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In this paper we derive the next-to-leading-order (NLO) fragmentation function for a heavy quark, either
charm or bottom, into a heavy quarkonium J/W¥ or Y. The ultraviolet divergences in the real corrections are
removed through operator renormalization, which is performed in the modified minimal subtraction
scheme. We then obtain the NLO fragmentation function at an initial factorization scale, e.g., up = 3m, for
¢ — J/¥ and ur = 3my, for b - Y, which can be evolved to any scale via the use of the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi equation. As an initial application of these fragmentation functions, we
study J /¥ (Y) production at a high-luminosity e™ e~ collider running at an energy around the Z pole, which
could be a suitable platform for testing the fragmentation function.
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I. INTRODUCTION

Since the observation of the J/¥ meson, heavy quarko-
nia have attracted great interest from theorists and exper-
imentalists. Due to the fact that the constituent quark (Q)
and antiquark (Q) of a heavy quarkonium are heavy, i.e,
mg > Aqcp, its production rate and decay width involve
both perturbative and nonperturbative aspects of QCD. It
then provides a good platform for testing various QCD
factorization theories. Within the framework of the non-
relativistic QCD (NRQCD) factorization theory [1], the
production cross section of a heavy quarkonium via the
collision of two incident particles A and B can be written as

do(A+B — H+X)
=Y ds(A+B - (Q0)[n] + X)(QH). (1)

where H denotes the produced heavy quarkonium, and d&é
is the production cross section for the perturbative state
(QQ)[n] with quantum numbers n, which is calculable
and can be expanded in powers of the strong coupling
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constant a,. (Q") denotes the nonperturbative but universal
NRQCD matrix element, which is proportional to the
transition probability of the perturbative state (QQ)|n] into
the hadron state H.

The NRQCD factorization formulism has been used to
deal with quarkonium production at e*e~ and hadron
colliders, and most of the calculations have been performed
up to next-to-leading-order (NLO) accuracy [2,3]. In
some cases, there are large logarithms in the short-distance
part dé. For instance, there are large logarithms in powers
of In(y/s/mgy) for heavy quarkonium production at
ete™ colliders, with /s being the center-of-mass collision
energy, or there are large logarithms in powers of
In(pr/mg) in the high-pr region (with pr being the
transverse momentum of the quarkonium) at hadron
colliders. Those large logarithms may spoil the conver-
gence of the perturbative expansion, leading to the unre-
liable perturbative QCD (pQCD) predictions. As a solution,
it has been pointed out that these logarithms mainly come
from the emission of collinear gluons, which can be
systematically resummed through the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution equation [4].

We shall take heavy quarkonium production at an e* e~
collider as an explicit example to explain this idea; in
particular, we shall give the results for the heavy quark to
heavy quarkonium fragmentation function up to NLO
accuracy. The fragmentation function gives the probability
that a parton will split into the desired hadron plus other
partons. The fragmentation function of a hadron composed
of only heavy quarks can be calculated using pQCD theory.
The Z boson decays Z - J/¥ + X and Z — Y + X have
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been studied up to the NLO level using the complete
pQCD approach [5], and in the present paper we will study
these processes but using the fragmentation approach.
Compared with the complete pQCD approach, even
though the fragmentation approach neglects some power-
suppressed terms, it resums the large collinear logarithms
more conveniently via the use of the DGLAP evolution
equation and achieves more reliable predictions in specific
kinematic regions.

In the pQCD factorization theory, the production cross
section of heavy quarkonium at an e" e~ collider can be
factorized as

do(e*e” — H(p)+X) =) dé(e*e” —i(p/2) + X.pr)

® Dimpy(z. pp) + O(mp/s),
(2)

where the sum extends over all of the parton types, dé
denotes the partonic cross section (coefficient function),
and D;_ y(z, pur) denotes the fragmentation function (decay
function) for the parton i into heavy quarkonium H with
longitudinal momentum fraction z. ur is the factorization
scale which separates the energy scales of the two parts. In
order to prevent large logarithms from appearing in dé, pp
is usually set as up = O(\/s).

The pQCD factorization formula (2) was first suggested
by Collins and Soper for the inclusive production of a
light hadron [6], and the proof of the pQCD factorization
formula for the case of quarkonium production was given
by Nayak, Qiu, and Sterman [7]. One recent achievement in
using pQCD factorization for quarkonium production is the
derivation of the next-to-leading-power contribution, which
comes from double-parton fragmentation [8-11]. The
fragmentation function D;_ y(z, ur) contains nonperturba-
tive information, which is calculable through NRQCD
factorization (or the Mandelstam formulation [12] under
the instantaneous approximation) [13,14], e.g., D;_ 4 (z, ur)
can be factorized as

Di_p(z.up) = Zdie(QQ)[n] (z,up)(QF), (3)

where d,_,pp)x (2, pp) is the short-distance coefficient,
which contains logarithms of ur/mg. To avoid such kind
of large logarithms, one can first calculate the fragmentation
function at some initial factorization scale that is of order
O(mg), and then evolve it to a higher factorization scale by
using the DGLAP evolution equation [15-17],

4
dlnp%

:asé/:);/zldyyPii(y’as(MF))Dj—»H(Z/)’vﬂF)v (4)

Di—»H(Z» /’tF)

where P; are splitting functions, which can be expanded in
perturbative series as,

as(ﬂF)P(o)( )+a§(ﬂF)

Pii(y,a,(ur)) = SV PV () + O(ad).

2z (27)?
(5)
For the quark-to-quark case, the LO coefficient is
(0) 1+ y2 3
P =Cp|l———+=-6(1 - , 6

where C = 4/3 forthe SU(3), group. The NLO coefficient

Pg)Q (v) is too lengthy to be presented here, and can be found
in Refs. [18-20].

The LO fragmentation function for a heavy quark to J /¥
or Y was first calculated by Braaten and Cheung in 1993
[21], where the LO fragmentation function was derived
from an LO calculation of the process Z — J/¥ + ¢ + .
Subsequently, Ma calculated the LO fragmentation func-
tions [22] by using the gauge-invariant definition suggested
by Collins and Soper. In Ref. [23], the authors calcula-
ted the NLO corrections to the transverse-momentum-
dependent fragmentation functions for a heavy quark to
J/¥ and Y, which is however not convenient for practical
applications. Recently, the NLO fragmentation function
for a gluon into heavy quarkonium was determined in
Refs. [24-27]. In the present paper, we shall give the
fragmentation functions for a heavy quark into J/¥ and Y
up to the NLO level.

The remaining parts of the paper are organized as follows.
In Sec. II, we present the LO fragmentation function for a
heavy quark into the heavy quarkonium J /¥ or Y. In Sec. I1I,
we present the NLO fragmentation functions D._,;y and
D,,_,v,in which the renormalization is carried out by using the
conventional MS scheme. In Sec. IV, we apply these NLO
fragmentation functions to J /¥ and Y’ production at a super Z
factory. Section V is reserved for a summary.

II. THE LO FRAGMENTATION FUNCTION

Before carrying out the calculation for the fragmentation
function, we first give a brief introduction of the gauge-
invariant fragmentation function suggested by Collins and
Soper [6]. We adopt dimensional regularization to regu-
larize the infrared (IR) and ultraviolet (UV) divergences,
and work in d = 4 — 2¢-dimensional space-time.

The light-cone coordinates are conventionally adopted
to define the fragmentation function, where a vector V¥
in d dimensions is expressed as V¥ = (V' , V-, V)=
(VO 4 ve=1y//2, (VO — vi=1)/{/2, V). The scalar pro-
duct of two vectors V and W then becomes V. -W =
VIW~+V-W* -V, - W,. The gauge-invariant fragmen-
tation function for the heavy quark Q into a spin-triplet and
color-singlet quarkonium H in d = 4 — 2e¢ dimensions is
defined as

014005-2



NLO FRAGMENTATION FUNCTIONS OF HEAVY QUARKS INTO ...

PHYS. REV. D 100, 014005 (2019)

d-3
4 _ it
DQaH(Z):ﬁg /dx el
X

1 1 _ 0
. —Trmk,r—TrDirac{yworP(owexp [igs "o omral] H(P*.0,) + X)
0

N, 4

< (H(P*,0,) + X|Pexp [—igs I dy-A,ﬂoty-,oL)ﬂ @<x>|o>}, )

e

where W and A} are the quark field and gluon field,
respectively. 1 is the color matrix, P implies the path ordering,
and z=P*/K" is the longitudinal momentum fraction
carried from the incident heavy quark Q. This definition is
carried out in a reference frame where the quarkonium H
carries no transverse momentum, ie., P* = (P*, P =
m%,/2P*,0,).Itis convenient to introduce a light-like vector
n*, which has the value n# = (0, 1, 0, ) in the reference frame
where the fragmentation function is defined. In this frame, the
plus component of the momentum p can be expressed as
pt=p-n,andz = P-n/K - n. The Feynman rules for the
fragmentation function can be directly derived from the above
definition [28].

The fragmentation function (7) is gauge independent.
For our practical treatment, we work in the usual Feynman
gauge. To derive the fragmentation function D ,_, 5, we first
calculate the fragmentation function for the production of a

free on-shell QQ state with the quantum numbers 3S[11] (e,
D, o QPS[I]]), where the superscript “[1]” denotes the QQ
1

state is a color singlet. Then, D,_y is obtained by
replacing the NRQCD matrix element of a free QQ state

[(OQQPS[II]]@S[]H))] with the matrix element of the quarko-
nium ((O# (3s1))).

’ : | // : {
/ o \ o \
A /A\
/ ®)' @'

FIG. 1.

Do oopst
ensures the gauge invariance of the squared amplitude.

The LO cut diagrams for the fragmentation function
. The double line stands for the Wilson line which

At the LO level, we need to deal with the process

0(K) = Q0PS")(p,) + Q(p,). As shown in Fig. 1, there
are four LO cut diagrams which contribute to D 0-00ps]"
1

The four squared amplitudes from the four cut diagrams are

Al = tr[(?Z + mQ)(igsyﬂta)HAl(igsyﬂta)
i y —i
1/11—|-112—mQ—|-i€ ﬂ1+ﬂ2—mQ—l’€
~(=igr 1 )IIA (=iggy,1°)]
—i i

'(P1/2+p2)2+i€(p1/2+p2)2_ie’ (8)

Ay = tr[(ph + mg) (ig,yt*)TIA,

i .
(=p1/2=py) e (igum )

y o
BT 2= mg —ie 9 N (g )]

i ;
(p1/24 po)? +ie(p1/2+ po)? — i€’ 9)

Az = tr| (g + mg) (igsy"t*)TIA (igy,17)
i
pl+ p2 —mg +ie
—l _
: N IA (_igs]/utb)
(-pi/2=ps)-n—ie
—i i

(p1/2+ pa)? +ie(pi/2+ py)* — i€’ (10)

ﬂ(_igsnvtb)

Ay = tr|(#r + mg) (igsr"t*)TIA,

i - . -
‘ (—p1/2 — pz) ‘n—+ie (lgsn#t )ﬂ(—lgsnyt”)
_l _
’ TIA, (—i P
(_]71/2 — p2> -n —ie 1( Lgs7y )

—1 i
(p1/2+p2)2+l€(P1/2+P2)2—l€ (11)

Here IT denotes the spin projector, and for the 3S; state
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1
=—-—— +2 , 12
and IT= y°TI"y°. A, is color-singlet projector,
1
AN =—, 13
1 \/g ( )

where 1 is the SU,(3) unit matrix.
Then we obtain the total squared amplitude at the LO
level,

2(j-2)

4 .
ABom _ ZA _ (;Fg\ Z aij (14)

_Z) mQj 2(Sl_m2Q>j’

(p1 + p»)? is the invariant mass of the final
QQPS[II]} + Q, and the coefficients a;_, 3 4 are

where s; =

a, = (1 = 2)[(d® = 17d* + 100d — 156)z* — 4(d* — 134>
+56d — 84)z + 4(d® — 9d* + 28d — 28)],

ay = 8(z —2)[(d* = 9d + 16)z> — 2(d*

ay = —64(d —1)(z = 2)%.

The differential phase space for the LO fragmentation
function is

sz d=?py,
2 + (2 )d—

dd)Bom - 27[5(K+ _pf_p;r)’ (15)

where the 6 function comes from the final cut of the eikonal
line. The integration over p; can be carried out with the &
function. The integration over the angles of p,, is trivial
and can be carried out easily. Then we have

Z—1+e(1 _ Z)—e
2(4m)'=r(1 —€)

K-n

4m2 m2 —€

x (s ——2-—2) ds,. (16)
Z -z

d¢Born =

The range of s, is from [4m3/z 4+ mg/(1 = z)] to +oo.
The LO fragmentation function for Q — QQ[3S; [t ]] can
be obtained as

D]é(lQQPS[l]](Z) = NCS/d¢B0m~ABom’ (17)
1

where N¢g = z!7%¢/87N . is an overall factor. Performing
the 1ntegrat10n over s;, we obtain

—5d+16)z + 16,

Cragz(1 = 2)(4n)T(1 + €)

Do =
0-00rs! ](Z) N 2= )y
(14+¢€)z(l —z)
X |a; + a3 W
2+e)(1+¢€)2(1-2z)?
18
+ ay 6(2 — Z)4 ( )
Setting d = 4, we obtain
oy Ral=2p
0-000s!"] 8= 27(2 - z)6m3Q
x (5% = 3223 + 7222 — 327 + 16)
0078 (3¢l1]

6N,

Here, the LO fragmentation function for the free QQ[S\]
state has been written in the factorization form by using the
fact that

(020051 3slllyy = 2(a — 1)N, (20)

at the order @) with the normalization of the NRQCD
matrix element from Ref. [1]. Then the LO fragmentation
function for the quarkonium can be obtained by replacing

(02251 3sl11) with (07 (3s1))). Under the leading non-
relativistic approximation, the matrix element (O (3§ [11])>

can be expressed by the radial wave function at the origin
for the quarkonium H, i.e.,

(01 (s & (d = 1)N|Rs(0)2/(27).  (21)

Finally, the LO fragmentation function for the S, quarko-
nium state takes the form

8a3z(1 —2)*|Rs(0)?
277(2 — 2)°m},
x (524 —322° + 7222 - 322+ 16),  (22)

Db(iﬂ(z)

which is exactly the same as that of Ref. [21].

III. THE NLO CORRECTION TO THE
FRAGMENTATION FUNCTION

At the NLO level, we need to deal with the virtual and
real corrections to the LO terms. It is hard to give the
analytic expressions for those NLO terms. In the following
subsections, we shall give some explanations of how to deal
with the virtual and real corrections.

In our calculations we use the FEYNCALC package
[29,30] to carry out the color and Dirac traces, and the
$APART package [31] and the FIRE package [32] are used to
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FIG. 2. Four typical virtual corrections to the fragmentation

function D _ 5ty The double line stands for the Wilson line
0—00[s"]

which ensures the gauge invariance of the squared amplitude.

do partial fraction and integration-by-parts reduction. The
master integrals are calculated using the LoopTooLS
package [33]. As a subtle point, there are some master
integrals that contain an eikonal propagator and cannot be
calculated using LoopTooLs, and we adopt the method
introduced in Ref. [24] to deal with these master integrals.

A. The virtual corrections

At the NLO level, the virtual corrections come from the
cut diagrams containing a loop on either side of the cut.
Four typical virtual corrections are shown in Fig. 2. The
differential phase space of the virtual corrections is the
same as that of the LO one, e.g., Eq. (15). The virtual
corrections can be obtained as

Dvmual
0000

( ): NCS/deBornAvirtual» (23)

where Ay 18 the squared amplitude for the virtual
corrections.

We adopt the method of regions [34] to calculate the
fragmentation function. With this method we only need to
calculate the contributions from the hard region, as the
Coulomb divergences which come from the potential
region do not appear in the calculations. The hard-region
contributions are then obtained by expanding the relative
velocity between the produced Q and Q before the loop
integration. Thus, in the calculation we only need to set the
relative momentum to zero before the loop integration [34].

B. The real corrections

At the NLO level, the real corrections come from the
fragmentation process emitting an extra gluon, i.e., we need

to deal with the process Q(K) — QQPS[II]](pl) + 0(pa)+
g(p3). The cut diagrams for the real corrections can be

] ]
A | l |
I I
W @
[} )
I
/@
®' 4

FIG. 3. Four typical real corrections to the fragmentation

function D 0-000s]" The double line stands for the Wilson line
1

which ensures the gauge invariance of the squared amplitude.

obtained from the LO cut diagrams by adding a gluon line
crossing the cut. Four typical real correction cut diagrams
are shown in Fig. 3.

The differential phase space for the real correction is

d¢real =216 (1{Jr Z > H dpl d pll . (24)

= 2321’1

The real corrections can be obtained as

DrQSiQQPS[]‘]](Z) = Ncs / dprea Arears (25)

where A, denotes the squared amplitude for the real
corrections. As for the real corrections, the IR divergences
come from the limits p; — 0 and p; - n — 0, and the UV
divergences come from the limit |ps3, | = co. We adopt the
method of Ref. [24] to extract these divergences. Following
this method, the real corrections can be represented as

Dga_LQQ[n]( ) NCS / d¢real(~Areal - AS)

+ Ncs / depreq As, (26)

where Ag denotes the subtraction term, which has the same
singularities as the squared amplitude of the real correc-
tions. The first term on the right-hand side of Eq. (26) is
finite and can be directly calculated in four dimensions. The
integral of the subtraction term is divergent and should be
calculated in d dimensions.

The subtraction term can be constructed according to the
singularity behavior of the squared amplitude of the real
corrections. More explicitly, the squared amplitude for the
real corrections can be written as
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Ay = bi(s1,2) by(s1.2) by(si,z) | ci(s1,2,y)  cls1,2,9)p1-p3 | ¢3(51,2,9)
(1L=y)(s=mp)  (1=y)(s2—mp) (1=y)s3  s—mp (s —mp)? $y = mp
c4(51,2,9)p2 P3| ¢5(51,2,Y) i c6(51,2,¥)P1 " P3 +d1(s1,z)(1 —u)(s1 = sz)
(s — mé)2 $3 2 uty(s — sz)
n dr(s1,2) (1 —u)(s; — mé) ds(s1,2) (1 —u)(s; — m2Q)2 dy(s1,2)(s1 — m2Q)2
2ut,s; 2utys3(s — mp) 2uty(s — mp)s3
(v, ) =) s, ) (o1 =) (501 =R AG51D) |y o)
uty (s — mz) 2utys; 2u(s —mp)ss 5 real 2
where the Lorentz invariants are defined as follows:
_ (p1+p2)-n __ DPyn
(p1+patps)-n’ (p2+p3)-n’
s=(p+r2tp) s2=(pi/2+p3)%
s3=(p1/2+ p2+p3)* ty =2py - ps,

ty =2p, - p3.

finite

(28)

inite stands for the terms that are finite after the phase-space integration. There is neither a 1/7] term nor a 1/¢,1, term in
A, because those terms are canceled after summing all of the terms of the real corrections. The subtraction term .Ag can

then be constructed as follows:

A = by(s1,z2) by(s1,2) bs(s1,z) | ci(s1,2,Y)
(L=y)(s=mp)  (L=y)(s—mg) (1=y)s3 s
cr(s1,z,9) [ z 2 1-— (81, 2,
el B ) pl-p3—2<1—>s1— y(s1+3m2Q)} Loy
s L y y y AY)

- 2
cqs(81,2, y—2z)m 4(1 — 1- cs(81, 2,
+4(12 Do s Z) Q<1+ ( y))_ y(sl_sng)}rs(lzy)

2z 83

L 6.1 = )5 = m)

dy(3.2)(1 = u)(5 — mj)

Z(Z—Z)/4—(1—y)(y—Z)( 2)}

S1—m
= "o uty (5 —mh +1,/2)

ds(3.2)(1 = u)(5 = mp)?

ut([§ —mg 4 (2 = 2)1, /2]
44(5.2)(5 — m)’

uty (3 —mg +1,/2)[5 - m2Q +(2-2)1/7]

ds(3,2)(3 - sz)

T unF =+ ) (1= )F—mh + 2= )0/ (1 - 2)]

do(5.2) (5 = m3)

uty(§ —my + /(1 - z))
9(5.2)(5 —mp)? h(3,z)

uty[§ —mg + (2 - 2)6,/(1 - 2)]

where § is defined as

5=(p1+p)? (30)
with
- P2 D3
pt = ph + ph — —————n*. 31
: ’ (p2+p3)-n G

Numerically, we have found that the integration of
(Apea — Asg) over the phase space is finite in four dimen-

uf—my +6/(1=2)F-my+ 2-2)/(0-2)] 4

sions, which confirms our present choice of the subtraction
term Ag. Due to its much simpler structure, following the
method of Ref. [28] the phase-space integration over the
subtraction term .Ag can be done analytically. The inter-
ested reader can turn to Ref. [28] for details.

C. Renormalization

The UV divergences in the virtual and real correc-
tions should be canceled through renormalization. The
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counterterm approach is adopted to carry out the
renormalization, where the fragmentation function is
calculated with the renormalized quark mass m, the
renormalized field ¥,, the renormalized gluon field Al
and the renormalized coupling constant g,. The renor-
malized quantities are related to their corresponding
bare quantities as

= \/ZlPr’

@ =Z,9,. (32)

m% =Z,mg,
Ag — \/Z3Al;,

where the renormalization constants Z; = 1 + 6Z;, with
i=m,,2,3,g, respectively. The quantities JZ; are
fixed by the renormalized conditions which define a
renormalization scheme. The quark field, quark mass,
and gluon field are renormalized in the on-mass-shell
scheme (OS), whereas the strong coupling constant g; is
renormalized in the MS scheme. The expressions for the
0Z; are

1 dguz 4
6798 = _3Cp 2 |— - In—CR L 7|
" 471 [ e+ m? + 3]
1 2 Arus
5795 = —Cp 22 [—+——3y5+31n il +4},
4m leyy  €R
ozg° = 2 gy -200 (- 1)
€uv  €IR
4 1 Az
—gTF(——VE‘H 2R>
uv c
4 1 A
_gTF<—_7E+1 R)}
uv b
5ZW — _ﬂ_O& - In(4
g 2 4” cuy YE + Il( ﬂ) (33)

where pp is the renormalization scale, fy = 11C4/3 —
4Tpn;/3 is the one-loop coefficient of the f function in
QCD, and n; is the number of active quark flavors.
po =11C4/3 —4Tfn;s/3, and n;p = 3 is the number of
light-quark flavors. For the SU.(3) group, we have
Cy=3,Cr=4/3, and Tp =1/2.

The operator products in the definition of the fragmen-
tation functions also require renormalization [6,35], whose
counterterms in the MS scheme can be written as [24]

2

CT,operator _ as 1
° = oy, +In(4n) + IR
0-000s!"] (2) LUV v+ In(4) 1

/ D poo)DO L (2)y), (34)

Q—>QQ[3$[11]
where DO (z) denotes the LO fragmentation func-

0-00Ps!"]
tion in d-dimensional space-time.

IV. NUMERICAL RESULTS

In our numerical calculations the input parameters take
the following values:

m, = 1.5 GeV, my,—49 GeV, my—91.1876 GeV,

IR, (0)P= 0.810 GeV?,  |Ry(0)]2 = 6.477 GeV?,
(35)

where the values of |R; (0)|* and |Ry(0)|? are taken from

the potential-model calculations [36]. For the strong
coupling constant, we adopt the two-loop formula,

Ax ﬂ1 InIn(?/Adcp)

as(ﬂ) = ] 2/A2 2] 2/A 9 > (36)
Poln(p/ QCD) Bon(u?/ QCD)

where | =3} C3 —4CrTrn; — 3 C4Tpny is the two-loop

coefficient of the f function. According to a,(my) =
0.1185 [37], we obtain Afcy =0.233 and Afey =
0.337 GeV. Then we have a,(2m,) = 0.259, a,(3m,) =
0.223, a,(2my) = 0.180, and a,(3m;) = 0.164.

A. The fragmentation functions

The fragmentation functions for ¢ —» J/¥ and b - Y
are shown in Figs. 4 and 5, respectively. The initial
factorization scale has been set as the minimal invariant
mass of the initial ¢ quark or b quark. Two typical values
for the renormalization scale up are adopted: one is the
threshold energy to create a cc or bb pair, and the other is
the minimal invariant mass of the initial ¢ quark or b quark.
Figures 4 and 5 indicate that the renormalization-scale
dependence for the LO fragmentation functions is large,

x10™

5 T T T T T T T T T

LO(=2m )

451 = NLO(:=2m,) i

FIG. 4. The fragmentation function D, y(z. up,pg) as a
function of z at an initial factorization scale yp = 3m,. up to
LO and NLO accuracy, respectively. ugr = 2m, or ugr = 3m,.
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5 10 T T T T T T T T TABLE I. The fragmentation probability and the average value
| LOg=2my) ) of the energy fraction for ¢ — J/¥. up = 3m,.
A . =NLO(=2m, ) ==
i Lo, 25N ] PO 10 PNOX 10t ()0 (gNo
.......... NLO(:=3m,) . K : -
35 £ . Ug = 2m, 1.88 1.86 0.62 0.63
sl £ \, | ug = 3m, 1.40 1.72 0.62 0.63
E /" \‘
— 25t s \ A
.I .", \\
A 2r 3 o b\ 1 TABLE II. The fragmentation probability and the averaged
15k {{«f/ L energy fraction for b — Y. up = 3my,.
“
L ,;:,;9 “ | PLO % 105 PNLO 5 103 <Z>LO <Z>NLO
5
o5 ‘,/” . ug = 2my, 2.09 2.05 0.62 0.63
o ": ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ug = 3my, 1.73 1.99 0.62 0.63
o o1 02 03 04 05 06 07 08 09 1
z
1
FIG. 5. The fragmentation function Dj,_vy(z, i, pg) as a Pon = /0 Dop(z pur)dz, (40)
function of z at an initial factorization scale up = 3m,; up to
LO and NLO accuracy. pug = 2my, or up = 3my,. <Z> _ f()l ZDQ_,H(Z,//tF)dZ (41)

and the NLO corrections are very important for reducing
the renormalization scale dependence.

For future applications, we use polynomials to fit the
NLO fragmentation functions. We write the NLO frag-
mentation functions in the form

A (/"R) :u%?
2w Po n4m2Q

DZBOH (z,pr) = DIQCLH (2) <1 +

+ 2R o 9mQ/ Y Pooly )D2. 1 (2/y)
+as(/‘R)’;n|3RS( )|2f(Z), (37)
Q

where Db& (2) is the LO fragmentation function given in

Eq. (22). For ¢ —» J/¥, we have

f(z) = =9.017267'0 + 18.227777° + 16.11858z%
—82.549367” + 106.57565z° — 72.301072°
4 28.85798z* — 6.706072> + 0.84950z>
—0.05376z — 0.00205. (38)

For b — Y, we have

f(z) = —14.00334z!° + 46.94869z° — 55.23509z%
+16.690707” + 22.09895z° — 26.850037°

+ 13.41858z* — 3.502937% + 0.467587>
—0.03099z — 0.00226. (39)
Using the fragmentation function, we can obtain two

useful quantities, i.e., the fragmentation probability (P) and
the averaged energy fraction ((z)), which are defined as

Jo Doon(z,pup)dz

The fragmentation probabilities and the averaged energy
fractions for ¢ - J/¥ and b — Y are shown in Tables I
and II, respectively.

The fragmentation functions shown in Figs. 4 and 5 are
for yp = 3mgy. The fragmentation functions at any other
factorization scales can be obtained through the DGLAP
equation. To apply the NLO fragmentation functions to the
production of heavy quarkonia at a Z factory, we present
the fragmentation functions for yr = my in Figs. 6 and 7,
which are obtained by using the fragmentation functions at
the initial value pp = 3m,. For definiteness, we set the
renormalization scale pug = 2mg. In doing the numerical
calculation, the DGLAP equation is solved through the
Mellin transformation [38,39], and the NLO expression

10
5210 . . . . . . . .
D(zu, am)
4.5 i b
- -D(zuF_m)
4+ i
35 b
= Y 1
= R
5 251 ”¢ \\ 4
1 ’r \\
Q 2r ”I . b
s \
5 -7 N 1
. \
. \
1rs \ 8
1 \
I \
0.5] N B
A
~
0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 6. The NLO fragmentation function D._,;y as a function
of z for yp = 3m, and pup = my, respectively. pup = 2m,.
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-5
s : : : : : : : :
D(z,1.=3m )
45 FoMp ]
- -D(z,;:F:mZ)
4+ 1
3.5 CmirN b
N
.7 N
—~ 3r s A b
N ’ \
~— ,’ \
= 251 ., \ :
T ’ \
= ’ \
A 2r ,,' \ 1
15 .7 \
/’ A}
.,
\
1h . .
e N
’ AY
0.5" \ 4
\
i \
0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG.7. The NLO fragmentation function D,_y as a function of
z for up = 3my, and pup = my, respectively. pp = 2my,.

for Py is used as the evolution kernel. Figures 6 and 7
show that the peaks of the fragmentation functions become
lower and shift to smaller z values for a larger factorization
scale, leading to a smaller value for the averaged energy
fraction (z). For example, we obtain (z)N-OtNLL| - —
0.47 for D._;pp and ()NONLL| = 0.54 for Dj_y
(where NLL stands for next-to-leading logarithm).

B. J/¥ and Y production at a Z factory

As an application, we apply the NLO fragmentation
functions of ¢ — J/¥ and b — Y to the production of J /¥
and Y at a super Z factory.

A Chinese group has raised the proposal of constructing
a high-luminosity e*e™ collider in China—the so-called
super Z factory [40]—which is similar to the GigaZ
program suggested by the Internal Linear Collider
Collaboration [41,42] but with an even higher luminosity.
As for this purposed super Z factory, an ete™ collider
would run at energies around the mass of the Z°-boson
resonance and with a high luminosity up to £ = 10%*-
10%6 cm™2s™!. Due to the Z°-boson resonance effect, large
numbers of J/¥ and Y events can be produced, thus
providing a good platform for studying the properties of
J/¥ and Y.

In this case, the factorization formula for the production
of J/¥ or Y can be written as

dUe*e'ﬁHJrX _ ! Qd&c)*e'—ﬂ%»)((yv /’lF) .
dz —~J: Y dy

1

Diu(z/y.1r), (42)

where the energy fraction z is defined as z = 2p - k/k?, p is
the momentum of the produced quarkonium, and k is
the sum of the momenta of the initial electron and positron.

Up to the NLO level, the parton i may be a heavy quark or a
heavy antiquark. For quarkonium production, the fragmen-
tation function Dg_ y is the same as Dy_p.

Due to the fact that the coefficient functions dé/dy are
independent of the species of the produced hadron, they can
be extracted by applying the pQCD factorization formula to
the production of an on-shell heavy quark (Q) or heavy
antiquark (Q) [43,44]. The expression for the coefficient
function dé/dy in the MS scheme up to the NLO level has
been given in Refs. [45,46], e.g.,

ANLO
Pelemoex(y )
dy ’
— ,4LO _ a;(ug) s
_Ge+e’—>QQ 5(1 y) + o (PQQ(y) ln”%+c(y>>:|v
(43)
where 610 _ 0 18 the LO cross section for Q0 production.

And in the massless limit m, — O,1 we have

47N .a?
6?96__@@ = 3; [ezed) + 2e,v.eqvpp; (5)
+(v2 + a2) (v + ag)pa(s)). (44)

where e is the electric charge of the fermion f,
vy = (T3 — 2eysin’6,,)/(2sin 6, cosb,,),  (45)
ar =Ts;/(2sin6, cosb,) (46)

are the vector and axial-vector couplings of the fermion f to
the Z boson, T’ is the third component of the weak isospin
of the fermion f, 6,, is the weak mixing angle, and the
propagator functions are

s(s —m?)

232 272
s —mz)* +mzl5

52

232 272"
—m3)* +mil%

pl(S> = (

pa(s) = (s (47)

The function C(y) in the massless limit my — O takes the
form

cor-er{ (203

» 11n_ yy %_3%} (48)

"Because the coefficient function dé/dy is infrared safe, we
can take the limit my — 0 to do our calculation, which will
introduce a small error of O(mp/s).
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For comparison, we adopt three strategies to calculate the
differential cross sections do/dz using the fragmentation
approach. We denote them as “Frag, LO”, “Frag, NLO”,
and “Frag, NLO + NLL”, respectively. For the case of
“Frag, LO,” the differential cross sections are calculated as

~ALO
dUIe‘?e’eH-kX _ 2/1 dy dae*e’—»Q-&—Q (y I )
- 5, — - 4 TMF
dz .y dy
: Dlécl»H(Z/y’/’lF)
== 261;96_—>Q+Q : DIQ(LH(Z’ MF)9 (49)

where the factor of 2 comes from the contribution of the Q
fragmentation which is the same as that of Q fragmentation.
D'é(l, y(z) denotes the LO fragmentation function given in
Eq. (22). In the second equation, we have used the fact
that d&}° . 5/dy =00 _, 56(1~y). For the case
of “Frag, NLO”, the differential cross sections are
calculated as

ANLO
Aot yix _ 2/1 @dale\ﬂ‘e’eQ—&-X (v, 1)
dZ z Yy dy T
x D=5 (2/y. pr)- (50)

In the above calculation, the factorization and renormali-
zation scales are set as yp = 3mg and ug = 2mg. For the
case of “Frag, NLO + NLL”, the differential cross sections
are calculated as

NLO+NLL ANLO
dogiy Dhix _ 2/1 @d0e+e-—>Q+X (v, 1)
dz .y dy T
XDQﬁH(Z/y’”F)’ (51)

where the factorization scale and renormalization scale
are set as pup = up = my, the fragmentation functions

6 T T T T T T T T
Frag, LO
= = = Frag, NLO
5L === Frag, NLO+NLL |
e “TA
P N
P Py AN
-
4k P ,,¢ \ i
’ ,* ‘Q
YA
= A \\\
=3 0 W
= P \
N 3r AR \‘\ 7
< ¢ 7 \
S ., /’ L9
© ¢ W
¢, \
PRt AR
2 s AN b
7 \
Ve Y
/?/ \ N
R4 AN
1y A 4
AR
W
(NN
A\

FIG. 8. The differential cross section do/dz of eTe™ — J/¥ +
X at the Z pole using the fragmentation approach.

1 T T T T T T T

Frag, LO

0.9F |= = = Frag, NLO T
----- Frag, NLO+NLL

do/dz(pb)

FIG. 9. The differential cross section do/dz of eTe™ > Y + X
at the Z pole using the fragmentation approach.

Do y(z, pp = mz) are obtained by solving the DGLAP
evolution equation [i.e., Eq. (4)], and the initial fragmen-
tation functions DS, (z, up = 3mg) with g = 2m are
used as the boundary condition. In this way, the large log
terms such as ln(m2Q /m?%) are resummed up to NLL accuracy.

We present the differential cross sections do/dz for the
production of J/W¥ and Y via the fragmentation approach in
Figs. 8 and 9. In drawing the figures, we have omitted
the y —y and y — Z contributions, which are quite small
compared with the dominant Z — Z contribution around the
Z pole. Figures 8 and 9 show how the NLO terms and the
leading and next-to-leading logarithms affect the predic-
tions. For J/W¥ production the NLO contribution is sig-
nificant, and after including the NLO terms the distribution
becomes softer and the value of z corresponding to the peak
value of the distribution becomes smaller. For Y production
the NLO contribution is relatively small compared with the
J/¥ case.

Integrating the differential cross sections do/dz over z,
we can obtain the total cross sections for J/¥ and Y
production at the Z factory, which can be simplified as

1d6e+e‘—>
olt) = 2P | IO ). (52)
0 Y

where P _,y is the fragmentation probability for Q into the
quarkonium H. The results are presented in Table III, which

TABLE III. Total cross sections (in pb) of the production
channels ete™ — J/¥ + X and eTe™ — Y + X at the Z pole.

Frag, LO Frag, NLO Frag, NLO + NLL
J/¥Y 2.58 2.77 2.65
Y 0.368 0.382 0.377
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03— T T T T T T T T
= = = Frag, NLO
----- Frag, NLO+NLL
025k [ Li and Wang
Combined, NLO+NLL| JPROCTINY

dI'/dz(MeV)
e o
o o

e

L&
0.05p°

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
z

FIG. 10. The differential width dI'/dz of Z — J/¥ + X.

shows that the NLO corrections enhance the total cross
section by ~7% for J/¥ and ~4% for Y.

C. A comparison of J/¥ and Y production
via the Z decays up to the NLO level

As a final remark, we compare the NLO results under
the fragmentation function approach and the complete
pQCD approach. The complete NLO pQCD calculations
of Z—>J/¥+X and Z— Y + X have been done in
Ref. [5]. We present the differential decay widths dI"/dz
for Z— J/¥+ X and Z - Y + X in Figs. 10 and 11, in
which all of the input parameters are taken from Ref. [5]
and the results denoted by “Li and Wang” are results
under the complete NLO calculation. The results
denoted by “Combined, NLO + NLL” are a combination
of the results from the complete pQCD approach (taken
from Ref. [5]) and the results from the fragmentation

0.05 T T T T T T T
= = = Frag, NLO
0.045 [ | ===um= Frag, NLO+NLL 1
.......... Li and Wang .
0.04 Combined, NLO+NLL| PESEUNREN 1
5
0.035 .
S o .
> 003
=
N 0.025 .
=
oS 002 i
0.015 .
0.01 " 8
0.005 )£ .
0 . . . . . . .
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
z
FIG. 11. The differential width dI'/dz of Z - Y + X.

approach, i.e., dl"/dz |Combined,NLO+NLL =dl'/dz; ana Wang T
(dT/ dz|prag NLO+NLL — AT/ dZ|rag N0 ) - For the case of J /¥
production at the Z factory, Fig. 10 shows that the frag-
mentation contributions dominate the decay width, since
the “Frag, NLO” shape is very close to the complete NLO
one. Moreover, the total decay widths are I'(Z—J/¥+
X)lpragnio = 136keV,  T(Z = J/¥ + X) |prag NLOANLL =
130 keV, T(Z = J/¥ + X)|1i and Wang = 136 keV, and
I(Z - J/¥ 4+ X)|compineanrosnir, = 130 keV. Figure 11
shows that the “Frag, NLO” result is larger than the result
from the complete NLO calculation in the small-z region,
and thus the fragmentation approximation for Y production
is not as good as in the J/W¥ case. This is because the
b-quark mass is larger than the c-quark mass, and the power
correction in m2 /s for the case of Y is larger than for the
case of J/W. However, the combined result counts both the
large power correction and the large logarithms, which
gives a good prediction. Moreover, the total decay widths
are. T(Z = Y + X)|guenio = 209 keV, T(Z - J/Y +
X)|fragNLonLL = 20.6 keV, T(Z = J/Y +X) |1 ana wang =
17.38keV, and  I'(Z = J/Y + X)|combined NLOANLL =
17.08 keV.

V. SUMMARY

In the present paper, we have calculated the fragmenta-
tion function for a heavy quark into heavy quarkonium,
e.g.,c > J/Worb — Y, up to the NLO level. Our present
results are complementary to previous works on the
fragmentation function of a gluon into heavy quarkonia,
which is pQCD calculable due to the fact that the
gluon should be hard enough to form a heavy quark-
antiquark pair.

Our results show that the NLO correction is important for
suppressing the renormalization scale uncertainty and to
achieve a reliable fragmentation prediction. Our calcula-
tions are based on the gauge-invariant definition of the
fragmentation function suggested by Collins and Soper. To
avoid large logarithms appearing in the perturbative series
of the fragmentation function, we first derived the frag-
mentation function at an initial (reasonable) factorization
scale up = 3mg, and then ran to any factorization scale
with the help of the DGLAP evolution equation. This
treatment, in effect, resums the large logarithms and
provides a reliable prediction. Thus, for the cases when
the fragmentation dominates the quarkonium productions
or decays, our present calculated fragmentation functions
will be of great help for a more precise pQCD prediction.
As an application, we have applied the obtained fragmen-
tation functions to the production of J/¥ and Y at a super Z
factory. The shape of the J/¥ distribution changes sig-
nificantly by introducing the NLO corrections, and the total
cross section increases by ~7%. The shape of the Y
distribution changes slightly by introducing the NLO
corrections, and the total cross section increases only ~4%.
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