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We propose a novel dispersive treatment of the so-called inner radiative correction to the neutron and

nuclear β decay. We show that it requires knowledge of the parity-violating structure function Fð0Þ
3 that

arises from the interference of the axial vector charged current and the isoscalar part of the electromagnetic
current. By isospin symmetry, we relate this structure function to the charged current inelastic scattering of
neutrinos and antineutrinos. Applying this new data-driven analysis we obtain a new, more precise
evaluation for the universal radiative correction ΔV;new

R ¼ 0.02467ð22Þ that supersedes the previous
estimate by Marciano and Sirlin, ΔV

R ¼ 0.02361ð38Þ. The substantial shift in the central value of ΔV
R

reflects in a respective shift of Vud and a considerable tension in the unitarity constraint on the first row of
the Cabibbo-Kobayashi-Maskawa matrix which is used as one of the most stringent constraints on new
physics contributions in the charged current sector. We also point out that dispersion relations offer a
unifying tool for treating hadronic and nuclear corrections within the same framework. We explore the
potential of the dispersion relations for addressing the nuclear structure corrections absorbed in the F t
values, a crucial ingredient alongsideΔV

R in extracting Vud from superallowed nuclear decays. In particular,
we estimate the quenching of the free neutron Born contribution in the nuclear environment, corresponding
to a quasielastic single-nucleon knockout, and find a significantly stronger quenching effect as compared to
currently used estimates based on the quenching of spin operators in nuclear transitions. This observation
suggests that the currently used theoretical uncertainties of F t values might be underestimated and require
a renewed scrutiny, while emphasizing the importance of new, more precise measurements of the free
neutron decay where nuclear corrections are absent.
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I. INTRODUCTION

Precise studies of neutron and nuclear β decays provide
stringent tests of the Standard Model (SM) of fundamental
interactions and probes of possible physics that may lie
beyond it. In particular, a comparison of the nucleon (bound
and free) β decay to that of the muon yields a test of the
universality of the weak interaction upon introducing the
mixing among the quark weak eigenstates as reflected in

the unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix.
Probes of CKM unitarity provide one of the most stringent
tests of the SM, and any significant deviation from unitarity
would unavoidably signal the presence of physics beyond
the Standard Model (BSM) (see Ref. [1] for the most recent
review of BSM effects in β decays). The sensitivity to BSM
physics relies on both a high degree of experimental
precision and robust theoretical computations used to extract
CKM matrix elements from experimental observables.
Here, we focus on the hadronic and nuclear theory

relevant to tests of the first-row CKM unitarity condition:
jVudj2 þ jVusj2 þ jVubj2 ¼ 1. The matrix element jVudj ¼
0.97420� 0.00021 [2] is the main contributor to the
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first-row unitarity and is relevant for charged pion, neutron,
and nuclear β decay. Currently, the most precise determi-
nation of the value of Vud is obtained with the superallowed
0þ − 0þ nuclear β decays. Since both initial and final nuclei
have no spin, only the vector current interaction with the
nucleus contributes at leading order. The conservation of the
vector current (CVC) protects the vector coupling from
being renormalized by the strong interaction and makes
0þ − 0þ nuclear β decays an especially robust method for
determining Vud. Precision tests require, apart from the
purely experimental accuracy, an accurate computation of
SM electroweak radiative corrections (RC). The present day
framework for computing these corrections was formulated
in the classic paper by Sirlin [3], and subsequent refinements
byMarciano and Sirlin (“MS”) have represented the state of
the art for this topic (see, e.g., Ref. [4]). In this context, the
corrections are separated into the “outer” correction that
bears dependence on the electron spectrum and “inner”
correction that is electron energy independent. The outer
corrections are generally nucleus dependent, while the inner
corrections contain both a nucleus-dependent part and a
universal, nucleus-independent contribution, ΔV

R . The latter
also enters the rate for the decay of the free neutron.
The extraction of Vud from superallowed decays relies

on several inputs: (i) measurement of the reduced half-life
ft consisting of the half-life t of the given decay channel
and the respective branching ratio, and the statistical rate
function f which depends on the available phase space
(or Q value) of a decay; (ii) extraction of F t—a “corrected
ft value,” obtained by factoring out nucleus-dependent
parts of the radiative corrections and nuclear structure-
dependent parts of the transition matrix elements; (iii) com-
bination of the results from a variety of decays to yield a
global F t value. From the latter one obtains [5]

superallowed β decays∶ jVudj2 ¼
2984.43s

F tð1þ ΔV
RÞ

: ð1Þ

Here,

F t ¼ ftð1þ δ0RÞð1þ δNS − δCÞ; ð2Þ

where δ0R is the outer correction that depends on the
electron energy and the charge Z of the final nucleus
and accounts for the Coulomb distortion and other QED
effects; and δNS and δC are nuclear structure-dependent
corrections that are independent of the electron energy.
The analogous relationship for the free neutron is given

by [6]

free neutron∶ jVudj2 ¼
5099.34s

τnð1þ 3λ2Þð1þ ΔRÞ
; ð3Þ

where τn is the neutron lifetime; λ ¼ gA=gV gives the ratio
of the axial and vector nucleon charged current couplings;

and ΔR includes both the outer corrections and ΔV
R . At

present, one obtains a more precise value of Vud from
superallowed decays via Eq. (1) than from neutron decay,
despite the presence of the additional nuclear structure-
dependent corrections that one must apply to obtain F t.
With the advent of future, more precise measurements of τn
and neutron decay correlations that yield λ, the precision of
the Vud determinations from nuclear and neutron decays
may become comparable [7–10].
In both cases, the dominant theoretical uncertainty for

some time has been the hadronic contribution to theWγ box
diagram entering ΔV

R . The associated uncertainty has been
obtained by MS in Ref. [4], corresponding to a 0.018%
uncertainty in the value of Vud. For the nuclear structure-
dependent corrections δNS and δC, the analyses of Towner
and Hardy (TH) have provided the canonical inputs used in
the determination of the averaged F t values [5].
Importantly, application of the TH computed corrections
to the most precisely measured superallowed transitions
yields a nucleus-independent result of F t ¼ 3072.07ð63Þs
[11], in impressive agreement with the CVC property of the
SM charged current interaction. The associated nuclear
structure uncertainty in Vud as obtained by TH is smaller
than the hadronic uncertainty arising from ΔV

R .
In what follows, we present new analyses of both

sources of theoretical uncertainty using a dispersion rela-
tion framework that was recently presented in Ref. [12]. In
that work, we applied this framework to the computation of
ΔV

R , obtaining both a new value for this quantity and a
significant reduction in the theoretical uncertainty. Below,
we provide extensive details entering that treatment which
led to the value of jVudj ¼ 0.97370ð10ÞF tð10ÞRC quoted in
that paper. In addition, we revisit one contribution to the
nuclear structure-dependent correction δNS that is associ-
ated with the Born contribution to the nuclear transition
amplitude. We point out that earlier work has omitted a
significant contribution from the quasielastic (QE) nuclear
response and provide a first quantification of this contri-
bution within the context of the dispersion relation frame-
work. Combining the new hadronic and δNS results, we
obtain

jVudj ¼ 0.97395ð21ÞF tð10ÞRC ð4Þ

that is to be compared with the present value quoted in the
Particle Data Group (PDG): jVudj ¼ 0.97420ð10ÞF tð18ÞRC.
Our discussion of these analyses is organized as follows.

In Sec. II we provide a brief overview of the current situa-
tion for the experimental and theoretical treatment of both
superallowed and free neutron β decays. Section III intro-
duces the dispersion relation formalism. In Secs. IV–VI we
present in detail the computation of the Wγ box contribu-
tion to ΔV

R . Section VII contains our analysis of the QE
contribution to δNS. In Sec. VIII we show how future
measurements of parity-violating asymmetries in polarized

SENG, GORCHTEIN, and RAMSEY-MUSOLF PHYS. REV. D 100, 013001 (2019)

013001-2



electron-nucleon scattering may afford additional tests of
the hadronic contribution toΔV

R . We summarize our work in
Sec. IX. A variety of technical, computational details are
given in a series of Appendixes.

II. NEUTRON β-DECAY OBSERVABLES
AT TREE- AND ONE-LOOP LEVEL

The differential decay rate of an unpolarized neutron is
given at tree level by

dΓ
dEe

¼ G2
FV

2
ud

2π3
ð1þ 3λ2Þjp⃗ejEeðEm − EeÞ2; ð5Þ

where Em ¼ ðM2
n −M2

p þm2
eÞ=2Mn is the maximum elec-

tron energy. The Fermi constant GF is that obtained from
the muon decay. This definition allows the absorption of an
entire class of radiative corrections that are common to the
muon and the neutron decay processes. Above, we denote
λ ¼ gA=gV ; the vector and axial couplings gV , gA, corre-
sponding to the Fermi and Gamow-Teller amplitudes in the
neutron beta decay, respectively, are defined through the
matrix element of the charged weak current in the nonrecoil
limit:

hpjūγμð1 − γ5Þdjni ¼ ūpγμðgV − gAγ5Þun ð6Þ

and gV ¼ 1 in the exact isospin limit due to CVC. The
object of primary interest, the CKM matrix element Vud
measures the coupling of the W boson to the quark first
generation in units of that to the leptons.
Higher-order corrections to the tree-level expression,

which do not make part of the one-loop result for GF,
modify the differential decay rate according to

dΓ
dEe

¼ G2
FV

2
ud

2π3
ð1þ 3λ2Þjp⃗ejEeðEm − EeÞ2FðβÞ

×

�
1þ α

2π
ḡðEmÞ

�
ð1þ ΔV

RÞ: ð7Þ

Above, the Coulomb interaction leads to the appearance
of the Fermi function FðZ; βÞ ≈ 1� Zαπ=β, where þð−Þ
should be taken for the electron (positron) in the final state,
respectively. The Fermi function depends on the charged
lepton velocity β ¼ jp⃗ej=Ee and the atomic number of the
final nucleus Z. The function ḡðEmÞ is the outer correction
to the decay rate: it represents the extreme infrared part of
the radiative correction and is exactly calculable [13] (we
refer the reader to an exhaustive review of outer corrections
in Ref. [14]). Meanwhile, the vector and axial coupling
constants gV , gA are also modified by radiative corrections:

gV;A → gV

�
1þ 1

2
ΔV;A

R

�
; ð8Þ

with ΔV;A
R the inner corrections to the neutron beta decay;

they are constant numbers that depend on the details of
hadronic structure but are independent of the electron
spectrum and are regular in the limit me, Ee → 0. The
already familiar term ΔV

R introduced in Eq. (1) corrects the
squared Fermi matrix element and makes part of the full
radiative correction to the free neutron decay introduced in
Eq. (3):

ΔR ¼ ðα=2πÞḡðEmÞ þ ΔV
R: ð9Þ

The analogous correction to the pure Gamow-Teller rateΔA
R

is absorbed in the definition of λ in Eq. (7) via

λ → λ

�
1þ 1

2
ΔA

R −
1

2
ΔV

R

�
: ð10Þ

If λ is taken from an experimental measurement of the
angular correlations, there is no need in evaluating ΔA

R
separately. If gA is computed instead, e.g., in lattice QCD,
one has to include both inner corrections in a comparison of
the theoretical and experimental values. The analyses of
Refs. [4,6] give for the radiative correction to the free
neutron decay

ΔR ¼ α

2π

�
ḡðEmÞ þ 3 ln

MZ

Mp
þ ln

MZ

Λ
þ Ag

þ 2CB þ 2CINT

�
þ 0.0013: ð11Þ

The terms in the square brackets in Eq. (11) are the one-
loop electroweak RC as presented in Ref. [4], whereas the
þ0.0013 originates from the resummation of leading-log
corrections of the form αn lnnðMZ=MpÞ, αn lnnðMp=2EmÞ
as well as the inclusion of some important Oðα2Þ effects
[6]. Among the one-loop radiative corrections, the first two
terms in the square brackets originate from loop corrections
and bremsstrahlung involving the electromagnetic and
weak vector interactions, while the last four terms are
due to a combination of the γW andWZ boxes in which the
axial current interferes with the electromagnetic or neutral
weak vector current. Out of these, the large logarithm and
the perturbative QCD correction thereto Ag originate from
short-distance contributions above some hadronic scale
Λ ∼ 1.5 GeV and are independent of the details of the
hadronic structure. The appearance of a scale Λ in the
argument of the logarithm signals some residual sensitivity
to the hadronic structure. This sensitivity is absorbed into
the last two terms: the term CB captures the long-distance
contributions; finally, CINT contains an implicit dependence
on the scale Λ and was introduced in Ref. [4] to interpolate
between short- and long-distance regimes. It is these two
latter terms that dominate the uncertainty of ΔV

R . We
postpone the detailed discussion of each term to the next
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section, and note here that the splitting of the loop integral
into short-, long- and intermediate-distance contributions is
rather arbitrary, and so are the uncertainties assigned to
each contribution. It is our motivation to independently
reassess the model-dependent part of ΔR and the uncer-
tainty thereof in a data-driven dispersive approach.

III. DISPERSION REPRESENTATION OF THE
“INNER” γW-BOX CORRECTION TO gV

The γW-box correction is shown in Fig. 1 and is
defined as

TγW ¼ −
ffiffiffi
2

p
e2GFVud

×
Z

d4q
ð2πÞ4

ūeγμð=k − =qþmeÞγνð1 − γ5ÞvνTγW
μν

q2½ðk − qÞ2 −m2
e�½1 − q2=M2

W �
;

ð12Þ

where k is the outgoing momentum of the electron. The
forward generalized Compton tensor for the β− decay
processWþn → γp (W−p → γn for the βþ process relevant
for nuclei) represented by the lower blob in Fig. 1 is given by

Tμν
γW ¼ 1

2

Z
dxeiq·xhpjT½JμemðxÞJνWð0Þ�jni ð13Þ

with the following definitions of the electromagnetic and
charged weak current:

Jμem ¼ 2

3
ūγμu −

1

3
d̄γμd;

JμW ¼ ūγμð1 − γ5Þd: ð14Þ

Notice that the definition of Tμν
γW above follows that in the

seminal paper by Sirlin [3]. The apparent extra factor of 1=2
is due to the difference in the normalization of the charged
weak current: Sirlin defined Jμw ¼ ūLγμdL (in the Vud ¼ 1
limit)whereas our definition is 2 times larger, as the latter is a
more commondefinition inmodern theory and experimental
papers.
As the box diagram contains only one heavy boson

propagator, it receives contribution from the loop momen-
tum q at all scales, ranging from infrared (i.e., q ∼me) to
ultraviolet. The infrared-singular piece inTγW , together with
the electron and proton wave function renormalization, as

well as the real-photon bremsstrahlung diagrams, give rise to
the Fermi function FðβÞ and the outer correction ḡðEmÞ
which are known analytically. In themeantime,most parts of
the inner corrections from TγW to gV are either exactly
known due to current algebra or depend only on physics at
high scale and are calculable perturbatively. The only piece
that depends on the physics at the hadron scale involves the
vector-axial vector correlator in Tμν

γW . Following a notation
similar to that in Ref. [4], we define its correction to the tree-
level W exchange Fermi amplitude as

TW þ TVA
γW ¼ −

ffiffiffi
2

p
GFVudð1þ□

VA
γWÞūe=pð1 − γ5Þvν; ð15Þ

so that it is straightforwardly connected to the universal
radiative correction ΔV

R via

□
VA
γW ¼ 1

2
ðΔV

RÞVAγW: ð16Þ

The explicit expression of □VA
γW is given by

□
VA
γW ¼ 4παRe

Z
d4q
ð2πÞ4

M2
W

M2
W þQ2

Q2 þ ν2

Q4

T3ðν; Q2Þ
Mν

;

ð17Þ
whereQ2 ¼ −q2, ν ¼ p · q=M withM the average nucleon
mass, and T3ðν; Q2Þ the parity-odd spin-independent
invariant amplitude of the forward Compton tensor Tμν

γW

defined through

Tμν
γW ¼

�
−gμν þ qμqν

q2

�
T1 þ

p̂μp̂ν

ðp · qÞT2 þ
iϵμναβpαqβ
2ðp · qÞ T3;

ð18Þ
with p̂μ ¼ pμ − qμðp · qÞ=q2. Notice that since □

VA
γW is

insensitive to physics at the scale q ∼me, we have set me,
k → 0 as well as mn ¼ mp ¼ M to arrive at Eq. (17).
Furthermore, the fact that the electromagnetic current
comes as a mixture of an isoscalar and isovector permits
a decomposition of the forward amplitude in two isospin
channels:

T3 ¼ Tð0Þ
3 þ Tð3Þ

3 : ð19Þ

We apply Cauchy’s theorem to the definite isospin

amplitudes TðIÞ
3 ðν; Q2Þ (I ¼ 0, 3) accounting for their

singularities in the complex ν plane. These lie on the
real axis: poles due to a single nucleon intermediate state

in the s and u channels at ν ¼ �νB ¼ � Q2

2M, respectively,
and unitarity cuts at ν ≥ νπ and ν ≤ −νπ, where
νπ ¼ ð2Mmπ þm2

π þQ2Þ=ð2MÞ, mπ being the pion mass.
The contour is constructed such as to go around all these
singularities and is closed at infinity; see Fig. 2. The
discontinuity of the forward amplitude in the physical

FIG. 1. The γW-box diagram relevant for the neutron decay.
The blob represents the generalized forward Compton tensor.
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region (i.e., ν > 0) is given by the generalization of the
deep inelastic scattering (DIS) structure functions to the γW
interference in the standard normalization:

DisTðIÞ
3 ðν; Q2Þ ¼ TðIÞ

3 ðνþ iϵ; Q2Þ − TðIÞ
3 ðν − iϵ; Q2Þ

¼ 4πFðIÞ
3 ðν; Q2Þ; ð20Þ

where

WðIÞμν
γW ¼ 1

8π

X
X

ð2πÞ4δ4ðpþ q − pXÞhpjJðIÞμem jXihXjJνW jni

¼
�
−gμν þ qμqν

q2

�
FðIÞ
1 þ p̂μp̂ν

ðp · qÞF
ðIÞ
2

þ iϵμναβpαqβ
2ðp · qÞ FðIÞ

3 ; ð21Þ

[we define Wμν
γW with a coefficient of ð8πÞ−1 instead of the

more common ð4πÞ−1 to keep in sync with our definition of
Tμν
γW that contains a factor 1=2] and, for the sake of a unified

description, within FðIÞ
i we keep both the δ functions at the

nucleon poles and the discontinuities along the multi-

particle cuts. The full function TðIÞ
3 ðν; Q2Þ is reconstructed

from a fixed-Q2 dispersion relation

TðIÞ
3 ðν; Q2Þ ¼ 2

i

Z
∞

0

dν0
�

1

ν0 − ν
þ ξI

ν0 þ ν

�
FðIÞ
3 ðν0; Q2Þ;

ð22Þ

modulo possible subtractions which are needed to make the
dispersion integral convergent. The form of the dispersion
relation depends on the crossing behavior, the relative sign
ξI between the contributions along the positive and neg-
ative real ν axis. It can be shown that the isoscalar
amplitude is an odd function of ν, and hence ξ0 ¼ −1,
while the isovector amplitude is even (see Appendix A).
Correspondingly, the isoscalar requires no subtractions,
while the isovector one may have to be subtracted one time.

Putting together Eqs. (17) and (22) and performing the
loop integral via Wick rotation we arrive at

□
VAð0Þ
γW ¼ α

πM

Z
∞

0

dQ2M2
W

M2
W þQ2

Z
∞

0

dν
ðνþ 2qÞ
νðνþ qÞ2 F

ð0Þ
3 ðν; Q2Þ;

□
VAð3Þ
γW ¼ 0; ð23Þ

where we introduced the virtual photon three-momentum
q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þQ2

p
. The vanishing of the isovector contribu-

tion is the consequence of the crossing symmetry, as has
already been noticed by Sirlin [13]. Thus from now onward

we shall represent □VA;ð0Þ
γW simply by □

VA
γW without causing

any confusion. Changing the variables ν → Q2=ð2MxÞ we
notice that the x integral is, up to a factor, precisely the first

Nachtmann moment of the structure function Fð0Þ
3 :Z

∞

0

dν
ðνþ 2qÞ

Mνðνþ qÞ2 F
ð0Þ
3 ðν; Q2Þ ¼ 3

2Q2
Mð0Þ

3 ð1; Q2Þ: ð24Þ

The definition of the Nachtmann moments of F3 reads
[15,16]

Mð0Þ
3 ðN;Q2Þ ¼ N þ 1

N þ 2

Z
1

0

dxξN

x2

�
2x −

Nξ

N þ 1

�
Fð0Þ
3 ; ð25Þ

where we introduced the Nachtmann variable ξ ¼ 2x=
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2x2=Q2

p
Þ. This gives our master formula

□
VA
γW ¼ 3α

2π

Z
∞

0

dQ2M2
W

Q2½M2
W þQ2�M

ð0Þ
3 ð1; Q2Þ: ð26Þ

In the old result by MS this connection was not written
explicitly,

□
VA
γW ¼ α

8π

Z
∞

0

dQ2M2
W

M2
W þQ2

FðQ2Þ; ð27Þ

and we simply note the correspondence:

FðQ2Þ ¼ 12

Q2
Mð0Þ

3 ð1; Q2Þ: ð28Þ

This is the first essentially new result of our work.
We let the data guide us to evaluate the integral in

Eq. (23): for a fixed value of Q2 one has to integrate over
the full spectrum in energy and then sample all values ofQ2

from 0 to ∞. The strength is distributed differently among
different energy regimes depending on Q2. For low Q2 the
spectrum is heavily weighted towards lower part (elastic
peak and resonances). AsQ2 grows, these contributions are
however suppressed by the respective form factors. The
high-energy spectrum for slightly virtual and high-energy
photons extends to asymptotically high energies and is well
represented by Regge exchanges. Already at moderate

FIG. 2. The contour in the complex ν plane.
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Q2 ∼ 1.5–2.5 GeV2 this picture fades away and smoothly
joins onto the partonic description which dominates the
DIS regime. The regions corresponding to various physics
pictures are displayed on a plane fW2; Q2g with W2 ¼
M2 þ 2Mν −Q2 in Fig. 3. Accordingly, our parameter-

ization of Fð0Þ
3 is as follows:

Fð0Þ
3 ¼ Fð0Þ

3;Born þ
(
Fð0Þ
3;pQCD; Q2 ≳ 2 GeV2

Fð0Þ
3;πN þ Fð0Þ

3;res þ Fð0Þ
3;R; Q2 ≲ 2 GeV2;

ð29Þ

where each component supplies the dominant contribution

to Fð0Þ
3 in various regions (elastic or Born; pQCD at high

Q2; πN, resonance and Regge at low Q2, respectively). In
the following two sections we report the procedure of
relating data on inclusive charged current neutrino and
neutral current electron scattering to the γ −W interference
needed to evaluate the γW-box correction and collect
available information on the entire fW2; Q2g plane.
Our approach can be compared with that of MS where

the energy dependence is integrated over, and only regions
in Q2 are considered to identify FðQ2Þ with a certain
contribution assumed to be dominant in that particular
region:

FðQ2Þ¼
8<:
FBornðQ2Þ; Q2≤ ð0.823GeVÞ2;
FINTðQ2Þ; ð0.823GeVÞ2≤Q2≤ ð1.5GeVÞ2;
FDISðQ2Þ; Q2≥ ð1.5GeVÞ2:

The Born contribution FBorn depends on the isovector axial
and isoscalar magnetic nucleon form factors and is assumed
to exhaust all contributions at low Q2; upon inserting it in
Eq. (27) it gives the term ∼CB in Eq. (11).
The DIS contribution FDIS dominates at high Q2 and

contains the parton model expectation and perturbative
QCD corrections thereto:

FDISðQ2Þ ¼ 1

Q2

�
1 −

X3
i¼1

Ci

�
ᾱsðQ2Þ

π

�
i
�
; ð30Þ

with ᾱs the strong coupling constant evaluated in the MS
scheme at the scale Q2. Further details to this contribution
are discussed in the following two sections. When inserted
in the integral in Eq. (27) and integrated from Λ2 to∞, this
contribution gives rise to the terms ∼ lnðMZ=ΛÞ þ Ag in
Eq. (11). Note that the mass of the Z boson appears in that
formula upon combining the γW and ZW boxes together.
The phenomenological interpolating function FINT con-

nects the two regions. Reference [4] proposed to take it in a
vector dominance model (VDM)-motivated form:

FINTðQ2Þ ¼ −
1.490

Q2 þm2
ρ
þ 6.855
Q2 þm2

A
−

4.414
Q2 þm2

ρ0
; ð31Þ

with mρ ¼ 0.776 GeV, mA ¼ 1.230 GeV and mρ0 ¼
1.465 GeV, and numerical coefficients were obtained by
imposing three constraints:

I∶
Z

∞

Λ2

dQ2M2
W

M2
W þQ2

½FINTðQ2Þ − FDISQ2Þ� ¼ 0;

II∶ Q2FINTðQ2Þ − lim
Q2→∞

ðQ2FINTðQ2ÞÞ ¼ O

�
1

Q4

�
;

III∶ FINTð0Þ ¼ 0: ð32Þ

Finally, the matching point Q ¼ 0.823 GeV is determined
by requiring that FBornðQ2Þ ¼ FINTðQ2Þ at that point.
Upon integrating FINT over the respective range in Q2 in
Eq. (27) it gives the term ∼CINT in Eq. (11).
Among the three conditions in Eq. (32), condition III

requires that the following superconvergence relation is
satisfied exactly:Z

∞

νπ

ðdν=ν2ÞFð0Þ
3 ðν; Q2 ¼ 0Þ ¼ 0: ð33Þ

To the validity of this conjecture, Ref. [4] asserts that this is
required by chiral perturbation theory (ChPT), and a more
detailed proof will be reported in an upcoming work.
Unfortunately, this proof has never been published. In
Appendix C we perform an explicit calculation in relativ-
istic ChPT and demonstrate that the integral in Eq. (33)
does not vanish.

IV. PHYSICS INPUT TO Fð0Þ
3 AND FWW

3

It is informative to take a look at the general structure of
thevirtual photoabsorption spectrumdisplayed in Fig. 4. For
a fixed value ofQ2 one clearly sees three major structures as
one goes from low to high energy ν: elastic peak atQ2=ð2MÞ
(broadened by radiative corrections); nucleon resonances
and nonresonant pion production starting from the pion
threshold ½Q2 þ ðM þmπÞ2 −M2�=ð2MÞ and up to roughly

FIG. 3. The W2 −Q2 diagram showing approximate kinemati-
cal regions which are dominated by various physical mecha-
nisms, as indicated on the plot.
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2.5 GeV above the threshold; high-energy continuum
corresponding to multiparticle production that, depending
on the value of Q2, can be economically described by
t-channel Regge exchanges (low Q2) or quasi-free quark
knockout in the deep-inelastic regime (highQ2). Exactly the
same structure is expected in neutrino scattering associated
with the absorption of a virtual W boson.

While Fð0Þ
3 ðν; Q2Þ itself is not observable, its weak

isospin partner FWW
3 ðν; Q2Þ is directly accessible in neu-

trino and antineutrino deep inelastic scattering. The twofold
differential cross section at fixed Q2 as a function of x ¼
Q2=ð2MνÞ and y ¼ ν=E, with E the initial neutrino energy
and ν the virtual W laboratory frame energy, reads [17]

d2σνðν̄Þ

dxdy
¼ G2

FME
πð1þQ2=M2

WÞ2

×

�
xy2F1 þ

�
1− y −

Mxy
2E

�
F2 � x

�
y −

y2

2

�
F3

�
:

ð34Þ

The P-odd structure functions Fνpðν̄pÞ
3 of our interest follow

standard definitions:

1

4π

X
X

ð2πÞ4δ4ðpþ q − pXÞhpjðJμWÞ†jXihXjJνW jpi

¼ iϵμναβpαqβ
2ðp · qÞ Fνp

3 þ � � � ;
1

4π

X
X

ð2πÞ4δ4ðpþ q − pXÞhpjJμW jXihXjðJνWÞ†jpi

¼ iϵμναβpαqβ
2ðp · qÞ Fν̄p

3 þ � � � ; ð35Þ

and their average Fνpþν̄p
3 ¼ 1

2
½Fνp

3 þ Fν̄p
3 � can be obtained

from the difference of the neutrino and antineutrino cross
sections.
We follow the general structure of the parametrization

of Fð0Þ
3 specified in Eq. (29) and describe Fνpþν̄p

3 at
Q2 ≤ 2 GeV2 as a sum of elastic (Born) contribution,
nonresonant πN continuum, several low-lying Δ and N�
resonances, and the high-energy Regge contribution:

Fνpþν̄p
3;low−Q2 ¼ Fνpþν̄p

3;Born þ Fνpþν̄p
3;πN þ Fνpþν̄p

3;res þ Fνpþν̄p
3;R : ð36Þ

Details to the elastic, πN and resonance contributions are
given in theAppendixes. Since the Regge contribution plays
a central role in ourmodel, we give its explicit form here.We
assume that it completely dominates at high energies, for
W ≥ 2.5 GeV. At lower energies, we assume that above the
two-pion production threshold W2

th ¼ ðM þ 2mπÞ2 the
Regge amplitude with an appropriate smooth threshold

factor fthðWÞ ¼ ΘðW2 −W2
thÞð1 − expfW2

th−W
2

Λ2
th

gÞ repre-

sents on average the contribution of multipion and higher
energy channels:

Fνpþν̄p
3;R ðν;Q2Þ¼ CðQ2ÞfthðWÞ

½1þQ2=m2
ρ�½1þQ2=m2

a1 �
�
ν

ν0

�
α0
: ð37Þ

The Reggeized ω exchange is well described by the Regge
intercept α0 ≈ 0.477 [18], and we choose the parameters
ν0 ¼ Λth ¼ 1 GeV. To continue the Regge amplitude to
finite Q2 we assume vector (axial) meson dominance which
is reflected in the usual VDM form factors above. We found,
however, that the pureVDMdoes not describe the data, sowe
added a phenomenological Q2-dependent function CðQ2Þ
which is obtained from a fit. That the pure VDM drops short
of the virtual photoabsorption data is well known. This fact
has motivated various generalizations of the VDM which
also feature phenomenological ingredients that are needed to
account for this missing strength. Given the quality of the
data, a simple linear form of CðQ2Þ was enough to describe
the combined BEBC (Big European Bubble Chamber) and
Gargamelle data in the range Q2 ∈ ð0.15; 2.0Þ GeV2 [19]:

CðQ2Þ ¼ Að1þ BQ2Þ; ð38Þ

with A ¼ 5.2� 1.5 and B ¼ 1.08þ0.48
−0.28 . The two parameters

are strongly anticorrelated.
AboveQ2¼2GeV2weuse the pQCD result for theMellin

moment with N3LO corrections calculated in Ref. [20]:

Mνpþν̄p
3 ð1; Q2Þ ¼ 3

�
1 −

X3
i¼1

Ci

�
ᾱs
π

�
i
�
; ð39Þ

with C1 ¼ 1, C2 ¼ 4.583 − 0.333Nf and C3 ¼ 41.440−
8.020NF þ 0.177N2

F, Nf ¼ 3 standing for the number of
effective quark flavors, and ᾱsðQ2Þ denotes the running
strong coupling constant in the modified minimal sub-
traction scheme with ΛQCD ¼ 0.2 GeV. Note that for
Q2 ≥ 2 GeV2 the difference between the Nachtmann
and Mellin moments is negligible.
In Fig. 5 we display the world data on the Nachtmann

moment of Fνpþν̄p
3 for Q2 ∈ ð0.01; 600Þ GeV2. The solid

red curve shows the pQCD result of Ref. [20] which can be
seen to nicely agree with the CCFR (Chicago-Columbia-
Fermilab-Rochester collaboration) data [21,22] at Q2 ≥
2 GeV2. The solid blue curve at lower Q2 shows the result

FIG. 4. Idealized structure of virtual photoabsorption on the
nucleon.
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of our low-Q2 model as described in Eq. (36), and the
uncertainty is represented by the dashed blue curves around
it. We do not use the three leftmost data points in the fit
because we expect Mνpþν̄p

3 ð1; Q2Þ to be saturated at Q2 <
0.1 GeV2 by the elastic and Δ-resonance contribution [19]
which are determined using more precise lower-energy
modern data. In our formalism, the theoretical uncertainty
in the intermediate-Q2 region is determined by that of
the νp=ν̄p-scattering data which can be systematically
improved when future, more precise data become available.
This represents an advantage over the MS formalism where
the physics at intermediate distances had to be assigned a
100% uncertainty.
We note here that while our use of a Regge-VDM

parametrization of the contributions at low Q2 and high
energy is model dependent, no other model describes
inclusive electron scattering data in that kinematical range.
Moreover, our parametrization of Fνpþν̄p

3 can be tested
explicitly by confronting it to high-energy electron spectra
in inclusive charged current neutrino scattering, rather than
to the Nachtmann moment as we do here. Also the key
ingredient of our parametrization, the effective a1 − ρ − ω
vertex can be tested in exclusive neutrino production of ω
mesons and in exclusive a1 electroproduction. We will
address the exact formulation of these tests with the
existing and future data in an upcoming work.

V. RELATINGNACHTMANNMOMENTS OF Fνp+ ν̄p
3

AND Fð0Þ
3 BY ISOSPIN SYMMETRY

After having modeled the pure charged current structure
function Fνpþν̄p

3 as a sum of elastic, resonances, nonreso-

nant πN and Regge, we proceed to obtain Fð0Þ
3 via isospin

rotation. This is done for each contribution separately. For
the elastic contribution, since the intermediate is fixed at
I ¼ 1=2 the correspondence between the two processes is
simple:

Fνpþν̄p
3;Born ¼ −GAðQ2ÞGV

MðQ2Þδð1 − xÞ;

Fð0Þ
3;Born ¼ −

1

4
GAðQ2ÞGS

MðQ2Þδð1 − xÞ; ð40Þ

with the axial form factor normalized asGAð0Þ ¼ −1.2715,
and magnetic isovector and isoscalar form factors
GV;S

M ð0Þ ¼ μp � μn, with the proton (neutron) magnetic
moment μp ¼ 2.792847356 (μn ¼ −1.9130427). So the
difference is simply between the isoscalar and the isovector
component of the electromagnetic matrix element and an
extra constant factor.
For resonance contributions, a correspondence similar to

Eq. (40) may also be stated, but with a caveat. The purely
isovector structure function Fνpþν̄p

3 receives contributions
from both I ¼ 1=2 and I ¼ 3=2 resonances, with the
contributions of the latter, most notably the Δð1232Þ,
dominating over the contributions of the I ¼ 1=2 reso-
nances. Instead, only I ¼ 1=2 resonances contribute to

Fð0Þ
3 . The details of the calculation are given in Appendix D.
The Regge contribution is depicted in Fig. 6. It is seen that

the central ingredient in this picture, the effective vertex
a1 − ρ − ω, is the same in both cases. Since the parameters
of the ρ and ω Regge trajectories and VDM propagators are
nearly exactly the same, the only change would regard the
respective coupling constants. As we discuss in detail in
Appendix E, this entails relating the γ − ω and ρNN
couplings entering the γW interference to W − ρ and
ωNN couplings entering the purely charge current structure
function. Taking into account the correct normalization of
various pieces, the isospin symmetry implies a rescaling of
the Regge contribution to F3 by a factor 1=36 at low Q2,

Fνpþν̄p
3;R ¼ CðQ2ÞfthðWÞ

½1þQ2=m2
ρ�½1þQ2=m2

a1 �
�
ν

ν0

�
α0

↓

Fð0Þ
3;R ¼ 1

36

CγWðQ2ÞfthðWÞ
½1þQ2=m2

ρ�½1þQ2=m2
a1 �

�
ν

ν0

�
α0
; ð41Þ

FIG. 6. Regge-model description of Fð0Þ
3 and Fνpþν̄p

3 .

0.1 1 10 100
Q  (GeV )
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WA25
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BEBC/GGM-PS
Regge + Born + 
pQCD

M
3ν

ν
p+

p
(1

,Q
2 )

FIG. 5. Data on the first Nachtmann moment of Fνpþν̄p
3 from

CCFR [21,22], BEBC/Gargamelle [19] and WA25 [23] versus
theory. Figure adopted from Ref. [12].
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and this rescaling straightforwardly translates in the respec-
tive change of theNachtmannmoment.Above,we explicitly
indicate that the phenomenologicalQ2-dependent functions
CWW and CγW do not have to be the same. Since we
introduced CðQ2Þ to correct for shortcomings (or incom-
pleteness) of the minimal vector dominance model, it is not
guaranteed that C and CγW are related anywhere except for
the point Q2 ¼ 0. To address the shape of CγWðQ2Þ, we
consider the relation between the Nachtmann moments of
the two structure functions at the upper limit of the
applicability of our Regge parametrization, Q2 ¼ 2 GeV2

where we can use the information from the DIS regime.

In the parton model the relative normalization of Fð0Þ
3

with respect toFνpþν̄p
3 turns out to be1=36, aswell.However,

the running of the respective firstmoment has to be taken into
account to extend the DIS description to Q2 ¼ 2 GeV2.
One of the central findings of Ref. [4] was that while the
running of the first moment ofFνpþν̄p

3 is fixed by the running
of the Gross-Llewellyn-Smith (GLS) sum rule, that of the

first moment of Fð0Þ
3 is fixed by the running of the Bjorken

sum rule. Both sum rules were studied in Ref. [20] in
perturbative QCD at N3LO, and we use their results:

Mνpþν̄p
3 ð1; Q2Þ ¼ 3

�
1 −

X3
i¼1

Ci

�
ᾱs
π

�
i
�

↓

Mð0Þ
3 ð1; Q2Þ ¼ 1

12

�
1 −

X3
i¼1

C̃i

�
ᾱs
π

�
i
�
: ð42Þ

The first two coefficients in the GLS and Bjorken sum rules
are the same C̃1;2 ¼ C1;2, and only at N3LO does the
difference appear: C̃3 ¼ 41.440 − 7.607Nf þ 0.177N2

F as
compared to C3 ¼ 41.440 − 8.020Nf þ 0.177N2

F. Numeri-
cally, the change due to a 6% shift in the value of the
coefficient at ðᾱs=πÞ3 is very small, and to a very good
approximation the rescaling 1=36 is thus valid for the full
DIS contribution.
Since atQ2 ¼ 2 GeV2 our Regge contribution ismatched

onto the DIS one, the observed agreement of the 1=36
rescaling rule at low and high Q2 implies that CγWðQ2Þ ¼
CðQ2Þ and no additional phenomenological ingredients are
necessary. We refer the reader to Appendix E for a more
detailed demonstration of this equality.

We emphasize here that relating Fνpþν̄p
3 and Fð0Þ

3 by
means of isospin symmetry introduces no additional
uncertainty, up to isospin-breaking corrections ≲2%.
This is so because the axial vector charge current is a
pure isovector, and the electromagnetic current is a pure
isoscalar. This situation is quite different from the cal-
culation of the energy-dependent γZ-box correction to
parity-violating (PV) electron scattering. There, the isospin

rotation was employed to obtain the NC γZ interference
structure functions from purely electromagnetic data [24]:
the electromagnetic probe is the sum of the isoscalar and
the isovector channels, and the weak NC probe additionally
contains the contribution of the strange flavor channel. As a
result, the isospin decomposition of the inclusive electro-
magnetic data together with the flavor rotation to obtain the
NC γZ interference structure functions is the main source of
the uncertainty and has been subject to active research
recently [24–36].

VI. RESULTS FOR □VA
γW , ΔR AND ΔV

R

We are now in the position to combine the results for the
γW box and ΔR. We follow the definition

□
VA
γW ¼ α

2π
½CDIS þ CB þ CRegge þ CπN þ CRes� ð43Þ

and give the new results for the C’s. The DIS part changes
only slightly due to lowering the low Q2 cutoff from
ð1.5 GeVÞ2 to 2 GeV2,

CMS
DIS ¼ 1.84 → Cnew

DIS ¼ 1.87: ð44Þ

The Born is increased because it is integrated up to infinity,
rather than to the matching point Q2 ¼ ð0.823 GeVÞ2, but
due to accounting for more recent data (see Appendix B) the
uncertainty is reduced:

CMS
B ¼ 0.829ð83Þ → Cnew

B ¼ 0.91ð5Þ: ð45Þ
The biggest change affects the interpolating function

introduced by MS. It is replaced by the sum of πN,
resonance and Regge contributions. The central value
increases considerably, yet the uncertainty is reduced:

CMS
INT ¼ 0.14ð14Þ → CRegge þ CπN þ CRes ¼ 0.48ð7Þ:

ð46Þ
Putting the numbers together, the result for the γW box

increases with a significantly smaller uncertainty:

ð□VA
γWÞMS ¼ 2.81ð16Þ α

2π
¼ 3.26ð19Þ × 10−3;

ð□VA
γWÞnew ¼ 3.26ð9Þ α

2π
¼ 3.79ð10Þ × 10−3: ð47Þ

Finally, when translating everything into ΔR one should
also take into account the uncertainty due to all neglected
higher-order effects; MS quotes a value of �0.0001 as its
contribution to the ΔR uncertainty, and we have done no
improvement beyond that so this number should be
retained. Thereby, the shift of the radiative correction ΔR
to the neutron decay rate reads [37]

Δold
R ¼ 0.03886ð38Þ → Δnew

R ¼ 0.03992ð22Þ; ð48Þ
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or, in terms of the nucleus-independent radiative correction
ΔV

R [5,12],

ΔV;old
R ¼ 0.02361ð38Þ → ΔV;new

R ¼ 0.02467ð22Þ: ð49Þ
The comparison between our new result and the MS

result is most easily visualized through a plot of

ðM2
W=ðM2

W þQ2ÞÞMð0Þ
3 ð1; Q2Þ versus Q2 in log scale, as

shown in Fig. 7. Since dQ2=Q2 ¼ d lnQ2 in Eq. (26), the
area under the curve provides a direct measure of □VA

γW .
While mutually agreeing at large Q2, we find three main
differences between our approach and MS. (i) MS assume
no physics other than Born at low Q2, which is not
consistent with the W2 −Q2 diagram in Fig. 3. In fact,
our result shows that inelastic channels start contributing
significantly already fromQ2 ≈ 0.1 GeV2 onwards. (ii) MS
require their interpolating function to vanish when Q2 → 0
(which turns out not to be true by explicit ChPT calcu-
lation), which causes the function to drop too fast with
decreasing Q2 and meet FelðQ2Þ at relatively large match-
ing point Q2 ¼ ð0.823 GeVÞ2. (iii) MS require the integral
of their interpolating function, instead of the function itself,
to match pQCD result in the asymptotic region. This causes
a discontinuity of their FðQ2Þ at the UV-matching point.
All in all, the MS treatment of the interpolating function
results in an underestimation of ΔV

R .
Our study leads to a new, more precise extraction of Vud

from superallowed decays, as reported in Ref. [12]:

jVold
ud j ¼ 0.97420ð18ÞRCð10ÞF t

→ jVnew
ud j ¼ 0.97370ð10ÞRCð10ÞF t: ð50Þ

It is worth noting that the uncertainty in Vud associated with
ΔV

R is now comparable to that due to F t. This new result
reflects in the first-row CKM unitarity constraint

jVudj2 þ jVusj2 þ jVubj2 ¼ 0.9984� 0.0004; ð51Þ

where 2018 PDG averages [2] jVusj ¼ 0.2243ð5Þ and
jVubj ¼ 0.00394ð36Þ were used. The previous PDG con-
straint on the first-row unitarity was jVudj2 þ jVusj2þ
jVubj2 ¼ 0.9994� 0.0005, roughly consistent with unitar-
ity. Our new result suggests that, if all other SM corrections
are correct, first-row unitarity is violated by ð1.6� 0.4Þ×
10−3, at the level of 4σ; the deviation reaches 5σ if the
updated determination of Vus from the Kl3 decay in
Ref. [38] is adopted.
One may also extract Vud from free neutron beta decay:

jVold
ud jfreen¼0.9763ð16Þ→ jVnew

ud jfreen¼0.9758ð16Þ; ð52Þ

where we have taken τn ¼ 879.3ð9Þs and λ ¼ −1.2723ð23Þ
as quoted in Sec. 79 of PDG 2018 [2]. Our new evaluation
of ΔV

R does not impact the total uncertainty because the
latter is dominated by the experimental uncertainties due to
λ and τn. Note however that recently, the uncertainty of λ
was significantly reduced by the PERKEO-III experiment
[39], delivering λ ¼ −1.27641ð56Þ, with the statistical and
systematical uncertainties added in quadrature. That refer-
ence provides an updated extraction from the free neutron
decay, jVudj ¼ 0.97351ð60Þ, which used an average of the
three most recent lifetime measurements [40–42] τn ¼
879.7ð8Þs in place of the PDG average and the old
evaluation of the RC. Applying our analysis of ΔR to
these new measurements we obtain

jVnew
ud jPERKEO-IIIfree n ¼ 0.97302ð57Þ; ð53Þ

in good agreement with the extraction from superallowed
nuclear decays and with the uncertainty that is now only 4
times larger than in the latter. This uncertainty is currently
dominated by that in the lifetime, and future lifetime
measurements aim at further reducing it by a factor of
3–4 (see Ref. [1] for a comprehensive review of exper-
imental activities), closing the gap between the two
methods. Importantly, the free neutron decay is free from
nuclear uncertainties.
As mentioned already in the introduction, the value of

Vud extracted from the superallowed nuclear decays relies
on the nuclear structure corrections δNS which are purely
theoretical. There persists a discussion on the uncertainty
and model dependence of those calculations; see, e.g., the
recent Ref. [43] and references therein. The shell model
approach with the Wood-Saxon potential advocated by
Hardy and Towner is at variance with Hartree-Fock
evaluations which may signal a systematic effect that
has not yet been fully understood. In view of this we plan
reassessing the nuclear corrections from the dispersion
relation perspective in detail in the upcoming work. In the
next section we demonstrate the potential of the dispersion
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Q  (GeV )
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FIG. 7. Our prediction of M2
W

M2
WþQ2 M

ð0Þ
3 ð1; Q2Þ versus MS’s

prediction. Notice that the peak around Q2 ¼ 0.1 GeV2 is due
to the Born contribution. Figure adopted from Ref. [12].

SENG, GORCHTEIN, and RAMSEY-MUSOLF PHYS. REV. D 100, 013001 (2019)

013001-10



treatment on the example of the quasielastic contribution to
the γW-box calculation on nuclei.

VII. NUCLEAR CONTRIBUTIONS TO THE □VA
γW

FOR NUCLEAR DECAYS

When extracting Vud from superallowed Fermi transi-
tions, one must consider modifications of the free-nucleon
matrix elements due the presence of the nuclear environ-
ment. The standard approach to organizing the radiative
corrections to nuclear β decay followed in Refs. [4,5,44] is
summarized in Eq. (1). The quantity appearing in the
denominator is universal, nucleus independent, and related
to the measured ft values as

F tð1þ ΔV
RÞ ¼ ftð1þ δ0RÞð1 − δC þ δNSÞð1þ ΔV

RÞ: ð54Þ

Here, δ0R is the nuclear charge-dependent outer correction;
δC corrects the matrix element of the Fermi operator for the
nucleus-dependent isospin symmetry breaking effects; ΔV

R
stands for the universal part that stems from the γW box on
a free nucleon; and δNS accounts for nuclear structure
corrections within the γW box. The latter two corrections
combined together should be understood as the γW box
evaluated on a nucleus, with the inclusive nuclear and
hadronic intermediate states taken into account.
In the context of dispersion relations, it is useful to

visualize these contributions in terms of the nuclear
response to an external lepton in a manner analogous to
what is shown in Fig. 4. To that end, we show in Fig. 8 an
idealized structure of the nuclear electroabsorption spec-
trum. While the shape in the hadronic regime is similar to
that for a free nucleon in Fig. 4, the lower part of the nuclear
spectrum contains nuclear resonances and the QE peak.
The latter includes the one-nucleon knockout as well as the
knockout of two or more nucleons in a single scattering
process. The nuclear structure correction δNS thus accounts
for the additional features of the electroabsorption spectrum
on nuclei as compared to that on a free nucleon.
The γW box on a nucleus should in principle be

calculated in using the full nuclear Green’s function.
Doing so is challenging, however, since the latter should
be known in the full kinematical range to describe all the

effects from lowest-lying nuclear excitations to shadowing
at high energies. In practice, the nuclear modifications of
the γW box have been calculated using the nuclear shell
model with a semiempirical Woods-Saxon potential
(WSSH) [5] and nuclear density functional theory [45].
Attempts to address the calculation of δC in nuclear
approaches other than WSSH suggest that the understand-
ing of the nuclear structure corrections may not be at the
level needed to warrant the current ∼2 × 10−4 relative
precision of the F t values [46,47]. We refer the reader to a
detailed discussion in Ref. [5], which contains the list of
relevant calculations and the critique to those from the
standpoint of semiempirical Woods-Saxon potential shell
model advocated by the authors of that reference.
In what follows, we focus on the modification of the free-

nucleon Born correction ðα=2πÞCB due to the presence of
the QE response. We defer a treatment of the other features
of the low-lying nuclear spectrum to future work. To
proceed, we recall that the procedure for dividing the full
γW box on a nucleus into a universal and nucleus-
dependent corresponds to rewriting identically

□
VA;Nucl
γW ¼ □

VA;free n
γW þ ½□VA;Nucl

γW −□
VA;free n
γW �: ð55Þ

The first term is then absorbed inΔV
R , while the second term

makes part of δNS:

α

2π
Cfree n
B ⊂ □

VA;free n
γW ⊂ ΔV

R;

2½□VA;Nucl
γW −□

VA;free n
γW �≡ δNS: ð56Þ

Note that no approximation has been made at this step.
As a matter of self-consistency, one should compute the

two terms entering δNS in a common framework. In
practice, different approaches have been utilized to date.
The free-nucleon term has been evaluated using phenom-
enological input from intermediate- and high-energy data
as described in the previous sections. The second (nuclear)
term is at present calculated in nonrelativistic nuclear
models. The procedure of subtracting the former from
the latter may introduce additional model dependence,
raising concerns about additional as of yet unquantified
theoretical uncertainty. We observe that such uncertainty
would have to be primarily of a systematic, nucleus-
independent nature so as not to spoil the present agreement
with the CVC property of the charged current weak
interaction. In this section we argue that with the use of
dispersion relations one may evaluate both the free-nucleon
term and the nuclear γW-box correction on an equal
footing. In doing so, we will show that the previous
treatment of the latter has, indeed, omitted an important,
universal nuclear correction.
Working with the nucleons as the relevant degrees of

freedom for describing the nuclear structure, the γW-box
calculation has two generic contributions: one arising from

FIG. 8. Idealized structure of virtual photoabsorption on a
nucleus.
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the one-body current operator and a second involving two-
body currents. For a given nuclear model, the latter are
required for consistency with the nuclear continuity equa-
tion (current conservation). Considering now the one-body
current contribution, we write the nuclear γW Compton
amplitude schematically as

TγWnuc
μν ∼ hfjJWμ GnucJEMν jii; ð57Þ

where jii and jfi are the initial and final nuclear states,
respectively; JWμ and JEMν are the weak charged current and
electromagnetic current, respectively; and

Gnuc ¼
X
n

jnihnj
En − E0

ð58Þ

is the nuclear Green’s function (we have omitted spacetime
arguments for simplicity). Considering first fully relativis-
tic nucleons described by Dirac spinors N, the one-body
weak current in momentum space is

JWμ ¼
X
k

N̄k½gAðQ2Þτ3ðkÞγμ þ � � ��Nk

≡X
k

JWμ ðkÞ; ð59Þ

where the “þ � � �” indicate contributions from the weak
magnetism and induced pseudoscalar terms and where the
sum is over all nucleons k ¼ 1;…; A. A corresponding
expression involving the charge and magnetic form factors
applies to JEMν .
In the treatment of Ref. [5], the one-body contribution to

the matrix element in Eq. (57) is decomposed into two
terms: (A) a contribution singling out the same nucleon in
JWμ and JEMν and (B) a contribution involving distinct
nucleons in these two operators. For purposes of the
following discussion, it is useful to identify these two
contributions using Eqs. (57)–(59):

TγWnuc
μν ∼

X
k;l

hfjJWμ ðkÞGnucJEMν ðlÞjii

¼ TA
μν þ TB

μν; ð60Þ
where

TA
μν ¼

X
k

hfjJWμ ðkÞGnucJEMν ðkÞjii; ð61Þ

TB
μν ¼

X
k≠l

hfjWμ ðkÞGnucJEMν ðlÞjii: ð62Þ

Here, TA
μν and TB

μν correspond, respectively, to contributions
(A) and (B) mentioned above. The authors of Ref. [5] refer
to a part of contribution (A) as the nuclear Born term, while
contribution (B) is included as a separate part of δNS.
As first articulated in the earlier work of Ref. [44],

the nuclear Born term is evaluated by replacing the

free-nucleon isovector axial form factor gAðQ2Þ and iso-
scalar magnetic form factorGMðQ2Þ by “quenched” values.
This procedure is motivated by the observation that use of
the free-nucleon form factors in the one-body currents
overpredicts the strength of nuclear Gamow-Teller tran-
sitions and nuclear magnetic moments [48,49]. The corre-
sponding isoscalar magnetic moment and isovector axial

coupling quenching parameters, qð0ÞS and qA, respectively,
then describe the reduction of the spin-flip interaction

strengths in the nuclear environment, with qð0ÞS ; qA ≤ 1. In
evaluating the nuclear Born contribution to □

VA
γW , the

authors of Ref. [5] then evaluate contribution (A) as
described above but with these quenching factors applied:

TA
μν →

X
k

hfjfJWμ ðkÞGnuc
gJEMν ðkÞjii

→
X
k

hfjfJWμ ðkÞ½SF ⊗ GA00
nuc�gJEMν ðkÞjii; ð63Þ

where J̃μ denotes a current operator containing the quench-
ing factor and where, in the last step, the nuclear Green’s
function has been replaced by the direct product of the free-
nucleon propagator, SF, and the Green’s function for an
intermediate “spectator nucleus,” A00. The loop integral
used in obtaining CB for the free nucleon, which contains
SF, is then evaluated without further reference to the
spectator nucleus but with the quenched form factors
included. One then writes

Cfree n
B → CNucl

B ¼ Cfree n
B þ ½qð0ÞS qA − 1�Cfree n

B ð64Þ
and includes the second term on the rhs of Eq. (64) in δNS.
Note that this treatment relies on several assumptions:

(i) the impact of the nuclear environment is dominated by
the transitions to the low-lying states jni; (ii) the nucleon
form factors entering the γW-box graph for a single nucleon
should inherit the impact of this apparent modification of
the one-body currents in low-lying nuclear transitions;
(iii) the quenching observed for pure Gamow-Teller and
for magnetic moments and pure magnetic transitions trans-
lates directly into a mixed Gamow-Teller ⊗ magnetic
response via the product of the corresponding quenching

factors qð0ÞS qA; and (iv) theQ2 weighting inside the nucleon
and nuclear box is the same.
In effect, the foregoing assumptions amount to trans-

lating the effective quenching of the one-body operator
strengths relevant to transitions involving the low-lying
nuclear states jni into a virtual free-nucleon computation
applicable to the ω ¼ 0 and 0 ≤ Q2 ≤ ð0.823 GeVÞ2 part
of the nucleon electroabsorption spectrum (see Fig. 3). To
our knowledge, no explicit computation of the low-lying
nuclear contributions to TA

μν has been performed. With
these assumptions and using CB ¼ 0.89, Refs. [44,50]
obtain that the quenched Born contribution for nuclei of
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interest monotonically decreases from −0.189 for 10C to
−0.306 for 74Rb. These results have propagated in all
further evaluations of δNS. References [44,50] assigned a
generic 10% uncertainty to this contribution.
We now argue that the assumptions underlying the

approach of Ref. [44] are not well justified. To that end,
it is useful to refer to the generic electroabsorption
spectrum shown in Fig. 8. We then observe the following.

(i) The strength of the nuclear response in the QE
regime is significantly larger than that due to low-
lying nuclear excitations and covers a broader range
of excitation energy than the latter. Thus, one might
expect that the QE region generally has a more
significant impact on the dispersion integral, as well.
To address the nuclear modification of the free-
nucleon contribution in a controlled manner, the QE
knockout contribution has to be explicitly included.

(ii) The dynamics in which the same nucleon partici-
pates in the transition to a state involving a quasifree
nucleon and spectator nucleus are those of the QE
response, whose peak at ω ∼Q2=2M can lie sig-
nificantly above the low-lying nuclear excitation
spectrum. In the γW box this contribution corre-
sponds to (i) the virtual Wþ knocking out one
neutron from the initial nucleus, converting it to a
proton and a spectator nucleus, corresponding to a
subset of intermediate states jni in the nuclear
Green’s function and (ii) reabsorption of the quasi-
free proton into the final nucleus by emitting a
virtual photon.

(iii) The significant store of data for QE electron-nucleus
scattering implies that, to a first approximation, one
may obtain an adequate description of the QE
response using the free-nucleon form factors without
any quenching factors applied. Inclusion of sub-
dominant effects arising from nuclear correlations
and two-body currents may yield Oð10%–30%Þ
corrections [51].

(iv) Finally, the QE contribution to the γW box requires a
quasifree active nucleon between the γ and W
couplings rather than a bound nucleon inside an

excited nuclear state; compare Figs. 9(b) and 9(a),
respectively. The Q2 dependence under the integral
in the box with the low-lying excited nuclear
state as in Fig. 9(a), on the other hand, depends
on nuclear form factors which are known to drop
much faster than the free-nucleon form factors, so
the assumption that the integral over form factors
should simply rescale as the charges is not justified.

With these observations in mind, we propose an alter-
native method of addressing the modification of the free-
nucleon Born contribution by explicitly accounting for the
QE contribution shown in Fig. 9(b). This approach entails
(i) employing the dispersion relation framework to evaluate
the contribution from the QE component of TA

μν to δNS and
(ii) replacing the Towner and Hardy computation of the
same-nucleon contribution to δNS by our computation of the
QE contribution. We defer a treatment of the contributions
from low-lying nuclear excitations to a future, state-of-the-
art many-body computation. We expect that such a compu-
tation will take into account the underlying many-body
dynamics responsible for the quenching of spin-flip tran-
sition strengths in low-lying nuclear transitions.
We now turn to the dispersion representation of the

γW-box correction in Eq. (23) with the nuclear structure

function Fð0Þ;Nucl
3;γW , defined per active nucleon,

□
VA;Nucl
γW ¼ α

NπM

Z
∞

0

dQ2M2
W

M2
W þQ2

Z
∞

0

dν
ðνþ 2qÞ
νðνþ qÞ2

× Fð0Þ;Nucl
3;γW ðν; Q2Þ; ð65Þ

with N the number of neutrons (protons) in the β−ðβþÞ
decay process, respectively, and concentrate on the qua-
sielastic part only. Instead of defining the quenching via a
simple rescaling of the Born we will directly calculate CQE

from a dispersion representation:

CQE ¼ 2

Z
∞

0

dQ2

Z
νπ

νmin

dνðνþ 2qÞ
Mνðνþ qÞ2 F

ð0Þ;QE
3;γW ðν; Q2Þ; ð66Þ

with the limits of the ν integration being νmin, the threshold
for the quasielastic breakup specified in Eq. (70) below and
νπ ¼ ðQ2 þ ðM þmπÞ2 −M2Þ=2M the threshold for pion
production. Then, we estimate the modification of the Born
contribution discussed above, as

CNucl
B ¼ Cfree n

B þ ½CQE − Cfree n
B �: ð67Þ

For purposes of this exploratory calculation, we describe
the quasielastic peak in the γW-box contribution to a
superallowed βþ decay process A → A0eþνe in the
plane-wave impulse approximation (PWIA). In this picture,
a nucleus first splits into an on-shell spectator nucleus A00
and an active off-shell nucleon, and the latter interacts with
the gauge bosons. The effective scattering process proceeds

(a) (b)

FIG. 9. Diagrammatic representation of the quenching mecha-
nism of the Born contribution in the approach of Refs. [44,50],
diagram (a) with the initial (final) nucleus A (A0), and an excited
nuclear state Ã accessed via a Gamow-Teller transition from the
initial nucleus and via a magnetic transition from the final
nucleus. (b) shows the quasielastic picture with a single-nucleon
knockout.
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as AW− → nA00 → A0γ; see Fig. 9(b). The active nucleon
carries an off-shell momentum k before interacting with the
gauge boson. To describe its distribution in the nucleus we
adopt the Fermi gas model, which assumes a uniform
distribution of nucleon momenta within the Fermi sphere
with the Fermi momentum kF.
We compute the quasielastic contribution to the structure

function Fð0Þ
3 per proton in a nucleus. Details of the

calculation are reported in Appendix G, and here we
simply show the final result:

1

Z
Fð0Þ;QE
3;γW ðν; Q2Þ ¼ −GAGS

M
3Q2

32q
FP

ððk̃þÞ2 − ðk̃−Þ2Þ
k3F

;

ð68Þ

where the 1=Z is the normalization specific for βþ process
and should be replaced by 1=N for β− decay. The quantity
FPðjq⃗j; kFÞ is a function describing the Pauli blocking
effect during the interaction between the active nucleon and
the gauge bosons, while k̃� ¼ minðkF; k�Þ where k�
denote the upper and lower limits of the active nucleon
three-momentum k. These arise due to the on-shell con-
dition for the intermediate nucleon and are given by

k� ¼
���� q2MA−1 þ ν − νmin

MA
2
þ ν − νmin

�MA þ ν

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðν − νminÞð2MMA−1=MA þ ν − νminÞ
p

MA
2
þ ν − νmin

����;
ð69Þ

where we introduced the threshold energy for the quasie-
lastic breakup,

νmin ¼ Q2=ð2MAÞ þ ϵ; ð70Þ

with ϵ ¼ MA−1 þM −MA the nucleon removal energy.
This nucleon removal energy is another scale that is
relevant for QE scattering. Because of a mismatch between
the initial and final nucleus masses for each decay (usually
referred to as the Q value of the decay), every initial-final
nucleus pair involves not one, but two removal energies.
Specifically, for βþ decay these are given by

ϵ1 ¼ MA00 þMn −MA0 ;

ϵ2 ¼ MA00 þMn −MA < ϵ1; ð71Þ

with A00 ¼ A − p ¼ A0 − n the spectator nucleus. For β−

decay the proton and neutron masses should be exchanged
in this definition. We only account for bulk properties of
nuclear structure at this step and define an average removal
energy for each pair:

ϵ̄ ¼ ffiffiffiffiffiffiffiffiffi
ϵ1ϵ2

p
: ð72Þ

We consider 20 decay modes collected in the 2015
review by Hardy and Towner [5], use the known Q values
of the decays and calculate relevant nucleon removal
energies and summarize the results in Table I. We notice
that while individual breakup thresholds vary significantly
from isotope to isotope, the average removal energies all
fall in a narrow range, ϵ̄ ¼ 7.5� 1.5 MeV. The Fermi
momentum also varies in a small range, from 228 to
245 MeV, from lightest to heaviest nucleus. We use the
model with the average values of Fermi momentum and
breakup threshold for calculating the bulk quasielastic
contribution □

VA;QE
γW universal for all nuclei and do not

attempt to address the nuclear-specific corrections at this
time. The numerical evaluation of the QE contribution in
Fermi gas model gives

CQE ¼ 0.44� 0.04� 0.13: ð73Þ

The first uncertainty is obtained by varying the average
removal energy and the Fermi momentum within
their respective range. The second uncertainty is the
uncertainty of the model which we assume to be ∼30%
for the free Fermi gas model. This way we obtain a new
estimate of the “quenching of the Born contribution” [note
that Refs. [44,50] adopted an older result CB ¼ 0.89,
whereas our evaluation suggests a slightly higher value
CB ¼ 0.91ð5Þ]:

TABLE I. Effective removal energy ϵ̄ as calculated from the
initial and final nucleus removal energies ϵ2;1 for all superallowed
β decays listed in Ref. [5].

Decay ϵ1 (MeV) ϵ2 (MeV) ϵ̄ (MeV)
10C → 10B 6.70 4.79 5.67
14O → 14N 8.24 5.41 6.68
18Ne → 18F 8.11 4.71 6.18
22Mg → 22Na 10.41 6.28 8.09
26Si → 26Al 11.14 6.30 8.38
30S → 30P 10.64 5.18 7.42
34Ar → 34Cl 11.51 5.44 7.91
38Ca → 38K 11.94 5.33 7.98
42Ti → 42Sc 11.57 4.55 7.25
26mAl → 26Mg 11.09 6.86 8.72
34Cl → 34S 11.42 5.92 8.22
38mK → 38Ar 11.84 5.79 8.28
42Sc → 42Ca 11.48 5.05 7.61
46V → 46Ti 13.19 6.14 9.00
50Mn → 50Cr 13.00 5.37 8.35
54Co → 54Fe 13.38 5.13 8.28
62Ga → 62Zn 12.90 3.72 6.94
66As → 66Ge 12.74 3.16 6.34
70Br → 70Se 13.17 3.20 6.49
74Rb → 74Kr 13.85 3.44 6.90
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CQE − CB ¼ −0.47� 0.14: ð74Þ

We observe that the nuclear environment reduces the size
of the elastic box correction by about a half. This effect can
be qualitatively understood by noticing the ∼1=ν2 weight-
ing under the integral in Eq. (66). In the free-nucleon case,
the Q2 integration starts at zero, and so does the ν
integration since ν ¼ Q2=ð2MÞ. In nuclei, binding effects
shift that threshold to a finite value ν ¼ Q2=ð2MAÞ þ ϵ̄.
Pauli blocking provides an additional source of reduction.
Indeed, Ref. [30] observed the analogous effect of Pauli
blocking upon the γZ-box contribution to parity violation
in heavy atoms. We checked that in the limit ϵ̄; kF → 0 we
recover the Born contribution on a free nucleon.
For a meaningful comparison with Refs. [44,50], we

extract the average of their estimates for 20 decays,

½qð0ÞS qA − 1�CB ¼ −0.25ð6Þ, and notice a significantly
larger magnitude of the nuclear modification in our
approach. This means that, retaining all other nuclear
corrections in Ref. [5], the universal F t value should be
corrected by

α

π
ðCQE − qð0ÞS qACBÞ ¼ −ð5.1� 3.2Þ × 10−4; ð75Þ

leading to a new estimate

F̄ t¼3072.07ð63Þs→ ½F̄ t�new¼3070.50ð63Þð98Þs; ð76Þ

with the second uncertainty stemming from that of the QE
contribution.
This shift in the F t value partially cancels the large shift

in the value of Vud that followed from the new dispersion
evaluation of ΔV

R in the previous section,

jVnew
ud j ¼ 0.97370ð14Þ → jVnew;QE

ud j ¼ 0.97395ð14Þð16Þ:
ð77Þ

The corresponding change in the test of first-row CKM
unitarity reads

jVudj2 þ jVusj2 þ jVubj2 ¼ 0.9984� 0.0004

→ jVudj2 þ jVusj2 þ jVubj2 ¼ 0.9989� 0.0005: ð78Þ

The result in Eq. (78) is 2.2 standard deviations away from
exact unitarity and within one standard deviation from the
current PDG value, jVudj2 þ jVusj2 þ jVubj2 ¼ 0.9994�
0.0005.
We can relate this new result for the F t value with the

observation made in Ref. [37] for the free-neutron decay.
While the lifetime and the axial charge individually are not
very precisely known at present, a combination of them
τnð1þ 3λ2Þ forms a constant which is independent of the
uncertainty in ΔR;ΔV

R:

τnð1þ 3λ2Þ ≈ 1.70865
1þ ΔV

R

1þ ΔR
F t ¼ const: ð79Þ

The constant depends on nuclear-structure effects via the
F t value: while Ref. [37] obtains const ¼ 5172.0ð1.1Þs
based on the analysis of Ref. [5], our evaluation of the
QE contribution shifts this value to a lower value of
5169.7ð2.0Þs.
As mentioned above, we consider this new dispersion

relation-based estimate of the quasielastic nuclear correc-
tion as exploratory since it is based on a simple free Fermi
gas model and is not yet directly validated by experimental
data. This motivated us to assign a generous 30% model
uncertainty to the quasielastic result. A future evaluation
that will use a more sophisticated model of quasielastic
nuclear response will certainly decrease this uncertainty
while also being able to address the dependence of this
correction on the final nucleus charge Z. We postpone this
calculation to a future work. With these reservations, we
believe that our new evaluation of the “quenched Born
contribution” is much better justified, as compared to the
earlier approach of Ref. [44] used in computing δNS. The
dispersion relation approach also provides the basis for a
unification of the universal correction ΔV

R and the nuclear
structure-dependent correction δNS within the same frame-
work. To further advance the evaluation of these correc-
tions, the following steps will be necessary: (i) more
advanced calculations of the QE single-nucleon knockout
contribution using up-to-date nuclear theory and validated
by experimental QE data; (ii) advanced calculations of the
QE two-nucleon knockout that is the main contribution to
δNS, which should also be confronted with the experimental
data; (iii) new computations of the contributions to δNS
from low-lying nuclear states that directly incorporate the
dynamics responsible for the observed quenching of spin-
flip transitions; (iv) computations that include nuclear
shadowing effects which may affect the evaluation of
ΔV

R on a nucleus and have not been considered in the
literature. To set up this research program, a close co-
operation between particle and nuclear theorists and exper-
imentalists will be crucial.

VIII. RELATION TO eN-SCATTERING DATA

Besides making use of the neutrino scattering data,
one other possibility to probe the γW interference matrix
element in experiment is to relate it to the γZ matrix
element which can be measured in PV eN scattering
through isospin symmetry. To illustrate this point, we first
define a set of rank-one spherical tensors in the isospin
space using the axial current Aμ

i ¼ q̄γμγ5τiq:

A�1;μ
1 ¼ ∓ 1ffiffiffi

2
p ðAμ

1 � iAμ
2Þ;

A0;μ
1 ¼ Aμ

3 ð80Þ
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such that the axial components of the charged and neutral
weak currents are given by ðJμWÞA ¼ ð1= ffiffiffi

2
p ÞA1;μ

1 and
ðJμZÞA ¼ −ð1=2ÞA0;μ

1 , respectively. With this, one can easily
show using the Wigner-Eckart theorem in the isospin space
that

hpjJð0Þμem ðJνWÞAjni
¼ hpjJð0Þμem ðJνZÞAjpi − hnjJð0Þμem ðJνZÞAjni; ð81Þ

where Jð0Þμem is the isosinglet component of the electromag-
netic current (and a superscript “3” will denote its isotriplet

component). Next, we can write Jð0Þμem ¼ Jμem − Jð3Þμem at the
right-hand side of the equation above and argue that the

terms with Jð3Þμem sum up to zero. The reason is simple: both

Jð3Þμem and ðJνZÞA are ðI ¼ 1; I3 ¼ 0Þ objects, so their product
can only be ðI ¼ 0; I3 ¼ 0Þ or ðI ¼ 2; I3 ¼ 0Þ. The I ¼ 2
piece obviously vanishes when taking matrix element
with respect to I ¼ 1=2 nucleon states, while the matrix
elements of the I ¼ 0 piece are the same for the proton
and neutron so they cancel each other. Therefore we can

simply replace Jð0Þμem → Jμem at the right-hand side. That
leads to the following identity for the parity-odd structure
functions F3:

4Fð0Þ
3 ¼ Fp

3;γZ − Fn
3;γZ: ð82Þ

The factor 4 at the left-hand side is just due to the

choice of normalization in Fð0Þ
3 . The structure functions

on the rhs are in principle measurable in PV electron
scattering experiments. One should however be aware
of the possible caveats of such correspondence: recall
that the isoscalar component of the electromagnetic current
is much smaller than its isovector component; so any
attempt based on isospin argument to relate a small
isoscalar EM matrix element to the full EM matrix
element will be more exposed to unknown hadronic
complications such as the nucleon anapole moment and
the strange quark effects.
Another significance of PV eN scattering is its ability to

test our current modeling of Fð0Þ
3 and Fνpþν̄p

3 simultane-

ously. Recall that Fð0Þ
3 is probing a current product of the

form isoscalar × isovector while Fνpþν̄p
3 is of isovector ×

isovector; they can be related to FN
3;γZ of which the

electromagnetic current contains both the isoscalar iso-
vector components. To illustrate this point let us consider
the Regge contribution to FN

3;γZ in total analogy to those
detailed in Appendix E. The exchanged diagrams are
depicted in Fig. 10, and one observes that the photon
can fluctuate to both ω and ρ0. The only extra ingredient
needed apart from those in Appendix E is the mixing
Lagrangian between a1 and Z, also given in Ref. [52]:

La1Z ¼ −
gm2

a1

2gρ cos θW
wa1a

0
1μZ

μ: ð83Þ

With this we can write down the Regge prediction of FN
3;γZ

in complete analogy to Eq. (E4):

FγZ;N
3;R ðν;Q2Þ

¼ 2

�
eg

2cosθW

�
−1
�
e
gω

m2
ω

m2
ωþQ2

��
−

gwa1

2gρ cosθW

m2
a1

m2
a1 þQ2

�
×

�
gρ
2
τ3N

�
g1Hρðν;Q2Þþ 2

�
eg

2cosθW

�
−1
�
e
gρ

m2
ρ

m2
ρþQ2

�
×

�
−

gwa1

2gρ cosθW

m2
a1

m2
a1 þQ2

��
gω
2

�
g2Hωðν;Q2Þ; ð84Þ

with τ3p;n ¼ �1 the nucleon isospin. From here one
immediately observes the relations

FγZ;p
3;R − FγZ;n

3;R ¼ 4Fð0Þ
3;R;

FγZ;p
3;R þ FγZ;n

3;R ¼ Fνpþν̄p
3;R ; ð85Þ

which are nothing but direct consequences of isospin
symmetry; the first line has already been proven above
and the second line works the same way.
There are several benefits of this analysis. Firstly,

according to the second line in Eq. (85), PV electron
scattering experiments on a deuteron (which is essentially
pþ n) plays the same role as neutrino scattering in terms of
probing the Regge contribution; thus, the two different
experiments may complement each other in providing input
data to the dispersion relation at wider regions of ν and Q2.
Secondly, one major conclusion of our Regge analysis in

Appendix E is that Fð0Þ
3;R and Fνpþν̄p

3;R should have approx-
imately the same Q2 dependence; this can now be checked
by comparing theQ2 dependence of F3;γZ between a proton
and deuteron (after subtracting out the elastic, Nπ and
resonance contribution by hand). The similarity in the Q2

dependence of the two will be an indication of the
correctness of our model prediction.
To conclude this section, we notice a great similarity of

the γW-box correction discussed here at length and the γZ-
box correction to parity-violating interaction of the electron
with the nucleon and nuclei. Its value at zero energy, which
is relevant for interpreting hadronic weak charges in terms

FIG. 10. Regge-model description of FN
3;γZ.
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of running of the weak mixing angle sin2 θWðμÞ, is given by
our master formula for the γW box of Eq. (26) with just a
few changes: we take the Nachtmann moment of the
interference structure function Fp

3;γZ, replace the W mass
by the Z mass and include the scale dependence due to the
running weak mixing angle in the electron’s weak charge
veðQ2Þ ¼ −1þ 4ŝ2WðQ2Þ under the integral to obtain

□
A
γZð0Þ ¼

3α

2π

Z
∞

0

dQ2M2
ZveðQ2Þ

Q2½M2
Z þQ2� M

p
3;γZð1; Q2Þ: ð86Þ

Compare the above formula to Refs. [28,30], where a
similar result was obtained in terms of a series of Mellin
moments which is equivalent to the Nachtmann moment.
Asymptotically, the first Nachtmann moment of Fp

3;γZ is

Mp
3;γZð1; Q2 → ∞Þ ¼ R

1
0 dxð2

3
upVðxÞ þ 1

3
dpVðxÞÞ ¼ 5

3
, which

gives the well-known large logarithm contribution [53,54]
ð5α=2πÞveðM2

ZÞ logðM2
Z=Λ2Þ, with Λ a scale above which

parton picture sets in. As to the terms not enhanced by this
large logarithm and sensitive to hadronic structure, the most
recent estimate stems from Refs. [28,30] and includes Born
and resonance contributions. To apply the free-nucleon
estimates of RC to the nuclear weak charges in parity
violation in atoms, Ref. [30] included Pauli blocking in the
free Fermi gas model but disregarded binding energy
effects. In view of our new analysis of the γW box that
showed the importance of the high-energy continuum at
low Q2 (our Regge-VDM parametrization), a similar
contribution may be of importance for the γZ box, as well,
and we will investigate this in an upcoming work.

IX. CONCLUSIONS

In summary, we proposed a new, dispersion relation-
based formulation of the γW-box correction to neutron and
nuclear beta decays. We expressed this correction as an
integral over the first Nachtmann moment of the P-odd

structure function Fð0Þ
3;γW that arises from the interference of

the isovector axial current and the isoscalar electromagnetic

current. Dispersing the structure function Fð0Þ
3;γW in energy

allows for obtaining a more detailed input needed for
evaluating the correction and the uncertainty thereof.
Utilizing the available neutrino and antineutrino scattering
data we were able to obtain a new data-driven determi-
nation of the universal correction ΔV

R , which should replace
the previous evaluation in Ref. [4]. While the uncertainties
of the data are quite large, this approach allowed for a
reduction of the uncertainty of ΔV

R which is central to
extracting the value of Vud and testing the first-row CKM
unitarity. The new evaluation of ΔV

R , assuming all other
corrections remain unchanged, resulted in a significant
reduction of the value of Vud and to a violation of CKM
unitarity by four standard deviations.

While this disagreement opens up possibilities for BSM
contributions which were essentially excluded by the
previous CKM unitarity constraint, it prompted us to
address nuclear structure corrections from the dispersion
relation perspective. One particular contribution, that due to
a one-nucleon knockout, was evaluated in the free Fermi
gas model. It can be identified with the quenched Born
contribution proposed and calculated by Towner in 1994
and included in all analyses of nuclear structure corrections
by Hardy and Towner ever since. We argued that the
assumptions entering that calculation are not well justified
and that a proper inclusion of the quasielastic contribution
is likely to increase that effect considerably. A free Fermi
gas model estimate showed that this effect partially cancels
the increase of ΔV

R and brings the first-row CKM unitarity
closer to agreement. Moreover, our work showed that it is
possible to unify the universal and nuclear structure-
dependent corrections within the same framework.
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APPENDIX A: CROSSING SYMMETRY

In this Appendix we demonstrate the crossing symmetry

of the γW P-odd invariant function: TðIÞ
3 ð−ν; Q2Þ ¼

ξITðIÞ
3 ðν; Q2Þ, where ξð0Þ ¼ −1 and ξð3Þ ¼ 1. This relation

is crucial in obtaining their dispersive representation (22).
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Our derivation makes use of the following time-reversal
identity:

hβjÔjαi ¼ hα̃jTÔ†T−1jβ̃i; ðA1Þ

where Ô is a linear operator, T is the time-reversal operator
and jα̃i ¼ T jαi, jβ̃i ¼ T jβi are the time-reversed state.
It is convenient to also define the time-reversed four-
momentum p̃μ ¼ pμ and recall the time-reversal operation
to a four-current:

TJμðx⃗; tÞT−1 ¼ Jμðx⃗;−tÞ: ðA2Þ

Now we may decompose the electromagnetic

current into isoscalar and isovector components Jμem ¼
Jð0Þμem þ Jð3Þμem and compute their corresponding V × A com-
ponent of the forward Compton tensor (13) with q → −q:

TðIÞμν
γW;VAðp;−qÞ

¼1

2

Z
dxeiq·xhpðpÞjT½ðJνWðxÞÞAJðIÞμem ð0Þ�jnðpÞi

¼1

2

Z
dxeiq̃·xhnðp̃ÞjT½JemðIÞ

μ ðxÞðJWν ð0ÞÞ†A�jpðp̃Þi; ðA3Þ

where the first equality is due to translational invariance
and the second equality makes use of Eqs. (A1) and (A2)
and the translational invariance. Next, we can prove the
following identity:

hnðp̃ÞjT½JemðIÞ
μ ðxÞðJWν ð0ÞÞ†A�jpðp̃Þi

¼ −ξIhpðp̃ÞjT½JemðIÞ
μ ðxÞðJWν ð0ÞÞA�jnðp̃Þi ðA4Þ

straightforwardly using the Wigner-Eckart theorem in the
isospin space. With these, we can now express both the lhs

and rhs of Eq. (A3) in terms of invariant function TðIÞ
3 to get

iϵμναβpαqβ
2ðp · qÞ TðIÞ

3

�
−
p · q
M

;Q2

�
¼ −ξI

iϵμναβp̃αq̃β

2ðp̃ · q̃Þ TðIÞ
3

�
p̃ · q̃
M

;Q2

�
: ðA5Þ

Finally, using ϵμναβp̃αq̃β ¼ −ϵμναβpαqβ and p̃ · q̃ ¼ p · q,
we immediately obtain the desired crossing symmetry

relation TðIÞ
3 ð−ν; Q2Þ ¼ ξITðIÞ

3 ðν; Q2Þ.

APPENDIX B: ELASTIC (BORN) CONTRIBUTION

This Appendix serves as an updated evaluation of the
elastic contribution to the γW-box diagram. As clearly seen
from Fig. 4 the elastic contribution is separated from

inelastic one by a finite gap. This picture remains intact
for any value ofQ2, so it is natural to separate this piece out
of the integral. To evaluate it, we need electromagnetic and
weak vertices. The electromagnetic vertex is given by

Γμ
emðqÞ ¼

�
FS
1ðQ2Þ 1

2
þ FV

1 ðQ2Þ τ
3

2

�
γμ

þ
�
FS
2ðQ2Þ 1

2
þ FV

2 ðQ2Þ τ
3

2

�
iσμα

qα
2M

; ðB1Þ

with FS;V
1;2 ¼ Fp

1;2 � Fn
1;2 and q the incoming momentum.

The weak charged current vertex is given by

Γa;μ
W ðqÞ ¼

�
FW
1 γ

μ þ FW
2 iσ

μα qα
2M

þGAγ
μγ5

�
τa; ðB2Þ

here we do not display the pseudoscalar form factorGP that
does not contribute to the box diagram.
A straightforward calculation leads to the following

expression for the elastic contribution to the structure
function:

Fð0Þ
3;Born ¼ −

1

4
GAðQ2ÞGS

MðQ2Þδð1 − xÞ; ðB3Þ

where GS
M ¼ FS

1 þ FS
2 is the isoscalar magnetic Sachs form

factor. The resulting contribution to the box correction
reads

□
VA;Born
γW ¼ −

α

π

Z
∞

0

dQ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 þQ2

p
þQ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 þQ2

p
þQÞ2

×GAðQ2ÞGS
MðQ2Þ: ðB4Þ

Above, we neglected the Q2 dependence of the W propa-
gator since the integral converges way belowQ2 ∼M2

W due
to nucleon form factors. Notice that, unlike Marciano and
Sirlin who only account for the elastic contribution in the
low-Q2 part of the integral, in the dispersive approach it
extends to all Q2.
Numeric evaluation with modern data on electromag-

netic and weak form factors leads to

□
VA;Born
γW ¼ α

2π
0.908ð49Þ ¼ 1.05ð6Þ × 10−3; ðB5Þ

slightly above the MS value [4]

□
VA;Born
γW jMS ¼

α

2π
0.829ð83Þ ¼ 9.63ð96Þ × 10−4: ðB6Þ

The two calculations agree within the errors, but the
uncertainty in the MS calculation is rather arbitrarily
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assigned as �10%, whereas ours is derived from the most
recent information on nucleon form factors and is half of
that in MS. This result is essentially model independent:
form factors are fixed by data on electron and neutrino
scattering. If future data will further constrain the form
factors, the uncertainty can be further reduced.
In the following we present the details in obtaining

the Born contribution (B5) to □γW . First, we notice that
according to our definitions, Gp

MðQ2Þ > 0, Gn
MðQ2Þ < 0,

GAðQ2Þ < 0 and jGp
MðQ2Þj > jGn

MðQ2Þj for all relevant
values of Q2. So, we can write □

VA;Born
γW as

□
VA;Born
γW ¼ α

π

Z
∞

0

dQ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

N þQ2
p

þQ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

N þQ2
p

þQÞ2
× jGAðQ2ÞjðjGp

MðQ2Þj − jGn
MðQ2ÞjÞ; ðB7Þ

so that every single multiplicative term in the integrand is
positive definite.
We acquire the data of the nucleon magnetic Sachs form

factors from Figs. 1 and 4 of Ref. [55]. In each figure, we
take the upper and lower boundary of the red shaded band
(multiplied by appropriate factors) as our jGN

MðQ2Þjmax and
jGN

MðQ2Þjmin, respectively, (N ¼ p, n) and define

jGN
MðQ2Þj ¼ 1

2
ðjGN

MðQ2Þjmax þ jGN
MðQ2ÞjminÞ;

ΔjGN
MðQ2Þj ¼ 1

2
ðjGN

MðQ2Þjmax − jGN
MðQ2ÞjminÞ: ðB8Þ

For the axial form factor at low Q2, we utilize the result
from the model-independent z-expansion analysis in
Ref. [56]. We take the upper and lower end of the green
error bars in their Fig. 3 as our jGAðQ2Þjmax and
jGAðQ2Þjmin and define jGAðQ2Þj and ΔjGAðQ2Þj accord-
ingly. For Q2 > 1 GeV2, we extrapolate each of the upper
and lower curve using a dipole function gAð1þQ2=m2

AÞ−2
with gA ≈ 1.27. We find that for a smooth extrapolation
of jGAðQ2Þjmax we need mA ¼ 1.27 GeV while for
jGAðQ2Þjmin we need mA ¼ 1.09 GeV.
For the uncertainty estimation, we define

δ1¼
α

π

Z
∞

0

dQ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

NþQ2
p

þQ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

NþQ2
p

þQÞ2ΔjGAðQ2ÞjðjGp
MðQ2Þj

− jGn
MðQ2ÞjÞ;

δ2¼
α

π

Z
∞

0

dQ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

NþQ2
p

þQ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

NþQ2
p

þQÞ2 jGAðQ2ÞjðΔjGp
MðQ2ÞjÞ;

δ3¼
α

π

Z
∞

0

dQ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

NþQ2
p

þQ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

NþQ2
p

þQÞ2 jGAðQ2ÞjðΔjGn
MðQ2ÞjÞ

ðB9Þ

to account for the uncertainty due to GAðQ2Þ, Gp
MðQ2Þ and

Gn
MðQ2Þ, respectively. These three pieces are added up in

quadrature to obtain a total uncertainty:

δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ21 þ δ22 þ δ23

q
: ðB10Þ

Due to the limitation of available data, in the numerical
evaluation we integrate Q2 up to 10 GeV2, which is
practically equivalent to setting Qmax → ∞. The resulting
central value is 1.05 × 10−3, with δ1 ¼ 4.9 × 10−5, δ2 ¼
1.5 × 10−5 and δ3 ¼ 2.7 × 10−5, so the full result is
ð1.05� 0.06Þ × 10−3 as shown in Eq. (B5).

APPENDIX C: πN INTERMEDIATE STATE
CONTRIBUTION TO FγW

3

Here we present the explicit result for the πN contribu-

tion to the structure function Fð0Þ
3 ðν; Q2Þ. It may be written

as a sum of six terms coming from the discontinuity
of the six one-loop diagrams depicted in Fig. 11, respec-
tively [which is also equivalent to calculating MðnW →
NπÞM�ðNπ → pγÞ at tree level and integrating over the
phase space]:

Fð0Þ
3;πN ¼

X6
i¼1

Fð0ÞπN
3;i : ðC1Þ

They are calculated using relativistic baryon chiral pertur-
bation theory (ChPT) at leading order, keeping in mind that
the photon is coupled to the isosinglet electromagnetic
current, which leads to slight modifications of the corre-
sponding Feynman rules; alternatively one could also
calculate Fp

3;γZ − Fn
3;γZ with the full Feynman rules, as

shown in Sec. VIII.

FIG. 11. Diagrams for πN contribution to Fð0Þ
3 .
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The results are

Fð0ÞπN
3;1 ¼ −

gAMνðM4 −M2m2
π − 2M2W2 −m2

πW2 þW4ÞðEþ − E−Þ
64π2F2

πW2ðW2 −M2Þq ; ðC2Þ

Fð0ÞπN
3;2 ¼ 3g3AMνðM6 −M4m2

π − ðM4 þ 6M2m2
πÞW2 − ðM2 þm2

πÞW4 þW6ÞðEþ − E−Þ
256π2F2

πW2ðW2 −M2Þ2q ; ðC3Þ

Fð0ÞπN
3;3 ¼ −

g3Aν
512π2F2

πq3ðW2 −M2Þ f½4M
2W2ð2M4 þ ð2M2 þQ2ÞðW2 þQ2 −m2

πÞ þQ2W2Þ

−ðM2 þW2ÞðM2 þQ2 þW2Þ2ðW2 þM2 −m2
πÞ�

Eþ − E−

2MW2
− ½M6 þM4ð−2m2

π þQ2 −W2Þ
þM2W2ð4m2

π − 2Q2 −W2Þ − 2m4
πQ2 − 2m2

πW4þW4ðQ2 þW2Þ� lnΞg; ðC4Þ

Fð0ÞπN
3;4 ¼−

gAν
128π2F2

πq3
f½4M2W2ð2M2−m2

π þQ2Þ− ðM2þQ2þW2Þ2ðW2þM2−m2
πÞ�

Eþ −E−

2MW2
− ½M4 −M2ðQ2þ 2W2Þ

þ 2m2
πQ2þW2ðQ2þW2Þ� lnΞg;

Fð0ÞπN
3;5 ¼ 3g3Aν

512π2F2
πq3ðW2−M2Þf½4M

2W2ð2M4þ 2M2ðQ2þW2Þþm2
πðQ2− 2W2ÞþQ4þ 2Q2W2Þ

− ðM2þW2ÞðM2þQ2þW2Þ2ðW2þM2−m2
πÞ�

Eþ−E−

2MW2
− ½M6þM4ðQ2−W2Þ

−M2ð2m2
πQ2þ 2W2Q2þW4Þþ 2m4

πQ2þ 2m2
πQ2W2þW4ðQ2þW2Þ� lnΞg;

Fð0ÞπN
3;6 ¼ g3Aν

512π2F2
πq3

��
ð4M2W2− ðM2þQ2þW2Þ2ÞðW2þM2−m2

πÞ

−
8M2m2

πQ2W4ð−3M2þ 2m2
π −Q2 −W2Þ

M6 − 2M4W2þM2ð3m2
πQ2þW4Þþm2

πQ2ðW2þQ2−m2
πÞ
�
Eþ−E−

2MW2
þ 2m2

πðM2þQ2 −W2Þ lnΞ
	
; ðC5Þ

where λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2bc − 2ca is the usual Källén function, E� is the maximum and minimum energy
of nucleon in an Nπ-final state:

E� ¼ ðW2 þM2 þQ2ÞðW2 þM2 −m2
πÞ

4MW2
� qλ

1
2ðM2; m2

π;W2Þ
2W2

; ðC6Þ

and

lnΞ ¼ ln

�
2MEþ −M2 þm2

π −Q2 −W2

2ME− −M2 þm2
π −Q2 −W2

�
ðC7Þ

is a frequently appearing logarithmic function.
It is well known that ChPT is an effective field theory at

low energy, so the results above apply only at low Q2; in
particular, it clearly overestimated the size of Nπ effects at
large Q2. Form factors may be supplemented to suppress
large-Q2 contributions, but they should be added in a way
to preserve the vector and axial current conservation:

qμhpjJð0Þμem jNπi ¼ 0; lim
mπ→0

qμhNπjðJμWÞAjni ¼ 0: ðC8Þ

Here we choose to multiply our ChPT result by the
isosinglet electromagnetic form factor FS

1ðQ2Þ and the
axial form factor −g−1A GAðQ2Þ, which is a natural exten-
sion of the naïve Feynman rules applied in the ChPT
calculation.
With these results at hand, we can check the assumption

of Ref. [4] that chiral symmetry requires FðQ2 ¼ 0Þ ¼ 0.
This condition translates in the following superconvergence
relation: Z

∞

νπ

dν
ν2

Fð0Þ
3;πNðν; 0Þ ¼ 0: ðC9Þ

We find that this relation does not hold. To visualize it, we

plot Fð0ÞπN
3 ðν; 0Þ as a function of z ¼ νπ=ν for which the

superconvergence relation becomes simply
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Z
1

0

dzFð0ÞπN
3 ðνπ=z; 0Þ ¼ 0; ðC10Þ

in the full range of the variable z ∈ ð0; 1Þ in Fig. 12. It is
evident that the surfaces below and above the curve are not
equal, and the integral does not vanish. Numerically, using
gA ¼ 1.27 and Fπ ¼ 93 MeV, we find

Fð0Þ ¼ 6

Z
∞

νπ

dν
Mν2

Fð0Þ
3;πNðν; 0Þ ¼

0.648
GeV2

≠ 0: ðC11Þ

The result for Fð0Þ is finite and scales as 1=F2
π , and the

contributions listed in Eq. (C5) exhaust all the contributions
at the leading chiral order. Contributions from higher chiral
orders will scale as higher powers of 1=Fπ and cannot
modify this result. This proves that Fð0Þ ≠ 0.

APPENDIX D: RESONANCE CONTRIBUTION

Next we consider the effects of a baryon resonance R to
□

VA
γW . We first observe that since only the isoscalar

component of the electromagnetic current is involved,
the contributing resonances must have isospin 1=2. This
immediately gets rid of all isospin-3=2 resonances includ-
ing the Δ’s which are usually the main contributors in the
resonance region. For practical purpose we assume that the
resonance R takes the Breit-Wigner form with massmR and

width ΓR. With these, the resonance contribution to Fð0Þ
3 is

given by

Fð0Þ
3;res ¼

X
R

ν
qΓRmR

ðW2 −m2
RÞ2 þ Γ2

Rm
2
R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mðm2

R −M2Þ
16π3α

s
×

X
Jz¼1=2;3=2

ðAR;p
em;Jz

þ AR;n
em;Jz

Þ�AR
w;Jz

; ðD1Þ

where

AR;N
em;1=2 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πα

Mðm2
R −M2Þ

r 

R;þ 1

2

����Jþem����N;−
1

2

�
;

AR;N
em;3=2 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πα

Mðm2
R −M2Þ

r 

R;þ 3

2

����Jþem����N;þ 1

2

�
ðD2Þ

are the standard electromagnetic transverse helicity ampli-
tudes for the resonance R; the transverse components of the
electromagnetic current are defined as J�em ¼ ∓ð1= ffiffiffi

2
p Þ×

ðJxem � iJyemÞ. In principle, there is a sign ambiguity in
the definition of the helicity amplitude, which is related to
the choice of sign for the R → Nπ coupling; throughout the
paper we shall choose the same sign convention as in
Ref. [57]. The transverse helicity amplitudes of the axial
charged weak current are similarly defined as

AR
w;1=2 ¼



R;þ 1

2

����ðJþw ÞA����n;− 1

2

�
;

AR
w;3=2 ¼



R;þ 3

2

����ðJþw ÞA����n;þ 1

2

�
: ðD3Þ

The values of the electromagnetic helicity amplitudes
AR;N
em;1=2; A

R;N
em;3=2 in the vicinity of Q2 ¼ 0 can be obtained

from partial wave analyses of π, η photo- and electro-
production; however for the evaluation of the dispersion
integral their fullQ2 dependence is required and thus inputs
frommodels are unavoidable at this point. In this work their
functional form are taken from the unitary isobar model
MAID2007 [58,59]. In the meantime, there are many fewer
studies of the transition matrix elements of the axial
charged current. Here we make use of results of
Ref. [57] in which axial transition matrix elements of
the lowest-lying spin-1=2 and 3=2 resonances at Q2 ¼ 0
are inferred from the R → Nπ decay width, and a modified
dipole form is assumed for their Q2 dependence.
Applying the parameterizations in Refs. [57–59], we

study the effects of the few lowest-lying N� resonances:
P11ð1440Þ, S11ð1535Þ, D13ð1520Þ and S11ð1650Þ and find
that their contributions to □

VA
γW are generally of the order

10−7–10−5 which are negligibly small. This can be partially
understood as due to the smallness of the isosinglet
electromagnetic transition matrix element AR;p

em þ AR;n
em

because the isosinglet component of the electromagnetic
current is by itself small. Thus, we conclude that it is safe to
disregard the contributions from discrete resonances and
focus on the continuum.
In the meantime, in order to extract the Regge piece in

the inclusive neutrino scattering data, resonance contribu-
tions must be subtracted out by hand so we shall calculate
the latter in the same manner. The main difference is,
however, that in this case the resonances can have either
I ¼ 1=2 or 3=2; therefore the contribution from Δ is
obviously the dominant piece so it is sufficient to consider
only this piece. Also, according to isospin symmetry one
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FIG. 12. The integrand of Eq. (C10) as function of z ¼ νπ=ν.
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has Fν̄p
3;Δ ¼ ð1=3ÞFνp

3;Δ and therefore Fνpþν̄p
3;Δ ¼ ð2=3ÞFνp

3;Δ.
An extensive model study of the N − Δ matrix element of
charged weak current can be found in Ref. [60] so here we
simply quote their results relevant to our work after taking
into account all differences in conventions:

Fνpþν̄p
3;Δ ¼ −

2ν

M
mΔΓΔ

π

1

ðW2 −m2
ΔÞ2 þm2

ΔΓ2
Δ

V3

3
; ðD4Þ

where

V3

3
¼ 4

3mΔ

�
−
CV
3C

A
4

M
ðMν −Q2Þ − CV

3C
A
5M

�
× ½2m2

Δ þ 2MmΔ þQ2 −Mν�

þ 4

3
½Mν −Q2�

�
−
CV
4C

A
4

M2
ðMν −Q2Þ − CV

4C
A
5

�
ðD5Þ

and mΔ and ΓΔ are the mass and width of the Δ resonance,
respectively. The C functions are parameterized as

CV
3 ¼ 1.95

ð1þ Q2

m2
V
Þ2

1

1þ Q2

4m2
V

; CV
4 ¼ −CV

3

Mffiffiffiffiffiffiffi
W2

p ;

CA
5 ¼ 1.2

ð1þ Q2

m2
A
Þ2

1

1þ Q2

3m2
A

; CA
4 ¼ −

CA
5

4
; ðD6Þ

where mV ¼ 0.84 GeV and mA ¼ 1.05 GeV.

APPENDIX E: REGGE CONTRIBUTION

In this Appendix we show in detail how we obtain data
input to the Regge contribution to the γW box from the
inclusive νp and ν̄p scattering.
Themain objects of study are the P-odd structure functions

Fð0Þ
3 and Fνpþν̄p

3 , and we will show that they are proportional
to each other in the frameworkof theReggemodelwith vector
(axial vector) meson dominance. The physical picture is the
following: in the VDM, the two energetic and slightly virtual
gauge bosons fluctuate into a vector or axial-vector meson.
The transition between the initial and final state proceeds via a
t-channel exchange of a mesonic Regge trajectory with
appropriate quantum numbers.
The mechanism described above is depicted in Fig. 6.

The structure function Fð0Þ
3 involves the product between

the isosinglet component of the electromagnetic current
and the axial component of the charged weak current. Then,
theW boson should fluctuate into an isovector axial meson
a1 while the isoscalar photon should fluctuate into an
isoscalar vector meson ω. The exchanged meson in the t
channel should be the isotriplet vector meson ρ in order
to conserve isospin. Meanwhile, the three-meson vertex
responsible for Fνpþν̄p

3 is also a1ωρ, except that this time
the currents are the vector and axial components of the
charged weak current, so the W bosons should fluctuate
into ρ and a1, respectively, whereas the exchanged meson

in the t channel is ω. The relevant gauge boson-vector
meson mixing Lagrangian can be written as [52]

LVDM ¼
�
em2

ρ

gρ
ρ0μ þ

em2
ω

gω
ωμ

�
Aμ

þ gm2
ρ

2gρ
VudðW−

μ ρ
þμ þ H:c:Þ

−
gm2

a1

2gρ
wa1Vudðaþ1μW−μ þ H:c:Þ ðE1Þ

with the assumption that gω ¼ 3gρ following static SU(6)
prediction [61]. Correspondingly, the vector meson cou-
pling to nucleon is

LNNV ¼ gρ
2
N̄γμτ⃗ · ρ⃗μN þ gω

2
N̄γμωμN: ðE2Þ

Note that the coupling strengths gρ and gω appeared to be
the same as those in the mixing Lagrangian LVDM as a
consequence of the universality relation within the VDM
framework. Finally, one may write down a phenomeno-
logical ρ − ω − a1 interaction Lagrangian with two inde-
pendent operators:

Lρωa1 ¼ g1ϵμναβð∂μωνÞρiαai1β þ g2ϵμναβð∂μρ
i
νÞωαai1β: ðE3Þ

It is obvious that the first operator only contributes to Fð0Þ
3

whereas the second operator only contributes to Fνp
3 and

Fν̄p
3 because there is no momentum exchange in the t

channel. We will further assume the exact equality of the
two coupling constants g1, g2 as suggested in [62] that
comes from large-Nc expansion and will see that this is an
important relation that leads to the near degeneracy
between the first Nachtmann moment of the Regge-induced

Fð0Þ
3 and Fνpþν̄p

3 .
With the ingredients above we may now proceed to write

down the general form of the Regge contribution to Fð0Þ
3

and Fνp
3 :

Fð0Þ
3;Rðν; Q2Þ ¼ 1

2

�
eg

2
ffiffiffi
2

p Vud

�
−1
�
e
gω

m2
ω

m2
ω þQ2

�
×

�
−

g
2gρ

wa1Vud
m2

a1

m2
a1 þQ2

�
×

�
gρffiffiffi
2

p
�
g1Hρðν; Q2Þ;

Fνp
3;Rðν; Q2Þ ¼ 2

�
−

g

2
ffiffiffi
2

p Vud

�
−2
�

g
2gρ

Vud
m2

ρ

m2
ρ þQ2

�
×

�
−

g
2gρ

wa1Vud
m2

a1

m2
a1 þQ2

�
×

�
gω
2

�
g2Hωðν; Q2Þ: ðE4Þ
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Notice the existence of the factor 1=2 and 2 in front of

Fð0Þ
3;R and Fνp

3;R, respectively; the first factor is due to our
definition of Wμν

γW that contains a prefactor of 1=ð8πÞ
instead of 1=ð4πÞ; whereas the second factor is because
a1 can couple to either the incoming or outgoing W boson
in Fνp

3;R. The function HVðν; Q2Þ (V ¼ ρ, ω) encodes the
information of the Regge trajectory as well as all other
universal multiplicative factors. From a pure Regge point of
view one should expect Hρðν; Q2Þ ≈Hωðν; Q2Þ due to the
almost degenerate trajectories of ρ and ω; but here we may
allow them to be different in order to account for other
physics that could break such universality. The Regge
contribution to Fν̄p

3 can be calculated accordingly and it
turns out to be identical to Fνp

3;R. Upon setting gω ¼ 3gρ and
g2 ¼ g1 and approximating mω ≈mρ, one observes the
following ratio:

Fνpþν̄p
3;R ðν; Q2Þ
Fð0Þ
3;Rðν; Q2Þ

≈
36Hωðν; Q2Þ
Hρðν; Q2Þ : ðE5Þ

One may now parameterize the first Nachtmann moment
of both the F3 functions as follows:

Mð0Þ
3;Rð1;Q2Þ¼ m2

ω

m2
ωþQ2

m2
a1

m2
a1 þQ2

Q2GρðQ2Þ;

Mνpþν̄p
3;R ð1;Q2Þ¼36

m2
ρ

m2
ρþQ2

m2
a1

m2
a1 þQ2

Q2GωðQ2Þ: ðE6Þ

A few explanations: (i) we retain the vector meson
propagators as they are untouched by the integration over
ν; (ii) we include an explicit factor of Q2 in the parameter-
ization to emphasize the fact that by definition the first
Nachtmann moments vanish as Q2 when Q2 → 0; and
(iii) the explicit factor of 36 in Mνpþν̄p

3 reflects the ratio
in Eq. (E5).
We may now investigate the relation between the two

functions GρðQ2Þ and GωðQ2Þ through a few matching
conditions. First, it is natural to assume that Hωðν; Q2Þ and
Hρðν; Q2Þ equal each other in the Q2 → 0 limit, which
reflects our belief that the VDMþ Regge picture does
appropriately describe the physics at low Q2; that implies
the constraint Gρð0Þ ¼ Gωð0Þ. Second, we require the
Regge prediction to smoothly match the perturbative
QCD prediction at some matching value of Q2. Recall
that in the partonic description both the P-odd structure
functions can be expressed in terms of valence quark PDFs

of the proton: Fð0Þ
3 ðxÞ ¼ ð1=24ÞupVðxÞ (as discussed in

Appendix F) and Fνpþν̄p
3 ¼ upVðxÞ þ dpVðxÞ, which means

their first Mellin’s moments obey the following sum rules
in the Q2 → ∞ limit:

Z
1

0

dxFð0Þ
3 ðxÞ ¼ 1

12
;

Z
1

0

dxFνpþν̄p
3 ðxÞ ¼ 3: ðE7Þ

In particular, the second line is just the GLS sum rule. At
finite Q2 both expressions are modified by pQCD. As
pointed out in Ref. [4], the pQCD correction to the first
equation follows that of the Bjorken sum rule for polarized
electroproduction, which turns out to be identical to that of
the GLS sum rule up to very small corrections of order
ðαs=πÞ3 [20]. In other words, the ratioR

1
0 dxF

νpþν̄p
3 ðxÞR

1
0 dxF

ð0Þ
3 ðxÞ

¼ 36 ðE8Þ

is stable with respect to pQCD corrections. As the first
Nachtmann moment reduces to the first Mellin’s moment at
large Q2, our second matching condition is to require this

ratio to be satisfied by Mð0Þ
3 ðQ2Þ=Mνpþν̄p

3 ðQ2Þ at some
matching point Q2 ¼ Q2

0.
Consider for instance a simple parameterization of

GiðQ2Þ with two free parameters: GiðQ2Þ ¼ Fðai; bi; Q2Þ.
For i ¼ ω, the parameters can be fitted to existing exper-
imental data of the GLS sum rule after subtracting out the
elastic, Nπ and resonance contributions by hand. Mean-
while, through the inspection of Eqs. (E6) and (E8), one
immediately finds that upon approximating mρ ≈mω, the
two matching conditions simply imply Fðaω; bω; 0Þ ¼
Fðaρ; bρ; 0Þ and Fðaω; bω; Q2

0Þ ¼ Fðaρ; bρ; Q2
0Þ, and the

most natural solution is aω ¼ aρ, bω ¼ bρ, i.e.,
GρðQ2Þ ¼ GωðQ2Þ. The key feature that leads to this
conclusion is the existence of the same relative factor 36
in both equations: in Eq. (E6) this factor results from the
model-predicted relations among fgρ; gωg as well as
fg1; g2g that are expected to hold at low Q2, whereas in
Eq. (E8) it is just a parton-model prediction which works at
large Q2. Such an agreement between two predictions at
very different Q2 suggests that it is reasonable to regard

Mνpþν̄p
3 ð1; Q2Þ and Mð0Þ

3 ð1; Q2Þ as being proportional to
each other. Then, we extract the former from neutrino
scattering data and divide it by 36 to obtain the later.
Despite the lack of direct experimental data, this straight-
forward procedure provides the first solid and data-driven
prediction for the Regge contribution to γW-box diagram.

APPENDIX F: DIS CONTRIBUTION

Recall that we have expressed the vector-axial inference
contribution to the γW-box diagram in terms of the Q2

integral over the first Nachtmann moment of the P-odd

structure function Fð0Þ
3 . The dominant contributor to the

integral lies in the large-Q2 regime because the integral
scales as lnðM2

W=Λ2Þ, where Λ is an effective infrared
cutoff to the Q2 integration. Fortunately at high Q2 one
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enters the DIS regime and the behavior of the first
Nachtmann moment is quite well understood as pQCD
applies. Therefore we shall isolate the high-Q2 piece:

□
VA;DIS
γW ¼ 3α

2π

Z
∞

Λ2

dQ2M2
W

Q2½M2
W þQ2�M

ð0Þ
3 ð1; Q2Þ ðF1Þ

and study its behavior separately.
When Λ2 ≫ M2, the first Nachtmann moment reduces

effectively to the first Mellin’s moment:

Mð0Þ
3 ð1; Q2Þ →

Z
1

0

dxFð0Þ
3 ðx;Q2Þ; ðF2Þ

where x ¼ Q2=ð2MνÞ is the Bjorken variable. In the parton
model the structure function Fð0Þ

3 depends on a combination
of PDFs:

Fð0Þ
3 ðxÞ ¼ eu þ ed

8
ðdnðxÞ − ūnðxÞÞ: ðF3Þ

Assuming further a symmetric sea in the neutron, ūn ¼ d̄n,
the integral over x simply gives the number of valence d
quarks inside the neutron (or, equivalently, the number of
valence u quarks inside the proton),

R
1
0 dxðdnðxÞ−d̄nðxÞÞ¼R

1
0 dxdVðxÞ¼2, and we obtain the large logarithm term
already obtained by MS:

□
VA;DIS
γW ≈

3α

2π

eu þ ed
4

ln
M2

W

Λ2
¼ α

4π
ln
MW

Λ
: ðF4Þ

An important result from Ref. [4] was to realize that all
pQCD corrections to this leading logarithm term are
identical to those entering Bjorken sum rule for polarized
electroproduction. These corrections modify the leading-
log (LL) result for the MS function FðQ2Þ:

FLLðQ2Þ ¼ 1

Q2
;

FpQCD ¼ 1

Q2

�
1 −

ᾱs
π
− C2

�
ᾱs
π

�
2

− C3

�
ᾱs
π

�
3
�
; ðF5Þ

with C2¼4.583−0.333NF and C3 ¼ 41.440 − 7.607NFþ
0.177N2

F, NF standing for the number of effective quark
flavors, and ᾱsðQ2Þ denotes the running strong coupling
constant in the modified minimal subtraction scheme.
Numerically, the pQCD corrections reduce the large log-
arithm lnðMW=ΛÞ ≈ 3.98 by roughly 8%.

APPENDIX G: QUASIELASTIC CONTRIBUTION
TO THE β+ DECAY OF HEAVY NUCLEUS

In this Appendix we provide details of the calculation for
the modification of the Born contribution to F3 due to
binding effects and Fermi motion in a nucleus.
We start by approximating the full nuclear Green’s

function by the subset with one active nucleon and a
nuclear spectator, also known as the PWIA. We write for

the initial state jAi and final state jA0i wave functions
involved in a βþ decay process

jAi ¼
ffiffiffiffiffiffiffiffi
2EA

p X
p∈A

Z
d3k⃗ϕp

AðkÞjpðk⃗Þ; A − pð−k⃗Þi
ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EA−12En
p ;

jA0i ¼
ffiffiffiffiffiffiffiffiffi
2EA0

p X
n∈A0

Z
d3k⃗ϕn

A0 ðkÞjnðk⃗Þ; A0 − nð−k⃗Þi
ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EA−12En
p ; ðG1Þ

with the on-shell condition for the intermediate nuclear
state A − p ¼ A0 − n but in general off-shell active nucleon
with a 3-momentum k⃗. The momentum distribution func-
tion is normalized according toZ

d3k⃗
ð2πÞ3 jϕðkÞj

2 ¼ 1; ðG2Þ

while the nuclear state normalization is

hAðk⃗ÞjAðk⃗0Þi ¼ ð2πÞ32EAδ
3ðk⃗ − k⃗0Þ: ðG3Þ

The γW interference Compton tensor in the βþ decay of
a nucleus A can be defined as

Tμν
γW;A ¼

Z
dxeiqxhA0jT½JμemðxÞðJνWð0ÞÞ†�jAi: ðG4Þ

Using the above definitions we arrive to the following
expression in PWIA:

Tμν
γW;A ¼

X
p∈A

Z
d3k⃗
ð2πÞ3 ðϕ

n
A0 ðkÞÞ�ϕp

AðkÞTμν
γW;p: ðG5Þ

We aim at a universal correction that only takes into
account the bulk nuclear properties, not the fine details
of each initial and final nucleus. To this precision we
assume that the momentum distribution of protons in the
initial nucleus and neutrons in the final nucleus are the
same: ϕp

A0 ðkÞ ¼ ϕn
AðkÞ ¼ ϕðkÞ. This assumption is natural,

e.g., in the Fermi gas model of nucleus that we shall
describe later. We then obtain a master formula in PWIA:

Tμν
γW;AðP; qÞ ¼

X
p∈A

Z
d3k⃗
ð2πÞ3 jϕðkÞj

2Tμν
γW;pðk; qÞ; ðG6Þ

with the nuclear momentum taken at rest, Pμ ¼ ðMA; 0⃗Þ.
The Compton tensor Tμν

γW;A can be decomposed in terms of
invariant functions as in Eq. (18), and we are interested in

the P-odd invariant function Tð0Þ
3;A.

It is informative to consider the limit of noninteracting
nucleons (nucleon tensor independent of k) where we
obtain

Tμν
γW;A ¼

X
p∈A

Tμν
γW;p: ðG7Þ
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The relation DisTi ¼ 4πFi holds for each target with the
respective mass. The nucleus is considered at rest, and
neglecting nucleon recoil corrections ∼k⃗2=M2 we obtain
for the structure function of interest

Fð0Þ
3;A ¼

X
p∈A

Fð0Þ
3;p: ðG8Þ

In the limit of noninteracting nucleons, the nuclear structure
function scales as the number of protons, just like the tree-
level vector coupling of the W boson to the nucleus. This
confirms the result of Marciano and Sirlin for CB obtained
in the free-nucleon limit.
We now want to go beyond this limit by using Eq. (G6)

to obtain

Fð0Þ
3;AðP · q;Q2Þ ¼

X
p∈A

Z
d3k⃗
ð2πÞ3 jϕðkÞj

2Fð0Þ
3;pðk · q;Q2Þ:

Here we are interested in the quasielastic contribution to

Fð0Þ
3;A which results from the smearing of the elastic term of

the free proton. The latter can be inferred from Eq. (B3):

Fð0Þ;B
3;p ðk · q;Q2Þ ¼ Fð0Þ;B

3 ðk · q;Q2Þ

¼ −
Q2

4
GAðQ2ÞGS

MðQ2Þδððkþ qÞ2 −M2Þ:
ðG9Þ

To perform the integral over d3k⃗ ¼ k2dkd cos θdϕ we
choose the z axis along the direction of the virtual photon,
qμ ¼ ðν; 0; 0; qÞ with ν ¼ ðP · qÞ=MA and q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þQ2

p
.

The ϕ integration is trivial, while the δ function removes
that over d cos θ via

δððkþ qÞ2 −M2Þ ¼ 1

2kq
δðcos θ − cos θkÞ; ðG10Þ

with

cosθk¼
ðMAþνÞ2−2ðMAþνÞpA−1þM2

A−1−M2− q⃗2

2kq
;

ðG11Þ

with pA−1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

A−1 þ k⃗2
q

the energy of the on-shell

spectator. One is left with an integral over k ¼ jk⃗j to obtain
the quasielastic contribution to Fð0Þ

3;A:

Fð0Þ;QE
3;A ðν; Q2Þ ¼ −

X
p∈A

GAGS
M

Q2

32π2q

Z
kþ

k−

kdkjϕðkÞj2:

ðG12Þ

Requiring that −1 ≤ cos θk ≤ 1 yields the upper and lower
limits of k as shown in Eq. (69) upon neglecting terms of
order ϵ=MA. Thus, for the initial nucleus with Z protons we
obtain

Fð0Þ;QE
3;A ðν; Q2Þ ¼ −ZGAGS

M
Q2

16q



1

k

�
ðν; Q2Þ; ðG13Þ

with the average inverse nucleon momentum defined as

1

k

�
ðν; Q2Þ ¼

Z
kþðν;Q2Þ

k−ðν;Q2Þ

kdk
2π2

jϕðkÞj2: ðG14Þ

As an exploratory model we consider the free Fermi gas
model that corresponds to a uniform momentum distribu-
tion inside the sphere with the radius equal to the Fermi
momentum kF:

1

ð2πÞ3 jϕðkÞj
2 ¼ 3

4πk3F
θðkF − jk⃗jÞ; ðG15Þ

resulting in 

1

k

�
ðν; Q2Þ ¼ 3ððk̃þÞ2 − ðk̃−Þ2Þ

2k3F
; ðG16Þ

with k̃� ¼ minðk�; kFÞ. Finally, we account for Pauli
blocking by means of the function

FPðjq⃗j; kFÞ ¼
3jq⃗j
4kF

�
1 −

q⃗2

12k2F

�
for jq⃗j ≤ 2kF; ðG17Þ

and FP ¼ 1 otherwise. With these we obtain Fð0Þ;QE
3;A per

proton for βþ decay of a heavy nucleus as

1

Z
Fð0Þ;QE
3;A ðν; Q2Þ ¼ −GAGS

M
3Q2

32q
FP

ððk̃þÞ2 − ðk̃−Þ2Þ
k3F

:

ðG18Þ
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