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We study the quasi-two-body decays B → PD�
0ð2400Þ → PDπ with P ¼ ðπ; K; η; η0Þ in the perturbative

QCD factorization approach. The predicted branching fractions for the considered decays are in the range
of 10−9–10−4. The strong Cabibbo-Kobayashi-Maskawa (CKM) suppression factor RCKM ≈ λ4ðρ̄2 þ η̄2Þ ≈
3 × 10−4 results in the great difference of the branching ratios for the decays with D�

0 and D̄�
0 as the

intermediate states. The ratio RD̄�0
0

between the decays B0 → D̄�0
0 K0 → D−πþK0 and B0 → D̄�0

0 π0 →

D−πþπ0 is about 0.091þ0.003
−0.005 , consistent with the flavor-SUð3Þ symmetry result. The ratio for the branching

fractions is found to be 1.10þ0.05
−0.02 between BðB0

s → D�þ
0 K− → D0πþK−Þ and BðB0 → D�þ

0 π− → D0πþπ−Þ
and to be 1.03þ0.06

−0.07 between BðB0
s → D̄�0

0 K̄0 → D−πþK̄0Þ and 2BðB0 → D̄�0
0 π0 → D−πþπ0Þ. The

predictions in this work can be tested by the future experiments.

DOI: 10.1103/PhysRevD.100.014017

I. INTRODUCTION

The strong dynamics contained in the three-body had-
ronic B meson decays is much more complicated than that
in the two-body cases. There are resonant and nonresonant
contributions, final-state interactions [1,2], and complex
interplay between the weak processes and the low-energy
strong interactions [3] in the three-body B meson decays.
The traditional approaches for the two-body decays are no
longer satisfactory in the three-body processes [4]. In order
to extract the most information from the experimental
data of those three-body processes, different methods have
been adopted abundantly in theoretical works [5]. Three-
body hadronic B decays are known, in most cases, to be
dominated by the low-energy scalar, vector, and tensor
resonant states. In this situation, for the numerous three-
body Bmeson processes, it is urgent to study the resonance
contributions, which could be handled in the quasi-two-
body framework where the factorization procedure can be
applied [4,6].

The p-wave orbitally excited stateD�
0,
1 with its jq ¼ 1=2

[7–9] and JP ¼ 0þ [10], decays rapidly through S-wave
pion emission. It was thought to be the cq̄ state in the
traditional quark model [11–13], but the mass observed in
experiments [14,15] is lower than the quark model pre-
dictions. One possible explanation is that the self-energy
hadronic loop could pull down the mass of the heavy scalar
[16] supported by [17] within the framework of heavy
meson chiral perturbation theory. The tetraquark structure
for D�

0 was investigated in [18] with the help of the QCD
sum rule, and the authors of [18] suggested that the
charmed scalar meson D�0

0 ð2308Þ observed by the Belle

Collaboration [14] and D�0ðþÞ
0 ð2405Þ observed by the

FOCUS Collaboration [19] are different resonances. It
was claimed that two poles exist in the D�

0 energy region
[20], which has been supported by the lattice QCD analysis
[21]. The resonant state D�

0 has also been explained as a
mixture of cq̄ and tetraquarks [22] or a meson-meson
bound state [23]. Since the Belle Collaboration’s announce-
ment [14], much work [24–28] has emerged for the two-
body hadronic B decays involving D�

0.
By studying the three-body hadronic B meson decays

involving D�
0, one could provide the constraint on the

unitary triangle [29–32] and probe the inner structure of the
intermediate resonances. In Ref. [33], four quasi-two-body
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1For the sake of convenience, we employ D�
0 to denote

D�
0ð2400Þ in this work.
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decay processes involving D�
0 have been studied in the

perturbative QCD (PQCD) approach [34–37]. In this work,
we extend the study to the quasi-two-body decays
BðsÞ → PD�

0 → PDπ, with the bachelor particle P which
denotes the light pseudoscalar π, K, η, or η0. Typical
diagrams for the BðsÞ → PD�

0 → PDπ decays’ processes
are shown in Fig. 1. Inspired by the generalized parton
distribution in hard exclusive two pion production [38–41],
the two-meson distribution amplitude was introduced in
three-body hadronic B decays in [42,43] as the universal
nonperturbative input within the PQCD approach. The
PQCD approach has been employed in [42–46] for the
three-body and in [47–52] for the quasi-two-body B meson
decays. The decay amplitude for a three-body or quasi-two-
body B decay can be expressed as the convolution of the
nonperturbative wave function and hard kernel [42,43,47].
Taking B → PD�

0 → PDπ as an example, we have the
decay amplitude

A ¼ ϕB ⊗ H ⊗ ϕP ⊗ ϕS-wave
Dπ ; ð1Þ

where hard kernel H is calculated at leading order which
contains one hard gluon, and the distribution amplitudes
ϕB;ϕP, and ϕS-wave

Dπ absorb the nonperturbative dynamics in
the decay processes.
The layout of this paper is as follows. We give a brief

introduction of the theoretical framework in Sec. II. Then
the numerical results, a discussion, and conclusions are
given in Secs. III and IV. The relevant factorization
formulas for the decay amplitudes are collected in the
Appendix.

II. FRAMEWORK

The definitions of the momenta for the BðsÞ meson,
S-waveDπ system, and the bachelor meson are the same as

those in Ref. [33]. The distribution amplitude and the
parameters for the S-wave Dπ system employed in this
work are the same as those in [33]. The wave functions
for BðsÞ and the relevant parameters can be found in [53].
The decay constants fB0;� ¼ 0.190 GeV for B0;� and
fB0

s
¼ 0.230 GeV for B0

s were adopted from recent lattice
QCD updated results with Nf ¼ 2þ 1þ 1 [54]. The
physical states η and η0 are related to the flavor states ηq
and ηs via [55–57]

� jηi
jη0i

�
¼

�
cosϕ − sinϕ

sinϕ cosϕ

�� jηqi
jηsi

�
; ð2Þ

with the decay constants fq ¼ ð1.07� 0.02Þfπ and fs ¼
ð1.34� 0.06Þfπ for ηq and ηs, respectively, and the mixing
angle ϕ ¼ 39.3°� 1.0°, which is close to the recent mea-
surement ϕ ¼ ð40.1� 1.4stat � 0.5systÞ° by the BESIII
Collaboration [58]. The wave functions for the states
π; K; ηq, and ηs in this work are written as

ΦPðp; zÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p γ5½=pϕAðzÞ þm0ϕ
PðzÞ

þm0ð=v=n − 1ÞϕTðzÞ�; ð3Þ

where m0 is the chiral mass, n ¼ ð1; 0; 0TÞ and v ¼
ð0; 1; 0TÞ are the dimensionless lightlike unit vectors,
p and z are, respectively, the momentum and corresponding
momentum fraction of states π; K; ηq, and ηs. The distri-
bution amplitudes ϕAðzÞ;ϕPðzÞ;ϕTðzÞ can be written as
[59–62]

ϕAðzÞ ¼ fP
2

ffiffiffiffiffiffiffiffi
2Nc

p 6zð1 − zÞ½1þ aP1C
3=2
1 ð2z − 1Þ þ aP2C

3=2
2 ð2z − 1Þ þ aP4C

3=2
4 ð2z − 1Þ�;

ϕPðzÞ ¼ fP
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

�
30η3 −

5

2
ρ2P

�
C1=2
2 ð2z − 1Þ − 3

�
η3ω3 þ

9

20
ρ2Pð1þ 6aP2 Þ

�
C1=2
4 ð2z − 1Þ

�
;

ϕTðzÞ ¼ fP
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ
�
1þ 6

�
5η3 −

1

2
η3ω3 −

7

20
ρ2P −

3

5
ρ2Pa

P
2

�
ð1 − 10zþ 10z2Þ

�
; ð4Þ

(a) (b) (c) (d)

FIG. 1. Typical diagrams for the quasi-two-body decays BðsÞ → PD�
0 → PDπ. The diagram (a) for the B → D�

0 transition, and diagram
(c) for the B → P transition, as well as the diagrams (b) and (d) for for annihilation contributions. The symbol ⊗ stands for the weak
vertex and × denotes possible attachments of hard gluons.
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where the Gegenbauer moments are a
π;ηq;s
1 ¼ 0, aK1 ¼ 0.06,

aπ;K2 ¼ 0.25, a
ηq;s
2 ¼ 0.115, a

π;ηq;s
4 ¼ −0.015, and the para-

meters are ρπ ¼ mπ=mπ
0 , ρK ¼ mK=mK

0 , ρηq ¼ 2mq=mqq,
ρηs ¼ 2ms=mss, η3 ¼ 0.015, ω3 ¼ −3. Where mq is the
mass of the up or down quark,ms is the mass of the strange

quark, mqq;ss are related to m
ηq;ηs
0 by m

ηq
0 ¼ m2

qq=ðmu þ
mdÞ and mηs

0 ¼ m2
ss=2ms, respectively. We adopt mπ

0 ¼
ð1.4� 0.1Þ GeV, mK

0 ¼ð1.6�0.1ÞGeV, mηq
0 ¼ 1.07 GeV,

and mηs
0 ¼ 1.92 GeV in the numerical calculation. The

Gegenbauer polynomials are defined as

C
3
2

1ðtÞ ¼ 3t; C
1
2

2ðtÞ ¼
1

2
ð3t2 − 1Þ; C

3
2

2ðtÞ ¼
3

2
ð5t2 − 1Þ;

C
1
2

4ðtÞ ¼
1

8
ð3 − 30t2 þ 35t4Þ; C

3
2

4ðtÞ ¼
15

8
ð1 − 14t2 þ 21t4Þ; ð5Þ

where the variable t ¼ 2z − 1.
III. RESULTS

For the numerical calculations, we adopt from [10] the masses and mean lifetimes for the B0;� and B0
s mesons, the pole

masses and width for D�0;�
0 , the masses and decay constants for the light pseudoscalar mesons pion and kaon, and the

Wolfenstein parameters as

mB�;0 ¼ 5.279; mB0
s
¼ 5.367; τB0 ¼ 1.520; τB� ¼ 1.638; τB0

s
¼ 1.509;

mD�0
0
¼ 2.318; mD��

0
¼ 2.351; ΓD�0

0
¼ 0.267; ΓD��

0
¼ 0.230; mπ0 ¼ 0.135;

mπ� ¼ 0.140; mK ¼ 0.496; mη ¼ 0.548; mη0 ¼ 0.958; fK ¼ 0.156;

fπ ¼ 0.130; A ¼ 0.836; λ ¼ 0.22453; η̄ ¼ 0.355; ρ̄ ¼ 0.122; ð6Þ

where the masses, decay constants, and widths are in units
of GeV and lifetimes in units of ps.
By using the decay amplitudes for the decays BðsÞ →

PD�
0 → PDπ in the Appendix and the differential branch-

ing fraction (B), Eq. (13) in [33], we obtain the branching
fractions for the decays involving Bþ in Table I, the results
for the processes including B0 in Table II, and the values for
the B0

s decay modes in Table III with the existing data from
[14,15,63–67]. The first error of these results in Tables I–III
comes from the shape parameters ωB0;� ¼0.40�0.04GeV

for B0;� and ωB0
s
¼0.5�0.05GeV for B0

s [53]. The second
error comes from the shape parameter ωDπ ¼ 0.40�
0.10 GeV for the Dπ system, and the Gegenbauer moment
aDπ ¼ 0.40� 0.10 produces the third one [33]. The last one
comes from the uncertainty of decay width ΓD�0

0
¼ 267�

40 MeV or ΓD�þ
0

¼ 230� 17 MeV [10]. We have neglected

the errors induced by the uncertainties of the parameters in
the distribution amplitudes of the light pseudoscalar mesons
and the Wolfenstein parameters since they are very small.

TABLE I. PQCD predictions for branching fractions of the quasi-two-body decays Bþ → D�
0P → DπP together with the available

experimental data.

Mode Unit B Data

Bþ → D�0
0 πþ → Dþπ−πþ (10−8) 1.13þ0.36

−0.26 ðωBÞþ0.13
−0.14 ðωDπÞþ0.03

−0.05 ðaDπÞþ0.06
−0.05 ðΓD�0

0
Þ � � �

Bþ → D̄�0
0 πþ → D−πþπþ (10−4) 5.95þ2.37

−1.64 ðωBÞþ1.97
−1.55 ðωDπÞþ0.54

−0.49 ðaDπÞþ0.29
−0.21 ðΓD�0

0
Þ RPP [10]: 6.4� 1.4

Belle [14]: 6.1� 0.6� 0.9� 1.6
BABAR [15]: 6.8� 0.3� 0.4� 2.0
LHCb [63]: 5.78� 0.08� 0.06� 0.09� 0.39

Bþ → D�0
0 Kþ → Dþπ−Kþ (10−7) 3.56þ1.02

−0.78 ðωBÞþ0.46
−0.52 ðωDπÞþ0.09

−0.15 ðaDπÞþ0.16
−0.12 ðΓD�0

0
Þ � � �

Bþ → D̄�0
0 Kþ → D−πþKþ (10−5) 4.65þ1.89

−1.30 ðωBÞþ1.51
−1.24 ðωDπÞþ0.40

−0.38 ðaDπÞþ0.22
−0.18 ðΓD�0

0
Þ LHCb [64]: 0.61� 0.19� 0.05� 0.14� 0.04

Bþ → D�þ
0 π0 → D0πþπ0 (10−7) 1.40þ0.48

−0.34 ðωBÞþ0.02
−0.01 ðωDπÞþ0.01

−0.00 ðaDπÞþ0.03
−0.02 ðΓD�þ

0
Þ � � �

Bþ → D�þ
0 K0 → D0πþK0 (10−9) 5.52þ0.15

−0.21 ðωBÞþ1.73
−1.42 ðωDπÞþ0.41

−0.36 ðaDπÞþ0.13
−0.12 ðΓD�þ

0
Þ � � �

Bþ → D�þ
0 η → D0πþη (10−8) 6.26þ2.11

−1.49 ðωBÞþ0.04
−0.03 ðωDπÞþ0.03

−0.02 ðaDπÞþ0.14
−0.10 ðΓD�þ

0
Þ � � �

Bþ → D�þ
0 η0 → D0πþη0 (10−8) 4.01þ1.34

−0.96 ðωBÞþ0.02
−0.03 ðωDπÞþ0.02

−0.01 ðaDπÞþ0.07
−0.06 ðΓD�þ

0
Þ � � �
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The four quasi-two-body decays Bþ → D̄�0
0 πþ →

D−πþπþ, Bþ → D̄�0
0 Kþ → D−πþKþ, B0 → D�−

0 πþ →
D̄0π−πþ, and B0 → D�−

0 Kþ → D̄0π−Kþ have been dis-
cussed in Ref. [33]. For completeness, we keep their
branching ratios in Tables I and II. In Fig. 2, we show
the Dπ invariant mass-dependent differential branching
fraction for the quasi-two-body decay B0 → D̄�0

0 π0 →
D−πþπ0. One can find that the main portion of branching
fraction for B0 → D̄�0

0 π0 → D−πþπ0 comes from the
region around the pole mass of the resonant state D�

0.
The contributions from the mDπ mass region larger than
3 GeV can be neglected safely as argued in Ref. [33].

For theCabibbo-Kobayashi-Maskawa (CKM) suppressed
decay modes B → D�

0π → Dππ and Bs → D�
0K̄ → DπK̄,

their branching ratios are much smaller than the correspond-
ing results of B → D̄�

0π → Dππ and Bs → D̄�
0K̄ → DπK̄

decays as predicted by PQCD in thiswork. Themajor reason
comes from the strong CKM suppression factor [51]

RCKM ¼
����V�

ubVcd

V�
cbVud

����2 ≈ λ4ðρ̄2 þ η̄2Þ ≈ 3 × 10−4: ð7Þ

For the CKM suppressed and CKM favored decay modes
concerned in this work, we define the following ratios of
the branching fractions for the corresponding decays as

TABLE III. PQCD prediction of branching fraction for the quasi-two-body decays B0
s → D�

0P → DπP.

Mode Unit B

B0
s → D�−

0 πþ → D̄0π−πþ (10−7) 2.70þ0.29
−0.36 ðωBÞþ0.60

−0.58 ðωDπÞþ0.43
−0.31 ðaDπÞþ0.06

−0.01 ðΓD�þ
0
Þ

B0
s → D�þ

0 π− → D0πþπ− (10−9) 2.90þ0.08
−0.15 ðωBÞþ0.95

−0.83 ðωDπÞþ0.26
−0.23 ðaDπÞþ0.07

−0.06 ðΓD�þ
0
Þ

B0
s → D�þ

0 K− → D0πþK− (10−7) 2.82þ1.09
−0.74 ðωBÞþ0.02

−0.01 ðωDπÞþ0.01
−0.00 ðaDπÞþ0.06

−0.04 ðΓD�þ
0
Þ

B0
s → D�0

0 π0 → Dþπ−π0 (10−9) 1.48þ0.03
−0.04 ðωBÞþ0.46

−0.42 ðωDπÞþ0.12
−0.13 ðaDπÞþ0.08

−0.07 ðΓD�0
0
Þ

B0
s → D̄�0

0 π0 → D−πþπ0 (10−7) 1.38þ0.24
−0.19 ðωBÞþ0.48

−0.33 ðωDπÞþ0.22
−0.16 ðaDπÞþ0.07

−0.04 ðΓD�0
0
Þ

B0
s → D�0

0 K̄0 → Dþπ−K̄0 (10−9) 9.09þ3.65
−2.38 ðωBÞþ0.84

−0.95 ðωDπÞþ0.38
−0.23 ðaDπÞþ0.41

−0.31 ðΓD�0
0
Þ

B0
s → D̄�0

0 K̄0 → D−πþK̄0 (10−5) 4.70þ2.05
−1.39 ðωBÞþ0.76

−0.75 ðωDπÞþ0.04
−0.05 ðaDπÞþ0.21

−0.16 ðΓD�0
0
Þ

B0
s → D�0

0 η → Dþπ−η (10−8) 9.37þ4.31
−2.70 ðωBÞþ0.67

−0.77 ðωDπÞþ0.21
−0.15 ðaDπÞþ0.43

−0.30 ðΓD�0
0
Þ

B0
s → D�0

0 η0 → Dþπ−η0 (10−7) 1.62þ0.65
−0.43 ðωBÞþ0.16

−0.15 ðωDπÞþ0.06
−0.05 ðaDπÞþ0.09

−0.05 ðΓD�0
0
Þ

B0
s → D̄�0

0 η → D−πþη (10−6) 1.27þ0.55
−0.39 ðωBÞþ0.18

−0.20 ðωDπÞþ0.04
−0.03 ðaDπÞþ0.05

−0.04 ðΓD�0
0
Þ

B0
s → D̄�0

0 η0 → D−πþη0 (10−6) 2.24þ0.93
−0.64 ðωBÞþ0.29

−0.30 ðωDπÞþ0.02
−0.04 ðaDπÞþ0.11

−0.08 ðΓD�0
0
Þ

TABLE II. PQCD prediction of branching fraction for the quasi-two-body decays B0 → D�
0P → DπP together with the available

experimental data.

Mode Unit B Data

B0 → D�−
0 πþ → D̄0π−πþ (10−4) 2.85þ1.23

−0.80 ðωBÞþ1.05
−0.81 ðωDπÞþ0.33

−0.31 ðaDπÞþ0.06
−0.05 ðΓD�þ

0
Þ RPP [10]: 0.76� 0.08

Belle [65]: 0.60� 0.13� 0.15� 0.22
LHCb [66]: 0.77� 0.05� 0.03� 0.03� 0.04a

LHCb [66]: 0.80� 0.05� 0.08� 0.04� 0.04b

B0 → D�þ
0 π− → D0πþπ− (10−7) 2.56þ0.85

−0.65 ðωBÞþ0.01
−0.02 ðωDπÞþ0.02

−0.03 ðaDπÞþ0.03
−0.06 ðΓD�þ

0
Þ � � �

B0 → D�−
0 Kþ → D̄0π−Kþ (10−5) 2.38þ0.95

−0.65 ðωBÞþ0.85
−0.68 ðωDπÞþ0.30

−0.28 ðaDπÞþ0.04
−0.03 ðΓD�þ

0
Þ LHCb [67]: 1.77� 0.26� 0.19� 0.67� 0.20

B0 → D�0
0 π0 → Dþπ−π0 (10−9) 4.20þ1.62

−1.07 ðωBÞþ0.44
−0.48 ðωDπÞþ0.09

−0.07 ðaDπÞþ0.07
−0.12 ðΓD�0

0
Þ � � �

B0 → D̄�0
0 π0 → D−πþπ0 (10−5) 2.29þ0.87

−0.61 ðωBÞþ0.51
−0.43 ðωDπÞþ0.09

−0.06 ðaDπÞþ0.12
−0.04 ðΓD�0

0
Þ � � �

B0 → D�0
0 K0 → Dþπ−K0 (10−7) 2.69þ0.91

−0.66 ðωBÞþ0.30
−0.32 ðωDπÞþ0.09

−0.08 ðaDπÞþ0.12
−0.11 ðΓD�0

0
Þ � � �

B0 → D̄�0
0 K0 → D−πþK0 (10−6) 4.15þ1.54

−1.09 ðωBÞþ0.74
−0.72 ðωDπÞþ0.03

−0.03 ðaDπÞþ0.19
−0.14 ðΓD�0

0
Þ � � �

B0 → D�0
0 η → Dþπ−η (10−9) 2.81þ0.78

−0.58 ðωBÞþ0.30
−0.33 ðωDπÞþ0.11

−0.14 ðaDπÞþ0.13
−0.09 ðΓD�0

0
Þ � � �

B0 → D�0
0 η0 → Dþπ−η0 (10−9) 1.80þ0.49

−0.37 ðωBÞþ0.19
−0.21 ðωDπÞþ0.07

−0.09 ðaDπÞþ0.08
−0.06 ðΓD�0

0
Þ � � �

B0 → D̄�0
0 η → D−πþη (10−5) 1.79þ0.60

−0.41 ðωBÞþ0.30
−0.28 ðωDπÞþ0.07

−0.03 ðaDπÞþ0.09
−0.06 ðΓD�0

0
Þ � � �

B0 → D̄�0
0 η0 → D−πþη0 (10−5) 1.15þ0.38

−0.27 ðωBÞþ0.19
−0.18 ðωDπÞþ0.04

−0.02 ðaDπÞþ0.06
−0.04 ðΓD�0

0
Þ � � �

aIsobar model.
bK-matrix model.
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R1 ¼
B0 → D�0

0 π0 → Dþπ−π0

B0 → D̄�0
0 π0 → D−πþπ0

≈ 1.83 × 10−4;

R2 ¼
B0 → D�0

0 η → Dþπ−η
B0 → D̄�0

0 η → D−πþη
≈ 1.57 × 10−4;

R3 ¼
B0 → D�0

0 η0 → Dþπ−η0

B0 → D̄�0
0 η0 → D−πþη0

≈ 1.57 × 10−4;

R4 ¼
Bs → D�0

0 K̄0 → Dþπ−K̄0

Bs → D̄�0
0 K̄0 → D−πþK̄0

≈ 1.93 × 10−4;

R5 ¼
Bþ → D�0

0 πþ → Dþπ−πþ

Bþ → D̄�0
0 πþ → D−πþπþ

≈ 1.91 × 10−5: ð8Þ

The ratios R1, R2, R3, and R4 are close to each other
because all four decay pairs in these four ratios decay
through the same color suppressed emission topologies,
and the nonfactorizable diagrams in Fig. 1 play the
dominant role. The nonvanishing charm quark mass in
the fermion propagator generates the main differences
between the RCKM and R1;2;3;4. For the decay process
Bþ → D̄�0

0 πþ → D−πþπþ, one has the contributions from
both the B → D̄�0

0 transition and the B → π transition,
while for Bþ → D�0

0 πþ → Dþπ−πþ, one has only the color
suppressed transition B → π. So it is not surprising to have
a quite small value for R5.
Assuming factorization and flavor-SUð3Þ symmetry, the

ratio between the two decays B0 → D�−
0 Kþ → D̄0π−Kþ

and B0 → D�−
0 πþ → D̄0π−πþ will not very far from 0.076,

as discussed in Ref. [33]. The same situation should happen
to the decays B0→ D̄�0

0 K0→D−πþK0 and B0 → D̄�0
0 π0 →

D−πþπ0. With the PQCD predictions in Table II, we have

RD̄�0
0
¼ BðB0 → D̄�0

0 K0 → D−πþK0Þ
2BðB0 → D̄�0

0 π0 → D−πþπ0Þ ¼ 0.091þ0.003
−0.005 : ð9Þ

The deviation between the RD̄�0
0
and

���� Vus

Vud

����2 · f2Kf2π ¼ 0.076 ð10Þ

could be due to the violation of the flavor-SUð3Þ symmetry
and the contributions from annihilation diagrams in the
B0 → D̄�0

0 π0 → D−πþπ0 process.
The ratio of branching fractions with topologically

similar decay processes B0
s → D�þ

0 K− → D0πþK− and
B0 → D�þ

0 π− → D0πþπ− is expected to be close to 1 in
the naive factorization because of the close values for the
B0
s → K− and B0 → π− transition form factors [53]. With

the predictions in Tables II and III, we have

BðB0
s → D�þ

0 K− → D0πþK−Þ
BðB0 → D�þ

0 π− → D0πþπ−Þ ¼ 1.10þ0.05
−0.02 : ð11Þ

A similar relation for B0
s → D̄�0

0 K̄0 → D−πþK̄0 and B0 →
D̄�0

0 π0 → D−πþπ0 is

BðB0
s → D̄�0

0 K̄0 → D−πþK̄0Þ
2BðB0 → D̄�0

0 π0 → D−πþπ0Þ ¼ 1.03þ0.06
−0.07 ð12Þ

induced from Tables II and III.

IV. CONCLUSION

We have studied the quasi-two-body decays BðsÞ →
PD�

0 → PDπ, where the bachelor particle P denotes π,
K, η, or η0 in the PQCD approach. The predicted branching
fractions for the considered decays are in the range of
10−9–10−4. For the decays B → D�

0π → Dππ and B →
D̄�

0π → Dππ as well as Bs → D�
0 → DπK̄ and Bs →

D̄�
0K̄ → DπK̄, the great difference in their corresponding

branching fractions can be understood by a strong CKM
suppression factor RCKM ≈ λ4ðρ̄2 þ η̄2Þ ≈ 3 × 10−4. The
flavor-SUð3Þ symmetry can be employed to analyze the
quasi-two-body decays with the same topologies, such as
B0 → D̄�0

0 K0 → D−πþK0 and B0 → D̄�0
0 π0 → D−πþπ0,

while RD̄�0
0

was predicted to be 0.091þ0.003
−0.005 for their

branching ratios. The ratio for the branching fractions
was found to be 1.10þ0.05

−0.02 between BðB0
s → D�þ

0 K− →
D0πþK−Þ and BðB0 → D�þ

0 π− → D0πþπ−Þ and to be
1.03þ0.06

−0.07 between BðB0
s → D̄�0

0 K̄0 → D−πþK̄0Þ and
2BðB0 → D̄�0

0 π0 → D−πþπ0Þ, which can be tested by the
precise data from the future experiments.
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APPENDIX: DECAY AMPLITUDES

The amplitudes from Fig. 1 are written as

FIG. 2. The Dπ invariant mass-dependent differential branch-
ing fraction for B0 → D̄�0

0 π0 → D−πþπ0.
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AðBþ → πþ½D�0
0 →�Dþπ−Þ ¼ GFffiffiffi

2
p V�

ubVcdfa2FTP þ C2M0
TP þ a1FAD þ C1MADg;

AðBþ → πþ½D̄�0
0 →�D−πþÞ ¼ GFffiffiffi

2
p V�

cbVudfa2FTP þ C2MTP þ a1FTD þ C1MTDg;

AðBþ → Kþ½D�0
0 →�Dþπ−Þ ¼ GFffiffiffi

2
p V�

ubVcsfa2FTP þ C2M0
TP þ a1FAD þ C1MADg;

AðBþ → Kþ½D̄�0
0 →�D−πþÞ ¼ GFffiffiffi

2
p V�

cbVusfa2FTP þ C2MTP þ a1FTD þ C1MTDg;

AðBþ → π0½D�þ
0 →�D0πþÞ ¼ GF

2
V�
ubVcdfa1ðFTP − FADÞ þ C1ðM0

TP −MADÞg;

AðBþ → K0½D�þ
0 →�D0πþÞ ¼ GFffiffiffi

2
p V�

ubVcsfa1FAD þ C1MADg;

AðBþ → ηq½D�þ
0 →�D0πþÞ ¼ GF

2
V�
ubVcdfa1ðFTP þ FADÞ þ C1ðM0

TP þMADÞg;
AðBþ → η½D�þ

0 →�D0πþÞ ¼ AðBþ → ηq½D�þ
0 →�D0πþÞ cosϕ;

AðBþ → η0½D�þ
0 →�D0πþÞ ¼ AðBþ → ηq½D�þ

0 →�D0πþÞ sinϕ;

AðB0 → πþ½D�−
0 →�D̄0π−Þ ¼ GFffiffiffi

2
p V�

cbVudfa2FAP þ C2MAP þ a1FTD þ C1MTDg;

AðB0 → π−½D�þ
0 →�D0πþÞ ¼ GFffiffiffi

2
p V�

ubVcdfa2FAD þ C2MAD þ a1FTP þ C1M0
TPg;

AðB0 → Kþ½D�−
0 →�D̄0π−Þ ¼ GFffiffiffi

2
p V�

cbVusfa1FTD þ C1MTDg;

AðB0 → π0½D�0
0 →�Dþπ−Þ ¼ GF

2
V�
ubVcdfa2ðFAD − FTPÞ þ C2ðMAD −M0

TPÞg;

AðB0 → π0½D̄�0
0 →�D−πþÞ ¼ GF

2
V�
cbVudfa2ðFAP − FTPÞ þ C2ðMAP −MTPÞg;

AðB0 → K0½D�0
0 →�Dþπ−Þ ¼ GFffiffiffi

2
p V�

ubVcsfa2FTP þ C2M0
TPg;

AðB0 → K0½D̄�0
0 →�D−πþÞ ¼ GFffiffiffi

2
p V�

cbVusfa2FTP þ C2MTPg;

AðB0 → ηq½D�0
0 →�Dþπ−Þ ¼ GF

2
V�
ubVcdfa2ðFTP þ FADÞ þ C2ðM0

TP þMADÞg;
AðB0 → η½D�0

0 →�Dþπ−Þ ¼ AðB0 → ηq½D�0
0 →�Dþπ−Þ cosϕ;

AðB0 → η0½D�0
0 →�Dþπ−Þ ¼ AðB0 → ηq½D�0

0 →�Dþπ−Þ sinϕ;

AðB0 → ηq½D̄�0
0 →�D−πþÞ ¼ GF

2
V�
cbVudfa2ðFTP þ FAPÞ þ C2ðMTP þMAPÞg;

AðB0 → η½D̄�0
0 →�D−πþÞ ¼ AðB0 → ηq½D̄�0

0 →�D−πþÞ cosϕ;
AðB0 → η0½D̄�0

0 →�D−πþÞ ¼ AðB0 → ηq½D̄�0
0 →�D−πþÞ sinϕ;

AðB0
s → πþ½D�−

0 →�D̄0π−Þ ¼ GFffiffiffi
2

p V�
cbVusfa2FAP þ C2MAPg;

AðB0
s → π−½D�þ

0 →�D0πþÞ ¼ GFffiffiffi
2

p V�
ubVcsfa2FAD þ C2MADg;

AðB0
s → K−½D�þ

0 →�D0πþÞ ¼ GFffiffiffi
2

p V�
ubVcdfa1FTP þ C1M0

TPg;
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AðB0
s → π0½D�0

0 →�Dþπ−Þ ¼ GF

2
V�
ubVcsfa2FAD þ C2MADg;

AðB0
s → π0½D̄�0

0 →�D−πþÞ ¼ GF

2
V�
cbVusfa2FAP þ C2MAPg;

AðB0
s → K̄0½D�0

0 →�Dþπ−Þ ¼ GFffiffiffi
2

p V�
ubVcdfa2FTP þ C2M0

TPg;

AðB0
s → K̄0½D̄�0

0 →�D−πþÞ ¼ GFffiffiffi
2

p V�
cbVudfa2FTP þ C2MTPg;

AðB0
s → ηq½D�0

0 →�Dþπ−Þ ¼ GF

2
V�
ubVcsfa2FAD þ C2MADg;

AðB0
s → ηs½D�0

0 →�Dþπ−Þ ¼ GFffiffiffi
2

p V�
ubVcsfa2FTP þ C2M0

TPg;

AðB0
s → η½D�0

0 →�Dþπ−Þ ¼ AðB0
s → ηq½D�0

0 →�Dþπ−Þ cosϕ −AðB0
s → ηs½D�0

0 →�Dþπ−Þ sinϕ;
AðB0

s → η0½D�0
0 →�Dþπ−Þ ¼ AðB0

s → ηq½D�0
0 →�Dþπ−Þ sinϕþAðB0

s → ηs½D�0
0 →�Dþπ−Þ cosϕ;

AðB0
s → ηq½D̄�0

0 →�D−πþÞ ¼ GF

2
V�
cbVusfa2FAP þ C2MAPg;

AðB0
s → ηs½D̄�0

0 →�D−πþÞ ¼ GFffiffiffi
2

p V�
cbVusfa2FTP þ C2MTPg;

AðB0
s → η½D̄�0

0 →�D−πþÞ ¼ AðB0
s → ηq½D̄�0

0 →�D−πþÞ cosϕ −AðB0
s → ηs½D̄�0

0 →�D−πþÞ sinϕ;
AðB0

s → η0½D̄�0
0 →�D−πþÞ ¼ AðB0

s → ηq½D̄�0
0 →�D−πþÞ sinϕþAðB0

s → ηs½D̄�0
0 →�D−πþÞ cosϕ;

whereGF is the Fermi constant, V’s are the CKMmatrix elements, C1 and C2 are Wilson coefficients, and a1 ¼ C1=3þ C2

and a2 ¼ C2=3þ C1. The factorization formulas for decay amplitudes from Fig. 1 are collected below:

FTD ¼ 8πCFm4
BfP

Z
dxBdx3

Z
bBdbBb3db3ϕBðxB; bBÞϕDπðx3; b3; sÞðη − 1Þf½ ffiffiffi

η
p ð2x3 − 1Þ − x3 − 1�

× E1abðt1aÞh1aðxB; x3; bB; b3Þ þ ðηþ 2
ffiffiffi
η

p ðrc − 1Þ − rcÞE1abðt1bÞh1bðxB; x3; bB; b3Þg;

MTD ¼ 32πCFm4
B=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBbdbϕBðxB; bBÞϕDπðx3; b3; sÞϕAðη − 1Þ

× f½ηð1 − x3 − zÞ þ zþ xB þ x3
ffiffiffi
η

p
− 1�E1cdðt1cÞh1cðxB; z; x3; bB; bÞ

þ ½zð1 − ηÞ − xB þ x3ð1 −
ffiffiffi
η

p Þ�E1cdðt1dÞh1dðxB; z; x3; bB; bÞg;

FAD ¼ 8πCFm4
BfB

Z
dzdx3

Z
bdbb3db3ϕDπðx3; b3; sÞf½ϕAðη − 1Þð1 − x3Þ − 2ϕPðx3 − 2Þ ffiffiffi

η
p

r0�E1efðt1eÞ

× h1eðz; x3; b; b3Þ þ ½ðη − 1Þ½2rc
ffiffiffi
η

p þ zðη − 1Þ − η�ϕA þ 2r0
ffiffiffi
η

p ðη − 1Þ½zðϕP þ ϕTÞ − ϕT �
þ r0ðηþ 1Þð−2 ffiffiffi

η
p þ rcÞϕP þ r0rcðη − 1ÞϕT � × E1efðt1fÞh1fðz; x3; b; b3Þg;

MAD ¼ 32πCFm4
B=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBbdbϕBðxB; bBÞϕDπðx3; b3; sÞf½ð1 − ηÞz½ðη − 1ÞϕA

þ ffiffiffi
η

p
r0ðϕP þ ϕTÞ� þ xB½ðη − 1ÞϕA þ ffiffiffi

η
p

r0ðϕP þ ϕTÞ� þ ffiffiffi
η

p ½ηr0ðϕP þ ϕTÞ − r0ðx3 − 3ÞϕP

þ r0ðx3 − 1ÞϕT þ ffiffiffi
η

p ðη − 1Þð1 − x3ÞϕA�� × E1ghðt1gÞh1gðxB; z; x3; bB; bÞ
þ ½ ffiffiffi

η
p

r0½ðϕP − ϕTÞðηz − η − zþ xBÞ þ ðϕP þ ϕTÞðx3 − 1Þ�
þ ϕAðη2 − 1Þðx3 − 1Þ�E1ghðt1hÞh1hðxB; z; x3; bB; bÞg;

FTP ¼ 8πCFm4
BFDπðsÞ

Z
dxBdz

Z
bBdbBbdbϕBðxB; bBÞf½ϕAð1 − ηÞðzðη − 1Þ − 1Þ

− r0½ϕPðηþ 2ðη − 1Þzþ 1Þ þ ϕTðη − 1Þð2z − 1Þ��E2abðt2aÞh2aðxB; z; bB; bÞ
þ ½2r0ϕPðηþ ηxB − 1Þ þ ðη − 1ÞηxBϕA�E2abðt2bÞ × h2bðxB; z; bB; bÞg;
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MTP ¼ 32πCFm4
B=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞϕDπðx3; b3; sÞf½ðη − 1Þððηþ 1ÞðxB þ x3 − 1Þ

− rc
ffiffiffi
η

p ÞϕA þ r0½zð1 − ηÞðϕT − ϕPÞ þ ðxB þ x3ÞηðϕT þ ϕPÞ − ð2ηþ 4rc
ffiffiffi
η

p ÞϕP��
× E2cdðt2cÞh2cðxB; z; x3; bB; b3Þ − ½ðη − 1Þz½ðη − 1ÞϕA þ r0ðϕP þ ϕTÞ�
þ ðxB − x3Þ½ηr0ðϕP − ϕTÞ þ ðη − 1ÞϕA��E2cdðt2dÞh2dðxB; z; x3; bB; b3Þg;

M0
TP ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞϕDπðx3; b3; sÞf½ð1 − xB − x3Þð1 − η2ÞϕA

þ r0½zð1 − ηÞðϕT − ϕPÞ þ ðxB þ x3ÞηðϕT þ ϕPÞ − 2ηϕP��E2cdðt02cÞh02cðxB; z; x3; bB; b3Þ
þ ½ðη − 1Þ½ð1 − ηÞz − xB − rc

ffiffiffi
η

p þ x3�ϕA − r0zðη − 1ÞðϕP þ ϕTÞ
þ r0ηðxB − x3ÞðϕT − ϕPÞ − 4r0rc

ffiffiffi
η

p
ϕP� × E2cdðt02dÞh02dðxB; z; x3; bB; b3Þg;

FAP ¼ 8πCFm4
BfB

Z
dzdx3

Z
bdbb3db3ϕDπðx3; b3; sÞf½ðη − 1Þ½2 ffiffiffi

η
p

rc þ ðη − 1Þzþ 1�ϕA

− r0½ðηþ 1Þrc þ 2
ffiffiffi
η

p ðzðη − 1Þ þ 2Þ�ϕP þ r0ðη − 1Þðrc þ 2
ffiffiffi
η

p
zÞϕT �E2efðt2eÞh2eðz; x3; b; b3Þ

þ ½2 ffiffiffi
η

p
r0ϕPð−ηþ x3 þ 1Þ − ϕAðη − 1Þx3�E2efðt2fÞh2fðz; x3; b; b3Þg;

MAP ¼ 32πCFm4
B=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBbdbϕBðxB; bBÞϕDπðx3; b3; sÞf½ηϕAð1 − ηÞ

þ ffiffiffi
η

p ½−ηr0ðz − 1ÞðϕP þ ϕTÞ þ r0ðz − 3ÞϕP þ r0ðz − 1ÞϕT � þ ðxB þ x3Þ½ðη2 − 1ÞϕA

þ r0
ffiffiffi
η

p ðϕT − ϕPÞ��E2ghðt2gÞh2gðxB; z; x3; bB; bÞ þ ½ð1 − ηÞϕA½ηðx3 − xB þ z − 1Þ − zþ 1�
þ r0

ffiffiffi
η

p ½ðη − 1Þðz − 1ÞðϕP − ϕTÞ þ ðx3 − xBÞðϕP þ ϕTÞ��E2ghðt2hÞh2hðxB; z; x3; bB; bÞg;

where xB, x3, and z are momentum fractions of the corresponding spectator quarks, as defined in Ref. [33]. bB, b3, and b
are the conjugate variables of transverse momenta PB, P3, and P, respectively. Variable η is defined as η ¼ m2

Dπ=m
2
B.

The ratio r0 ¼ m0=mB, wherem0 is the chiral mass of light pseudoscalars. rc ¼ mc=mB is the ratio of the charm quark mass
to the B meson mass. The functions E1mn and E2mn(m ¼ a, c, e, g and n ¼ b, d, f, h) are the evolution factors, which are
given by

E1abðtÞ ¼ αðtÞ exp½−SBðtÞ − SDðtÞ�; E2abðtÞ ¼ αðtÞ exp½−SBðtÞ − SPðtÞ�;
E1cdðtÞ ¼ αðtÞ exp½−SBðtÞ − SDðtÞ − SPðtÞ�b3¼bB

; E2cdðtÞ ¼ αðtÞ exp½−SBðtÞ − SDðtÞ − SPðtÞ�b¼bB
;

E1efðtÞ ¼ αðtÞ exp½−SPðtÞ − SDðtÞ�; E2efðtÞ ¼ E1efðtÞ;
E1ghðtÞ ¼ αðtÞ exp½−SBðtÞ − SDðtÞ − SPðtÞ�b¼b3 ; E2ghðtÞ ¼ E1ghðtÞ;

in which Sudakov exponents SðB;D;PÞðtÞ are defined as

SBðtÞ ¼ s

�
xBmBffiffiffi

2
p ; bB

�
þ 2

Z
t

1=bB

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

SDðtÞ ¼ s

�
x3mBffiffiffi

2
p ; b3

�
þ 2

Z
t

1=b3

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

SPðtÞ ¼ s

�
zmBffiffiffi

2
p ; b

�
þ s

�ð1 − zÞmBffiffiffi
2

p ; b

�
þ 2

Z
t

1=b

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

where the quark anomalous dimension γq ¼ −αs=π. The explicit form for sðQ; bÞ at one loop can be found in [68]. t1x and
t2x(x ¼ a; b � � � h) are hard scales which are chosen to be the maximum of the virtuality of the internal momentum transition
in the hard amplitudes as
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t1a ¼ MaxfmB
ffiffiffiffiffi
x3

p
; 1=bB; 1=b3g;

t1b ¼ MaxfmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxB − ηþ r2cj

q
; 1=bB; 1=b3g;

t1c ¼ MaxfmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx3½xB − ð1 − ηÞð1 − zÞ�j

p
; 1=bB; 1=bg;

t1d ¼ MaxfmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx3½xB − ð1 − ηÞz�j

p
; 1=bB; 1=bg;

t1e ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ð1 − ηÞzþ η�

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3

p
; 1=b3; 1=bg;

t1f ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ð1 − ηÞzþ η�

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jηþ ð1 − ηÞz − r2cj

q
; 1=b3; 1=bg;

t1g ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ð1 − ηÞzþ η�

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3½ð1 − ηÞð1 − zÞ − xB�

p
; 1=bB; 1=bg;

t1h ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ð1 − ηÞzþ η�

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jð1 − x3Þ½xB − η − ð1 − ηÞz�j

p
; 1=bB; 1=bg;

t2a ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞz

p
; 1=bB; 1=bg;

t2b ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞxB

p
; 1=bB; 1=bg;

t2c ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr2c − ð1 − x3 − xBÞ½ð1 − ηÞzþ η�j

q
; 1=bB; 1=b3g;

t2d ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzjxB − x3j

p
; 1=bB; 1=b3g;

t02c ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − x3 − xBj½ð1 − ηÞzþ η�

p
; 1=bB; 1=b3g;

t02d ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr2c þ ð1 − ηÞzðxB − x3Þj

q
; 1=bB; 1=b3g;

t2e ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − r2c − ð1 − ηÞzj

q
; 1=b3; 1=bg;

t2f ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞx3

p
; 1=b3; 1=bg;

t2g ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j½ηþ ð1 − ηÞz�ð1 − x3 − xBÞ − 1j

p
; 1=bB; 1=bg;

t2h ¼ MaxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
; mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx3 − xBjð1 − ηÞð1 − zÞ

p
; 1=bB; 1=bg:

The hard functions can be written as

h1aðxB; x3; bB; b3Þ ¼ K0ðmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
bBÞ½K0ðmB

ffiffiffiffiffi
x3

p
bBÞI0ðmB

ffiffiffiffiffi
x3

p
b3ÞθðbB − b3Þ þ ðbB ⟷ b3Þ�Stðx3Þ;

h1bðxB; x3; bB; b3Þ ¼ K0ðmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
b3ÞStðxBÞ

×

8>>>>><
>>>>>:

½θðb3 − bBÞK0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2c þ xB − η

p
b3Þ

×I0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2c þ xB − η

p
bBÞ þ ðb3 ⟷ bBÞ�; r2c þ xB ≥ η;

iπ
2
½θðb3 − bBÞHð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − xB − r2c

p
b3Þ

×J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − xB − r2c

p
bBÞ þ ðb3 ⟷ bBÞ�; r2c þ xB < η;

h1cðxB; z; x3; bB; bÞ ¼ ½K0ðmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffi
x3xB

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3½xB − ð1 − ηÞð1 − zÞ�p

bÞ; xB ≥ ð1 − ηÞð1 − zÞ;
iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3½ð1 − ηÞð1 − zÞ − xB�

p
bÞ; xB < ð1 − ηÞð1 − zÞ;

h1dðxB; z; x3; bB; bÞ ¼ ½K0ðmB
ffiffiffiffiffiffiffiffiffiffi
x3xB

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffi
x3xB

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3½xB − ð1 − ηÞz�p

bÞ; xB ≥ ð1 − ηÞz;
iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3½ð1 − ηÞz − xB�

p
bÞ; xB < ð1 − ηÞz;

h1eðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ηþ zð1 − ηÞ�

p
bÞ½Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3

p
bÞ

× J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3

p
b3Þθðb − b3Þ þ ðb3 ⟷ bÞ�Stðx3Þ;
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h1fðz; x3; b; b3Þ ¼
iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ηþ zð1 − ηÞ�

p
b3ÞStðzÞ

×

8>>>>><
>>>>>:

½θðb3 − bÞK0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2c − ½ηþ ð1 − ηÞz�

p
b3Þ

×I0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2c − ½ηþ ð1 − ηÞz�

p
bÞ þ ðb ⟷ b3Þ� r2c ≥ ηþ ð1 − ηÞz;

iπ
2
½θðb3 − bÞHð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ηþ ð1 − ηÞz� − r2c

p
b3Þ

×J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ηþ ð1 − ηÞz� − r2c

p
bÞ þ ðb ⟷ b3Þ� r2c < ηþ ð1 − ηÞz;

h1gðxB; z; x3; bB; bÞ ¼
iπ
2
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3½ð1 − zÞð1 − ηÞ − xB�

p
bBÞ½Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ηþ zð1 − ηÞ�

p
bBÞ

× J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ηþ zð1 − ηÞ�

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ�;

h1hðxB; z; x3; bB; bÞ ¼
�
iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ηþ zð1 − ηÞ�

p
bBÞ

× J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þ½ηþ zð1 − ηÞ�

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ

�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − x3Þ½xB − η − zð1 − ηÞ�p
bBÞ; xB ≥ ηþ zð1 − ηÞ;

iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − x3Þ½−xB þ ηþ zð1 − ηÞ�p
bBÞ; xB < ηþ zð1 − ηÞ;

h2aðxB; z; bB; bÞ ¼ K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bBÞ½K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞz

p
bBÞ

× I0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞz

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ�StðzÞ;

h2bðxB; z; bB; bÞ ¼ K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bÞ½K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞxB

p
bÞ

× I0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞxB

p
bBÞθðb − bBÞ þ ðb ⟷ bBÞ�StðxBÞ;

h2cðxB; z; x3; bB; b3Þ ¼ ½K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
b3ÞθðbB − b3Þ þ ðb3 ⟷ bBÞ�

×

8>>>>><
>>>>>:

K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2c − ½ηþ ð1 − ηÞz�ð1 − xB − x3Þ

p
b3Þ;

r2c ≥ ½ηþ ð1 − ηÞz�ð1 − xB − x3Þ;
iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ηþ ð1 − ηÞz�ð1 − xB − x3Þ − r2c

p
b3Þ;

r2c < ½ηþ ð1 − ηÞz�ð1 − xB − x3Þ;
h2dðxB; z; x3; bB; b3Þ ¼ ½K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
b3ÞθðbB − b3Þ þ ðb3 ⟷ bBÞ�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ηÞðxB − x3Þz
p

b3Þ; xB ≥ x3;

iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ηÞðx3 − xBÞz
p

b3Þ; xB < x3;

h02cðxB; z; x3; bB; b3Þ ¼ ½K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bÞθðbB − b3Þ þ ðb3 ⟷ bBÞ�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ηþ ð1 − ηÞz�ðxB þ x3 − 1Þp
b3Þ; xB þ x3 ≥ 1;

iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ηþ ð1 − ηÞz�ð1 − xB − x3Þ
p

b3Þ; xB þ x3 < 1;

h02dðxB; z; x3; bB; b3Þ ¼ ½K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞzxB

p
b3ÞθðbB − b3Þ þ ðb3 ⟷ bBÞ�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2c þ ð1 − ηÞðxB − x3Þz

p
b3Þ; r2c ≥ ð1 − ηÞðx3 − xBÞz;

iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞðx3 − xBÞz − r2c

p
b3Þ; r2c < ð1 − ηÞðx3 − xBÞz;

h2eðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
b3Þ½θðb3 − bÞHð1Þ

0

�
mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − ηÞz − r2c

q
b3
	

× J0
�
mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − ηÞz − r2c

q
b
	
þ ðb3 ⟷ bÞ�StðzÞ;
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h2fðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
bÞ½Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ð1 − ηÞ

p
bÞ

× J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ð1 − ηÞ

p
b3Þθðb − b3Þ þ ðb ⟷ b3Þ�Stðx3Þ;

h2gðxB; z; x3; bB; bÞ ¼
iπ
2
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 − xB − x3Þ½ηþ zð1 − ηÞ�

p
bBÞ½Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
bBÞ

× J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ�;

h2hðxB; z; x3; bB; bÞ ¼
�
iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
bBÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞð1 − zÞx3

p
bÞθðbB − bÞ þ ðb ⟷ bBÞ

�

×

(
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ηÞð1 − zÞðxB − x3Þ
p

bBÞ; xB ≥ x3;

iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ηÞð1 − zÞðx3 − xBÞ
p

bBÞ; xB < x3;

where K0, I0, and H0 ¼ J0 þ iY0 are Bessel functions. The function StðxÞ can be parametrized as

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c;

with c ¼ 0.4 for numerical calculation [69,70].
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