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We study the quasi-two-body decays B — PD{;(2400) — PDx with P = (z, K, 5, 7') in the perturbative
QCD factorization approach. The predicted branching fractions for the considered decays are in the range
of 107°-107%. The strong Cabibbo-Kobayashi-Maskawa (CKM) suppression factor Regy ~ A*(? + i) ~
3 x 107* results in the great difference of the branching ratios for the decays with Djy and D} as the
intermediate states. The ratio Rp.o between the decays B* — Di’K° — D™z*K® and B — Dy’z° —

D~ 2% is about 0.09170-993 consistent with the flavor-SU(3) symmetry result. The ratio for the branching

—-0.005 >

fractions is found to be 1.107095 between B(BY — Dj*K~ — D°z*K~) and B(B® — D"z~ — D°z*z~)
and to be 1.0370% between B(BY — D;’K® —» D~z*K") and 2B(B° — D{°z° - D~z*z"). The
predictions in this work can be tested by the future experiments.
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I. INTRODUCTION

The strong dynamics contained in the three-body had-
ronic B meson decays is much more complicated than that
in the two-body cases. There are resonant and nonresonant
contributions, final-state interactions [1,2], and complex
interplay between the weak processes and the low-energy
strong interactions [3] in the three-body B meson decays.
The traditional approaches for the two-body decays are no
longer satisfactory in the three-body processes [4]. In order
to extract the most information from the experimental
data of those three-body processes, different methods have
been adopted abundantly in theoretical works [5]. Three-
body hadronic B decays are known, in most cases, to be
dominated by the low-energy scalar, vector, and tensor
resonant states. In this situation, for the numerous three-
body B meson processes, it is urgent to study the resonance
contributions, which could be handled in the quasi-two-
body framework where the factorization procedure can be
applied [4,6].
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The p-wave orbitally excited state Df,' with its j g =1/2
[7-9] and J” = 0T [10], decays rapidly through S-wave
pion emission. It was thought to be the cg state in the
traditional quark model [11-13], but the mass observed in
experiments [14,15] is lower than the quark model pre-
dictions. One possible explanation is that the self-energy
hadronic loop could pull down the mass of the heavy scalar
[16] supported by [17] within the framework of heavy
meson chiral perturbation theory. The tetraquark structure
for D{; was investigated in [18] with the help of the QCD
sum rule, and the authors of [18] suggested that the
charmed scalar meson Dj’(2308) observed by the Belle

Collaboration [14] and DSOH) (2405) observed by the
FOCUS Collaboration [19] are different resonances. It
was claimed that two poles exist in the Dj energy region
[20], which has been supported by the lattice QCD analysis
[21]. The resonant state Dj has also been explained as a
mixture of cqg and tetraquarks [22] or a meson-meson
bound state [23]. Since the Belle Collaboration’s announce-
ment [14], much work [24-28] has emerged for the two-
body hadronic B decays involving Dy.

By studying the three-body hadronic B meson decays
involving Dj, one could provide the constraint on the
unitary triangle [29-32] and probe the inner structure of the
intermediate resonances. In Ref. [33], four quasi-two-body

'For the sake of convenience, we employ D; to denote
Dj;(2400) in this work.
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FIG. 1.

() (d

Typical diagrams for the quasi-two-body decays B,y — PDj — PDx. The diagram (a) for the B — Dj transition, and diagram

(c) for the B — P transition, as well as the diagrams (b) and (d) for for annihilation contributions. The symbol & stands for the weak

vertex and x denotes possible attachments of hard gluons.

decay processes involving D; have been studied in the
perturbative QCD (PQCD) approach [34-37]. In this work,
we extend the study to the quasi-two-body decays
B(;) = PDj — PDr, with the bachelor particle P which
denotes the light pseudoscalar z, K, 5, or 5. Typical
diagrams for the B(;) — PDj — PDr decays’ processes
are shown in Fig. 1. Inspired by the generalized parton
distribution in hard exclusive two pion production [38—41],
the two-meson distribution amplitude was introduced in
three-body hadronic B decays in [42,43] as the universal
nonperturbative input within the PQCD approach. The
PQCD approach has been employed in [42-46] for the
three-body and in [47-52] for the quasi-two-body B meson
decays. The decay amplitude for a three-body or quasi-two-
body B decay can be expressed as the convolution of the
nonperturbative wave function and hard kernel [42,43,47].
Taking B — PDj — PDr as an example, we have the
decay amplitude

A= @ HQ ¢p ® 3, (1)

where hard kernel H is calculated at leading order which
contains one hard gluon, and the distribution amplitudes
&p, Pp, and P32 absorb the nonperturbative dynamics in
the decay processes.

The layout of this paper is as follows. We give a brief
introduction of the theoretical framework in Sec. II. Then
the numerical results, a discussion, and conclusions are
given in Secs. Il and IV. The relevant factorization
formulas for the decay amplitudes are collected in the
Appendix.

II. FRAMEWORK

The definitions of the momenta for the B meson,
S-wave Dr system, and the bachelor meson are the same as
|

those in Ref. [33]. The distribution amplitude and the
parameters for the S-wave Dz system employed in this
work are the same as those in [33]. The wave functions
for B,y and the relevant parameters can be found in [53].
The decay constants fpo: = 0.190 GeV for B** and
S =0.230 GeV for BY were adopted from recent lattice
QCD updated results with Ny, =2+ 1+ 1 [54]. The
physical states 7 and #' are related to the flavor states 7,

and 5, via [55-57]
(n)) B <COS¢ —sin¢> (Im)) )
w))  \sing cosg ) \In) )
(1.07 £0.02)f, and f, =

with the decay constants f, =
(1.34 £0.06)f, for n, and n,, respectively, and the mixing
angle ¢ = 39.3° 4+ 1.0°, which is close to the recent mea-
surement ¢) = (40.1 £ 1.4, +0.5.)" by the BESII
Collaboration [58]. The wave functions for the states
., K, Ng» and 7, in this work are written as

@p(p,z) = \/—75[ﬂ¢A( z) + myd” (z)

mo (¢ = " (2)). (3)

_|_

where mg is the chiral mass, n = (1,0,07) and v =
(0,1,07) are the dimensionless lightlike unit vectors,
p and z are, respectively, the momentum and corresponding
momentum fraction of states z, K, 7,, and 7. The distri-
bution amplitudes ¢*(z), ¢”(z). ¢" (z) can be written as
[59-62]

P (z) = Zm&(l—z)[ 1+aPC?(2z- 1)+ afCY* (22— 1) + b C}* (22 - 1)),
5 9
P (z) = 2\/2PT [1 + <30n3 —Ep%,> Cy?(2z-1)-3 [;73603 + PRl + 6a§)} ci*(2z - 1)},
T _ fr _ __ _é -
) (Z)_2x/W(1 22)[14—6(57]3 51303 = 2OpP 5pPaz>(1 10z 4+ 10z )] (4)
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where the Gegenbauer moments are a} "' = 0, a¥ = 0.06,
a3® =025, d)* =0.115, )" = —-0.015, and the para-
meters are p, = m,/mg, px = mg/m§, p, =2mg/mg,,
Py, = 2my/mg, n3 = 0.015, w3 = —3. Where m, is the
mass of the up or down quark, 1, is the mass of the strange

|

3 1 1 3
Gl =31 GN=562-1). G =

1
Ci(t) = 3 (3 =30¢% + 35¢%),

where the variable r = 2z — 1.

quark, m,,  are related to my’" by my = m2,/(m, +

my) and m{ = m2,/2my, respectively. We adopt m§ =
(1.4 £0.1) GeV, m§:(1.6i0.1)GeV, mgq =1.07 GeV,
and my = 1.92 GeV in the numerical calculation. The

Gegenbauer polynomials are defined as

3
==(52-1),
S5 - 1)
3 15 5 4
Ci(t):§(1—14t +21r%), (5)

III. RESULTS

For the numerical calculations, we adopt from [10] the masses and mean lifetimes for the B®* and B? mesons, the pole

masses and width for Dgo’i

Wolfenstein parameters as

, the masses and decay constants for the light pseudoscalar mesons pion and kaon, and the

mpeo = 5279, mp =5367, 1 =1520, 75 =1.638, 75 = 1.509,
mpo =2318,  mps =2351,  Tpo=0267,  Tpe=0230,  mu=0.135,
mye =0.140,  mg =0496,  m,=0548,  m, =0958,  fx=0.156,
fr=0130, A=0836  1=022453, 75=0355  p=0.122, (6)

where the masses, decay constants, and widths are in units
of GeV and lifetimes in units of ps.

By using the decay amplitudes for the decays B, —
PD§ — PDr in the Appendix and the differential branch-
ing fraction (B), Eq. (13) in [33], we obtain the branching
fractions for the decays involving B in Table I, the results
for the processes including B” in Table I, and the values for
the BY decay modes in Table III with the existing data from
[14,15,63—-67]. The first error of these results in Tables I-IIT
comes from the shape parameters wgo: =0.40+0.04 GeV

l

for B+ and wg =0.5+0.05 GeV for BY [53]. The second
error comes from the shape parameter wp, = 0.40 &+
0.10 GeV for the Dz system, and the Gegenbauer moment
ap, = 0.40 £ 0.10 produces the third one [33]. The last one
comes from the uncertainty of decay width FDZO =267+

40 MeV or FD3+ = 230 £ 17 MeV [10]. We have neglected
the errors induced by the uncertainties of the parameters in

the distribution amplitudes of the light pseudoscalar mesons
and the Wolfenstein parameters since they are very small.

PQCD predictions for branching fractions of the quasi-two-body decays Bt — DjP — DxP together with the available

Data

TABLE L

experimental data.

Mode Unit B

B - Di’z" —» Dtz " (107) 1132058 (@5) 2013 (@p2) 2005
BY — D'zt - Dowxt (107 5955380 (wp) ]3] (wpe) 103
B* — DK — DKt (107) 3.56255% (wp) 1545 () 1015
BY — DPK* — Dz K+ (107) 4651150 (wp) ]3] (wpe) 1035
B* = Dgtn® - DOx*a®  (107)  1A0Z03 (wp) 001 (@ne) S50
B* - Dy"K® - D2 K®  (107°) 5525005 (wp) B3 (wp, ) T04
B* = Dyt — Dzt (107 6267745 (0p) 003 (0n) 105
BY — Dy = Doxtyf (107 4015558 (0p) 053 (00:) 1007

(aps) %505 ()

(ape) 031 (Tpp)

RPP [10]: 6.4 = 1.4

Belle [14]: 6.1 £0.6 £09 £ 1.6
BABAR [15]: 6.8 £03+£04+£2.0
LHCb [63]: 5.78 4+ 0.08 £ 0.06 £ 0.09 £ 0.39

LHCbD [64]: 0.61 £0.19 £+ 0.05 £0.14 + 0.04

L+ L+ 1T+ [+

T+
oSS obeobooob ob
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TABLE II. PQCD prediction of branching fraction for the quasi-two-body decays B® — DgP — DrP together with the available

experimental data.

Mode Unit B Data

B’ = Dyrt = Dot (107 28588 (0p) 58] (0pa) 103 (ape) 508 (T ) RPP [10]:0.76 £ 0.08
Belle [65]: 0.60 & 0.13 +0.15 & 0.22
LHCb [66]: 0.77 + 0.05 = 0.03 + 0.03 =+ 0.04"
LHCb [66]: 0.80 + 0.05 + 0.08 + 0.04 + 0.04°

B > Dyt~ - Dortam (1077) 256708 (wp) 00 (wps) 0982 (ap,) 108 (Cpe) -

B - Dy K" — DK+ (107) 2387082 () "0 (@) 035 (aps) F03 (Tpy+)  LHCD [67]: 177 4 0.26 £ 0.19 £ 0.67 + 0.20

* - -9 K . . .
B = D Do (107) 2073 ) B8 0pe) 88 ) BT
)* - -5

B > Di’n° - D~xtx®  (107) 2297087 (wg) 02N (wp) FO9 (ape) oz (Cppo)

B’ — DK’ = D K (107)  2.69205¢ (3) 2035 (@) 2008 (ap) 2017 (Tyo)

B® — Di’K® - D™a*K®  (107) 4155133 (wp) 5073 (@pa) 005 (apa) 5013 (T o)

B = Di’n— Dty (107) 2817058 (wp) 1035 (@) 014 (ape) 1055 (Ty)

B - D’ —» DYz yf (107)  1.8020%7 (05) 107 (@) 2008 (ape) 108 (Tpp)

B® » Di’n — D~x*y (107) 179230 (05) 2038 (@) 2053 (ane) 1006 (Tyo)

BO = Dy = D xty (107 1152933 (wp) 2000 (e) 508 (ape) 490 (T )

“Isobar model.
K-matrix model.

The four quasi-two-body decays B — Di'z" —
Bt - D’K* - D=z*K*, B> Dint —
D°z~z", and B —» D{"K* — D°z~K™ have been dis-
cussed in Ref. [33]. For completeness, we keep their
branching ratios in Tables I and II. In Fig. 2, we show
the Dz invariant mass-dependent differential branching
fraction for the quasi-two-body decay B® — Di’z% —
D~z 2% One can find that the main portion of branching
fraction for BY — Di°z° -» D=z"z° comes from the
region around the pole mass of the resonant state Dj.
The contributions from the mp, mass region larger than
3 GeV can be neglected safely as argued in Ref. [33].

D ntzt,

Rexm :‘ *

For the Cabibbo-Kobayashi-Maskawa (CKM) suppressed
decay modes B — Djz — Dzx and B, — DjK — DzK,
their branching ratios are much smaller than the correspond-
ing results of B — Djz — Dzx and B, - D{K — DK
decays as predicted by PQCD in this work. The major reason
comes from the strong CKM suppression factor [51]

2

| %%
ub_cd| o 24 (P + i) R 3 x 1074,

(7)

ch VMd

For the CKM suppressed and CKM favored decay modes
concerned in this work, we define the following ratios of
the branching fractions for the corresponding decays as

TABLE III. PQCD prediction of branching fraction for the quasi-two-body decays BY — D{P — DzP.

Mode Unit B

B) - Dy x" — D'rx* (107) 270753 (@) 058 (@p2) 5037 (@px) T007 (Ty-)
BY - Dita~ - Dnn~ (107) 2.9070% () 05 (0pg) 1032 (aps) o0 (Cp:+)
BY — D' K~ — Dz K~ (107) 2.8225 57 () 2057 (@12) 2000 (ans) 2005 (Toy)
BY = D’n’ - D* "’ (107) 1482003 () 103 (@) 1013 (ape) 105 (T
BY - D’z° - D=z 2° (1077) 1.385 075 (wp) T 05% ((uD,,)fgjfg(aD,,)fgng(FDso)
B} - D{’K® - D*n"K° (107) 9.0913% (@5) 2085 (@) 1933 (aps) 2031 (Tpyo)
B} - D’K" - D™x*K° (107) 4701253 (05) 2075 (@) 105 (aps) 576 (Typ)
B = Dy’n — Dz (107%) 9.372330 (@5) 2037 (@pe) "0 7a (aps) 2035 (T
B - D’y — D a1 (1077) 1621043 () 1018 (002) 2098 (apx) 005 (Toyp)
BY - Di’n —» D™z'y (107°) 1272955 (03) 2526 (@) 1003 (ape) L0704 (FDSO)
B — D’ — D™z (107°) 2247563 (08) 030 (@x) 004 (aa) s ()
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FIG. 2. The D invariant mass-dependent differential branch-
ing fraction for B — D’z° - D=zt 2".

B - D2° - Dt n~ 2"

R, = _ ~ 1. 1074
"7 BY» D20 - Dt A 83107

BO D*O Dtn

Ry =~ =017 = % Moy 57 % 1074,
B’ - D’y - D~ ny
BO D*O / D+ —

Ry=—; - _00’7 - i T 157 %1074,
B - D’ — D ntyf
B DK% - Dz~ K°

Ry=— "0 T2 2 193% 107,
B, = D{’K” — D™zt K
Bt DO+ Dt xt

Ry=- 207 T TT 191x1075.  (8)

BT — D60ﬂ+ — D atzt

The ratios R;, R,, R3;, and R, are close to each other
because all four decay pairs in these four ratios decay
through the same color suppressed emission topologies,
and the nonfactorizable diagrams in Fig. 1 play the
dominant role. The nonvanishing charm quark mass in
the fermion propagator generates the main differences
between the Rcgy and R,,34. For the decay process
BT > D(*)Ozﬁ — D~ ztz™, one has the contributions from
both the B — Df;o transition and the B — & transition,
while for BY — D{%z" — D*z~z", one has only the color
suppressed transition B — z. So it is not surprising to have
a quite small value for Rs.

Assuming factorization and flavor-SU(3) symmetry, the
ratio between the two decays B® — Di"K* — Dz K*
and B® — D"zt — D2~z will not very far from 0.076,
as discussed in Ref. [33]. The same situation should happen
to the decays B’ — D{’K* - D=z"K° and B® —» D{’z° —»
D~z 7%, With the PQCD predictions in Table II, we have

B(B® - D{’K’ - D=z K?)
Rpo = z = 0.09170 05

Dy’ 2B(B° - Di’z" - D z"x°) Mooos ()
The deviation between the R Do and

* Tk

Iz

' Vis|" Tk _ 0,076 (10)

Vud

could be due to the violation of the flavor-SU(3) symmetry
and the contributions from annihilation diagrams in the
B - Di’z% - D=z 2" process.

The ratio of branching fractions with topologically
similar decay processes BY — D{tK~ — D°z"K~ and
B® —» D"z~ — D2z~ is expected to be close to 1 in
the naive factorization because of the close values for the
BY - K~ and B® — 7~ transition form factors [53]. With
the predictions in Tables II and III, we have

B(BY - D{*K~ — D°z"K")
B(B® - Dy"n~ — Dztn")

= 110700, (11)
A similar relation for BY - D{’K° -» D=z "K° and B° —
Dn® — D=nt 2% is

B(BY - D’K* —» D=z K?)
2B(BY - D{’z° - D=z x°)

=1.0350%¢  (12)
induced from Tables II and III.

IV. CONCLUSION

We have studied the quasi-two-body decays B, —
PDj — PDm, where the bachelor particle P denotes r,
K, n, or ' in the PQCD approach. The predicted branching
fractions for the considered decays are in the range of
107°-10*. For the decays B — Djzx — Dzrz and B —
Dinx — Drnr as well as B, — Dj — DzK and B, —
DK — DzK, the great difference in their corresponding
branching fractions can be understood by a strong CKM
suppression factor Regy ~ A*(p? + i) ~# 3 x 107 The
flavor-SU(3) symmetry can be employed to analyze the
quasi-two-body decays with the same topologies, such as
B - Di’K® - D=z*K° and B° - Dy°z° - D= n"a°,
while R b was predicted to be 0.091f8’88§’ for their
branching ratios. The ratio for the branching fractions
was found to be 1.107095 between B(BY — Dj"K~ —
D°z"K~) and B(B° - Dj"z~ — D°z"z~) and to be
1.0370%  between B(BY — D’K® - D~z*K°) and
2B(B® —» D’z - D=n*z"), which can be tested by the
precise data from the future experiments.

ACKNOWLEDGMENTS

We are grateful to Muhammad Wagqas for helpful com-
ments. This work is supported in part by the National
Natural Science Foundation of China under Grants
No. 11547038, No. 11505148, and No. 11575103.

APPENDIX: DECAY AMPLITUDES

The amplitudes from Fig. 1 are written as
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A(B* -zt [Dy
A(B* -zt [Dy
A(B* — KD
A(BT - KT[Dy°
A(BT - 2°[Dj*
A(B* — K[D;*

A(BT — n,[Dj"
A(B* — n[Dg"
A(B+ N 7]/ {DSJr

A(B® = 7t [Di~
A(B® - =~ [Dj*
A(B® — K*[D}~
A(B® - 7°[Dy°
A(BY - 20D
A(B® - KO[Dy°
A(B° — K°[Dy°
A(B® = n,[Dy’

.A(BO — r][D(’;O
AR = [y

A(B? - nq[l_)ao

.A(BO - 11[1_)(’;0
.A(B0 — 17'[1_)(’;0

A(BY - Dy~
A(39 - [DE;JF

A(BY - K- [D(*)Jr

G
S|Dtr) =—Lviv

—|D zt) =

G
LSRR

G
S|D ) = —E Vi, VedasFrp + CoMyp + a Fap + CiMyp ),

V2

G
—|D"x") = _FV*qud{azFTP + CoMyp 4 a Frp + CiMrp},

\/i c
b esl@Frp + CoMpp + a Fap + CiMyp},

G
lvzbvus{azFTP + CoMyp + a Frp + CiMpp},

V2

Gr

—|D°z") = TVZ” Veala(Frp = Fap) + Ci(M7p — Map)},

G
—|Dz") = =LV, Ve{aiFap + CiMap}.

\/i u
G
—|D°z") = 7F ViVealai(Frp + Fap) + Ci(M7p 4+ Map)},
—]D%7") = A(B* — n,[Dj" =Dz ") cos ¢,
L IDO*) = A(B* = 1, [D* =D sind,
- G
—|D%z) = \/%Vfb VialarFap + CoMyp 4 aFrp + CiMrp},
G
—|D°z") = 7%‘/% VealarFap + CoMap + ayFrp + CiM7p},
No _.— GF *
—|D%zn7) = Vi VusiaFrp +CiMyp},

\/E

G
—|D¥n") = _FVZchd{az(FAD — Frp) + Co(Myp — M7p) },

2

G
>Dat)=-F VisVualar(Fap — Frp) + Co(Myp — Mrp) },

2
VedarFrp + CoMyp},

V2

G
—=|D"z") = Tgvibvus{azFTP + CoMyp},
G
—|D*n7) = TF pVealar(Frp + Fap) + Co(M7p + Myp)},
—|D*7) = A(B® — ny[Dy* =|D*z™) cos ¢,
=|D*a7) = A(B® - ny[Dy* »|D*z") sin ¢,
Fy
—|D7n") = > Vi Vualay(Frp + Fap) + Co(Myp + Myp)},
=D~ n") = A(B® - n,[Dy’ -]D"xn") cos ¢,
=D~ n") = A(B® - n,[Dy’ -]D"x")sin¢,
_ G
—>|D°77) = =L Vi, VidasFap + C:Map},

V2

G
—>]D%") ==LV, Vo {arFap + CoMyup}.

\/E u

G
—)]Doﬂ'+) = —FV*bVCd{alFTp + CIM/TP}’

\/§ u
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G

A(BY - 2°[D’ »|D"z™) = 7F Vi Ves{arFap + CoMyp},
_ G

A(B? = 2°[D° =D zt) = 71” Ve Vis{ayFap + CoMyp},

_ G
A(B? —» KDY »]D* ™) = =LV, Vog{arsFrp + CoMyp},

V2

o G
A(B? = KD =D zt) = =L v,V {ayFrp + CoMypp},

V2
G
A(B(s) - Wq[DSO —|D*r") = TFVZchs{QZFAD + CoMyp},

G
A(BY = n,[D =)Dt 7™) = =L V%,V {arFrp + C:MYyp},

V2
A(BY = n,[Dy® =D ™) cosp — A(BY — ny[Di’ —|Dx~) sinh,
A(BY = n,[D® ->|D*n7) singp + A(B? - n,[Dy° =D x~) cos ¢,

A(B(S) - n[DE‘)O —>]D+ﬂ'_)
A(BY - 1/ [D® =D n™)

A(B(s) -1y [[_)60 —>]D_ﬂ+)

G
TF Vi Vus{aaFap + CoMyp},

_ G
A(B(s) = s [D(*)O _’]D_”+) =— V:hvus{aZFTP + CzMTP},

V2
A(B? - n[Dy® —=|D~zt) = A(BY - n,[Dy’ -]D~n") cosp — A(BY — n,[Dy’ —]D~x") sin ¢,
A(BY - o [DE‘)O —|D7n") = A(B? - Ny [DSO —|D=7")sing + A(B? = n, [DE‘)O —]|D~z") cos ¢,

where G is the Fermi constant, V’s are the CKM matrix elements, C; and C, are Wilson coefficients, and a; = C, /3 + C,
and a, = C,/3 + C,. The factorization formulas for decay amplitudes from Fig. 1 are collected below:

Frp = S”CFm%fP/ded)% / bgdbyb3dbspp(xp, b)dp(x3, b3, s)(n — D{[y/n(2x3 = 1) —x3 — 1]
X Eygp(tia)hia(xp, X3, bp. b3) + (n + 2y/n(re = 1) = 1) Evap(t1p) 1y (X, X3, b, b3) },
My = 320Com VN, [ dpdzds [ budbybdbis(xs. buoeles. bs. ) (1)

X A{[n(1 = x3 = 2) + 2+ x5 +x3/n = 1|Eca(tic) 1o (x5, 2, X3, b, b)
+ [2(1=n) = xp + x3(1 = /)|E ca(tia)1a(xp, 2, X3, bp, b) },

Fap = 8ﬂCFm%fB/dde3 / bdbb3db3¢D,,(x3,b3,s){[d)A(n = 1)(1 = x3) = 2" (x5 — Z)ﬁrO]Elef(tle)

X Iy (2, x3,b,b3) + [(n = D)[2rey/m + 2(n = 1) = nlg* + 2rgy/n(n = 1)[2(¢" + ¢7) = ¢7]
+ ro(n + 1)(=2y/n + ro)d” + rore(n = 1D)@"] X Ey¢(t1)hy (2. X3, b, b3) },

My = 320Cemi/ /2N, / drgdzdss / budbybdbey(x. by)don(xs. by s){[(1 = n)zl(y — 1)

+ Viro(@” + ")) + xpl(n — Dt + Vro(@” + )] + /ulnro(@” + ¢7) = ro(x3 = 3)g"
+ ro(xs = )" + /n(n = 1)(1 = x3)p]] X Ey g (t15) h1 (x5, 2, X3, bp. b)
+ [WVarol(@F = 1) (nz —n—z+ xp) + (¢F + ¢7) (x5 — 1)]
+ ¢ = 1) (x5 — DIE g (t1n)h15(xp, 2, X3, b, D)},
Fro = 8aCmyFigls) [ duadz [ bpdbybdbipyan. b) {91 = 1) (el = 1) = 1)

—rol@”(n+2(n=1)z+ 1)+ ¢" (1 = 1) (22 = ]| Esgp(t24) o4 (xp. 2. by, b)
+ 2r" (1 + nxp — 1) + (1 — Dnxpd™ | Eaep (tap) X hop(xp. 2, bg, b)},
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Mrp = 320Comy/ /N, [ duudzds [ bydbybsdbsibr. by)bors. by 5[0 = D0+ 1o 33 = 1)

— e/t + rolz(1=n)(@" = @) + (xp + x3)n(d" + ¢°) — 20 + 4re/n)$"]]
X Epca(tae)hac(xp, 2, X3, b, b3) = [(n = 1)z[(n = D)p* + ro(¢” + ¢7)]
+ (xp — x3)[r]r0(¢P - ¢T) +(n - 1)¢A]]E2cd(t2d>h2d(x8’Z,x% bp.bs)}.

Myp = 322Cem/ /3N, / drydzdxy / bidbybsdbs (xp. by)bom (e bs. s){[(1 = x5 — x3)(1 = )

+ rolz(L =n)(@¢" = ) + (x5 + x3)n(d" + ¢*) = 20" ]| Exy(th.) Py (xp. 2. X3, by, b3)
+ [ =D[(1 =n)z = xg = re/n+x3]¢* = roz(n = 1)(@7 + ¢")
+ ron(xp — x3)(¢T - ¢P) - 4’”0rc\/’7¢P] X EZCd(ZIZd)h/Zd(xB7 2,3, bg, b3)},

Fap = 82Comfi / dzdx; / badbbydbsbis(xs, by, $){[(1 = D2/re + (= 1)z + 1]

—rol(n+ Dre +2y/n(z(n = 1) + 2)]¢” + ro(n — 1)(re + 2/12)@" | Eso (20 ) hoe (2. X3, b, b3)
+ 2y/irod” (=0 + x5 + 1) = ¢ (1 — 1)x3]Ese(tay ) oy (2. X3, b, b3) }

Map = 320Cymy VN, [ dxpdzdss [ budbybdbe (. by)bos(s.bs.5){ [ (1 =)

+ Vil=nro(z = D)(@" + ¢7) + ro(z = 3)@" + ro(z = D)p"] + (x5 + x3)[(* — 1)p*
+ rov/1(@" = PP Eagi(tag) oy (xp. 2. X3, b, b) + [(1 =) [n(x3 —xp +2—1) =z + 1]
+ rov/nl(n = 1)(z = 1) (" = ") + (x5 = x5)(@" + )| Ergii(t21) hop(xp. 2. X3, bp. b) },

where xp, x5, and z are momentum fractions of the corresponding spectator quarks, as defined in Ref. [33]. by, b3, and b
are the conjugate variables of transverse momenta Py, P3, and P, respectively. Variable 7 is defined as n = m3,_/m3.
The ratio rq = mg/mg, where my is the chiral mass of light pseudoscalars. r. = m,./myp is the ratio of the charm quark mass
to the B meson mass. The functions E,,,,, and E,,,,(m = a, ¢, e, gand n = b, d, f, h) are the evolution factors, which are
given by

E (1) = a(t) exp[=Sp(t) — Sp(1)]. Epp(1) = a(t) exp[=Sp(t) — Sp(1)].

E\cq(t) = a(t) exp[=Sp(t) = Sp(t) = Sp(t)]p,—p, Escq(t) = a(t) exp[=Sp(t) = Sp(t) = Sp(1)] s
E,;(t) = a(t) exp[=Sp(t) — Sp(1)]. Epef(t) = Ey4(1),

Egu(t) = a(t) exp[=Sp(t) = Sp(t) = Sp(t)]p—p,» Eag (1) = Eyg (1),

in which Sudakov exponents Sz p, p)(t) are defined as

Sp(1) = (7";;)) 2 [/th%m(as(ﬂ)),

X3Mp

Sp(1) :s< 7 ,b3> +2[;h3‘f_fyq(as(ﬂ))y

Sp(t) = s<zm723,b> +s(%,b) +2[/tb%7q(as(ﬂ)),

where the quark anomalous dimension y, = —a,/z. The explicit form for s(Q, b) at one loop can be found in [68]. #;, and
tr,(x = a, b - - - h) are hard scales which are chosen to be the maximum of the virtuality of the internal momentum transition
in the hard amplitudes as
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t1g = Max{mp/x3.1/bp.1/b3},

t1, = Max{mp/x3xg, mg\/ |xg —n + rz|. 1/bg, 1/b3},
= Max{mp/x3x5, mp\/|x3[x5 — (1 =n)(1 = 2)]|,1/bp, 1/},

ta = Max{mg /X335, mg/|x3[x5 — (1 = n)z]|,1/bp, 1/},

t1e = Max{mp\/(1 = x3)[(1 =)z +nl.mg/1 = x3,1/b3,1/b},

1 = Max{m /(T =) (L= 1)z 1. mgfln -+ (1= n)z = 2|, 1/b3.1/b}.

t1y = Max{mp\/(1 = x3)[(1 = n)z +n]l. mp/1 = x3[(1 = ) (1 — 2) — xp]. 1/bp., 1/b},

tin = Max{mg/(1 = x3)[(1 = n)z + 1], mg/|(1 = x3)[xg —n — (1 =n)z]|, 1/bp, 1/b},
= Max{mp\/(1=n)z,1/bg, 1/b},

try, = Max{mp\/(1 —n)xp,1/bg. 1/b},

b = Max{mp /(T = n)axg.mpy /|2 = (1= xy = xg)[(1 = )z + ]|, 1/by. 1/b3).

trg = Max{mp /(1 —n)zxg, mp\/(1 = n)zlxg — x3], 1/bp, 1/b3},

the = Max{mp\/(1 —n)zxp, mg/|1 = x3 = xp|[(1 = n)z +n], 1/bp. 1/b3},

thy = Max{mp /(1= n)zxg.mp\ /72 + (1= n)z(xp = x3)|. 1/by. 1/b3).

tre = Max{m /(1= 1)(1 = 2)x.mpy /|1 = 72 = (1 = )2]. 1/b3. 1/b},
tzf:Max{mBm 1/b5,1/b},

= Max{mp\/(1 = n)(1 = 2)x3, mg/|[n + (1 = n)2] (1 = x3 — x5) = 1|, 1/bp, 1/b},
byp = Max{mB\/ 1=n)(1 = z)xs, mB\/|x3 —xg|(1 =n)(1 -2),1/bg, 1/b}.

The hard functions can be written as

hia(xp, x3, b, b3) = Ko(mp+/X3xbp)[Ko(mp+\/X3bp)1o(mp\/X3b3)0(bg — b3) + (bp < b3)]S,(x3),
hiy(xp, X3, bp, b3) = Ko(mp\/x3x5b3)S(xp)
[0(b3 — bp)Ko(mp\/12 + x5 — 1b3)
xIoy(mgr/r? +xB nbg) + (by < bg)], 12 +x5>1,
Z10(b; — bp) Ho (mg\/n — xg — r’bs)
xJo(mg\/—xp — rebg) + (by <= by)],  ri 4+ x5 <1,
hio(xp. 2, X3, bp, b) = [Ko(mp\/X3x5bg)Io(mp\/x3x5b)0(bp — b) + (b < bp)]
5 {Ko(mB\/X3[xB—(1—n)(l—Z)]b), xg > (1=n)(1-2),
FHy (mp /5 (T=n)(1=2) =xglb). x5 < (1=m)(1=2),
hia(xp, 2, x3, b, b) = [Ko(mp~/x3xpbp)1o(mp+/x3x3b)0(bg — b) + (b «— bp)]
X{Ko mB\/xS [xg = (1 =n)z]b), n)z.

> (1-
iz mB\/x3 (1 =n)z—xplb), XB<(1 n)z,
hyo(2, %3, b, by) = (2) HY (mg/(1=x3)[n+ 2(1 = n)]b)[HY (/T = x3b)

x Jo(mpr/1 = x3b3)0(b — b3) + (b3 «— b)]S,(x3),

014017-9
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h1f(Z,x3, b, b3) =

hlg(xB’ 2,%3, b, b)

hlh(xB 2, X3, bg, b)

hyo(xp.2, b, b

hyp (st z,bg, b)

hZc(xB’ 2, X3, bB’ b3

hzd(xB’ 2, X3, bB’ b3

/
. (xp. 2. X3, by, by

!
hzd(st 7, X3, bg, b3

hZe(Z7x3’ bv b%)

5 EHY (mpy/(T= )l + 2(1 = 1)]b3)S,(2)
[0(by — b)Ko(mp+/r2 = [n+ (1 —n)z]bs)
xlo(mp /1 =+ (1 =n)zlb) + (b <= b3)]  re 20+ (1-n)z,
210(by — b)HY (/T + (1 = n)2] = r2bs)
xJo(mp\/In+ (1 =n)z] = reb) + (b <= by)] 12 <n+(1-n)z,

= %KO(mB\/l —x3[(1=2)(1 =) = x5)bp) [H (mp /(T = x3)[7 + 2(1 = )] bg)

x Jo(mp\/(1 = x3)[n + 2(1 = n)]b)0(bp — b) + (b < bp)].

[ZHO (mp /(U= )l + (1 = )] bg)

x Jo(mp/(1 = x3)[n + 2(1 = n)]|b)0(by — b) + (b «— bp)

{Ko(mg\/(l —x3)[xg =1 —2(1=1n)]bp). xg >0 +2z(1-n),
2 HY (my /(1= x3)[—xp + 0+ 2(1—n)bg). x5 <n+z(1-1),
mgmbg )Ko( mB\/rbB)
x Io(mp+/(1 =n)zb)0(bp — b) + (b «— bp)]S:(2),
Ko(mpg+/(1 = n)zxpb)[Ko(mp+/ (1 —n)xpb)
x Io( mmeB (b—bg)+ (b — bB)]S (xg),
[Ko(mp/(1 = n)zxgbp)Io(mp/(1 = n)zxphs)0(bg — bs) + (by «— bp))]
Ko(mgy/r2=n+ (1 =)z (1 - xp —X3)b3),
re 2 [+ (1=mz(1 - x5 —x3),
= 1Y (mp /T + (L= 1)2)(1 = x5 — x3) = 12b3).
re <[+ (1=n)z)(1 - x5 — x3),
[Ko(mg/(1 = n)zxgbg)lo(mg\/(1 = n)zxghs)0(by — by) + (by «— bp)]
{KO(mB\/ (1 =n)(xp — x3)2b3), Xp 2 X3,
iz j mB\/ 1 —n)(x; = XB)Zb3) Xp < X3,

) = [Ko(mpr/(1 —n)zxgbg)ly(mg —n)zxph)0(bg — b3) + (b3 < bg)]

Ky mB\/’H‘ (1-n)z ](XB+X3_1)b3)7 Xg+x3 > 1,

{mH Ymp/Tn+ (U= )2 (1= x5 — x3)b3) xp+x3 <1,
[Ko(mp/(1 = n)zxgbg)lo(mp/(1 = n)zxgbs)0(by — b3) + (bs «— bp)]
Ko(mg/r2 + (1 —n)(xg — x3)2b3), re 2(1—’1)()63—)63)17

{i”Hol mB\/ (1 =n)(x3 —xp)z—r2b3), r2<(1—n)(x;—xp)z,

(?) V(my/(T=n)(1 = 2)x3b5)[0(bs — b)H! <m3\/1— - )Z_r2b3>
x Jo (ms\/1 = (1 = m)z = 12b) + (bs — B)IS (),

014017-10
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ir\?2
hyp(z.x3, b, b3) = <?> Hg)l)(mB

(1= n)(1 = 2)x3b)[HY" (mg

x Jo(mpr/x3(1 —1)b3)0(b — b3) +

x3(1=n)b)

(b <= b3)]S,(x3),

in
oy (5.2 x3. by b) = 5 Ko(mp /T = (1 =g = x3) iy +2(1 = )] [y (m (1= 2)xsby)

X Jo(mg/ (1 =n)(1 = 2)x30)0(bp — b) + (b «— bp)].
hZh(xB,Z,X3,bB,b): |: \/ 1— 1—ZX3bB JO \/ 1— l—ZX3b (b(—)bB)

8 {Ko (mp/(1=n)(1 = 2)(xp — x3)bp). Xp 2 X3,

= Hy mB\/ L=n)(1 = 2)(x3 —xp)bp), xp <xs,
where K, I, and Hy = J + iY, are Bessel functions. The function S,(x) can be parametrized as
21+20F(3/2 + C)
S,(x) =————x(1 —=x)],
) = e 1 =)

with ¢ = 0.4 for numerical calculation [69,70].
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