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We present the most accurate calculation for the pion and kaon electromagnetic form factors in the
framework of perturbative QCD, where the power corrections up to twist 4 of the meson distribution
amplitudes and the next-to-leading-order QCD corrections up to subleading power are included. In order to
guarantee the gauge invariance of the meson to vacuum matrix element, we take into account both
assignments with the lowest Fock state and the high Fock state with an additional valence gluon. Our results
confirm the power behavior of the twist expansion and show the chiral enhancement effect at subleading
power in the PQCD approach. We also estimate the SU(3) asymmetry for the kaon and pion form factors
and find that it is smaller than 30%.
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I. INTRODUCTION

The quantum chromodynamics (QCD) has two funda-
mental properties: the quark confinement in the low energy
region and the asymptotic freedom in the high energy region.
The confinement leads to the formation of the hadrons,while
the asymptotic freedom of the strong interaction results
in the perturbative QCD calculations. When an energetic
photon hit a constituent parton (quark, antiquark, gluon,
etc.) inside a hadron, one uses a function form factor to
describe the redistribution of the momenta of the parton
inside the hadron. The form factor therefore carries both the
information of hadron structure and the hard scattering
amplitude. In order to calculate the form factor for a given
transition process, the factorization theory is developed to
help one to separate the pertubative and nonperturbative
contributions [1–3]. The electromagnetic (e.m.) form factor
of pion, being the simplest but simultaneously the most
fundamental QCD observed quantity, attracts much atten-
tion both in theory [4–8] and in experiments [9–11].
The statements for the form factors are rather different in

different theoretical approaches. In the QCD factorization
[12–14], for example, the form factor is the nonpertuabtive
input. In the light-cone sum rules (LCSRs), one believes that
the soft dynamics will provide the dominate contribution [6].
In the perturbative QCD (PQCD) approach, however, it
is described by a hard scattering amplitude [7,15] and can
be calculated perturbatively. For the pion form factor, for

instance, the latticeQCD (LQCD) evaluation is still available
at a few points of the momentum transfer squared Q2 so far
[8], while the direct experiment measurements are credible
below 3 GeV2 [10,11] too. The LCSRs approach is reliable
in the intermediate region 1 ≤ Q2 ≤ 15 GeV2 [16], and the
prediction power of the PQCD approach holds well in
the large region Q2 ≥ 10 GeV2 with the inclusion of the
resummation effects. In this paper we calculate the higher
power corrections to pion and kaon form factors up to twist
4 of the meson distribution amplitudes (DAs), with the aim
to check the power expansion behavior from one side, and
from the other side to improve the theoretical accuracy in
the framework of PQCD approach.
The rest of the paper is organized as follows. In Sec. II, the

PQCD calculation of the spacelike pion form factor is
performed by considering both the quark-antiquark and the
quark-antiquark-gluon assignments. InSec. III,wepresent the
procedure of the PQCD approach to calculate the pion form
factor; several important issues are highlighted. Section IV
contains the numerical results and we conclude in Sec. V.

II. POWER CORRECTIONS

The pion form factor is defined by the nonlocal matrix
element

hπ−ðp2ÞjJe:m:
μ jπ−ðp1Þi≡ eqðp1 þ p2ÞFπðQ2Þ; ð1Þ

we are interested in the case in which the smallness of
relative distance is ensured by the external reason, say large
momentum transfer between the hadrons,1 in this case
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1Rather than the internal reason by the W-boson mass and the
heavy b-quark mass in which the operator product is used at the
small distance region z̄i ≪ 1=μt.
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z̄ip̄i ∼ 1 and the expansion parameter for a given operator is the twist (dimension minus spinor). To separate the amplitude
of matrix element contributed from the short- and long-distance interactions, we replace the lines with large virtuality by the
free propagators, while retaining the lines with small virtuality in the Heisenberg operator. In this way the matrix element
can be written in the factorizable form

hπ−ðp2ÞjJe:m:
μ jπ−ðp1Þi ¼

I
dz1dz2

�
π−ðp2Þ

����
�
d̄γð0Þ exp

�
igs

Z
0

z2

dσν0Aν0 ðσÞ
�
uβðz2Þ

�
kj

����0
�

μt

·Hijkl
γβαδðz1; z2Þ ·

�
0

����
�
ūαðz2Þ exp

�
igs

Z
z2

z1

dσνAνðσÞ
�
dδðz1Þ

�
il

����π−ðp1Þ
�

μt

; ð2Þ

where γ, β, α, δ are the spinor indices, and i, j, k, l are the color indicators. In Eq. (2), the hard kernel associated with the
lowest Fock state is

Hijkl
γβαδðz1; z2Þ ¼ ð−1Þ½igsγm�αβTij½ðieqγμÞS0ð0 − z1ÞðigsγnÞ�γδTkl½−iD0

mnðz1 − z2Þ�; ð3Þ

where the factor (−1) comes from the anticommunicativity of the quark operator, and the free propagators are written in the
coordinate space as

S0ðzÞ ¼
i
2π

=z
z4
; D0

mnðzÞ ¼
1

4π

gmn

z2
: ð4Þ

The nonlocal matrix elements in Eq. (2) imply the amplitudes of mesons breaking up into a pair of soft quarks; they receive
contributions from different spin structures,

�
0

����
�
ūαðz2Þ exp

�
igs

Z
z2

z1

dσνAνðσÞ
�
dδðz1Þ

�
il

����π−ðp1Þ
�

μt

¼ δil
3

�
1

4
ðγ5γρÞδα

�
0

����ūðz2Þ exp
�
igs

Z
z2

z1

dσνAνðσÞ
�
ðγργ5Þdðz1Þ

����π−ðp1Þ
�

μt

þ 1

4
ðiγ5Þδα

�
0

����ūðz2Þ exp
�
igs

Z
z2

z1

dσνAνðσÞ
�
ðiγ5Þdðz1Þ

����π−ðp1Þ
�

μt

þ 1

8
ðσττ0γ5Þδα

�
0

����ūðz2Þ exp
�
igs

Z
z2

z1

dσνAνðσÞ
�
ðiσττ0γ5Þdðz1Þ

����π−ðp1Þ
�

μt

þ � � �
�
: ð5Þ

In the above expression, the ellipsis indicates the rest terms in the Fierz transformation, and the truncated scale of the
integral μt

2 is usually known as the factorizable scale. We quote the definition of light-cone distribution amplitudes
(LCDAs) of the light pseudoscalar meson in the Appendix A.
Substituting Eqs. (3) and (5) into Eq. (2) and taking into account the definition in Eq. (1), we obtain the pion e.m. form

factor at each power with the two-parton-to-two-parton scattering,

Ft2
π ðQ2Þ ¼ 8

9
αsπf2πQ2

Z
d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2
Z

1

0

dx
Z

1

0

dyφπðxÞφπðyÞ
ȳ

Δ2
1Δ2

2

; ð6Þ

Ft3;2p
π ðQ2Þ ¼ 16

9
αsπf2πm2

0

Z
d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2
Z

1

0

dx
Z

1

0

dy
1

Δ2
1Δ2

2

·

	
−yφP

π ðxÞφP
π ðyÞ −

1

6
φP
π ðxÞφσ

πðyÞ
�
yQ2

Δ2
1

þ ðx̄ − ȳÞQ2

Δ2
2

þ 1þ ð2 − xÞȳQ2

Δ2
2

�

; ð7Þ

2We drop this indicator hereafter to be concise.
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Ft2⊗t4;2p
π ðQ2Þ ¼ 16

9
αsπf2π

Z
d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2

×
Z

1

0

dx
Z

1

0

dy

�
x̄ ȳ Q2

Δ2
1Δ4

2

g2πðxÞφπðyÞ

þ 2ȳQ2

	
1

Δ2
1Δ4

2

þ ȳð2 − xÞQ2

Δ4
1Δ4

2

þ 1

Δ4
1Δ2

2




× ½φπðxÞg1πðyÞ − φπðxÞg†2πðyÞ�

þ
	
ȳ2Q2

Δ2
1Δ4

2

þ ȳ2Q2

Δ4
1Δ2

2



φπðxÞg2πðyÞ

�
: ð8Þ

The symbols of triangle in the above expressions repre-
sent the momentum carried by internal propagator:
Δ1¼ ȳp2−p1¼ð−Q=

ffiffiffi
2

p
;ȳQ=

ffiffiffi
2

p
;k0Þ, Δ2 ¼ x̄p1 − ȳp2 ¼

ðx̄Q=
ffiffiffi
2

p
;−ȳQ=

ffiffiffi
2

p
;k − k0Þ (ȳ ¼ 1 − y and x̄ ¼ 1 − x), in

which p1 and p2 are the momentum of initial and final
pions, respectively, and x and y denote the momentum
fraction carried by the quark in hadrons. The twist-2 times
twist-4 contribution to the form factor is studied at the first
time in the PQCD approach.3 To obtain Eq. (8), we have
defined an auxiliary DA g†2ðxÞ≡

R
x
0 dx

0g2ðx0Þ with the
bound condition g†2ðx ¼ 0; 1Þ ¼ 0, and used the following
Fourier transformations,

1

x2
⇔ −i4π2

1

p2
;

xα
x2

⇔ 8π2
pα

ðp2Þ2 ;
xα

ðx2Þ2 ⇔ 2π2
pα

p2
;

xαxβ
x2

⇔
−i8π2

ðp2Þ2
�
gαβ − 4

pαpβ

p2

�
;

xαxβ
ðx2Þ2 ⇔

−i2π2

p2

�
gαβ − 2

pαpβ

p2

�
: ð9Þ

The Sudakov exponential from kT resummation, which
would be discussed in the next section, suppresses the
distribution of meson with wide transversal distance. We
can omit the transversal momenta terms on the numerator in
the large momentum transferred processes; then the second
term on the right-hand side of Eq. (8) vanishes, and the
contributions associated with twist-3 DAs and twist-2 times
twist-4 DAs reduce to

Ft3;2p
π ðQ2Þ

→
16

9
αsπf2πm2

0

Z
d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2
Z

1

0

dx
Z

1

0

dy
1

Δ2
1Δ2

2

·

	
−yφP

π ðxÞφP
π ðyÞ þ

1þ y
6ȳ

φP
π ðxÞφσ

πðyÞ


; ð10Þ

Ft2⊗t4;2p
π ðQ2Þ

→
16

9
αsπf2π

Z
d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2
Z

1

0

dx
Z

1

0

dy
1

Δ2
1Δ2

2

·

	
g2πðxÞφπðyÞ þ

�
ȳþ ȳ

x̄

�
φπðxÞg2πðyÞ



: ð11Þ

The gauge dependence proportional to transversal
momenta in two-parton-to-two-parton scattering is canceled
by the gauge dependence emerged in the three-parton-to-
three-parton scatttering [18]; then all the hard kernels in these
powers hold the gauge invariance, which in turn guarantees
the kT factorization formula for the form factor up to this
power correction. We here give a short review for the gauge
invariance. Generally speaking, the Feynman diagrams of
three-parton-to-three-parton scattering can be divided into
four categories by the number of the valence gluon Ng

attached to the internal hard gluon line. The diagrams in
category Awith Ng ¼ 0 do not bring the gauge dependence
since they can be regarded as being from an effective lowest
Fock state. The diagrams in category B contain one valence
gluon attached to a hard gluon, which is the main source of
gauge dependence. Category C collects the diagrams with
Ng ¼ 2 in which the configurationwith the four-gluonvertex
is gauge invariant, and the amplitudes of the other configu-
rations with double three-gluon vertexes are also gauge
dependent. Besides these, the diagrams with the two valence
gluons scatter via a three-gluonvertex are alsogauge invariant
and their amplitudes diminish by applying theWard identity;
we put them in category D. The gauge dependence in
categories B and C then cancel with the gauge dependence
in two-parton-to-two-parton scattering by using the equation
ofmotion for the quark field. It is also stated that the dominant
contribution in the three-parton-to-three-parton scattering
comes from the Feynman diagram with a four-gluon vertex
[18]. One of the reasons is that the nonvanishing hard kernels
in other diagrams are power suppressed at least byOð1=QÞ,
which can be readdirectly bywriting down the hard kernel for
each diagrams, as done in Appendix B in Ref. [18] under the
Feynman gauge. Otherwise, in the PQCD approach the
momentum fractions of light quarks are usually shrunk into
the order x1, y1 ∼Oð10−1Þ (maybe a litter larger) by the
threshold resummation [19,20], a valence soft gluon attached
to the internal quark propagators introduces a power sup-
pression such as Oð1=ðy1Q2ÞÞ, while the gluon attaches to
the internal hard gluon introduces, i.e.,Oð1=ðx1y1Q2ÞÞ, and
then the naive order analysis of the momentum fractions give
another support.
We now consider only the gauge invariant diagram with

the four-gluon vertex in three-parton-to-three-parton scat-
tering,4 whose contribution to the pion e.m. form factor
associated with the twist-3 DAs φ3πðxiÞ is

3The twist-4 contribution to the pion form factor has been
studied in the LCSRs approach, and the result indicates a visible
enhancement in the large Q2 regions, which is understood by the
same asymptotic behavior ∼1=Q4 as the twist-2 contribution at
Q2 → ∞ [17].

4Two-parton-to-three-parton and three-parton-to-two-parton
scatterings are forbidden by the color transparency mechanism.
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Ft3;3p
π ðQ2Þ ¼ 16

3
αsπf23πQ

2

Z
D2kiT

ð2πÞ2
D2k0

iT

ð2πÞ2
Z

1

0

Dxi

×
Z

1

0

Dyiφ3πðxiÞφ3πðyiÞ
1 − y1
Δ2

1Δ2
2Δ2

3

: ð12Þ

We denote the momenta in three-parton scattering by
the oblique triangles to differentiate with the momenta
in two-parton scattering: Δ1 ¼ p1 − p2 þ k2, Δ2 ¼ p2 −
k2 − ðp1 − k1Þ and Δ3 ¼ k̄1 − k̄2. The momenta carried
by the quark lines are k1 ¼ ðx1pþ

1 ; 0; k1⊥Þ and k2 ¼
ð0; y1p−

2 ; k
0
1⊥Þ for the initial and final mesons, respectively,

and the antiquark lines carry momenta k̄1 ¼ ðx2pþ
1 ; 0; k2⊥Þ

and k̄2 ¼ ð0; y2p−
2 ; k

0
2⊥Þ. The integral variables Dxi and

D2kiT in Eq. (12) can be written in the form

Dxi ¼ dx1dx2dx3δð1 − x1 − x2 − x3Þ;
D2kiT ¼ d2k1Td2k2T: ð13Þ

It is easy to see that the contribution Ft3;3p
π ðQ2Þ is at

subleading power (Oð1=Q2Þ) when compared with the
leading twist contribution as given in Eq. (6). The con-
tribution in the three-parton-to-three-parton scattering asso-
ciated with twist-4 DAs is also first calculated and can be
written in the following form:

Ft4;3p
π ðQ2Þ ¼ −

8

3
αsπf2π

Z
D2kiT

ð2πÞ2
D2k0

iT

ð2πÞ2
Z

1

0

Dxi

Z
1

0

Dyi
1

Δ2
1Δ2

2Δ2
3

·

�
φ†
kðxiÞφ†

kðyiÞ
	
2Q2

Δ2
2

�
−2ð1 − y1Þ þ

y2
2

�
þ 5Q2y2

Δ2
3

þ 2Q4

ðΔ2
3Þ2

ð1 − y1Þy2x2

þ 4Q4

Δ2
1Δ2

3

ð1 − y1Þ½y2 þ 2x2ð1 − y1Þ� −
4Q4

Δ2
1Δ2

2

ð1 − y1Þ2½1þ 2ð1 − x1Þ�

−
2Q4

Δ2
2Δ2

3

ð1 − y1Þ½5ð1 − y1Þx2 þ 5ð1 − x1Þy2 − ð1 − y1Þð1 − x2Þ�



þ φ†
kðyiÞφ⊥ðxiÞ

	
4þQ2

Δ2
1

ð1 − y1Þ −
Q2

Δ2
2

ð1 − y1Þð1 − x1Þ þ
Q2

Δ2
3

ð1 − y1Þx2



þ φ⊥ðyiÞφ†
kðxiÞ

	
−
Q2

Δ2
2

ð1 − y1Þy1 þ
Q2

Δ2
3

y1y2



þ φ⊥ðyiÞφ⊥ðxiÞ½5y1� þ ½φ → φ̃�

�
: ð14Þ

To obtain Ft4;3p
π ðQ2Þ, the similar auxiliary DAs φ†

kðxiÞ and
φ†
kðyiÞ are introduced,

φ†
kðxiÞ≡

Z
x1

0

dx01φkðx01; x2; x3Þ;

φ†
kðyiÞ≡

Z
y2

0

dy02φkðy1; y02; y3Þ; ð15Þ

with the bound conditions φkðx1 ¼ 0=1; x2; x3Þ ¼ 0 and
φkðy1; y2 ¼ 0=1; y3Þ ¼ 0, respectively.

III. THE PQCD FORMULAS

We start this section by discussing the end-point behav-
iors of the form factors. The form factor at leading power
Ft2
π ðQ2Þ in Eq. (6) does not have the end-point problem due

to the exchanging symmetry when two valence quarks form
a pion in the perturbative limit. The leading contribution
with the quark-antiquark-gluon assignment Ft3;3p

π ðQ2Þ in
Eq. (12) is also end-point safe due to the similar reason. The
end-point problems start to emerge at the subleading power
Oð1=Q2Þ, and appear in terms of the logarithm singularity

[i.e., the second term in Eq. (10) and the first term in
Eq. (11)] and the linear singularity5 [i.e., the first term in
Eq. (10) and the Oð1=Q4Þ correction in Eq. (14)]. To
overcome the end-point problems, we recall the transversal
momentum for each external quark field to regularize the
singularity by the off-shellness k2i , and make the resum-
mation for the large logarithm lnðQ2=k2TÞ (appearing in the
high order correction to hard kernel) to get the kT Sudakov
factor,

Sðxi;yi;b;b0;μÞ¼
X
i¼1;2

	
s

�
xi

Qffiffiffi
2

p ;b

�
þ sqðb;μÞ




þ
X
i¼1;2

	
s

�
yi

Qffiffiffi
2

p ;b0
�
þ sqðb0;μÞ



; ð16Þ

where the terms sðQ; bÞ collect the double and single
logarithms in the vertex correction associated with an
energetic light quark [21–23], and the terms sqðb; μÞ come

5We thank the referee for pointing out that the twist-2 times
twist-4 contribution in Eq. (11) should contain only the logarithm
singularity to ensure the collinear factorization at leading twist.

SHAN CHENG PHYS. REV. D 100, 013007 (2019)

013007-4



from the resummation of the single logarithms in the quark
self-energy correction [15,24],

sqðb;μÞ¼−
1

β1
ln

	
lnðμ=Λð5ÞÞ
− lnðbΛð5ÞÞ




−
β2
2β31

	
ln½2 lnðμ=Λð5ÞÞ�þ1

lnðμ=Λð5ÞÞ −
ln½−2lnðbΛð5ÞÞ�þ1

− lnðbΛð5ÞÞ



:

ð17Þ

Equation (17) is obtained by considering the strong
coupling at the two-loop accuracy, β1 ¼ ð33 − 2nfÞ=12
and β2 ¼ ð153 − 19nfÞ=24. We set the factorization
scale at the maximal virtuality in the hard amplitude
μ ¼ Maxð1=b1; 1=b2;

ffiffiffī
y

p
QÞ. The number of active quarks

is chosen as

nfðμÞ¼Which½0<μ<mc;3;mc≤μ<mb;4;mb≤μ<mt;5�;
ð18Þ

the quark pole masses aremc ¼ 1.34 GeV,mb ¼ 4.2 GeV,
and mt ¼ 173 GeV. For the hadronic scale we take it from
PDG in the MS scheme [25] by considering the four-loop
expression of αs and the three-loop matching at the quark
pole masses,

Λ¼Which½nf<3;0.332;3≤nf<4;0.292;4≤nf<5;0.210�:
ð19Þ

The longitudinal momentum fractions in the initial and
final state mesons also generate large logarithm (i.e., the
double logarithm αs ln2 x) in the end-point regions, which
is resummed in the convariant gauge ∂ · A ¼ 0 to all order
to produce a universal jet function [26–28],

JðxÞ ¼ − exp

�
π

4
αsCF

�Z
∞

−∞

dt
π
ð1 − xÞexpðtÞ sin

�
αsCFt
2

�

× exp

�
−
αs
4π

CFt2
�
: ð20Þ

The jet function is factorized out from the meson wave
functions and is regarded as a part of the hard kernel. For
the sake of simplicity, we usually adopt the Sudakov factor
StðxÞ to parametrize the jet function [29,30],

StðxÞ ¼
21þ2cΓð3

2
þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c: ð21Þ

This parametrization satisfies the two fundamental proper-
ties of the jet function in Eq. (20) obtained by resolving
the running function: (a) it approaches 0 at the end points,
and (b) it satisfies the normalization condition in the
perturbative limit αs → 0 (c → 0). We remark here that

the threshold resummation happens only for the high twist
contributions, and the jet function modifies the shapes of
the high twist LCDAs, especially in the end-point region, to
be proportional to xð1 − xÞ [as parametrized in Eq. (21)],
which then eliminates effectively the end-point singularity.
Considering the next-to-leading-order (NLO) QCD cor-

rection, the mixed logarithm lnðζ2=k2TÞ ln x appears in the
transversal-momentum-dependent (TMD) pion wave func-
tion,6 and the variable ζ2 ≡ 4ðp · nÞ2=n2 (p is the meson
momentum, and n is a vector deviated lightly from the light
cone n2 ≠ 0) brings the scheme dependence on a typical
choice of Wilson line. The joint resummation with off-shell
Wilson line has been proposed to resolve this problem, and
the joint-resummed TMD pion wave function highlights
the moderate x and small b regions for the momentum
distribution [34], as a supplement to the conventional kT
and threshold resummations. Considering the complicated
expression of the joint-resummed wave function has a
minor impact on the pion form factor; in this work we
would still adopt the conventional pion wave function to
estimate the different power contributions by setting
ζ2 ¼ Q2.
The formulas in Eqs. (16) and (20) are derived especially

for the two-parton-to-two-parton scattering, and they are
not available anymore for the three-parton-to-three-parton
scattering since the Sudakov factor associated with a
valence gluon must differ from that associated with a
valence quark. To evade the Sudakov factor for the valence
gluon that is still missing in the factorization theorem, we
consider only the effective Sudakov factor associated with
the most energetic quarks in the quark-antiquark-gluon
Fock state, and neglect the Sudakov factors associated with
the gluon and the soft quarks [18]. The approximation is
taken as7

S3ðxi; yi; bi;μÞ ¼ s

�
ð1− x1Þ

Qffiffiffi
2

p ; b1

�
þ s

�
x2

Qffiffiffi
2

p ; b2

�

þ s

�
ð1− y1Þ

Qffiffiffi
2

p ; b01

�
þ s

�
y2

Qffiffiffi
2

p ; b02

�
;

ð22Þ

and the factorization scale is modified to

μ ¼ Max½1=b1; 1=b2; 1=b01;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − y1Þ

p
Q�: ð23Þ

6Recently, a nondipolar gauge link for the TMD pion wave
function is suggested [31,32] to eliminate the pinched singularity
in the self-energy correction of the nonlightlike Wilson line. This
new definition is much simpler than the long-standing dipolar
Wilson lines with a complicated soft subtraction definition [33].
In this work we would not deal with the pinched singularity
problem because the NLO pion wave function with the nondipole
definition is still missing at subleading twist.

7In fact, b2 ¼ b0
2 due to the Gaussion integral in Eq. (25).
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For the transversal component of the momentum integral, it is more convenient to do in the coordinate space, and the
Fourier transformation with two propagators readsZ

db2
1db

02
1 expð−ik1 · b1 − ik0

1 · b0
1Þ
Z

d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2
1

αþ k02
1

1

β þ ðk0
1 − k1Þ2

¼
Z

∞

0

b1db1b01db
0
1K0ð

ffiffiffi
β

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffi
α

p
b01ÞK0ð

ffiffiffi
α

p
b1Þ − ½b1 ↔ b01��: ð24Þ

I0 and K0 are the modified Bessel functions of the first and second kind, respectively; K0 is also called a Basset function.
For the contribution with three internal propagators, the transversal integral is revised toZ

db2
1db

02
1db

2
2db

02
2 expð−ik1 · b1 − ik0

1 · b0
1 − ik2 · b2 − ik0

2 · b0
2Þ

·
Z

d2k1T

ð2πÞ2
d2k0

1T

ð2πÞ2
d2k2T

ð2πÞ2
d2k0

2T

ð2πÞ2
1

αþ k02
1

1

β þ ðk0
1 − k1Þ2

1

γ þ ðk0
2 − k2Þ2

¼
Z

∞

0

b1db1b01db
0
1K0ð

ffiffiffi
β

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffi
α

p
b01ÞK0ð

ffiffiffi
α

p
b1Þ − ½b1 ↔ b01��

Z
∞

0

b22db2K0ð ffiffiffi
γ

p
b2Þ: ð25Þ

In the past twenty years, the PQCD factorization approach
hasmademuch progress in the calculation for the NLOQCD
corrections.8 Here we give a brief summary about the major
progresses for light meson form factors. The NLO calcu-
lation for the pion e.m form factor associatedwith two-parton
twist-2 and twist-3 DAs is carried out in Refs. [19,20],
respectively, following which, the NLO correction to time-
like pion form factor is obtained by the analytical continuum
technology [36,37]. Another important correction is for the
scalar pion form factor appearing in the factorizable anni-
hilation diagrams [38], which provides the dominate strong
phase in the PQCD approach to deal with two-body non-
leptonic charmless B decays. Recently the NLO calculation
has been done for the ρπ transition process to determine the
strong coupling gρπγ [39], and for the ρ form factors [40]. All
the calculations turn out that the convergency of perturbative
expansion is good in the considered energy regions, which
examines the prediction power of PQCD at the NLO level.
We include the QCD corrections in the following numerical
analysis for the two-parton-to-two-parton scattering, and
here we quote the NLO correction functions [19,20],

Fð1Þ
t2 ðxi; t; Q2Þ ¼ αsCF

4π

	
−
3

4
ln

t2

Q2
− ln2x1 − ln2x2

þ 45

8
ln x1 ln x2 þ

5

4
ln x1 þ

77

16
ln x2

þ ln 2
2

þ 5

48
π2 þ 53

4



; ð26Þ

Fð1Þ
t3 ðxi; t;Q2Þ ¼ αsCF

4π

	
−
9

4
ln

t2

Q2
−
53

16
lnðx1x2Þ−

1

8
ln2x2

−
23

16
lnx1 −

2

9
lnx2 −

137

96
π2 þ ln2

4
þ 337

64



:

ð27Þ

IV. NUMERICAL RESULTS

The contributions to the pion form factor from the two-
parton-to-two-parton scattering and the three-parton-to-
three-parton scattering are rewritten compactly as the
following forms,

F2p
π ðQ2Þ ¼ 8

9
αsπf2πQ2

Z
1

0

dx
Z

1

0

dy
Z

1=Λ

0

b1db1b01db
0
1e

−Sðxi;yi;b;b0;μÞ

·

�
ȳφπðxÞφπðyÞ½1þ Fð1Þ

t2 ðx; y; t; Q2Þ�Hþ 2m2
0

Q2
½−yφP

π ðxÞφP
π ðyÞ½1þ Fð1Þ

t3 ðx; y; t; Q2Þ�H

þ 1

6
φP
π ðxÞφσ

πðyÞ½−yQ2H1 − ðx̄ − ȳ − 2ȳþ xȳÞQ2H2 − 1��StðȳÞ

þ 2

Q2
½g2πðxÞφπðyÞx̄ ȳ Q2H2 þ φπðxÞg2πðyÞȳ2Q2½H1 þH2�

þ ½φπðxÞg1πðyÞ − φπðxÞg†2πðyÞ�½2ȳQ2ðH1 þH2 þ ȳð2 − xÞQ2H3Þ��StðȳÞ
�
; ð28Þ

8Besides the NLO QCD corrections, the power correction with high twist distribution amplitudes is also studied [35].
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F3p
π ðQ2Þ ¼ 16

3
αsπf2πQ2

Z
1

0

Dxi

Z
1

0

Dyi

Z
1=Λ

0

b1db1b01db
0
1b

2
2db2e

−S3ðxi;yi;bi;μÞ

·
�
f23π
f2π

ð1 − y1Þφ3πðxiÞφ3πðyiÞH0 þ 1

2Q2
½φ†

kðxiÞφ†
kðyiÞ½ð−4ð1 − y1Þ þ ð1 − y1Þy2ÞQ2H0

2 þ 5ð1 − y1Þy2Q2H0
3�

þ φ†
kðyiÞφ⊥ðxiÞ½4H0 þ ð1 − y1ÞQ2H0

1 − ð1 − x1Þð1 − y1ÞQ2H0
2 þ ð1 − x1Þð1 − y1Þx2Q2H0

3�

þ φ⊥ðyiÞφ†
kðxiÞ½−y1ð1 − y1ÞQ2H0

2 þ y1ð1 − y1Þy2Q2H0
3� þ φ⊥ðyiÞφ⊥ðxiÞ5y1H0 þ ½φ → φ̃��

�
: ð29Þ

The hard functions appearing in Eqs. (28) and (29) can be written in terms of the Bessel functions,

Hðα; β; b1; b01Þ ¼ K0ð
ffiffiffi
β

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffi
α

p
b01ÞK0ð

ffiffiffi
α

p
b1Þ − ½b1 ↔ b01��; ð30Þ

H1ðα; β; b1; b01Þ ¼ K0ð
ffiffiffi
β

p
b01Þ

	
b1
2

ffiffiffi
α

p Θðb1 − b01ÞI0ð
ffiffiffi
α

p
b01ÞK1ð

ffiffiffi
α

p
b1Þ − ½b1 ↔ b01�



; ð31Þ

H2ðα; β; b1; b01Þ ¼
b01
2

ffiffiffi
β

p K1ð
ffiffiffi
β

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffi
α

p
b01ÞK0ð

ffiffiffi
α

p
b1Þ − ½b1 ↔ b01��; ð32Þ

H3ðα; β; b1; b01Þ ¼
b01
2

ffiffiffi
β

p K1ð
ffiffiffi
β

p
b01Þ

	
b1
2

ffiffiffi
α

p Θðb1 − b01ÞI0ð
ffiffiffi
α

p
b01ÞK1ð

ffiffiffi
α

p
b1Þ − ½b1 ↔ b01�



; ð33Þ

H0ðα0; β0; γ; b1; b01; b2Þ ¼ K0ð ffiffiffi
γ

p
b2ÞK0ð

ffiffiffiffi
β0

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffiffi
α0

p
b01ÞK0ð

ffiffiffiffi
α0

p
b1Þ − ½b1 ↔ b01��; ð34Þ

H0
1ðα0; β0; γ; b1; b01; b2Þ ¼ K0ð

ffiffiffi
γ

p
b2ÞK0ð

ffiffiffiffi
β0

p
b01Þ

	
b1

2
ffiffiffiffi
α0

p Θðb1 − b01ÞI0ð
ffiffiffiffi
α0

p
b01ÞK1ð

ffiffiffiffi
α0

p
b1Þ − ½b1 ↔ b01�



; ð35Þ

H0
2ðα0; β0; γ; b1; b01; b2Þ ¼

b01
2

ffiffiffiffi
β0

p K0ð ffiffiffi
γ

p
b2ÞK1ð

ffiffiffiffi
β0

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffiffi
α0

p
b01ÞK0ð

ffiffiffiffi
α0

p
b1Þ − ½b1 ↔ b01��; ð36Þ

H0
3ðα0; β0; γ; b1; b01; b2Þ ¼

b2
2

ffiffiffi
γ

p K1ð ffiffiffi
γ

p
b2ÞK0ð

ffiffiffiffi
β0

p
b01Þ½Θðb1 − b01ÞI0ð

ffiffiffiffi
α0

p
b01ÞK0ð

ffiffiffiffi
α0

p
b1Þ − ½b1 ↔ b01��: ð37Þ

To obtain the above expressions, we have defined the following denotation for the internal virtuality,

α≡ ȳQ2; β≡ x̄ ȳ Q2;

α0 ≡ ð1 − y1ÞQ2; β0 ≡ ð1 − x1Þð1 − y1ÞQ2; γ ≡ x2y2Q2: ð38Þ

TABLE I. Hadronic parameters for π and K meson DAs in our evaluation.

π μ ¼ 1 GeV K μ ¼ 1 GeV Remarks =Refs

fπ 0.13 fK 0.16 In units of GeV, [25]
mπ

0 1.9 mK
0

1.9 In units of GeV, [41,45]

aπ1 0 aK1 0.064� 0.0041 [46]
aπ2 0.13� 0.028 aK2 0.12� 0.025 an≥2 ¼ 0, [46]

f3π 0.0045� 00015 f3K 0.0045� 0.0015 In units of GeV2, [47,48]
ω3π −1.5� 0.7 ω3K −1.2� 0.7 [48]
λ3π 0 λ3K 1.6� 0.4 [48]

δ2π 0.18� 0.06 δ2K 0.20� 0.06 In units of GeV2, [48–50]
ω4π 0.20� 0.10 ω4K 0.20� 0.10 [45,48]
κ4π 0 κ4K −0.12� 0.01 [45,48]
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For the form factor of kaon, we simply make the replace-
ments fπ → fK ,mπ

0 → mK
0 and also for the nonperturbative

parameters in meson DAs. The power expansion is
shown explicitly in Eqs. (28) and (29), which reads

Oð1Þ∶Oðm2
0

Q2Þ∶Oðδ2PQ2Þ∶Oð f2
3P

f2PQ
2Þ∶Oðδ4PQ4Þ corresponding to the

contributions associated with leading twist, two-parton
twist-3, twist-2 times twist-4, three-parton twist-3 and
twist-4 DAs, respectively.
We take the PDG value m̄sð2 GeVÞ ¼ 96þ8

−4 MeV cor-
responding to m̄sð1GeVÞ¼125þ10

−5 MeV. The well-known
chiral perturbative theory relations [41]

R≡ 2ms

mu þmd
¼ 24.4� 1.5;

Q2 ≡m2
s − ðmu þmdÞ2=4

m2
d −m2

u
¼ ð22.7� 0.8Þ2 ð39Þ

are used to determine the chiral masses of light mesons,

mπ
0 ¼

m2
πR

2ms
; mK

0 ¼ m2
K

ms½1þ 1
R ð1 − R2−1

4Q2 Þ�
; ð40Þ

without involving the light quark masses mu and md
because we neglect them elsewhere besides in mπ

0 and
mK

0 . The parameters for meson DAs chosen for the
numerical evaluation are listed in Table I, in which the
Gegenbauer moments aπ2 , a

K
1 , a

K
2 are evaluated from LQCD

with the new developed momentum smearing technique
[42]; all others are calculated from QCD sum rules.9

Our prediction of pion and kaon form factors is illus-
trated in Fig. 1, where the contributions from different
powers are shown separately. The contributions at leading
(red dashed-curves) and subleading twists (blue dotted-
curves) with two-parton-to-two-parton scattering have been
included in the NLO QCD corrections [19,20]. The chiral
enhancement at twist 3 is shown evidently, and this
effect for kaon form factor is stronger than that for the
pion form factor. We define a ratio between the subleading
and the leading twist contributions as RPðQ2Þ≡
FT2P ðQ2Þ=FT3−2PP ðQ2Þ with the notation P ¼ π and K, and
take the deviation of their relative magnitude from the unit
A≡ 1 − RπðQ2Þ=RKðQ2Þ to estimate the SU(3) asymme-
try. The result shows that this asymmetry does not exceed
30% in the considered energy region and vanishes in the
perturbative limit. Figure 1 also indicates explicitly the
power behavior as we claimed below Eq. (38): the con-
tributions from three-parton Fock states are at least 1 order
lower than the leading contribution from the lowest Fock
state in the larger energy regions Q2 ≥ 10 GeV2, while the
twist-2 times twist-4 contribution in the two-parton-to-two-
parton scattering is a litter bit larger than the contribution
from three-parton-to-three-parton scattering, but they are
still in the same order.
As listed in Table II, we compare our PQCD predictions

with the LCSRs results [6,17] at the energy point
Q2 ¼ 10 GeV2, where the theoretical error in our calcu-
lation mainly comes from the input of the DAs; the two
sources of uncertainty in the LCSRs approach are the DA
inputs and the parameters of the approach itself. We do not
consider the scale dependence of the nonperturbative
parameters since this effect should be very small in the
large energy regions. We find that the prediction of the pion
and kaon form factors is comparable in the chosen energy
point within the uncertainty, and the difference between the
numerical results obtained in these two approaches
becomes smaller when Q2 is increasing.

FIG. 1. Pion (left) and kaon (right) form factors calculated in the PQCD approach.

9Recently, the feasibility of calculating the pion DAs from
suitably chosen Euclidean correlation functions at large momen-
tum was investigated; this method allows us to study higher-twist
DAs from LQCD [43,44], and the result for the parameter δ2π
consists with it estimated from QCD sum rules, even though the
systematic errors are still not yet under control.

SHAN CHENG PHYS. REV. D 100, 013007 (2019)

013007-8



V. CONCLUSION

We study the pion and kaon electromagnetic form factors
with the inclusion of the high power contributions up to
twist 4 of the meson DAs; the PQCD calculation confirms
the convergence behavior of the twist expansion, which
shows that the contribution from the three-parton Fock state
is at least 1 order of magnitude smaller than that from the
lowest Fock state. The chiral enhancement of the sublead-
ing power contribution depends strongly on the corre-
sponding DAs, and this effect is quite obvious in our choice
of the conformal expansion of twist-3 DAs. The direct
comparison between the contributions to the pion and kaon
form factors from the two-parton-to-two-parton scattering
indicates that the SU(3) asymmetry is no more than 30% in
the considered energy region. Because the current lattice
QCD evaluation and experiment measurement of the meson
form factors is still in the small Q2 region, our calculation
cannot interplay directly with them now; we look forward
to seeing more data in the intermediate energy regions at
Jefferson Lab with the 12 GeV upgrade program, with
which the precise PQCD predictions presented in this paper
can be forwarded to extract the nonperturbative parameters
of meson DAs, i.e., the moments in Gegenbauer expansion.
We compare our results with the predictions from the
LCSRs approach at the fixed energy point, and find the
parallel prediction power of these two approaches.
The further improvement in this project is to combine the
precise measurement of the timelike pion and kaon form
factors in the resonance energy regions with the PQCD
calculation at the large energy regions, in order to deter-
mine the meson distribution amplitudes.
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APPENDIX A: DEFINITION OF THE
DISTRIBUTION AMPLITUDES

LCDAs for a pseudoscalar meson with quark-antiquark
assignment are defined by the nonlocal matrix element
sandwiched between the meson state and vacuum [48,51],

h0jūðz2Þðγργ5Þqðz1ÞjP−ðpÞi

¼ fP

Z
1

0

dxe−ixpz1−ix̄pz2
�
ipρ½φPðxÞ þ ðz1 − z2Þ2g1PðxÞ�

þ
	
ðz1 − z2Þρ −

pρðz1 − z2Þ2
pðz1 − z2Þ



g2PðxÞ

�
; ðA1Þ

h0jūðz2Þðσττ0γ5Þqðz1ÞjP−ðpÞi

¼ fPm
P
0

Z
1

0

dx e−ixpz1−ix̄pz2
�
1 −

m2
π

ðm0
PÞ2

�

× ½pτðz1 − z2Þτ0 − pτ0 ðz1 − z2Þτ�φσ
PðxÞ; ðA2Þ

h0jūðz2Þðiγ5Þqðz1ÞjP−ðpÞi

¼ fPm
P
0

Z
1

0

dx e−ixpz1−ix̄pz2φP
PðxÞ; ðA3Þ

where fP is the decay constant,mP
0 is the chiral mass of the

pseudoscalar meson, and φP , φ
P;σ
P , and g1P;2P correspond

to the DAs at twist 2, twist 3, and twist 4, respectively.
For the quark-antiquark-gluon assignment, the DAs are

defined with the matrix element with the gluon field
strength tensor operator Gκκ0 ¼ gsGa

κκ0λ
a=2,

pþh0jūðz2Þðσττ0γ5ÞGκκ0 ðz0Þqðz1ÞjP−ðpÞi

¼ if3P

Z
Dxie−ix1pz1−ix2pz2−ix3z0 ½ðpκpτgκ0τ0 − pκ0pτgκτ0 Þ

− ðpκpτ0gκ0τ − pκ0pτ0gκτÞ�φ3PðxiÞ; ðA4Þ

pþh0jūðz2Þðγργ5ÞGκκ0 ðz0Þqðz1ÞjP−ðpÞi

¼ fP

Z
Dxie−ix1pz1−ix2pz2−ix3z0

×

	
pρ

pκðz1 − z2Þκ0 − pκ0 ðz1 − z2Þκ
pðz1 − z2Þ

φkðxiÞ

þ ðg⊥ρκpκ0 − g⊥ρκ0pκÞφ⊥ðxiÞ


; ðA5Þ

pþh0jūðz2ÞðγρÞG̃κκ0 ðz0Þqðz1ÞjP−ðpÞi

¼ fP

Z
Dxie−ix1pz1−ix2pz2−ix3z0

×

	
pρ

pκðz1 − z2Þκ0 − pκ0 ðz1 − z2Þκ
pðz1 − z2Þ

φ̃kðxiÞ

þ ðg⊥ρκpκ0 − g⊥ρκ0pκÞφ̃⊥ðxiÞ


; ðA6Þ

TABLE II. The PQCD and LCSRs predictions for the values of Q2Fπ;KðQ2Þ at the point Q2 ¼ 10 GeV2.

Q2ðGeV2Þ Q2FPQCD
π ðQ2Þ Q2FLCSRs

π ðQ2Þ Q2FPQCD
K ðQ2Þ Q2FLCSRs

K ðQ2Þ
10 0.75(10) 0.51(15) 1.08(15) 0.76(22)
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where G̃κκ0 ¼ 1=2ϵκκ0ηη0Gηη0 , the location of gluon file
strength is at z0 ¼ vz1 þ v̄z2 with the free variable
v ∈ ½0; 1�, φ3P is the twist-3 DA, and φk;⊥; φ̃k;⊥ are twist-
4 DAs. When q ¼ d, s, the meson P ¼ π, K, respectively.

APPENDIX B: EXPRESSIONS OF THE
DISTRIBUTION AMPLITUDES

LCDAs can be obtained by using the conformal partial
expansion, and the most familiar expression is the leading
twist DAs written in terms of the Gegenbauer polynomials,

φPðx; μÞ ¼ 6xx̄
X
n¼0

anðμÞC3=2
n ð2x − 1Þ: ðB1Þ

Two-particle twist-3 DAs are related to the three-particle
DA φ3PðxiÞ and also to the leading twist DA φP by the
QCD equation of motion (EOM), the parameter ρP ¼
ðmu þmqÞ=mP

0 is introduced to reflect the quark mass
terms in the EOM, and in our calculation we only take into
account the strange quark mass, neglecting the u, d quark
masses unless in the chiral masses mP

0 . To next-to-leading
order in conformal spin and to the second moments in
truncated conformal expansion of φP , we get

φP
Pðx; μÞ ¼ 1þ 3ρPð1 − 3aP1 þ 6aP2 Þð1þ ln xÞ − ρP

2
ð3 − 27aP1 þ 54aP2 ÞC1=2

1 ð2x − 1Þ

þ 3ð10η3P − ρPðaP1 − 5aP2 ÞÞC1=2
2 ð2x − 1Þ þ

�
10η3Pλ3P −

9

2
ρPaP2

�
C1=2
3 ð2x − 1Þ

− 3η3Pω3PC
1=2
4 ð2x − 1Þ; ðB2Þ

φσ
Pðx; μÞ ¼ 6xð1 − xÞ

�
1þ ρP

2
ð2 − 15aP1 þ 30aP2 Þ þ ρP

�
3aP1 −

15

2
aP2

�
C3=2
1 ð2x − 1Þ

þ 1

2
ðη3Pð10 − ω3PÞ þ 3ρPaP2 ÞC3=2

2 ð2x − 1Þ þ η3Pλ3PC
3=2
3 ð2x − 1Þ

þ 3ρPð1 − 3aP1 þ 6aP2 Þ ln x
�
; ðB3Þ

φ3PðxiÞ ¼ 360x1x2x23

�
1þ λ3Pðx1 − x2Þ þ ω3P

1

2
ð7x3 − 3Þ

�
; ðB4Þ

where the contributions from the three particle and from the
two particle by the EOM are separated clearly, the three
parameters f3P , λ3P , ω3P can be defined by the matrix
element of local twist-3 operators, and their evolution has
the mixing terms with the quark mass [48].

For the two-particle twist-4 DAs, the definition consid-
ered in the strictly light-cone expansion in Eq. (A1) is more
convenient to be used in the QCD calculation, and their
relations to the invariant amplitudes ψ4P , ϕ4P defined in the
Lorentz structure are

g2PðxÞ ¼ −
1

2

Z
x

0

dx0ψ4Pðx0Þ; g1PðxÞ ¼
1

16
ϕ4PðxÞ þ

Z
x

0

dx0g2Pðx0Þ: ðB5Þ

The relations between different operators by EOM indicate that these Lorentz invariant amplitudes are written in terms of
the “genuine” twist-4 contribution from the three-particle DAs φkðxiÞ, φ⊥ðxiÞ and the Wandzura-Wilczek-type mass
corrections from the two-particle lower twist DAs, distinguishing by parameters δ2P and m2

P , respectively. The corrected
expressions are [45]

ψ4PðxÞ ¼ δ2P

	
20

3
C1=2
2 ð2x − 1Þ þ 49

2
aP1 C

1=2
3 ð2x − 1Þ




þm2
P

�
6ρPð1 − 3aP1 þ 6aP2 ÞC1=2

0 ð2x − 1Þ −
	
18

5
aP1 þ 3ρPð1 − 9aP1 þ 18aP2 Þ þ 12κ4P



C1=2
1 ð2x − 1Þ

þ ½2 − 6ρPðaP1 − 5aP2 Þ þ 60η3P �C1=2
2 ð2x − 1Þ þ

�
18

5
aP1 − 9ρPaP2 þ 16

3
κ4P þ 20η3Pλ3P

�
C1=2
3 ð2x − 1Þ

þ
�
9

4
aP2 − 6η3Pω3P

�
C1=2
4 ð2x − 1Þ

�
þ 6m2

qð1 − 3aP1 þ 6aP2 Þ ln x; ðB6Þ
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ϕ4PðxÞ ¼ δ2P

��
200

3
þ 196ð2x − 1ÞaP1

�
x2x̄2 þ 21ω4Pðxx̄ð2þ 13xx̄Þ þ ½2x3ð6x2 − 15xþ 10Þ ln x� þ ½x ↔ x̄�Þ

− 14aP1 ðxx̄ð2x − 1Þð2 − 3xx̄Þ − ½2x3ðx − 2Þ ln x� þ ½x ↔ x̄�Þ
�

þm2
P

�
16

3
κ4Pðxð2x − x̄Þð1 − 2xx̄Þ þ ½5ðx − 2Þx3 ln x� − ½x ↔ x̄�Þ

þ 4η3Pxx̄½60x̄þ 10λ3Pðð2x − 1Þð1 − xx̄Þ − ð1 − 5xx̄ÞÞ − ω3Pð3 − 21xx̄þ 28x2x̄2 þ 3ð2x − 1Þð1 − 7xx̄ÞÞ�

−
36

5
aP2

�
1

4
xx̄ð4 − 9xx̄þ 110x2x̄2Þ þ ½x3ð10 − 15xþ 6x2Þ ln x� þ ½x ↔ x̄�

�

þ 4xx̄ð1þ 3xx̄Þ
�
1þ 9

5
ð2x − 1ÞaP1

��
; ðB7Þ

with η3P ¼ f3P=ðfPmP
0 Þ. It is noticed in Eq. (B6) that ψ4PðxÞ has a logarithm end-point singularity for the finite quark

mass, while this singularity does not exist in ϕ4PðxÞ. The conformal expansion of three-particle twist-4 DAs reads

ψkðxiÞ ¼ 120x1x2x3

�
δ2P

	
21

8
ðx1 − x2Þω4P þ 7

20
aP1 ð1 − 3x3Þ



þm2

P

	
−

9

20
ðx1 − x2ÞaP2 þ 1

3
κ4P


�
; ðB8Þ

ψ⊥ðxiÞ ¼ 30x23

�
δ2P

	
1

3
ðx1 − x2Þ þ

7

10
aP1 ð−x3ð1 − x3Þ þ 3ðx1 − x2Þ2Þ þ

21

4
ω4Pðx1 − x2Þð1 − 2x3Þ




þm2
Pð1 − x3Þ

	
9

40
ðx1 − x2Þ −

1

3
κ4P


�
; ðB9Þ

ψ̃kðxiÞ ¼ −120x1x2x3δ2P

�
1

3
þ 7

4
aP1 ðx1 − x2Þ þ

21

8
ω4Pð1 − 3x3Þ

�
; ðB10Þ

ψ̃⊥ðxiÞ ¼ 30x23

�
δ2P

	
1

3
ð1 − x3Þ −

7

10
aP1 ðx1 − x2Þð4x3 − 3Þ þ 21

4
ω4Pð1 − x3Þð1 − 2x3Þ




þm2
P

	
9

40
aP2 ðx21 − 4x1x2 þ x22Þ −

1

3
ðx1 − x2Þκ4P


�
; ðB11Þ

in which three nonperturbative parameters δ2P , ω4P , κ4P are introduced. We close this section by noticing that all parameters
in the conformal expansion of DAs have the scale dependence and the behaviors of their evolutions can be found in
Ref. [48].
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