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The asymptotic power behavior of the electromagnetic form factors is examined for two-
and three-body s-wave bound states, both relativistic and nonrelativistic. In the nonrelativis-
tic case, we consider local and separable two-body potentials and we make use of the Faddeev
equations in order to define the three-body bound states. For local potentials which behave
as (|k|)™179 (0 < 6) for large momentum transfer, we obtain for the asymptotic power behavior
of the form factors of the two- and three-body bound states F,(d?%) = (Ig)™"® and F,(d?
~(|§q|)78"%8  respectively. For separable potentials V= g(|K|)g(|K’]) and g(|K|) =~ (|K})~1/270
we find F5(@% = (|qh™%7%° (0 <o=)), F, @ = (1D 7%5° (1 =6), and F3(@® =~ (|q)>"%, re-
spectively. For the relativistic case, we consider the two- and three-body Bethe-Salpeter
equation in the ladder approximation. We treat the spin-zero case only but we believe that
our final conclusions willnotbe affected by the introduction of spin-3 particles. With an
interaction which behaves as (£%)~° (0 <6) at large momentum transfer, we obtain F,(g?)

= (¢") ™7 and Fy(¢®) = @*)77%.

I. INTRODUCTION, RESULTS, AND CONCLUSIONS

The evaluation of the electromagnetic hadron
form factors has been a constant task for the last
five years.'® It soon became clear that the large-
momentum -transfer behavior of the form factors
provides a powerful means of studying the con-
stituents of the hadrons and their dynamics. It is
by now well accepted that the behaviors F,(q?%)
~1/q% and F,(¢%)~1/(q*%)? are compatible with the
experiments.” This fact suggests that the pion and
the nucleon certainly are of a different nature as
far as the electromagnetic interactions are con-
cerned. It seems also to suggest that the pion is
less composite than the nucleon because of the
faster decrease of the proton form factor. Re-
cently, the previous behaviors have been derived
from the minimal quark structure of the pion and
the proton;*® so far, however, the three-particle
bound state has not been treated relativistically in
a convincing way, and this leaves the question open
whether the underlying two- and three-particle
structure can explain the different behavior of the
two form factors.

It is the aim of this paper to investigate the
large-¢Z® behavior of the form factors of the two-
and three-particle s-wave bound states in a sys-
tematic way, both in relativistic and nonrelativis-
tic theories. Throughout the paper we consider
power behaviors only, neglecting possible loga-
rithmic factors. Here, in a first approach, we
restrict ourselves to spinless constituents. We
do not believe that the case of spin-% constituents
makes a real difference in our final conclusions.
This case will be discussed elsewhere.'

We shall consider the potential scattering case
(Sec. II) for two main reasons. First, many fea-
tures of composite-particle models can be ex-
plained by means of the nonrelativistic quark mod-
el;'! moreover, the Bethe-Salpeter equation in the
ladder approximation reduces to a nonrelativistic
form in the large-momenta limit, as it can be re-
covered from various (equivalent) three -dimen-
sional equations.'*~'* The second good reason for
studying the potential theory is the firm mathe-
matical ground on which the nonrelativistic three-
particle theory in the form of the Faddeev equa-
tions'® is based (we do not consider three-particle
forces).'”

For both two- and three-particle cases, we shall
assume the two-body local potentials

V(KD = (KD, 6>0

[&l>e

and the separable potentials
VKK =g (K Dg(IK"])
with
gk =

[&low

(K N~v2-°, 6>0.

Our choice of the potentials is determined by
simple reasons. For the local potentials, the
limiting behavior (|K |)™'is characteristic of the
singular potential (- X/7?) which produces the un-
pleasant feature of a wave-function falloff depend-
ing on the coupling constant.'® ' On the other
hand, an even more singular potential gives rise
to the exponential decrease of both the wave func-
tion and the form factor,?® and this does not seem
to be the physical case. As far as the separable
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potential is concerned, the choice 6 >0 is imposed
by the very existence of scattering processes. The
use of nonlocal potentials is suggested both by the
existence of tensor forces in the spin-% case and
by the structure of the relativistic potential as
recovered in the three-dimensional version of the
Bethe -Salpeter equation.'® 12-15
Our results are as follows. For the two-body

and three-body bound-state form factors we ob-
tain

Fy(@) = (1g))=*-°
and

Fy(@) = (Iq[)-*-*
with local potentials, whereas we obtain

F(@)=(1g)*% (0<6=3),

F(8)=(lg)2*° (z<9),
and
F(@)= ([g))*-*°

with separable potentials.

In the framework of relativistic theories, we
consider (Sec. III) the s-wave bound states of two
and three particles described by the two-body
Bethe-Salpeter equation in the ladder approxima-
tion (Sec. III A) and by the relativistic Faddeev
equations (Sec. III B).!?2-!5:21 We shall assume a
two-body interaction of the form

V() >~ (*»7°, 6>0.

hz —> 00

Our interactions correspond to the A¢* theory for
#=1 and to the r¢* theory for the limiting case
6=0. For the latter case it has been proved®* !®
that the high-momentum -transfer behavior of the
two-body wave functions and form factors depends
on the coupling constant, as in the singular (- A/7%)
potential.

Our results for the asymptotic behavior of the
two- and three-body form factors are F,(¢?)
= (q?)7'7%, Fy(q%) ~(g?)*"%.

Since the A¢* theory leads to that strange depen-
dence on the coupling constant, we define the phys-
ical form factors as given by our superrenormal-
izable interaction in the limit 6 - 0; the asymptotic
behavior of our “pion” and “nucleon” form factors
turns out to be (¢2)~! and (¢%) "2, respectively.

The spin-3 constituents, which are more inter-
esting for the physical situation, present some
technical difficulties: Apart from the complicated
spin structure of the three-body wave function,
there appears a delicate region of integration, so
that one has to be more careful than in the spin-
zero case. However, we do not agree with Ref. 4,

G. SCHIERHOLZ 961

note 25, where it is claimed that the consistency
argument, widely applied in our paper, does not
work for superrenormalizable interactions.

Finally, it is worthwhile to remark that our
results are in agreement with the predictions
given in Refs. 8 and 9. Furthermore, our wave
functions turn out to be integrable, as was as-
sumed in Ref. 8 as a crucial hypothesis.

II. POTENTIAL SCATTERING

In the framework of a potential-scattering theory
we shall discuss the asymptotic behavior of the
two- and three-body bound-state form factors at
large momentum transfer; we shall consider s-
wave bound states only. Furthermore, in order
to simplify things, we shall always assume that
only one particle is charged. Let us start with the
two-body case. Here the charge form factor reads

F(@)- [ a@ vy @w@ -, (1)

where the wave function § satisfies the homoge -
neous Schroédinger equation

@)= [ R V(E-ENE). @)

q2
If we now consider a central potential which be-
haves at large |K| as

. 1
Vi)~ e, 6>0 (3)

we get the following behavior for ¢ and F,:

(G ~ 1
dJ(q)tET—_'m lal3+§ ’
. (4)
=2 ~o
B & g

In the limiting case 6 =0 which corresponds to the
potential (-2/7?) the form factor behaves like
(Ig)-2-214-MY2 (9< x< 1) with an explicit de-
pendence on the coupling constant A (a similar
phenomenon occurs in the Bethe-Salpeter equa-
tion** %), With an even more singular potential,
the wave function (and hence the form factor) be -
comes exponentially decreasing.?® In conclusion,
with a central potential, the desired 1/¢% behavior
of the “pion” form factor is achieved only with the
singular potential (- A/7%) and only in the particular
limit A= 3.

For the three-body case, we consider the Fad-
deev equations'® with minor changes in the nota-
tions. Let P,, P,, P; be the three-momenta of the
three particles and let us introduce the new vari-
ables
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-~ - - -
Q=D +DPy +P2,

mzb ®
3

d,= (my+ my) P, = m (B, +Py)
m,+ my+ my

la]

1

and their cyclic permutations K,,§, and Ky, §,. @
is the total momentum, El is the relative momen-
tum between the particles 2 and 3, and §, is the
relative momentum of the particle 1 with respect
to the cluster 2-3. These variables are the most
suitable ones for our purposes and any pair {K;,§,}
can be used for the description of the system.
From now on we shall assume equal masses and
m=1. For practical purposes, we write down
some relations between the different variables:

-

p,=3Q+0d,, P,=5Q-2d,+k,, P,=3Q-34,-k,,
> 1= - o 3> 1
q,=-34,+k,, k,=-2q,-32k,,

(6)

4,+4,+34,=0.

We assume that the particle 1 only is charged;
then the form factor reads

@)= [ [ aRadies®, aes. 6,8 -9,

(M

where ¢ =¥'+y*+® and §* are the Faddeev com-

ponents satisfying the equation

Uk 0 T(E) T(E)|]| ¢!
llf‘z = _GO(E) Tz(E) 0 Tz(E) 4’2
y? T,(E) To(E) 0O ¥

(8)

Here G,(E)=1/(H,-E), where H, is the free three-
body Hamiltonian and E (the mass of the three-
body ground state) is below any threshold. T;(E)
is the two-body scattering operator between par -
ticles j and k (i#j #k).

In order to evaluate the asymptotic behaviors,
we now introduce the “vertex function” ¢:

e=¢'+P?+¢°, P =Gyo', (9)

and we consider the once -iterated Faddeev equa-
tions:
@'=T,G,T,Go9" + TG, T;Go"
+ T,Go TG + T G, TG,
@2 =T,GoT,Go@? + TG, TsGop? (10)
+ TG T Gy@® + T,G TG,
@3 = TG, T,Go® + TyG, T,Gy9*
+ T3GoT,Go@% + TG TG0t .

The first term of the first equation reads explic-
itly

1

k& Tr a8t (e &7 La . &
(P'lé(kpql):ff dkdeztl(klyQ2+2q11E—%q§‘%Q2)alz+al. aé*_aéz -E + _é_-Q’z

- 1
X g iz gr.p_38d2_L1L0O2 — L3 rr e
tz( QL zquz,E Iql eQ )ﬁéz+§é'ai+§12—l‘: +%Q2 (PQ(qL)kL)+ ’ (11)
where {K/,q/} and {k},d}} are related by Eq. (6). The high-§? behavior of the form factor (7) is given once
we know the behavior of ¢ (or ¢) for large |§| and |k| (we always suppose that the low momenta do not
create any trouble). In this region the ¢{ matrix behaves as the potential up to logarithms, so that, for the

potential (3),
i 1
t(k, )ﬁlk’_kﬁ‘ue 3

by means of a simple consistency argument we find that the only behavior consistent with Eq. (11) is given
by

1 1 . 1 1
l.—éal+illl+e Ig, e |%ﬁ1+i€1l“9 FARE s .

F-o ~ _1__ ‘
(P"é(anl) ml‘ e 612 ] (12)
lq) »=
We can obtain this result starting with a definite ansatz on the asymptotic behavior of the vertex function
[for example the estimate (7.36) of Ref. 16]. Because we are faced with a Euclidean metric, we can apply
the Weinberg theorem® and the asymptotic behaviors are simply given by a power counting. We find in-
consistency, unless the ansatz is precisely the one given in formula (12). The behavior of ¢® and ¢° is

easily found, so that from (9) and (12) we recover the following behavior for the wave function:
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The three terms which appear in Eq. (13) are
easily understood. Equation (13), in fact, turns
out to be symmetric in d,,d,,d, and, consequently,
in p,,Ps, Ps- By counting the powers in Eq. (13)
and by observing that no dangerous region of inte-
gration exists (we could express everything as a
function of P,,P,, p;), We see that the wave function
¢ is integrable and

T A (14)

El-al fixed

From (7), (13), and (14), making use of the Wein-
berg theorem,?? we finally get

F(§» =~ ,Lz , 0<@ (15)
13l—= 14|
which has to be compared with F,(4%)=~1/|q[**®
given in Eq. (4). The asymptotic behavior of the
form factors, therefore, does depend on the num-
ber of the canstituents (at least for 2 and 3). The
slowest decrease we can achieve is [§|™® and [d|=®
in the limiting case 6 0.

It is interesting to remark that the three-body
result is not affected by the existence or nonexis-
tence of bound states in the two-body subchannels;
in fact, for large momentum transfer, the two-
body ¢ matrix is dominated by the scattering part
and not by the discrete spectrum (cf. Ref. 16,
Theorem 4.2).

In the second part of this section we shall dis-
cuss the case of separable potentials for reasons
given above. Let us assume a separable contribu-
tion to the potential:

VE,K) =rg (IKDg (IK"]. (16)

Furthermore, we shall assume that this part of
the potential is dominating at short distances so
that we can consider an interaction entirely de-
scribed by the potential (16). The related ¢t matrix
is given by the simple expression®

t,K'; E)=g(|kKt(E)g (K], (17

where
[l lg(lql)\2

{(E)= <1+417)\f ad| Fr e . (18)

In order that {(E) may exist, we have to assume
- 1
g(lql)l*’li g, >0, (19)
al—w

Then, in the two-particle case, we immediately
obtain from (1) and (2)

o 1
¥a(d) 1w 1312570
F(®) 22w, 0<0s3, (20)
- 1
I«‘z(qz) l,,‘ Iaiz.s-té, %SQ
ql—w

If we insert the ¢ matrix (17) in Eq. (8), we ob-
tain the following simple structure of the three-
body bound-state wave function:

(21)

where the functions g* satisfy the (noniterated)
coupled equations

Fla = [ apEUBEAUE 2P - Qg (3P4

From the assumption (19) and the structure (18) of
the ¢ matrix, it directly follows that the only be-
havior compatible with Eq. (22) is

. 1
g'(qi)=w- (23)

(7DD +&*(UBh], i#j#k=1,2,3. (22)

—

This leads to the asymptotic behavior of the wave
function

. 1 2 1 1
¢6(k1,ql) ‘E} - 12‘*612 :Z=:1 lk’iluwe 14, 13+26 (24)
13 )—=
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This wave function is not integrable, but the same
analysis we have applied in the local case still
works and we obtain

- 1
Fs(Q)qu . (25)

Therefore, the |d|~2 behavior of the two-body
form factor is achieved with the potentials (16) in
the limit 6~ 0 without any dependence on the cou-
pling constant. With the same limiting potential
the three -body form factor behaves like |§|°.

III. RELATIVISTIC MODELS
A. Two-body case

Next we consider the asymptotic behavior of the
form factor of relativistic two- and three-body
bound states. Again, we only consider s-wave
bound states and always assume that the masses
are equal, m=1, and only one particle is charged.

For the two-body bound state, the electromag-
netic current in the ladder approximation is shown
in Fig. 1(a) and it can be written

s 1
(iPIJuf@):zlfdP‘PQ(P)W:T(Q+2P+Q)“

» 1 1
(GQ-1P-1(zQ+p+9)’-1

X PoedP +24), (26)

where ¢ is the vertex function satisfying the
Bethe-Salpeter equation [cf. Fig. 1(b)]

(b)

FIG. 1. (a) The electromagnetic form factor in the
ladder approximation for a two-body bound state. (b) The
Bethe-Salpeter equation in the ladder approximation for
the wave (vertex) function of a two-body bound state.

The elementary two-body interaction is defined in
formula (29).

Go()=(=i0) [ @ V(p -RIGo)eale)  @T)
and

GoR)=[(GR+£) =117 [(2@ —=R)* =1]7".  (28)

We assume the interaction of the form

_ ” 2 U(Mz)
V(p)-fo aw?

(29)
o) ¥ (W)™, 0<os<1
so that
V(p), 22 (pH)7°. (30

Here, the 2¢® and the r¢® theories are described
by 6 =1and 6 =0, respectively. By means of a
simple consistency argument it is straightforward
to derive from Eq. (27) the following asymptotic
behavior of the two-body wave function'~*:

ea(p) 72 (p7)77, (31)

which, inserted in Eq. (26), gives for the form
factor'™

Fya®) 2 (g5, (32)

From Eqgs. (30) and (32) it follows that with a
1¢® theory we obtain F,(¢?)~ (¢?)"2, whereas we
reach the 1/¢2 behavior in the limiting case 6 -0,
6>0. For 6=0 the consistency argument does not
apply any longer, and this reflects the well-known
fact that in the A¢® theory, which corresponds to
the case 6 =0, the large-momentum-transfer be-
havior of the form factor depends on the coupling
constant®* !® [ cf. the potential (- A/7?) in Sec. IIJ.

The use of the parameter 6 in the definition of
the potential is essentially the procedure applied
in the analytic regularization®; on account of the
possible nonanalytic dependence of the renormal-
izable theories on this parameter, however, we
should not be surprised at this discontinuity.

B. Three-body case

For the three-body case we shall assume a pair-
wise interaction between the constituents and we
shall consider the ladder graphs given in Fig. 2

L Lt
[ [ LT

FIG. 2. The general graph in the ladder approximation
for a system of three particles interacting with a two-
body interaction.
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only.

We make the Faddeev decomposition of the bound-
state vertex function, i.e., ¢ =¢'+¢@?+¢*, where
¢! is related to all the graphs in which the inter-
action between particles 2 and 3 comes first.
Graphically, the once-iterated relativistic Fad-
deev equations are shown in Fig. 3, where the
zig-zag lines stand for a two-body ¢{ matrix with a
three-body propagator (cf. Fig. 4). It is easy to
see that the iteration of Fig. 3 reproduces all the
(uncrossed) ladder graphs. The integral equation
for the vertex function can be written in a symbolic
form similar to the nonrelativistic equation [ Eq.
(10)]:

@'= T, G TG + TGy ToGo!
+ T,GoTyGo¢* + T\Go TG ogp?

¢*= T2G0Tlco¢’2 + T,GoT3Gop?

(33)

+ TG, T,Go@® + TG TGt

@ = T3G T\ Go¢® + T5G,T,G,¢°
+ TSGOTLG0972 + TSGOT:,‘.GD(_,")l .

where now, symbolically,

(Prbabs | T DL P3PS)
=(p 2= 1)6%(p, = p)6*(py+ps — by — D)

Xt (Pa,psiPs,D5) - (34)

Here ¢, is the usual two-body Bethe -Salpeter
scattering matrix between particles 2 and 3 in the
ladder approximation, and

J

3:§§3+-i%3+‘%«2+§ |

FIG. 3. The once-iterated relativistic Faddeev equa-
tions for the wave (vertex) function of a three-body
bound state. The symbol =2 means the Faddeev com-
ponents ' (¢*). The ziz-zag lines represent the two-
body Bethe-Salpeter T matrix in the ladder approxima-
tion.

(Dibabs | Gy lPIPs DY)

1 1 1
4p12_1 P22‘1p32_1

X6 (py = PO Py =p3)0'(py = p3). (35)

| Relativistic Faddeev equations have been written
down by many authors in different approximations.
See for example Refs. 12-15 and 21.]

As we did in the nonrelativistic case. we intro-
duce the four -momenta

Q=p,+Py+ps,
ly=3(py =bs). (36)
PRI ATA

and their cyclic permutations k,,¢, and k,,9, | the

relation among them is the same as given in Eq.
(16)]. Equation (33) now reads explicitly

%(kl,ql):ff drR'dq t\(3Q =39, +k, 3@ = 2q, = k)3 5Q =3¢  +k 5@ +2q  —k' = q)
X[(5Q —2q’ +k")? =17 [(3Q + 3¢’ = k"= q)* - 1]*
X1,(5Q +q,,5Q +39' k"= q;5Q +q',5Q - 34/ = 1)
X[(GQ+a" V=17 [(3Q =3¢ =k )P = 1] @4k’ ,q")

N T

(on(k21q2): ety
Polkg,q5) ="+

(37

In terms of the vertex function ¢ = ¢!+ ¢®+ ¢*, the electromagnetic current for the three-body bound state

now reads (cf. Fig. 5)

W0 = [ [ datar; ookl ad [(GQ+a)? - 1171 GQ + 241+ 1),
*[(5Q = 2q;+k)? =17 [(3Q —=3q ] =R =17 [(3Q + 41+ q)° =1 9. lki,q(+59). (38)

In order to evaluate the asymptotic behavior of the form factor, we need the behavior of the vertex function
for large momenta. In this limit, the { matrix reduces to the potential up to logarithms and the asymptotic
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integral equation reads
qaz(kl,ql)uff dq'dr’[(34, -k, =30’ +k")?]°[(5Q - 2q " +£')*] ™
X[(5Q@ +3q9'=k'=q)*]7 (g, -¢" ] [(5Q + @' ] ' [(3Q - 3" =k"V| L 04k’ ,q")
I o PO

(39)
szo(kz,qz)': e )
Pollg,qy) =+
If we first consider the integration over a finite volume, we immediately obtain the following behavior:
<Pé;(q “kl)z[(é—ql _k1)2]—6(q12)-1(q12)—6 +eee
=2[(zq, -5 1%(a )" Ma )77 +2[(Ga,+£)*]7"(¢ 2) Mg D). (40)
When the integration variables are big, we substitute this ansatz in Eq. (39) and evaluate the contribution
to the asymptotic behavior coming from the other regions of integration®®: kj, small and ¢, = O(¢,) or
4, =0(3q,~k,) and vice versa; ¢/, =0(q,) and (3¢’'-k’), =O(3q, -k,), etc. The behavior (40) turns out to
be dominant. Collecting from Eq. (39) the missing terms, we obtain for the vertex function [cf. (13)]
@@y, k)= () {[(za, -, )0+ [Ga,+R, )% + [(2a, =k )17 {(a D0 + [(Ba, +2,)*] %}
+[{(Gg, +R )1 (@) + (g, -k} (41)

From Eq. (41) it follows that the wave function

‘P=Go€0"¢o(‘11»k1): [(%Q +q1)2 - 1]_1[(%(? _%ql*’kx)z - 1]_1[(5(? —%qx _kl)z - 1]‘1¢Q(q1-k1) (42)
r
is integrable. Furthermore, though spinless) model for the pion and the nucleon
. form factors.
Gasalln@,+54) 2 (47, (43)
k1,4 fixed
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It is shown that all meson~baryon and meson-meson ¢ terms which can be extracted from
experiment can be reconciled with the (3,3) chiral-symmetry-breaking scheme, H' =u,
+ cug, provided that ¢ assumes the value ¢~ —1.0.

I. INTRODUCTION

In a world in which many of the symmetries of
nature are approximate, it is important to know
how such symmetries are broken. For the case
of the algebra of currents, a framework of
SU, x SU, breaking has been given by Gell-Mann'
and elaborated upon by Gell-Mann, Oakes, and
Renner? (GMOR) and by Glashow and Weinberg.?
In the GMOR scheme, the symmetry-breaking
part of the Hamiltonian density H’ takes the form
Uy +Cug, where u, and uy transform according to

the (3, 3) +(3, 3) representation of SU, X SU,. The
parameter ¢ can be determined from the “o terms
of meson-baryon and meson-meson scattering or
from the pseudoscalar mass formula. In the latter
case, GMOR assume that all the pseudoscalar
mesons are Goldstone bosons which obey a quad-
ratic mass formula. They conclude that c~ - 1.25,
quite near the SU, x SU, limit ¢ =- V2, which in
turn implies that the various pion ¢ terms should
be small. However, o(7mN) has been estimated*

to be large, and a recent study of low-energy 7N
and KN scattering®’® has unified previously con-
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