
Higgs models typically predict a quartic term smaller than
what s required for the observed Higgs mass; however, from
(74), we can see how our model can overcome the challenge.
First, the quadratic terms of the Higgs potential from ¥, and
W cancels each other, but their quartic terms add. Therefore,
we can tune A near zero without sacrificing the quartic term
B and C. Second, we can push g5 to a larger value. As shown
in (48), the gauge boundary kinetic term gives us freedom to
fit the correct SU(2) coupling even with a large gs. Third,
some choices of the SO(5) representation for ¥ can make a
relatively large contribution to B. This is indeed the case for
the W7 in the 5 of SO(5). See Appendix F for details.

We can obtain a further insight of the parameter space of
our model by studying the relationship between the Higgs
mass and the top quark mass. In Appendix F, we argue that
near the phase transition line A = 0, the coefficients B and
C can be estimated as

3
B~ ZAI(C,, a,), C~0, (75)
where A, is the quadratic term of the top quark contribution
to the Higgs potential, defined in (F9). Then, from (69) and
(74), we have

m\?>  gsk [L(c;.a,) (zo"/?~] 3
M \™ 957 |2l 40 120 ZAfe,a). (76
(m,) ar® | 14 2¢, zg) 4 (en a) (76)

The term in brackets and %At(ct, a,) depend strongly on ¢,
and a,, but their product turns out almost constant across a
wide range of ¢, and a,. Numerically, for 0.3 < ¢, < 0.7
and 0 < a, < 20, the product stays within the interval 1.2—
1.5. This is actually to be expected, since there is a positive
correlation between the top quark Yukawa coupling and its
contribution to the Higgs potential.

Then the mass ratio (76) gives a rough estimate of the
required value of RS coupling g5 in our model. With this
determined, we choose the size of the gauge boundary
kinetic term L, which fits the W boson mass. Using 1.3 for
the value of the product in (76), we have

@k~22 and Ly ~51. (77)

This shows that g5 and Ly, are pushed to large values in our
model. The full numerical study agrees well with this
result. It gives Ly between 35 and 55 for 0.4 < ¢, < 0.7
and 1.5 TeV < kp <3 TeV.
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The large value of g5 results from the relatively small
quartic term B of the Higgs potential. It is possible to
increase B by decreasing c,, but this also decreases the term
in brackets in (76), so that the value of g5 stays large across
the entire parameter space. This tension can be relaxed if
there is an additional, large source of the Higgs quartic
term. This will also relieve the degree of fine-tuning in our
model. In [21], we showed that there are fermion gauge
multiplets that can provide a positive contribution to the
quartic term in the potential without affecting the quadratic
term. Perhaps adding such a multiplet here will provide a
more attractive set of model parameters.

B. Allowed region of parameter space

Now we study our parameter space with a full numerical
treatment. There are nine parameters in our theory,

20, Zrs €1 Crs G5, Q9x, Aw, dp, 4y, (78)

or, keeping kp = 1/zy as the only dimensionful parameter,
we have

kg and zg/z9, ¢;» c7, ggk, gik, Ay, ap, 4. (79)

These parameters should produce correct values of the five
independent observables,

Gr=1.166x107GeV™2, m,=147GeV,
my =80.4GeV, m;=912GeV, m,=125GeV. (80)

We can also consider these quantities as one dimensionful
observable » and four dimensionless number, e,g,y,,
and my,/v.

It is easiest to think of this parameter space as para-
metrized by the KK scale (a few times k) and the ratio
Zgr/70- This latter ratio is constrained by flavor physics,
since light flavors will couple to the Higgs sector at the UV
boundary. Flavor structure is beyond the scope of this
paper, so for the moment we propose zz/zo = 100.

Furthermore, we can expect from the small hypercharge
coupling that ap should have little effect on the Higgs
potential. This is indeed numerically observed. Therefore,
we will assume ap = ay throughout the rest of our
analysis. This leaves us effectively a two-dimensional
parameter space.

Our strategy to find the available parameter space is as
follows. We first choose values of (c,, a,). Then, my/m,
determines ay by (53) and (69), and (g, e) determines
(g2k, gik) by (48) and (62). With those parameters fixed,
the potential minimum is now determined by c7. We search
for the value of ¢y which gives the observed value of m,.
Although in the analysis above we have used the small s
expansion of the Higgs potential, our numerical analysis
is conducted with the full potential before the expansion.

20 r

15

FIG. 2. Allowed region of parameter space in the (c;, a,) plane.
Here ¥y is not charged under SU(3).

The minimum of the full potential differs by about
10% compared to that obtained from the approximate
formulas (73).

Figure 2 shows the allowed region of parameter space in
the (c,,a,) plane for different values of kp. Note that
parameters do not depend strongly on k. This implies that
kr can be seen as one of the orthogonal directions of
our two-dimensional parameter space and we can consider
its effect on observables separately from other parameters.
In the following analysis, we choose ¢,, which represents
the degree of compositeness of the top quark, as the
other main variable of our parameter space. We show
how physical quantities change as we vary ¢, at values
of kr = 1.5-3 TeV.

C. Mass spectrum of the top partner

The masses of new particles beyond the SM are
determined by kg. Before looking at the masses of new
states in our theory, it is instructive to study masses of
generic KK states in RS models. For zz/zo = 100, the first
KK masses of a gauge field (or a fermion with ¢ = 1/2)
with different boundary conditions are

be. | (44) (=) (=) (=)
m/kR% 28 o072 24 38 (81

The UV boundary kinetic term suppresses the masses of
(++) and (+-) states, but only slightly. It has no effect on
(—+) and (——) states. Therefore, except for the (+—) state,
the masses of new states will be a few times kg. In our
model, those heavy states correspond to Z" and KK states of
W, B and the top quark. For kr > 1.5 TeV, these particles
have masses above 4 TeV. At the lower end of this range,
we must still consider the observability of these states in
LHC Drell-Yan measurements. However, the KK vector
bosons are IR dominated and have suppressed couplings to
light fermions associated with UV zero modes. Compared
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FIG. 3. Masses of lightest top partner from the multiplet ¥7.

Dashed lines correspond to color triplet W, and solid lines
correspond to color singlet Wr.

to a sequential W’ and Z’, the suppression is a factor of 4 in
the couplings, or more when the KK boson has a UV
boundary kinetic term, and this suppression factor is squared
in the cross section formula. Therefore, these KK resonances
are not yet constrained by LHC searches [36,37].

On the other hand, the (+—) states in the top partner
multiplet ¥ can have a mass lower than k. The dashed
lines in Fig. 3 show the masses of the top partner for
different values of ¢, and kg. Searches for a vectorlike top
partner at the LHC currently put the mass of this particle
above 1.37 TeV [38] and thus constrains our model
for kg < 3 TeV.

The LHC search assumes that the top partner is charged
under SU(3), and can decay into the top or bottom
quark. However, whether the W7 in our model is colored
or not is a model-building choice and we can proceed in
either way, as long as W can compete with the top quark
and generate the correct Higgs potential. In terms of the
experimental constraints, it is much more attractive to
assume that Wy is a singlet under SU(3). and its states
are heavy leptons: The strongest current experimental
bound on a new heavy lepton is 560 GeV, in a particularly
optimistic scenario [39].

The hypothesis that W7 is a color-singlet has much in
common with the idea of “neutral naturalness” put forward
in [40,41]. In both cases, the Higgs potential obtains
competing contributions from the top quark multiplet and
from color-singlet mirror states at the TeV scale. However,
conventionally in this framework, a discrete symmetry
between these multiplets is used to make the one-loop
contributions to the Higgs potential finite, and then further
fine-tuning is needed to achieve a small value of v/ f. Here,
the finiteness of the Higgs potential is insured by the RS
structure, so there is no need for mirror symmetry; however,
we still need to tune v/ f to a small value.

The solid lines in Fig. 3 show the mass of the lightest KK
state from W7 in the case where W7 is a color singlet.
Without the multiplicity from color in V4, we need to lower

0.020
— 15Tev
/// —— 2.0Tev
— 25Tev
0.015 — 3.0 TeV
- P
Y 0.010 _——

0.005 e

0.000

0.4 05 0.6 0.7
Ct

FIG. 4. Values of the fine-tuning measure Acy = ¢7 — €7 critical
for varying ¢, and kp.

the value of ¢y for the correct tuning of W, against ¥, to
come close to A~O0 in the Higgs potential. This
leads to larger values of my. We find my > 820 GeV for
kg > 1.5 TeV, so that in this case ky is unconstrained by
LHC searches. In the rest of our analysis, we will use the
parameter space of the uncolored W;.

D. Measure of fine-tuning

In the composite Higgs literature, it is customary to use
€ = v?/f? to quantify the degree of fine-tuning. However,
at least in the class of theories where the Higgs potential is
generated dynamically, v/f is only a derived quantity
which is determined by more fundamental parameters in
the theory. In our model, those parameters are ¢, and c7.
The little hierarchy v/ f < 1 requires ¢, and c¢; to be fine-
tuned near the line of phase transition, as illustrated in
Fig. 1. Therefore, we propose to use Acy = 7 = C7 critical
as the measure of fine-tuning, where ¢y i, i the value of
cr on the phase transition line A = 0. Figure 4 shows the
value of Acy for varying ¢, and kp. It should be noted that
this choice does not soften the fine-tuning. For complete-
ness, we also include a plot of »?/f? in Fig. 5.
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FIG. 5. Values of v?/f? for varying ¢, and kg.
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VI. PRECISION ELECTROWEAK OBSERVABLES

One of the constraints on the parameter space of RS
models is that from precision electroweak measurements.
The strongest of these are represented by constraints on the
values of the oblique parameters S and 7' [22]. We have
already invoked the small size of the 7" parameter to require
a symmetry-breaking pattern with a custodial SU(2)
symmetry. Beyond this, the S parameter, which is a
measure of the total size of the new physics correction
to W and Z vacuum polarization functions, places a lower
bound on the KK scale kz = zx!.

A. Simplified S and T

Our discussion of the oblique parameters will be
simplified in several respects. We will concentrate on
observables involving either no external fermions or only
external light leptons. In this analysis, we will ignore all
masses of light leptons and assign these particles to
appropriate zero modes in the 5 of SO(5). We will assume
that all of these zero modes are UV dominated, that is,
¢ > 1/2 for left-handed leptons and ¢ < —1/2 for right-
handed leptons. Realistic models might have different
assignments, especially for the right-handed components
of the quarks and leptons. We will discuss other possibil-
ities in [24].

RS models contain additional vector bosons beyond the
SM gauge bosons ¥, W=, and Z. Thus, strictly, an analysis
in terms of the two parameters S and 7" does not capture the
full complexity of the new physics corrections to precision
electroweak formulas, even to leading order. Here, we use
simplified formulas for S and T that capture the constraints
from the five best measured observables: a(m%), Gp, my,
my, and s2, the effective value of s2, at the Z pole. It is
shown in [42] that such an approach can put meaningful
constraints on new physics even in models with additional
heavy vector bosons.

In this discussion, we define AA to be the new physics
contribution to an observable A. We define A to be the
fractional deviation from the SM prediction: 6A = AA/A.

The S, T formalism defines a reference weak mixing
angle 6, by

47za(m%)

sin? 26, = 4s3c? =
o 00 V2Gm2

(82)

and then expresses the values of additional electroweak
observables in terms of s% and the oblique parameters. In
this approach,

2
ac 1

2 /2 2 0 2
my,/m7z — cg = o (——S+ COT),

0= S5\ 2
22 a 1 2.2
—2=—r(-5-522T). 83
S = S0 -5 <4 S0€0 > (83)

In the current situation, values of S and 7 are mainly
determined by the five observables [43]. Then we can find
convenient formulas representing the measured values of
the oblique parameters by solving (83) for S and 7. Choose
a reference set of parameters which, in zeroth order,
satisfies the SM relations and let AA (and 6A = AA/A)
represent the deviation of observables from the predictions
at this parameter set. Then

aS = 4[As? + s3(5m%, + 6Gp — Sa)],
aTl = [(6m}, + s36Gr)/c3 — dm% + (2As2 — s35a)/c3].
(34)

As a check, note that, if the only corrections to precision
electroweak quantities come in a g>-independent correction
to the W mass (which also affects G ), then these formulas
predict aS = 0 and aT = émj, — Sm%, as desired.

In the next few subsections, we compute the tree-level
O(s?) corrections to the five observables within our model.
We will discuss the most important loop-level corrections
in Sec. VIE.

B. a(my), my, my

We take (62) to provide the reference values of coupling
constants and express dimensionful parameters in terms of
the mass scale s?/z%. We then expand the expressions for
observables in powers of s> around this reference point. We
have seen in Sec. IV that, in zeroth order, the observables
satisfy the SM relations. Then S, T computed from (84) will
be of order s2. In the discussion of this section, we will keep
terms only to order s> and we will also ignore terms of
order z3/z%.

For the electromagnetic coupling, the reference formula
in (62) gives the exact value at the tree level; there are no
O(s?) corrections. So

Sa=0. (85)

Solving for zeros of the expressions (52), (57) to one
higher order in s?, we find the corrections to (53), (58)

52 m%z5[3 1
Smyy =+ —5 3Ly —2) = WR[___],
v 8L5V( w=2) 4 |2 Ly
2
)
B~W

2.2 2 2

mzig 3 Cw Sw
= —— | —+—]]. 86
4 {2 (LW * LB>:| (86)

These shifts in m%, and m% imply that their contributions
to the T parameter largely cancel. The residue is
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and this entirely vanishes if Ly, = L or ay = ap.

C. Gp

To compute G, we consider the matrix element for
muon decay u — v ev,. This is computed from matrix
elements of the A%, propagators between zero mode wave
functions. At first sight, it seems that the only contribution
comes from the matrix element of (A} (z)ALE(Z')) taken
between simple left-handed zero modes for y;, v, ep, V-
The Green’s function in (z,z) is integrated over the two
sets of fermion zero mode wave functions in z and z'. This
Green’s function is given by the result (D8) derived in
Appendix D. 1,

@Al @) = - 2 (1-5 (1-2)). 69

<R

where z_ is the smaller of z, 7/ under the integrals. We
would find Gy as the matrix element of this expression
multiplied by the coupling constant g% /2. Note that the
O(s?) corrections depend on the form of the zero mode
wave functions and not simply on the total normalizations
times global charges.

However, there is a subtlety here. We might assign a left-
handed lepton multiplet to a 5 according to

<E(—+) ve(++)>
Y, = | \N(=+) e (+4+)/ |, (89)
N'(—+)

as in (22). Here we have chosen the N and N’ to have (—+)
boundary conditions so that neither has a right-handed zero
mode that can combine with the v, zero mode to give a
massive fermion. Nevertheless, the Uy, matrix generated by
top quark condensation will have the form (B12) in
Appendix B, and this will mix the v, and N’ fields on
the UV boundary. As a result, the zero mode will be a
mixture

(1+c¢)
2

N

V2

lve) + V)

(I—C) /
- V). (90)

The matrices 7% in (B7), for a = 1, 2 have matrix
elements between |v,) and |[N’). The gauge field Green’s
functions that can take advantage of these matrix elements
are, at p = 0 and to the leading order in s,

k 2 2
AL RAL () = 25 (1 : )
N

2\
k7% s Z2
(AR (2)ANE(Z)) = Nonn s_f\ﬁ (1 - g) (91)

The piece of the matrix element (A'>(z)A'5(z')) containing
the W boson pole is proportional to p?/(p? —m3%,). It
vanishes at p> =0 and so does not contribute to Gp.
Assembling the pieces, including for each the square of the
coefficient in (90), we find that there is a cancellation, so
that G is finally given by

4Gr _gikag [, _s* /2 (92)
V22 s? 2\z2/]"
Then
s? /22
R

The evaluation of (z2 /z%) is discussed in Appendix C. 3. It
is less than 0.2 for zero modes with ¢ = 1/2 and exponen-
tially suppressed for ¢ > 1/2. Therefore, for UV-dominated
light leptons, G is negligible.

There is an easier way to obtain this result. Since all of
the fields in ¥, have the same boundary conditions in the
IR, the Wilson line Uy has no effect on the state when it is
applied at the IR boundary. Then, in the IR gauge, the
neutrino zero mode is purely |v,). So, in this gauge, only
the (AlF(z)AlE(Z')) matrix element contributes. Using
(72), we find

2
kzg

S2 2
WAl =1 2 (1-55). 09

-5 g
and the result (93) follows immediately.

2
D. s

The parameter s> appears in the ratio of the amplitudes
for eTe™ — ptu~ in the different helicity states. We now
calculate s2, defined by the formula

giler) _ -2
gZ(eZ) 1 - 2S* ,

(95)

which corresponds to the tree-level SM relation.

The Z couplings to the e; and e; zero modes
are computed by taking the matrix element of the Z
propagator—or, rather, the Z boson pole terms in the
(AL B,Z',A%) propagators—between fermion zero modes.
As in our discussion of G, it avoids some difficulty to work
in the IR gauge where the zero modes are unmixed. Then the
zero modes have matrix elements only with (A3, B, Z'),
proportional to the 731, ¥, and T3 charges as they appear in
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the covariant derivative (13). Furthermore, it should be noted
that UV-dominated fermions have suppressed coupling to
the Z', since this field has a — UV boundary condition. This
implies that the leading corrections to s2 should have no
explicit dependence on T3R. We will see this explicitly
below. Since s2 depends only on the 73 and Y charges, our
result for s2 actually holds for any assignments of 7 and e
to SO(5) representations.

We construct the propagators in the UV gauge and then
apply (72). The three fields (AL, B, Z'), have + boundary
conditions in the IR brane. Then, following the general
formula (A8), all of their Green’s functions take the form

(An(2)AR ()

=Nunkpzrzd [A*G, _(2.28)G (. zg)+---].  (96)

The Z boson pole (p* — m2) is contained in the matrix A5,
and so the terms omitted in (96) contain Z pole terms that
include the factor G, | (z, zg). This factor will appear in the
matrix elements of (A%, B, Z') when we convert to the IR
gauge using (72), however, always with a coefficient of
order s2. Then we will need G, | (z, zg ) only to leading order

1 (pzr)* 2?2z
G, _(z.zg)=—- |1+ —1+= 425 Jog 2R ) .
+—(2.2g) e [ 2 a2z og~

(98)

The calculation of the matrix AAZ is described in
Appendix D.2. The expression for this matrix contains
an overall factor

2p3dzgmz/s® 1
0°k 2 2 'ZZ(pz)

detC]™! =
| | (Lg+Lysp) p* —m3

(99)

up to corrections of higher order in 5. The factors of m% in
(99) include the order s corrections shown in (86).

The terms of order p?, evaluated at the Z pole, contribute
corrections of order s to the residue. However, Z, gives a
correction to normalization factor that is common to all of
the Green’s functions we will discuss, and one that cancels
out of the ratio of couplings. The (—1) term in (98) also
contributes to the common overall factor. The z-dependent
terms are very small for fermion zero modes that are peaked
in the UV and therefore we omit this correction here.
Similarly, we ignore z2/z% in G, .. We will return to
consider those terms in Sec. VII. Aside from these factors,

z 2 we keep below all corrections of O(s?).
G ( ) = SR (97) . . . .
++\&2R) = 27 2) With this understanding, we can write the poles at p?> =
m2 in the vector field Green’s functions. Up to terms of
while we will need G _(z, zg) to the next order, order s2, we find
k Ly s*(Lg+sjL
(AL ALY = — . Ninn . —B—S_M(LB_LW'FZLBL%V)}v
(p? =mz)(Lp +s5Lw) [Lw 4 LpLy
ki s2(Lp + s3Ly)
ALB,) = nnp A P (L4 L ]
By (p* = m3)(Lg + s3Lw) | 4 LgLy (Lo Lw)
knun 2 L 2(Lg + s2L
(ByB,) = 2’7 . 2 _W_s_(BziﬂW)(Lw_LB+2L%LW)}’
(p? =mz)(Lg +s5Lw) [Lp 4  LyLy
3Ly kitmncp [ ﬁ (L + s5Lw)
<Am Zn> - 2 2 2 + )
(p? —=mz)(Lg +s5Lw) | 4 Ly
P R RS, 2
T (pP=mE) (L + S%;LW) L 4 Lp ’
(ZnZ,) =0,
<A3LA35> — knyp -_ i (LB + sgLW>:|
m n )
(p* =mz)(Lg +s3Lw) [ V2 Ly
<B A35> _ knmnsﬁ —+L(LB + ‘S%LW>_
(p* =mz)(Lg +s;Lw) | V2 Lp |
35435 _ ki [ 2 (Lp + siLw)?
(ARAY) = ——— 5 : (100)
(p? =mz)(Lp +s5Lw) | 2 LwLpg
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The expressions factorize onto the pole of a single vector meson, as required, giving the coupling between lepton zero

modes 1 and 2

97(1)g7(2)
P - mz '

: (101)

From these expressions, and using (62) to make some simplifications, we can write the Z wave function in the UV gauge

(for z < zp) as

ko \12 s (Lg + sjLw)
|Z> = <L 62> X {C%V(l 3 W (LB - LW + ZLBL%)V)> |A3L>
Wew

52, {— i(LB+s[jLW)
8 LiL3,

(L = Lo+ 230 ) B) + 6% 12) =S5 0%}

(102)

To obtain the Z wave function in the IR gauge, apply Uy, to this wave function as indicated in (72). There is a nice

cancellation, and we find

k O\ 12
7n=(na) *{a(1-5

(Lg+s Lw)
L%L%v

<LB—LW>) jasty -

52 : S_(LB_I'sﬁLW)
8 L3L%

(La=Lu) ) B} (109

Sp

with no Z’ or A® components. Then we can read off the Z coupling to a massless fermion as

(Lg + Lys3) 52 s2 (L + Lys3)
9z = gc,, {TSL{l——iﬁ(LB—LW)}—C—zy{l‘f'giﬁ(LB—Lw)H‘

8 3L,

This formula applies to any zero-mode fermion that is
unmixed in the IR gauge and strongly localized in the
UV. Note that it contains no separate dependence on T3,
It is an interesting exercise to collect the extra terms that
appear in the UV gauge for (v,e); in the 5 and also in
the 4 and see how the T3F terms cancel in all of these
cases.

Finally, as in (87), the precision electroweak correction is
proportional to (Ly — Lg). Computing (95), we find
s2s2c?,
4L3L3,

mZst2c2 o
4 Ly Lg)

E. Loop corrections to T

As? = (s2—s2) =

(Lp + S/Z}LW)

(105)

The formulas that we have derived so far represent the
formally leading new physics corrections to S and 7.
However, it has been shown in other investigations of
precision electroweak corrections to composite Higgs
models, that loop effects on 7 from the top quark and
top partners can also make significant contributions
[22,44,45]. In this section, we will make an estimate of
the contribution to 7" from fermion loop effects, dealing as
best we can with the nonrenormalizability of this 5D theory.

(104)
L3Lyy

|
We will work from the original formula for 7" [22],

62

55— (Ii£,1.(0)

SwCywhyz

al =

—113.3.(0)).  (106)

where I1,; ,; is the vacuum polarization amplitude for the
currents of the a component of weak isospin. The expres-
sion for T in (84) involves contributions at g> = 0 and at
q* = m3,, m%. In this section, we will s1mp11fy the calcu-
lation of the loop integral by working at g> = 0 only. We
will calculate in the IR gauge, in which the contribution of
A% to the W and Z wave functions is, if not completely
zero, at least highly suppressed.

The vacuum polarization amplitudes in (106) involve
loops with the #; and b; field in ¥, and the corresponding
fields in W7. The currents involve only the 4D left-handed
components of these fields. Then the propagators, in
Euclidean space, can be written as

(1)1 (2. p) (1)
((br)r(z.p)(Dr)

(Z,p)) =0 pSi(z.7, p),
(Z.p)) =0-pSy(z.2.p).  (107)

Nk~

Here the L inside the parentheses labels the species in (22)
while the L outside the parentheses indicates a projection
onto the 2-component fermion with left-handed chirality.
Using (107) to evaluate the ¥, contribution to 7', we find
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3e? dz d7 dp 1
r= P, - S,)
* sacam%/(kz)4 (kzl)4/(2”)4419 (S —=S,)
(108)

The integral d*p is over Euclidean momentum space. Note
that (S, — S,) is of order s2, so this contribution to 7 is of
order s*.

We proceed, then, to evaluate 7 from the formula (108).
A complete evaluation of this expression (108) is beyond
the scope of this paper. Instead, we will estimate the integral
from its low-momentum behavior of the integrand. The ¢,
and b; propagators are given by their SM formulas, plus
corrections of order m,z; and pzp. We can write these as

St:fL(c)z(ZZ/)z_c‘ﬁ[l+A(m;ZR)2+B<pZR)2+"'],

+my;

Sb:fL(C)z(ZZ/)Z_C'%[l+C(1’ZR)2+"']' (109)

The first factor is the form of the zero mode wave functions
as functions of z and 7’; see (C43). The correction terms are
summarized in coefficients A, B, C. These coefficients may
contain additional dependence on z, z'. To linear order in
the coefficients, this is treated by taking the expectation
values of the z, 7/-dependent terms as indicated by the dz
integrals.
Using (109), the d*p integral in (108) becomes

/ d'p 2 { mj o4 Mtk
@n)* " (P +mi)? T pP(p? o+ mp)?
m2z2 mZZZ
-2B—1°R PR l. 0 (110)
(p* +m7)? p*(p* +m7)

The integral of the first term is convergent. This is propor-
tional to m; /m? and so actually of order s> due to the infrared
behavior of the integral. The integrals of the correction
terms give cutoff-dependent contributions of order m}z.
Higher-order terms in p? in (109) also contribute at this
order, and we expect that the sum leads to an expression that
is at worst log divergent in the ultraviolet. But these terms in
the integral also contain infrared-enhanced terms of order
m?z%log(1/m?). Using either dimensional regularization or
an explicit cutoff on the integral, we find

3m?
a.—
167s%,c2m%
X [14+2(2B—A - C)m?zxlog(A?/m?) +O(m?z3)],

(111)

al =

where A is an ultraviolet scale. There is also a contribution to
T from the vacuum polarization of W, but this contains no
light fermions and so contributes only the hard, nonlogar-
ithmic, term in (111). The leading term is the usual SM

contribution to 7 from the (#,b) doublet. The usual con-
vention is that 7’ parametrizes a deviation from the SM, sowe
will now drop this term. We claim that the RS contribution to
T can be estimated from the expression

3m?

ol =a-———
2 2,72
16zs;,cim7

2(2B — A — C)m?z% log(A?/m?)
(112)

by ignoring the hard corrections and varying A over the
interval 1/zp to 1/z.

The complete expressions for the coefficients A, B, C in
the IR gauge are given in Appendix G. In the parameter
discussion in Sec. V, we found that the top quark boundary
kinetic term a, and the related value L, = G,__(zo, 2g)
must be large. Then we can simplify the full expression for
our estimate by keeping only the terms leading in a,. This
gives the relatively simple estimate

3m;1Z% 7\ 261 7\ 261
T—— 12K 20 (2 + = log(A%/m?),
167s2,c2m? 2R 2R g(A%/my)

(113)

where the indicated expectation value is taken in the zero
mode wave function using the measure (C48). However,
because the indicated expectation values of z and 7z’ are
small, this parametrically dominant term is not actually
larger than the other pieces, so we quote it here mainly for
illustration. The full result for our estimate of 7" is given in
Appendix G in (G16).

F. Phenomenological implications

We must now sum all of these contributions as indicated
in (84). We may omit the small correction 6G . Then, for S

3 1
as = mizxsic, (E - L_B> . (114)
For large L as is found in the parameter space of Sec. V, a

limit of S < 0.135 gives the constraint

kr > 1.5 TeV. (115)
For T, we find the tree-level RS correction
2,22 1 1
aT = T2k {— - —} (116)
4 Ly Lpg

plus the loop correction estimated by (113).

Figure 6 shows the mapping of our parameter space onto
the region of S and T allowed by experiment [43]. In view
of the uncertainties in our estimate of the 7 parameter, we
regard the parameter region of our model with kg >
1.5 TeV to be in reasonable agreement with the current
values of the precision electroweak observables.
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FIG. 6. Corrections to S, T parameters of our model. The inner
and outer contours are for 68% and 95% confidence level,
respectively, from [43]. The black error bar at the origin
corresponds to current top quark mass uncertainty. Each colored
line represents the estimated range of 7 parameter by varying the
cutoff A from kj to k.

VIL Z — bb

In the analysis of the coupling of the Z to fermions, we
assumed that all of the relevant quarks and leptons are
associated with fermion zero modes that are highly peaked in
the UV. However, this is not the case for the b quark. The b; is
the SU(2) partner of the #;, and so it must share the same
value of c. For by, the story is somewhat more involved. The
bg zeromode is notincluded in either of the multiplets ¥,, ¥
|

that we have considered so far in our analysis. However,
models for generating the b quark mass typically require by
to have a positive value of ¢, pushing the zero mode wave
function to the IR and potentially giving large effects [24]. In
this section, we provide general formulas for the special
influence of the b quark zero modes on the relevant precision
electroweak observables. As in our discussion of AsZ, we
will notneed to assume the particular model studied in Sec. V,
because we will work from the simple, general formulas for Z
boson couplings derived in Sec. VID.

The b quark couplings to the Z boson are tested with
precision by the ratio of yields

I'(Z - bb)
Ry=—=——"7""— 117
» 7 T(Z - hadrons) (117)
and the polarization asymmetry
[(Z = by bg) —=T(Z — bgb

[(Z = bybg) +T(Z = bgb;)’

Looking back at the discussion following (99), we see that
the factor Z, cancels out of both ratios, while z-dependent
terms in G, _(z,zg) and z2/z% in G (z,zg) will make a
contribution if the zero mode wave function extends into
the IR. Including those factors, the Z wave function in the
IR gauge can be written as

kK \1/2 m2zz 1 1 22 2?2z
g =\—= 21+ =22k (4 (1 =2Ly) =5+ 25 log =R ) []A3L
| >IR ( 2) X{cw|: + 4 < 2LW+2LB+( W)Z2 + 2 0og z | >

LWCW

2.2
mzZg
4

MmzZR
2

2
Z

+ c2ep -2LWZ—2 1Z') + ¢,
R

ZZ
2Ly = |A35>}.
<R

R <R
2

2, 2.2 1 1 2
S {1 NRAAT <———+ (1- 2LB)§—2+ 22—21og%R>] |B)

R <R

(119)

The A% contribution will be ultimately suppressed by m?z%. Then the correction to the coupling of Z boson to the bottom

quark is given by

2.2 2 2 2 2 2
mzz S z Zr 2 K 1 1 z
0 = en M5 { (0= ) 05w S (1 B ) (- ) (e e )
w w
2.2 2 2 2 3L 3R
mzZlg z IR , 2 Z -T°*+T
by (< Gtz Z?e> W<Z%>T3L—(S2W/C%)Y (120

where g, is the SM Z coupling to b; or bp and the
expectation value of z must be computed in the appropriate
zero mode wave function. Note that in the final line we
omitted the terms suppressed by 1/Ly p.

The second term in (120) is enhanced by a large Ly,
and can cause a large deviation in gz, However,
specifically for W, in the 5 representation of SO(5),
we have T3l =T3R=—1/2 for b;, and the Ly-enhanced

term in (120) vanishes identically. This shows that the
custodial symmetry proposed in [33] to protect the Zbb
vertex is working correctly. Although the formula (120)
is a general result which applies to any assignment of b
quark in SO(5), we focus on the 5 representation in the
remainder of this section and study whether the remain-
ing correction in gz, gives constraints on the param-
eter space.
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For the case of a (¢;,b;) doublet in 4 as in (21), the
Ly-enhanced term will give a dominant correction to gy,.
Such models can still be viable for higher values of k; or
for assignments of both b; and by to UV-dominated zero
modes [24].

For the evaluation of (120), the computation of the z
expectation values is discussed in Appendix C. 3. For a left-
handed zero mode with positive ¢, taking a =0 for
reference,

Zz ZR Zz
<2—210g— +—2> =(0.36,0.11,0.047) (121)
7R IR

for ¢ =(0.3,0.5,0.7) and zy/zzx = 0.01. The value is
exponentially decreasing with increasing c¢. For a right-
handed zero mode with positive ¢, we find

2 14+2¢)(54+2
<2Z210 ZR+Z2>:<+C><+C>
R

G120 = (0.69,0.75,0.79)
C

2R
(122)

for ¢ = (0.3,0.5,0.7).
The b; and by Z couplings have different effects on R,
and A, due to the very different sizes of these couplings,

2
IR _ 0,0331.

(123)
97pL

The correction to R, is dominated by the shift of g,

2
g
AR, = 2R,(1 - R;) |:5gZhL + 2R 59214 . (124)
9zbL

Then

1 2 2
AR, ~~R,(1—R,) - m%z%<2z—210gZ—R+Z—2>
2 <R iR/ L

2 2
= (3.7 x 10—4)<2Z—210gZ—R+Z—2> . (125)
<R L

F A

The last line here is evaluated using the limit in (115) for zg.
The expectation value is to be taken in the b; zero mode
wave function.

On the other hand, the correction to A, comes equally
from gz, and gzyk,

2

g
AA, 4228 (89261, = 69zbrR)- (126)
92b1

Then

2 2 2
Z Z Z
97pL <R < IR/L

2 2
- <2Z—2logZ—R+Z—2> >
ZZ

2
z—(1.4x10‘4)<2z—210gZ—R+—2> . (127)

where again we used (115) for zg. The expectation value in
the last line is to be taken in the by zero mode wave
function, which, to obtain as large as possible a value of
AA,, would be larger than the corresponding expectation
value for b;.

The experimental measurements of these quantities
are [46]
R, = 0.216 £ 0.00066, A, =0.923+0.020 (128)
so the predicted deviations from this class of RS models are
well within the errors. Although it is typical in composite
Higgs models that the experimental measurement of R,
places a very strong constraint, that is not true with the
custodial symmetry protecting the Zbb vertex.

VIII. CONCLUSIONS

In this paper, we developed and examined a realistic
model of a composite Higgs boson based on the gauge-
Higgs unification framework and SO(5) x U(1) gauge
symmetry. The top quark multiplet ¥, triggers electroweak
symmetry breaking. A new Dirac fermion W7 competes
with the top quark and allows us to tune the value of the
Higgs boson (mass)? term. We can achieve the hierarchy
v/f < 1 by arranging the 5D mass parameters of the top
quark and top partner to be close to the second-order phase
transition in the plane of these parameters. We also
introduced UV boundary kinetic terms for the gauge fields
and top quark, which give us the freedom to fit the SU(2)
gauge coupling and the top quark Yukawa coupling.

After applying constraints from the W, Z, ¢, and Higgs
masses, our model has an effectively two-dimensional
parameter space. We computed the full Higgs potential
and studied the allowed region in this space. It turns out
that our minimal model requires large values for the UV
boundary terms. An additional source of the quartic term in
the Higgs potential could relax the tension that leads to these
large terms.

Our model is not strongly constrained by current exper-
imental results. Although the mass of the top partner Wy is
significantly smaller than the scale of the new composite
sector, we can avoid constraints from LHC searches if W7 is
color neutral. This solution is similar to the idea of neutral
naturalness but is distinct in important respects. The main
constraint on our parameter space comes from precision
electroweak measurements. To analyze this constraint, we
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use the small value of v/f required in our model as an
expansion parameter. This strategy allows us to write general
formulas for the precision electroweak corrections due to the
new composite sector. A lower limit on the RS scale of
1.5 TeV allows our model to be consistent with current
electroweak data.

In this paper, we left open the question of how the lighter
quarks and leptons receive their masses. A particularly
interesting question is that of how we can generate the
bottom quark mass in this framework. In a forthcoming
paper, we will study possible scenarios of light flavor mass
generation and their implication for observable effects in
ete™ — ff processes [24].
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APPENDIX A: PROPERTIES OF
MINKOWSKI-SPACE GREEN’S FUNCTIONS

The computations done in this paper make use of
Green’s functions for spin 1/2 and spin 1 fields in the
RS background with Dirichlet or Neumann boundary
conditions on the IR brane. The formalism for computing
these Green’s functions was reviewed in [21]. However,
since [21] was mainly devoted to the computation of the
Coleman-Weinberg potential, the equations for Green’s
functions were given for Euclidean time, and the full
expressions for the Green’s functions were not needed.
In this Appendix, we present the formulas for Minkowski-
space Green’s functions in a notation consistent with the
conventions of [21]. In this section, and in the rest of the
Appendix, we will work in the UV gauge defined in
Sec. IV E unless it is explicitly noted otherwise.

1. Building blocks

Green’s functions for fields in the RS background are
built up from Bessel functions with definite boundary
conditions at the UV and IR branes. In Minkowski space,
we will choose as out basic building blocks the combina-
tions Gfxcﬂ) (21,22, p), defined in (7). These functions depend
on two Sth-dimension coordinates z;, z,, the parameter c,
and @, f = +. For a massive spin 1/2 field in RS, ¢ = m/k.
The 4-vector p is the 4D momentum. When combined with
a prefactor z¢, where a = 1 for spin 1 field and a = 5/2 for
spin 1/2 fields, G4(z. zg) satisfies Dirichlet or Neumann
boundary conditions on the IR brane at z = zz. Typically,
we will keep the dependence on ¢ and p implicit. In this
paper, we will work with the G functions for Minkowski

pt, thatis p> > 0, p = (p*)'/?. Analogous formulas for the
G functions at Euclidean p, p2 < 0, which we will denote
GEap(21, 22), are given in [21].

The G functions (at fixed ¢ and p) manifestly satisfy

Gap(21,22) = =Gpa(22, 21)- (A1)
Less trivially, they satisfy the Wronskian identity
Got(21,23)Gp-(22, 23) = G- (21, 23) Gy (22, 23)
1
=—0Gy(z1,22)- A2
oo p(21.22) (A2)
An important special case is
1
Gy (21.22)G_(21,22) =G (21.22) G (21, 22) = 2 .
P 2122
(A3)

To explore the properties of particles with masses much
less than the KK scale kp, we will need the expansions of
Gup(z1,2,) for small p. For general ¢ in the range
-l<c<,

)

Go—(p)~ 2y P p

G_i(p)~ =275 p
) (A4)

2. Spin 1 fields

For spin 1 fields, ¢ = 1/2. The solutions of the gauge-
fixed Maxwell equations in z are zGaﬁ(z, 7), with a = +
for A, m =0, 1,2, 3, and a = — for AZ. The solutions for
the ghost fields also have a = +.

We will construct solutions with definite Neumann (+)
or Dirichlet (—) boundary conditions on the IR brane at
Z = zg. The solutions to the Maxwell equation satisfying
these boundary conditions contains

| +b.catzg —b.catzg
A, Gi_(z.2r) Giy(z,2) (A6)
Al G_.(z,zz) G__(z,2z)
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For a consistent definition of F° ;‘1‘15 on the boundary, Ag‘ must

satisfy — boundary conditions if A7, satisfies + boundary
conditions, and vice versa. We will also need to impose the
condition that our solution satisfies Neumann (4) or
Dirichlet (—) boundary conditions on the UV brane at
z = zo. These conditions are

+b.c.at zq —b.c.at z,
Afn G_,ﬁ(Z(), ZR) =0 G+,/}(ZO’ ZR) =0 (A7)
A? G+,/5<Z(), ZR) =0 G—,/)’<Z07 ZR) =0

That is, the first index of G should be appropriately raised
or lowered to apply the Neumann condition.

Then the Green’s functions of spin % fields are given by
the following formula: For the Green’s functions of fields
A4 AB obeying f3, y boundary conditions on the IR brane

(A0 (2)AB(2)) =nmnkpzgzd |:AABG+,—ﬂ(Z7ZR)G-&-,—y(Z/’ZR)

_6AB{G+,—ﬂ(ZvZR)G+,—y(Z,7ZR) z<?
G+y_ﬁ(Z,ZR)G+,_y(Z/,ZR) z>7 ’
(A8)

where the G are defined by

Q¢

G (2.28) =+G1_(z.28)

G_ (z.z2g) =+G__(z,zg)

+—(Z’ZR) = —G++(Z,ZR),
——(z.2r) ==G_1(z,28)-
(A9)

Q

The term in the second line of (A8) satisfies the disconti-
nuity of the Green’s function at z = 7. It is present only in
the diagonal correlation function. The Green’s functions of
A% fields are constructed similarly, with G, _5 — G_ _j.
The choice of starting from definite + or — boundary
conditions on the IR brane comes from our convention of
choosing the UV gauge, in which the Wilson line Uy, is
implemented as a boundary condition on the UV brane.
There is an equivalent formalism for Green’s functions in the
IR gauge, in which the Wilson line is moved to the IR brane
and implemented there as an IR boundary condition. In that
case, we would choose definite + or — boundary conditions
on the UV brane. The solution for the Green’s function in
this case is completely analogous, starting from the formula

(A% (2)A7 (2)r

= Nk pzozZ |A*PGy _5(2.20)G (2 20)

G, _4(2.20)G _,(Z.29) z<7

G -p(2,20)G—(Z,20) 2>7

with zp <> zo in (A6), (A7), and (A9).

3. Spin 1/2 fields

Wave functions of spin 1/2 fields depend on the
parameter ¢ = m/k, where m is the 5D Dirac mass. We
will decompose 4-component Dirac fields into 2-compo-
nent 4D chirality eigenstates,

-(2)

The Dirac equation couples these components. The sol-
ution of the Dirac equation contains G((:/)}(z, Z) witha = +

(Al1)

for y;, y/z and a = — for yp, 1//12.

Canonical boundary conditions for the spin 1/2 fields
have yi = 0 on the boundary (4 b.c.) or w; = 0 on the
boundary (— b.c.). We will construct solutions with definite
+ or — boundary conditions on the IR brane at z = zj.
These solutions are

| +b.c.at zzg —b.c.at zp
Wy G, (z.zg) Gy (z,zg) (A12)
wr | G__(zzr) G_y(z,2g)

We will also need to impose the condition that our solution
satisfies + or — boundary conditions on the UV brane at
7 = zo. These conditions are

| +b.c.at z, —b.c.at zg
VLR ‘ G_p(z0:28) =0 G, p(z0,2¢) =0

(A13)

Then the Green’s functions of spin % fields are given
by the following formula: For the Green’s functions of

fields w4, z//zB obeying a, f boundary conditions on the IR
brane

wi@wi()
= (o p)k*pzp(z2)*? {AABG%_a(z’ 2g)Gy p(2' 2r)

G —a(z.2)Gy p(Z28) 2<7

5B { N , (A14)

G+,—(1(ZaZR)GJr.—/}(Z/vZR) z>7
where the G are defined in (A9). The term in the second line
satisfies the discontinuity of the Green’s function at z = 7.
It is present only in the diagonal correlation function. The
Green’s functions (4 (2)wi(2)), (wa(2)w;2(Z)), and
(wh(2)yil(Z)) are constructed similarly, with G, _, —
G for each yp.

——a

4. Solution for A4B

To complete the solution for Green’s functions, we need
to solve for the matrix A42. With the boundary conditions
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at 7 = zz and z = 7’ already imposed, we determine A4?
by imposing the boundary condition at z = z;.

If a field A? obtains an expectation value, the corre-
sponding Wilson line element, a unitary matrix U defined
by (17), is applied to the multiplet of Green’s functions
before imposing this boundary condition. We then find a
linear equation for the elements of A4Z that has the form
UAC[ACBG—a,—y(ZOv ZR) — 5CBG—a,—y(Z07 R)] =0 (Al5)
where «, y = + are the boundary conditions of the A field
at z = zo and the C field at z = zi, respectively. If fields of
different ¢ are involved, the Green’s functions are evaluated
at the value corresponding to the field C. Let

Cac = UACG—a.—y(ZO’ ZR)s

Dye = UACG—a,—y(Zm ZR)- (A16)
Then A2 is the solution of the equation
CACACB - DAB’ (A17)

The matrix C4c(p) defined here is the analytic continu-
ation of the similar matrix defined in [21] to Minkowski
momenta p. The zeros of det C(p) give the mass spectrum
associated with the fields.

From its use in representing the Green’s function, we see
that the matrix A must be Hermitian. This is certainly not
obvious from (A17), and actually it is a nice check that A
has been computed correctly from this formula. We sketch
a proof of the Hermitian nature of A in Appendix E.

APPENDIX B: SO(5) GENERATORS

In this appendix, we provide our choice of basis for the
generators of SO(5). We will choose representations in
which the decomposition

SU2), xSU((2)r = SO(4) Cc SO(5) (B1)
is explicit. We will identify SU(2), with the weak

interaction SU(2) gauge group and SO(4) with the
custodial symmetry group. For this purpose, we write

TaL — % (eabc Tbc + Ta4)

TaR — %(eabchc _ Ta4)’ (B2)
with a, b, ¢ =1, 2, 3. Then the SO(5) generators are
labeled T4k, TR, T4 and T*. It will be convenient to
rescale 7% and T such that all generators have a uniform
normalization, so that tr[(Fy,yT4)?] = c(F{n)*.

The 4 spinor representation decomposes under SU(2), x
SU(2)p

4-(2,1)d(2,1). (B3)

The corresponding representation matrices are

TaL_(ru 0) TaR_(O 0)
~\o0 o)’ S \0 ¢)’
1 0 ¢ 1 0 —i
Tasz_ s T45:— s B4
ﬁ(ﬁ 0> 2\/§<i o) (B4)

where 7¢ =06“/2. In the 4 representation, we have
tr(T4)? =1
The 5 fundamental representation decomposes under
SU2), x SU(2)x
5-(2,2)@(1,1). (B5)

The corresponding representation matrices are

“®1 0 1® 0
po (T2 ) e (17 0) g

and

~N

I

\

N —

o
~—
|
o~ o o L
~__

0
1
ps L]0 |
2
0
(0 1 1 0) 0
0
1 0 i
T45:E —i (B7)
0

with the normalization tr(74)?> = 1. In this basis, the
elements of the 5 multiplet are
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(B8)

with the subscripts indicating the 73 and T3 quantum
numbers + %, - %, or 0. We will also write this multiplet as

(1) (&)

500

(B9)

We will find it useful to have explicit representations of

U = exp (—V2i0T%), (B10)
in the 4 and 5 representations. In the 4,
Cr —8)
U<4)—(S ) (B11)
2 O

where s, =sin6/2, ¢, = cos@/2. In the 5, U mixes three
rows of the 5-vector. The 3 x 3 mixing matrix acting on
(E,_, & 1, &y) [the third, second, and fifth entries, respec-
tively, of (B8)] is

(1+¢)/2 (1-0)/2 =s/V2
Usy=| (1-¢)/2 (1+¢)/2 s/vV2 |. (B12)
s/\/§ —s/\ﬁ c

where s = sinf, ¢ = cos 0.

Finally, we consider the adjoint (15) representation. The
elements of 74 in the adjoint representation are computed
as the commutators of the 74 matrices above. In particular,
it is straightforward to show that

T 0 —i T
1
Taj| T% | = 5 0 i TR (B13)
T i —i 0 T

The corresponding mixing matrix is again the 3 x 3
matrix (B12).

APPENDIX C: FORMALISM FOR BOUNDARY
KINETIC TERMS

In this appendix, we describe how the boundary kinetic
terms for gauge fields and fermion fields modify the
Green’s functions for these fields. Our discussion general-
izes the presentation of Green’s functions in Appendix A.

1. Boundary kinetic term for gauge fields

For the description of gauge fields, we begin with the
gauge-invariant bulk action in RS,

1
Sbulk = / d*xdz (\/§ [— ZgMPgNQF%/[NF%Q:| - jMAM)-
(C1)

The quantization of this action is described in Appendix B
of [21]. Now add a UV localized boundary kinetic term,

1
Suy = / d*xdz <\/§ {— 2 azpé(z — zo)g'”pg"qF%,,ng] ) )
(C2)

Note that we parametrize the coefficient of the boundary
term in units of zo = 1/k.

In our formalism, the Higgs field is a background gauge
field, so we will quantize in the Feynman-Randall-
Schwartz background field gauge [25]. Expand

A — AS(2) + AY,. (C3)

where, on the right, A§, is a fixed background field,

Aj(z) = (0,0,0,0,A4¢(z)) (C4)
and A§, is a fluctuating field. Let A, = Aj;#* and
Fyy = Fiyyt*, where t* are the generators of the gauge
group. Let D;, be the covariant derivative containing the
background field only. Then the linearized form for the field
strength is Fyy = Dy Ay — Dy Ay In the backgrounds
we consider in this paper, Fyy = Dy Ay — DyAy = 0 and
[Dyr, Dy] = 0. Inserting the metric (1), the action becomes

_ / d4xdz{ H(u+a205(z—z0))(DmAn—D,,Am)z

—E(DMAS—DSAm)z] —JmAn1+j5A5}. (C5)

In the 5D bulk, following [25], we introduce the gauge-
fixing term

171 1 2
_ 4 R m — _
SGF—/dxdsz{ 2(D A, kzDskZ-As) ] (Co)

where we set the gauge parameter £ = 1 for simplicity. On
the UV boundary, the gauge fixing term must be changed in
accord with the addition of the surface term. The presence
of the delta function in (C5) requires some regularization.
One possible way to do this, which we will follow here, is
to expand the boundary to an interval [z, zg + €] in which
the coefficient of the first term in (C5) is (1 + azy/e). A
compatible gauge-fixing term on this interval is
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sty = [ [ e [P (o ) | “

After some integrations by parts, the action in the boundary region comes into the form

1
Soulk + Suv + Sgy = /d4 / dZ{ { A ((1 + azy/e)D* — kzDs k_zDS) A,

- 2 _ L i _ gm
2A5<D D5(1+azo/€)D5kz>A5] jAm+s75«45} (C8)

and the action in the bulk has the same form with the azy/¢ terms removed. Here and in the following, raised and
lowered indices are contracted with the Lorentz metric #™ and D> = D™D, It is convenient to define

Ds = kzDs(1/kz).

The surface terms from integration by parts should not be ignored. They are
)
e+ 7
(€9)

1

(1 + azo/e)

11
Ssurface = /d4x§ {k—z |:~AmD5~Am + 2Dn~’4n~’45 -

ASDSAS] -
0

+ {A’”D5Am +2D" A, As — A5D5A5]

with 0, e—, e+, R denoting the boundaries at zy, (zo + €) in the boundary region, (zo + €) in the bulk region, and zg,
respectively. Requiring these expressions to vanish, we learn that A4,,, As obey the boundary conditions:
at zo: DsA,lp=0,As5]p =0 or A,|y=0,DsA45], =0
at zg: Ds A, |g =0, A5]g =0 or A,|zg =0,DsA5|, =0
at(zo + €)1 Aylew = Auler  and DsA, | = Ds A,
As|ew = Asle, and (1 +azo/e)'DsAs|_ = DsAs|,.. (C10)

The first two lines are the now-familiar + and — boundary conditions for the spin 1 field.
In the boundary region, 4,, and A5 obey the equations

1 k
(1 +az0/e)p2+kzDS—DS]Am(z,p) =0. [pz—f—D ) | Asle.p) =0. (C11)
kz (1+ ZO/G)
Since the region is very narrow, both equations can be approximated by
24 3] 4G p) =0 (c12)
Then a solution satisfying A/DsA = 0 at z; has
(A/DsA)l.- =€ (C13)
and a solution satisfying Ds.A/ A = 0 at z; has
(DsA/A)|.- = —azop*. (C14)
Then the boundary conditions at e+ for the solutions in bulk are (with ¢ — 0)
| +b.c. at zg —b.c.at z;
Am DSAm/Am = —aZOP2 Am/DSAm =0 (C]S)
As DsAs/As =0 As/DsAs = azg
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Using the property of the G functions

aZ(ZGJﬂﬁ) = pZG—.ﬂ’ 6ZG—./f = _pG+.ﬁ’ (C16)
these boundary conditions are implemented by imposing
| +b.c. —b.c.
A | Gop(20.2r) + azopGy p(20, 28) = 0 Gip(z0.28) =0 (C17)
AS G p(z0.2r) =0 G_p(z0.2r) + azopG. 5(20. 2) =0

instead of (A7). + boundary conditions for .4,, require —
boundary conditions for .45, and vice versa. Since the
boundary conditions on the Green’s functions are the same
for these cases, the Laplacians for compatible A,, and As
will have the same spectrum, just as in the case of @ = 0. The
ghosts ¢ have the same spectrum as A,,. It is necessary for
the A5 fields to have the same spectrum as the ghosts so that
|

(An(2)An(2)) = Nunkpzrz7 [AG,_(2,28)G (2, 28) + G4 (2, 2r) G- (2, 28)]-

the determinant of the .45 Laplacian can cancel the deter-
minant of the ghost Laplacian. This allows the complete
functional integral over 4 to be gauge independent.

It is illuminating to compute the Green’s function for A,,
in the case of ++ boundary conditions. Before imposing
the UV boundary condition, the Green’s function takes the
form in (A8). For z < 7/,

(C18)

Imposing the + boundary condition on the UV brane with the modification due to the boundary kinetic term, we find

This is easy to solve for A. Using (A2), the Green’s function for z < 7z’ can be rewritten as

<*Am (Z)An (Z/)> = Mmn kzz!

Taking the p — 0 limit using (AS)

A(G__+azopG,_ )+ (G_, +azgpG,,) =0. (C19)
G, _(z,20) + azopG,4 (2, 20)
G " ZR)- C20
G T azopG. +-(2'.2r) (C20)
k 1
(C21)

(An(2) Ay (D)) =

nmn Ty 7 N
p* (log zg/zo + a)

This equation shows exactly that the 4D coupling of A, is modified according to (49).

To compute the Coleman-Weinberg potential, we need to redo this analysis for Euclidean momenta. For p2 = —p?, there
are minus sign changes in the formulas (C11) and in (C16). At the end of the analysis, we find, + and — boundary
conditions for the Euclidean Green’s functions are implemented by

+b.c. at zg

—b.c. at zg

A5 G p(20.2r) + azopeGes p(20.28) = 0

A Geyp(20.28) =0

This result makes it straightforward to derive the expres-
sions for the W and Z boson Coleman-Weinberg potentials
in (56) and (64).

2. Boundary Kkinetic term for fermion fields

For the description of fermion fields, we begin with the
gauge-invariant bulk action in RS,

Sbulk = / d*xdz(\/qPlie}y Dy — m)¥ — K¥ — PK).

(C23)

GE+,ﬂ(ZOv ZR) =0 (C22)

G- p(20,2r) + a2oPeGey p(20. 28) = 0.

I
The quantization of this action is described in Appendix A
of [21]. After specializing to the metric (1) and dividing ¥
into its 4D chiral components, this action becomes

Ly il
Sbulk = /d4XdZ <(k2>4 [WlliamDml//L + l//llelamDmWR

+w Dy —yiDy, ] - KW - ‘i’/C) : (C24)

where
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2 _ 2—
D:DS— +C D:DS— C.
Z Z

(C25)

The fermion fields in (C24) obey equivalent Laplace
equations

(p* +DD)y(z.p) =0,

(p*> + DD)yg(z.p) =0 (C26)
and are linked by the equations of motion
o-pyr=Dy;,
G- py = —Dyp. (C27)

There are two ways to add a boundary kinetic term to
(C24). We can add either a kinetic term for y; or a kinetic
term for wg. (Adding both terms leads to unnecessary
complexity.) We will describe the first alternative in detail
and then quote the results for the second.

Then, add to (C24) the UV boundary term

1
Suv = / d*xdz——azd(z — 20)y i6" Dy (C28)

(kz)*
The delta function requires regularization, and again we
will regularize it by spreading its influence over a small
interval of size € at the UV brane. The equations of motion
in the boundary region become

o-pyr =Dy,
(1+azo/€)5 - py = —Dyr. (C29)

In the narrow boundary region, the Laplace equations for
yw and yy are both well approximated by

az,
[70 P+ 64 wrr=0. (C30)

Deriving the equations of motion for z//z, y/}; requires an
integration by parts. The boundary term in z is

/ d'xg ki)4 wiwe = wiwi) (C31)

and is not altered by the addition of (C28). So the boundary
conditions on y;, y are the standard ones,

atzg: wr=0 or y; =0
atZR:l//RZO or l//L:O

at<z0 + €) : WR|€— = WR|€+ and v |e— = WL|€+’ (C32)

Consider first the + boundary condition yr =0 at
z = z¢. Then, in the boundary region,

yg=Csin K%) l/zp(z—Zo)]

€ o p azo\ /2 azo\ /2
yp=———""C(— ) cos||{—] plz—2)
azg p € €
(C33)
Atz = (z+e)_,
c-p
Wr/WL = —apz == (C34)

This condition is very similar to that in the 4 case for A,,
above. The boundary condition is imposed on the Green’s
functions by requiring

G_ 4(20,2r) + azopGy p(z0.28) = 0. (C35)

In the case of — boundary conditions, y; = 0 at z = z,

wi/wr = Ole) (C36)
at z=1(z9+e€)_, and so the boundary condition is
unchanged. In all, the boundary conditions for fermion
fields with the boundary kinetic term (C28) are

| +b.c. at zg —b.c. at z, (C37)
YLR ‘ G—.ﬂ(ZO’ZR) + aZOPG-k.ﬂ(ZOvZR) =0 G+.ﬂ(10721e) =0
instead of (A13).
Similarly, we can modify (C24) by adding the UV boundary term
4 1 T om
Suy = [ d*xdz ) azob(z — zo)y gic™ D,y k. (C38)
In this case, the UV boundary conditions become
b.c. at z —b.c. at
| +b.c atz c. at z, (C39)

VLR ‘ G_4(z0.2r) =0 G4 4(z0.2r) — azopG_ 4(20. 28) = 0.
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To illustrate the effect of the UV boundary kinetic term,
we can work out the Green’s function (y, (z, p)y, (z. p))
for the case of ++ boundary conditions and the modifi-
cation (C37). This is the Green’s function that contains the
zero mode for a 4D left-handed chiral fermion. Before
imposing the UV boundary condition, the Green’s function
takes the form in (A14). For z < 7/,

(we (2w (2))
= (0- p)k*pzp(22)*[AG, _(2.2)G - (2, 2g)

+ G4 (2,2)G —(Z 28)]. (C40)

Imposing the + boundary condition on the UV brane,
including the effect of the boundary term, we find

A(G__+azopG,_ )+ (G_, +azopG,,) =0. (C41)

This is easy to solve for A. Using (A2), the Green’s
function for z < 7/ can be rewritten as

(wi (2w (2))

= (o p)k*(z7')*? Gy (2.20) + azopG.. (2. 20)
(G__ + azypG.._)

X G, (2, 2¢). (C42)
Taking the p — 0 limit using (A4)
T O -
WL () = = F @k ). (C43)

Here f2 (a) is the normalization factor for the zero mode,
which is altered from its standard form by the inclusion of a
term involving the boundary factor a. The new expression
for the zero mode is

|

—+b.c. at zg

e _ [T 2 Y
fL (a)z = 1_—20 + az, Z (C44)

The a term is always a suppression for a > 0. This
suppression is small if the zero mode is dominantly in
the IR (¢ < %), but it becomes significant when the zero
mode is dominantly in the UV (¢ > %).

The Green’s function that contains the right-handed 4D
chiral fermion is (wg(z)yh(Z)), for a fermion field with
—— boundary conditions. In a similar way, we can compute
this Green’s function and take the p — 0 limit. The result is

Walwh(@) = T L Ak P ()

Here f%(a) is the normalization factor for the right-handed
zero mode, which is also altered from its standard form.
The new expression for the zero mode is

1+2¢ _ 142¢ —1/2

/
.z z . :
frl@)2te = | Hm s a2

(C406)
Again, the a term suppresses the normalization of the zero
mode. Again, this suppression is large only when the zero
mode is dominantly in the UV, which occurs for ¢ < —% in
this case.

To compute the Coleman-Weinberg potential, we need to
redo this analysis for Euclidean momenta. For p% = —p?,
there are minus sign changes in the formulas (C30) and in
the formulas for derivatives of the G functions. At the end
of the analysis, we find, the 4+ and — boundary conditions
for the Euclidean Green’s functions, with boundary kinetic
terms for y;, are implemented by

—b.c. at zg

This result makes it straightforward to derive the expression
for the top quark Coleman-Weinberg potential in (70).

C47
wir: Ge_p(z0.2r) + az2oPeGEy p(20-28) =0 Gy p(20,28) =0 (C47)
|
with f2 (a) given by (C44). Then
P ) L+p-2c _ _1+p-2c
() —aag e ©
R (L+5—-2¢) Zp(zh2 —207%)

3. Moments of fermion zero modes

To compute some corrections we consider in this paper,
it is necessary to evaluate moments of z2/z% in fermion
zero modes. For a single left-handed fermion zero mode,
and for a = 0, this is straightforward to evaluate using the z
wave function of the zero mode

@) = [ @ Pa@ = A0 [ azat)

(C48)

For a > 0, part of the zero mode is concentrated at z = z;,.
Then moments would be evaluated with the measure

/(IEZTZ)4 w(2)] = fila) /ZR dz [27% + azg8(z = 20)].

20

(C50)

adding an extra term to (C49),
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0.8 ,

moments

FIG. 7. Values of (z?/z%) for left-handed fermion zero mode
wave functions, plotted as functions of ¢, for (bottom to top) z_,
z, and z-.. Solid lines: a = 0; dashed lines: a = 5.

< <i)ﬂ> B (Z}:ﬁ—Zc _Z(l)+ﬁ—2C)/(1 —1—,8—20) _'_az(l)Jr/i—Zc
Al —4/(1-20) +azp ]

<R
(C51)

Note that these moments go to zero exponentially when the
zero modes are UV-localized, that is, when ¢ > 1/2.

In the evaluation of matrix elements that involve Green’s
functions, we encounter these moments for pairs of
coordinates (z,7’). For example,

2

<%>_/%WNZ)P/(,iz,,)ﬂl//z(Z’)VC—g) (C52)

where 7_/z. the smaller/larger of z and 7’. To get a feel for
this, we quote the values of the expectation values of these
constrained at ¢ = 1/2, a =0,

2 22 2
<<—2> <—2> <—2>> = (0.024,0.109,0.194),  (C53)
<R <R R

for zg/zgr = 0.01. These values decrease with a and
decrease steeply with c¢. So typically, for left-handed zero
modes, terms with z_ will be negligible while terms with z..
might make a noticeable correction. In Fig. 7, we plot
values of (z%/z%) as a function of ¢ for a =0 and a = 5.
Note that the boundary term has effects only when ¢ 2 0.

For right-handed zero modes, the situation can be
different. The formulas for the evaluation of (z#) are
changed by the substitution ¢ — —c. Thus, if ¢ > 0, the
zero modes are strongly shifted to the IR, and so (z#) can
take large values. For right-handed zero modes with ¢ > 0
and zp/zz < 0.1, it is a good approximation to ignore the
factors with z,. Then

142
(/) =3 J+r e
Clog// R = rpp (€5

We will need these formulas in Sec. VII.

APPENDIX D: CONSTRUCTION OF
THE W, Z, AND t PROPAGATORS

Using the formalism of Appendices A and C, it is almost
automatic to construct the gauge boson and top quark
propagators. We present the essential formulas here.

1. W propagator
The 5D W boson is a mixture of the three fields A%, AR,
A% a =1, 2, with boundary conditions shown in (9). The
5D propagator for these fields is given by (AS8). In this
equation, A4% is a 3 x 3 matrix given by

A =C'D, (D1)
with
@ Gy__ (1;6) Gw__ - \/LEGW_‘*‘
C = (1;6‘) G+_ (1'50) G+_ ﬁ G++ (DZ)
5G- VA Gy
and
_ (lerc) GW—+ _ (lgc) GW—+ —%GW——
D= —%G++ _ (1<2H') G++ \/LEG+_ N (D3)
—%G - \%G — cG,_
where
Gw__ =G__+ CleZ()G+_
Gy_. =G_, +aypzo0G.,. (D4)

Below, we will also need a similar modification for the
U(1) gauge field,

Gp__ =G__+appzoG,_

Gp—y = Gy +appzoGas. (D5)

The mass eigenvalues in this sector and the contribution
to the Coleman-Weinberg potential are controlled by the
determinant of C, which has the form
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S2

detC=6G,_|G, . Gy__— .
+-|O++ 0w 20720k

(Do)

For our discussion of precision electroweak constraints,
we will need the expansion of A including terms
of order s for the leading term in p in each matrix element
as p — 0. It will suffice to ignore terms of order z3/z3.
Then

5 1/2 s?/8  —s/V2pzg
A=-— IS’ZZR $2/8  $2/4 0
—s/V2pzx 0 (logzg/z0 + aw)

(D7)

From the definition (A8), A must be symmetric. This is not
obvious from (D1), but it is true, and this is reflected in
(D7). The general proof of the Hermitian nature of A is
given in Appendix E.

Now we find

1
W) = k30752 |- 56,2 20)G (2

1
+_G++(Z<’ZR)G+—(Z>51R):|
PZR

kzz [ s? 2

in the limit p — 0, where z_, z.. are the smaller and larger
of z, 7. Similarly,

(D8)

(An ()42 ()
2

K
= Npnkzzp?z2 [4 G
Nmn Rp \/ESZPZR

L kek[s (2
Mmn S2 \/E Z% .

2. Z propagator

+-(2.2r)G 14 (2, ZR)]

(D9)

The Z propagator is derived in a similar way. In the basis
(A3E B, Z', A®) defined in (11) and (13), the matrix Uy,
has the form

(1+c¢)/2 sg(l=c)/2 cs(1=c)/2 —s/\V2
sp(1=¢)/2 G+ s3(14¢)/2  —cpsp(1—¢)/2  sps/V2 (D10)
W p—
cs(1—=¢)/2  —cpsp(1—0)/2  sp+c3(1+¢)/2 cps/V2
s/\/§ —sﬂs/\/§ —cﬁs/\/§ c
Then the C and D matrices are
Gy 5157 G- TGy = 35Gws
Sﬂ (156) GB—— (C% + S[Zj (1;6)> GB—— _Cﬂsﬂ <1;C) GB—— Sﬂ \/LEGB—+
C= (D11)
Cﬂ 1;6) G+_ —C/}SI}(I%C)G+_ <S§+ C%(IJZFC)> G+_ C/}\/LEG++
and
1+c 1-c 1-c s
—{ 42— >Gw_+ _Sﬂ( 3 >Gw_+ _Cﬂ( ) )Gw_+ —%GW__
—S/j “;C) GB_+ - <C%, + S%, (112%‘)) GB—+ C/jS/j “—;C‘) GB_+ S/j \/Li GB——
D= (D12)
—p 506 cysp 57y - <S§ +cj (l?)> Gt ¢ 5G4-
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The mass eigenvalues in this sector and the contribution
to the Coleman-Weinberg potential are controlled by the
determinant of C. This is given by

det C - G+_ G++GW__GB__

S2

(Gs__ +3Gy__)|.  (DI3)

2p%202r

3. t propagator

The 5D t quark is a mixture of the three fields #;, y;,, g in
(22). The 5D propagator for these fields is given by (A14).
In the basis (7, y, tg) used in (B12), the C and D matrices
take the form

l+c l-c s
( er )Gr—— ( - )Gt—— _\7§G’—+
C= (156) G._ @GJF_ 5G| (D14)
\/Li G._ - \/Li G, _ cG, .
and
14c I-c s
{ ; )Gz—+ - 2 >Gt—+ _ﬁGt——
— 1-c 1+c¢ s
D= _<2)G++ _(;>G++ 7§G+— . (DI5)
_%G++ %G++ G,
where
G+ =G_L+a;pz0Gs. (D16)

The mass eigenvalues in this sector and the contribution to
the Coleman-Weinberg potential are controlled by the
determinant of C, which has the form

52

-~ | (D17
2p*202r (b17)

det C=G,_|G,.G,_

APPENDIX E: RELATION OF THE
UV AND IR GAUGES

In Sec. IVE, we claimed that Green’s functions in the
UV and IR gauges are related by the formula

(U AL AR Dk = (AR (AT () uy (Uy) .
(E1)
In this section, we prove this relation from the representa-

tions for the UV and IR gauge Green’s functions given in
Appendix A. The idea of the proof is to use the identity

(A2) to relate G, (z,z9) and Gy (z, zg). For definiteness,
we consider the representations of the Green’s functions of
the 4d components of a spin 1 field given in (A8) and
(A10). It will be clear from the derivation that the result for
all other RS Green’s functions can be carried out with the
same logic.

We need to be very explicit about the boundary con-
ditions on the various fields. We assign the field with gauge
index A the boundary conditions ayy = + and ag = £ in
the UV and IR, respectively.

It suffices to consider the case z > 7'. In this case, the
Green’s function on the right-hand side of (E1) takes the
form

(A (AT () uv
= nmnkpZRZZ/ [G+,—am (Z’ ZR)A{‘JI\;/G+,—}11R (Z/, ZR)
= Gt (2, 20) 3 Gy (2, 20))- (E2)

From (A9), the G functions are given by

GC,—bIR = (_bIR)GC.+bIR' (E3)

In the second line of (E2), we can put ar = br.
In the UV gauge, the matrix A is computed as

Ayy = CiyDyy, (E4)
The matrix elements of C and D are

AB __ 17AB
CUV =U G_“UV~_17]R (ZO’ZR)

Dﬁ% = UAB(_bIR)G_uUV~+bIR (ZO’ ZR)' (ES)

The formula (E2) then factorizes as

(A (2)AB () uv
= NunkpzrzZ (G oy (2.28) Civ €

’ {DS€G+,—bIR (Z/» ZR) - Cgl\g/(—blR)G+.+blR (Z/» ZR)H

(E6)
The term in braces is
{G+,—bm (Z/’ ZR) (_bIR)G—cUV,erIR (Zo, ZR)
- G+,+bm (Z/a ZR) (—blR)G—cUV,—b,R (Zo» ZR)}UCB
={G, (7, zr)G_¢ .~ (20: 28)
-G, (7, ZR)G—CUV,Jr(ZO’ 2g)}UP
1
=—G, _. (2,29)U°E, E7
S Gecay(o) (E7)

where, in the last line, we have used (A2).
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The UV gauge Green’s function then reassembles into c—ayy = (=auv)Ge tay, - (E10)
AA AB '/
(An(2)4n (@))ov In the IR gauge, the matrix A is computed as
= Nunk2?' (G y e (2.20) CV Gt gy, (212 20) U
(ES) AR = DRrCy, (E11)
The IR gauge Green’s function can be rearranged in a
similar way. The matrix elements of C and D are
<Aén(Z)AE<Z/)>IR AB AB
Cr =U G_pp—a (ZR’ ZO)
/ AB / IR IR-—AUV
= k2022 (G 4y (2. 20) AR Gt -y (2 20) 5 A
~ AB , D’f‘R =U (_aUV)G—bIR,+aUV (zr»20)- (E12)
=Gy (2.20)0°Gy (2 .20)]- (E9)
The G functions are given by The formula (E9) then factorizes as
|
(AR (D)AZ())r = —Nunkp20z2’ - [{Gs —ayy (2. 20D = Gt vay (2. 20) (—auy) CK } - (CR )P G2y (2 20)]. (E13)
The term in braces is
UG —ayy (2. 20) (=auv) Gy rapy (25 20) = G agy (2, 20) (=auv ) Gy —any (285 20) }
= UG (2,20)G -y~ (2rs 20) = G4 —(2,20) Gy 1 (285 20) }
1
= U —G, ., (z.2p), El4
P20 +, IR( R) ( )
and again, in the last line, we have used (A2).
The IR gauge Green’s function then reassembles into
(AR (AR (@) = U Nakzd |Gy (2. 20)CR PGy, (. 20)]- (E15)

To compare (E8) and (E15), note that (A1) implies, using

the explicit formulas above,
Cr = —Cuyy. (E16)

Then (E8) and (E15) have the same form, except that, in the
latter, the matrix U is moved to the right. This proves (E1).

Notice that, in this calculation, the first index + on the G
functions for the A fields, the IR boundary condition of A%,
and the UV boundary condition of AZ play no role in the
cancellation. The parallel calculation for z < 7z’ depends on
the IR boundary condition of AZ and the UV boundary
condition of A2 and also goes through for any values of
these. The G functions in the cancellation are linked by U
matrices and therefore have the same value of c¢. Thus, the
same argument goes through for any Green’s function of
RS fields.

Using the same method, one can prove the identity

DC’ - CD" =0 (E17)

for both the UV and IR forms of these matrices. After the
use of the identity (A2), one finds that the G functions
combine into

Ga.a(Z07 ZO)' (Elg)

Gafa (ZRa ZR) or
These expressions are zero by (Al). This identity implies
the Hermitian property for the A matrices discussed at the
end of Appendix A.

APPENDIX F: SMALL s EXPANSION OF THE
COLEMAN-WEINBERG POTENTIALS

In this appendix, we discuss the expansion of the
Coleman-Weinberg potentials (56), (64), (70), and (71)
for small values of s. Here we generalize the discussion on
the Coleman-Weinberg potentials in [21] and include the
effect of the boundary kinetic terms.

Analogously to the definition of G4 in (7), we define the
Green’s functions G, in Euclidean momentum:
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Grap(21,22) = Ko(Pez1)13(PE22)
— (=1)°1(pez1)Ky(pEz2),  (F1)

where (=1)° = 1 for a = # and —1 for a # f. The Green’s
functions are positive definite. For large pp, we have

GEaﬂ(ZO’ ZR) ~ epE(ZR_ZO)_ (Fz)

First we consider the potential V in (71). Note that

1 1
53(2 = s3) :§s2—|—1—6s4+(’)(s6). (F3)

Then the integrand can be expanded about s> = 0 under the
integral sign. After the expansion, we get

Nk 1 1
voth) = S22 [rten) (35 + 5+

+ éBT(cT)s4 + (’)(sﬁ)} , (F4)

where Ny is the number of QCD colors of ¥;. Whether
Ny =3 or | is a model-building choice. The coefficients
A7 and By are given by

|

3kp [ 1 1
Vilh) = 3ok |3 Ae)s? + g,

where we define

o R

and

G,(pe) = 202RGE++ (Gp—— + a,ppzoGe-).

2k
P%ZOZRGE—+GE+—
2k
(p%ZOZRGE—+GE+—)2

Az(c) :/) dPEP?E

By(c) = / ® dpepi . (FS)

and both are positive definite for all values of c. For py — 0,

p%;mu oY), (F6)

Ge- G- =

and therefore together with (F2), the integrals are conver-
gent. Rescaling p — pzp in (F5) shows that Ay and By
depend only on the ratio zz/z, not on z;, or z individually.
For the representative case zz/zo = 100, the values of these
coefficients at ¢ = 0 are

A7(0) = 1.4078, B;(0) = 0.21694, (F7)
and they decrease as c¢ increases. Note that By is much
smaller than Ay.

We can similarly proceed for the top quark contribution
V,1in (70), but for this case more care is necessary due to IR
divergence of the integrand. Following the prescription
given in [21], we get

8

st + ! C(c,)s* logL + O(sﬁ)] (F8)

s2/2

{G,<;E>2 G H

(F10)

For zz/zo = 100 and a, = 0, the values of these coefficients at ¢ = 0 are

A,(0) = 1.8771,

B,(0) = 0.19585,

C,(0) = 0.52051, (F11)

and they decrease as ¢ increases. Here we can also see that a large boundary kinetic term a, will suppress the potential. Note

that B, and C, are much smaller than A,.
Finally, for Vy, (56) and V, (64), we have

3k 1 1
VW(h):S_ﬂI;[Z 8
3K [1 1
VZ(h):m;H "3

1 1
EAzs — —st4 — —Czs4 log— + O(SG):| R

1 1
~Ays?> — - Bys* ——Cys*log———+ (’)(s6)] ,

8 s%/2

5 5 (F12)
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where the coefficients can be obtained from (F9) by replacing G, with

Gw(re) = 202rGe+ (Gp—— + awppzoGey—)

202RG 4+ (Gp—— + agppzoGey-)

Gz (pE) =

where ¢ = 1/2. It is instructive to note that because of the
factor of 3 from SU(3) color, the fermion contribution to
the Higgs potential is usually larger than that of gauge
bosons. In realistic models, the gauge boson boundary
kinetic term further suppresses Vy, and V, and therefore
makes them almost negligible compared to the potential by
fermions, especially when ¢, and ¢y are small.

Summing up, we get the expansion of the full Higgs
potential (73)

K 1 1 1
V(h) = g —AS2 + 535‘4 + ECS4 logs—z + O(S6) s
(F14)
where
3 3
A= 3At(cf) - NTAT(CT> Ay — ZAZ
3 T Ny
B = E(B,(ct) + Cy(c,)log2) +—=Az(cr) + TBT<CT)
3 3
_Z(BW+ Cwlng) —g(BZ +C210g2)
3 3 3
CZEC,(C,) —ZCW—§CZ. (FlS)

We can make further approximations on the potential, using
that By, and Cr, are much smaller than A7 ,. Furthermore,
the gauge boson terms are suppressed if it includes large
UV boundary kinetic terms, which indeed is the case for
our model. Then, we have

A ~3A,(c,;) = NrAz(cr)
N
B NTTAT(CT)

C~0. (F16)

If we tune ¢, and c¢7 so that A ~ 0, we can realize v < f. In
this case, we have B ~3A,(c,). With this crude approxi-
mation, we can get a simple relationship between the Higgs
mass to the top quark mass, which is independent on c,
and «,.

It should be noted that %AT in B gives a large contri-
bution to the Higgs quartic potential. This term appears as
we embed Wr in 5 of SO(5), as in (22). With the 4
representaion in (21), we do not have such term and it
makes the parameter space of the 4 model more constrained
than that of the S.

(Gp—— + apppzoGey-) + 55(Gp—- + awprzoGei—)

(F13)

[

APPENDIX G: COEFFICIENTS IN THE
FERMION LOOP CORRECTION
TO T PARAMETER

In this appendix, we calculate the coefficients A, B, and
C needed in the calculation of the RS correction to the T
parameter from (108). For this, we need to compute the LL
components of the #; and b; propagators in Euclidean
space, as indicated in (107). These coefficients depend on
the arguments of the Green’s functions z and 7' as well as
on the Euclidean momentum p and m;,.

In (A14), we showed that the fermion Green’s functions
in the UV gauge are a sum of two terms, the first of which
contains the matrix A = C~'D and the second of which
contains the unit matrix and is independent of boundary
mixing. This latter term is identical for #; and b;, since
both have + boundary conditions on the IR brane. So we
will ignore this second term, since it does not contribute to
the difference of the propagators.

We now need to compute the A coefficients for ¢; and b; .
For b; , an unmixed fermion with ++ boundary conditions,
we did this calculation already in (C41) and found

G,

A=—2rt

G (G1)

where G,_, are defined in (D16). The same result carries
over to Euclidean space, with G replaced by Gg. In the
analysis below, we will abbreviate G,s(20. 2g) by Grap.

It will be useful to adopt a compact notation for the
expansions of the G functions. We will write

GE++(Z»ZR§P)
=G (2.2r:p=0)[1 + (p2zr)* 24 (2) +--,

and similarly for the other G functions, putting the
appropriate subscript on the Z coefficient. Using this
notation, it follows from (G1) and the Euclidean version
of (A14) that

(G2)

C=2,(20)-2(20) +2,-(0) + Z2,_(). (G3)

To evaluate the #; propagator, we need to compute the
3 x 3 matrix A for this case. We find

1
Al = -G, | (2 + G G- + 0(34)>/det C.
P~202r

(G4)
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Using the Euclidean space form of the Wronskian identity ~ this becomes

Grv+(21,22)Op—(21,22) | A" = -G Gp,_Gg_, [ det C. (Go)
—Gpi(21,22)Ge—1(21,22) = ——5—,  (G5)
P 2122 Further,
|
1 1 p? 5
detC = GE GE GE p2 + m2 (1 + (thR) (Z++ + Zl——))’ (G7)
++UE+-UE— 1
SO
Gg,— p?
Ay =- Git - P m? (14 (mzg)* (244 + 2,-2)). (G8)
t—— t
in parallel with (G1). Similarly,
2 2
A=Ay =2 p (@9)

2 2 27
P 20Z2rRGpy G p~ + my;

up to O(s?).
We now transform to the IR gauge using (72). Up to O(s?), the relevant terms are

2

(et = (15 ) @D + (= 5 ehwbovas + (= 55) o ©10

We must now expand this expression and set the result into the form (109). The terms explicitly proportional to s> are
contributions to the A coefficient, since, from (69)

2¢ 1 z c—=1/2
2.2 2<%t 0
m =§5"— | — . Gl1
k=S 2L, (zR> (G11)

We then find for the A coefficient

A= Fr (Z’*>C’_1/2{—1 +(2¢,+ 1) Ki) R+ (Z—/> C/+1/2R(Z/):| } + 2, (20) + Zi_(z0),  (G12)

(2¢,+1) \ 2o 2R 2R
where R(z) = G, (z,zgz; p = 0). The B coefficient is
B=C=2Z,_,(2) - Z--(20) + Z2,-(2) + Z,_(2). (G13)

To evaluate the expressions for A, B, and C, we need the expansions

()

1
21 4(20) = 202¢13)

b ) (- ) o))
2¢-1 a 2¢-1
Zecte =g i (7 () )] e ()

e ON)
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We have made the above formulas somewhat
simpler by ignoring factors of (zo/zg) and (zo/zz)<""/?
(but not (zo/zz)¢"'/?) for the relevant values ¢ > 0.3.
Also note that there is an identity between the expressions
above,

Z—OR(ZO)L, = Z+_(Z()) + Zz—Jr(ZO)

> (G15)

which follows from the Wronskian identity (GS5).
Using these formulas, our estimate of the correction to T
can be written as

3m?
Tr— 5 —{2(mz)*[(Z4-(2)+ 2,-(2))
167s%,c2m2 1R + +

—2Z,__ (Z()) -Z. (ZO) -z, (ZO)]

() ) s

In our discussion of parameters, we saw that a, has a
large value, of order 10. Then it makes sense to extract the
terms in (G16) that are enhanced by a power of a,. These
come from the term with s, which is proportional to L,
through (G11). Keeping only this term, we find a much
simpler expression, which is quoted in (113). However, the
small values of the expectation values of z and 7' counter-
balance the large value of a,, so this parametrically large
contribution is not actually dominant. The values of 7 in
Fig. 6 are evaluated with the full expression (G16).
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