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A Glauber theory is developed for the reaction 7r A -m m-'vr A, where A is a nucleus, using a
Reggeized Deck amplitude for 3m production on a nucleon. A simple absorption amplitude for the 3m

system is used in which the pions are assumed not to interact. The resulting amplitude is calculated
for carbon at 15.1 GeV/c, using a Monte Carlo approach. An alternative absorption scheme is

discussed, and a multi —impact-parameter model proposed. The multi —impact-parameter model is found to
result in cross sections practically identical to computationally simpler models. The reaction

C -n' 7r m C44,, is also calculated using an effective one-particle excitation parametrization, and

the results are compared to experimental data at 6 GeV/c,

I. INTRODUCTION

The idea that one may learn about the reaction
m p-7t'v m p by studying 3m production on nuclei
is a familiar one. In particular, one expects to
be able to distinguish' between a kinematic en-
hancement like the Deck effect and a true 3m res-
onance by extracting the cross section, o, „, for
interaction between the 3m system and a nucleon.
The experimental m A. - m+m m A data' have been
analyzed using a simple multiple-scattering for-
malism, yielding' o„=o„=25mb. This low a
value of a,„has been considered to be inconsis-
tent" with production of the A„by a kinematic
enhancement where final-state interactions are
negligible.

Qn the other hand, spin-parity fits to nP -3'
have shown' that the A, bump, which is primarily
a J =1+ state, does not have the rapidly varying
phase that one would expect were it a true res-
onance. Furthermore, recent Reggeized Deck
calculations' of np-3' have achieved very re-
spectable detailed agreement with experiment
without the use of any free parameters.

Can the Deck model of 3n production on a nucleon
be reconciled with the nuclear data' Several mod-
els have been proposed' which will give low 3n

absorption without the formation of a resonant
state. These models typically depart significantly
from conventional multiple-scattering theory, and
the possibility of learning about 3m production on
nucleons may be lost. This paper will attempt to
answer the question of whether such drastic mea-
sures can be avoided by amalgamating Glauber
multiple-diffraction theory with a Deck amplitude
for 3n production on a nucleon. The Deck ampli-
tude will be realistic (to the extent that the calcula-
tions of Ref. 7 agree with experiment) in all seven
nontrivial production variables.

The Glauber-Deck amplitude will be developed
using well-known methods in Sec. II. A Monte
Carlo technique will be used in Sec. III to calcu-
late cross sections for the specific reaction m C
—v'v w C at 15.1 GeV/c lab momentum, which
will be compared with the experimental data" at
this energy. The result of this detailed calcula-
tion agrees with the simpler analysis of Ref. 3,
in that a model with a final state of three indepen-
dent pions is inconsistent with the data. Consider-
ing the effect of p production on the absorption
has very little effect on the cross section. A

multi-impact-parameter model will be proposed
in Sec. IV and shown to yield results practically
identical to the computationally much simpler
methods of Secs. II and III.

The methods of preceding sections will be used
in Sec. V to analyze the reaction m C- v'n m C*,
where C* is the J = 2' excited state of carbon at
4.44 MeV. An Illinois group has observed this
reaction' at 5 GeV/c by identifying the character-
istic y emission of the nuclear final state. In a
previous article" (hereafter referred to as 1) a
Reggeized Deck model was directly applied to
vC -3vC~ (and also wC -3vC), resulting in a
pleasing agreement with experiment for the
shapes of the M„and t distributions. However,
this approach has two unattractive features: It
ignores the known structure of the nucleus, treat-
ing carbon as an elementary particle, and it does
not seem to treat correctly the absorption of the
outgoing 3m system.

In Sec. V, the Glauber-Deck model will be com-
bined with a simple parametrization for the ex-
citation of the nucleus to derive an amplitude for
mC -3'~. The excitation form factor will be
fitted to experimental results of vC -mC*, and the
reaction nC-37tC* vill be calculated and com-
pared with experiment in Sec. VI. The data avail-
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10 GLAUBER-DECK MODEL FOR 3m PRODUCTION ON NUCLEI

able at this time will be shown to be consistent
with o~ = 25 mb, and inconsistent with an indepen-
dent-particle final state.

II. PION PRODUCTION IN GLAUBER THEORY;
A SIMPLE MODEL

The Glauber theory of multip1e diffraction" has
been quite successful in calculating reactions like
mA- mA. To review briefly, the Glauber ampli-
tude for elastic scattering at high energy and
small momentum transfer is

x 1-II [l-y(b-s, )J

y(b)= 2„.&-f.w(q}e '"' 'd'q,

where b is an impact parameter, r, =(s„wd, ) are
the coordinates of the kth nucleon, and q is the
momentum tra,nsfer, t =-q'. If one makes the
approximations, valid for large nuclei and used
throughout this report,

ls(r„, r&)l'=- II p(r. ), (3)

2wi
( )

T(b)
k A

a(1 —i n) T(b}
2 A

with

~ A

E„„(q)=— d'b d'r, e'~' lu( „r. . . , r„}l'
2m

T(b) df=p(b*) ,d

Ref (0)
lmf(0) '

1= d'rp z,
a' -=a(1- in),

and uses

=—e ",

the scattering amplitude becomes

ikE (q) = — d'be'~' b (1 —e (' i')+ )}
2m

Note that a, a'„ f (q), and n all refer to wN- wN,

with N a nucleon. This amplitude results in t dis-
tributions determined by the size of the entire
nucleus, since the scattering from the nuc1.cons
is summed coherently. The incoherent process,
where the final state of the nucleus is summed
over, will not be considered in this paper, since
it can be distinguished in the experimental data
from the coherent contribution by its t distribu-
tion; it is, of course, absent in the case where
C* is observed.

Kolbig and Margolis" have suggested an exten-
sion of Glauber theory to reactions of the type
aA- bA, where a and b are different particles
(e.g. , a = w, b = p). They assume that a„«(a, and

a, ), where ad(, is the cross section for aN- bN,
and a,(a, ) is the total cross section for particle
a(b) on a nucleon, and thus they treat the produc
tion of b in first order.

The theory reported here is similar to that of
Kolbig and Margolis, except for two assumptions
designed to treat the 3m production on nucleons
by a Deck mechanism:

(1) A Deck amplitude' is used for wN 3wN. -
(2) The 3w system is assumed to be absorbed

as if it were three noninteracting pions, all at
the same impact parameter. Alternatives to this
assumption will be discussed in Secs. III and IV.

The starting point for this calculation is, then,

T b= — d'b Qd', )
e'''

I (T„.. . , F„)I'('„(b—b,)e" '

Q [1- (b--, )J II [1-&„, (b-, )J,
C ~ &gg g)) 4)

(8)

with

1-1',
, (b)=[1-y(b)J',

T., (b)=
b b ff, (b)b".(10)

The factor e "~'d in (8), where qd, =q w, is not
present in similar formulas of Ref. 12 (K51big
and Margolis treat q~ c 0 in the optical approxima-
tion). Equation (8) may be derived by carefully
keeping track of the phase accumulated by the m
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with

2d'1
str» (2v}s210(P M )8 I sr»I

d Sz = '" dI, dzd cosP dy ds, dsm dQ =—df dpd67,dM~„

and the (3») system as they propagate from nucle-
on to nucleon through the nucleus (see Appendix).
The quantity q~ will be assumed to be small for
mC -3', since high-energy experimental data
are available for this reaction. As can be seen in
the optical model calculations of Ref. 12, the
effect of a small q~ can be approximated by the
substitution q~ -4- t in the q~ =0 formulas. This
is the approach that will be taken here.

In order to use a Deck amplitude for I", ~, f~»
must be converted to an invariant amplitude. The
nucleon will be treated as spinless in the following,
and all momenta and angles will be in the lab sys-
tern unless otherwise specified. The cross section
for wN-3m' is

y(h) = (2,22.&....M 3)I.»(~)» "' d'e,

where P'„'~ refers to the c.m. system of the lower
(»N) vertex, one finds

ik
( )

i W2 P~ P",„M,»'
2w "" (2m)4 2' P„M».,Z 3R„a,(h). (18)

It has been assumed that c(»N- vN) is a constant
in the range ofI„„ofinterest, and this model
is thus similar in this respect to FIT3 in I.

If one approximates the 3m absorption amplitude
(9) by (1-y)' —= 1-3y, then F„chas the same form
as that of Ref. 12, except that an explicit produc-
tion mechanism is included. In this case o,„/o, =3,
which disagrees with the experimental value' of
1.0 to 1.2. However, the higher-order terms may
be evaluated by employing an approximate form
for f,»(q} and using (2}-(5). If one writes

(12)

where t is the momentum transfer to the 3m sys-
tem, n, cosP, and y are Euler angles describing
the orientation of the three pions in the 3w center-
of-mass system, sy and s, are the Dalitz-plot
variables, and |It is the azimuthal angle of the 3m

system. Then, changing variables from t to the
production angles of the 3m system, one finds

1 2

22z)2p Mg

1- ~ &=- [I-y(b-s)]'p(s, z) d'sd»,
o' T(b)

o'=—(1-in) o,

and uses

io'k
J yfN 4 r8

then one finds

(19)

(20)

=
I f,.»I' de d'~,

and so one has

(13) 3o' (o i)a

8na 48m a
(21}

(2p p )'"
2»il (2»}'25p, M„

x ~& q z & d~q,

A Deck amplitude'" is now used for 3R~„:

3g„„= g 3R„615m...
(14)

(15)

The real part of & may be identified with c~/&r,
of the first-order theory, and interpreted as an
effective number of pions in the outgoing system.
For v=25 mb, a =-0.2, and a=8 GeV ', one
finds ~ =2.17-0.14i. This reduction of effective-
pion number by considering nonlinear terms in y
is called "shadowing" in Ref. 5. The 3w production
amplitude (8) now becomes, using (18), (19), and

(6) and summing the series as in Ref. 12,

(R g g -i ~0(z(f&)/2
2SO ~2

&~(4) =t»

so=1 GeV.

(16)

The diagrams summed over and conventions of
notation are illustrated in Fig. 1. A fit to experi-
mental data, discussed in Ref. 7, is used for 9R „„.
Noting that

tr Vr+

r

I}
N

N

p 7T

Ii

~-, +

p. ll

N

PI 7TI

vr

&z

2 p~ +

p. I}
N

N

(c)

FIG. 1. Diagrams calculated in Deck model.
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x 3R„41Z(t),

(22)

G'r(a')/2 - aG'T'{t )/2
Z(-qg) = dgh e&q ~ b

The cross section is then given by

CJA,M 2

diagrams ~ a ri

(23)

p, = 7i'~g r,'(1+ —,
' n),

with a =1.12 and r, =1.71 fm. The integration is
performed numerically and the results are shown
in Fig. 2. If the 4 =1.1 curve is identified with

1Q

]Q

III. CALCULATION OF n' C ~ vr'm m C

The primary t dependence of E„z may be dis-
played by calculating Z(t) T(b.) is calculated from
a modified Gaussian wave function for carbon"

experiment, shadowing is seen to remove a part
of the discrepancy between the simplest theory,
& =3, and experiment.

As in I, a Monte Carlo approach is used to dis-
play the full content of (23). The Monte Carlo cal-
culation generates a random sample of 3m events
which are distributed according to do/O'T. These
events can be analyzed in exactly the same way
one would treat experimental data. Events were
generated in M„bins of 100 MeV, from 0.8 to
2.0 GeV at incident pion momentum 15.1 GeV/c.
Approximately 1500 events were generated in each
bin at about 5fii efficiency. The resulting M„dis-
tribution is compared to experiment in Fig. 3.
The theoretical M„spectrum has been multiplied
by 3.0, in order to make the peaks of the two
curves coincide. The shape of the M„spectrum
is seen to be well predicted.

Figure 4 shows the theoretical and experimental
distributions of coherent events in t ', with
0.9&I,„&1.9 GeV. The incoherent contribution
to the experiment has been approximated by
dol/dt '=f,e '', with I, =8.45 mb GeV g and 5= 8.53
GeV ', and has been subtracted from the total
experimental data. This incoherent cross section
is a fit by eye to the data with t '&1.4 GeV', as
shown in Fig. 4, and should be considered an esti-
mate. The resulting coherent cross section is,
for t'&0.05 GeV', very sensitive to the incoherent
fit. However, there does seem to be evidence
for a dip in the experimental data at t ' =0.075
GeV', which (cf. Fig. 2) is consistent with 4 =1.1„
as claimed in Ref. 3. The ratio between calcula-
tion and experiment is roughly the same as the
ratio of curves (b) and (d) in Fig. 2. Evidently
this detailed calculation has confirmed that the
experimental data are consistent with 4 = 1.1, and
not with a model where the fina1. -state pions inter-
act independently.

The Monte Carlo calculation allows other dis-
tributions to be displayed, but there is little dif-
ference in most spectra between this calculation
and those reported in I and Ref. 7. In particular,

1Q

I

Q4Q .QB

-t (GeV

FIG. 2. ~Z{t)) for ~ C-~+~ 7( C. {a) &=3, most
naive theory. {b) D =2„17-0.14i, three noninteracting
pions {SIM). {c) 6=1.68-0.06i, 37t' absorbed as xp.
{d) 4 =1.1, approximates experiment.

M~:;GeV &

FIG. 3. 3& mass distribution for 7t"C-7( ~ 7( C. Ex-
perimental curve is from Ref. 2. The theoretical curve
has been multiplied by 3 to make the peaks coincide.
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FIG. 5. Definition of various impact parameters with

respect to an arbitrary reference axis. The top two

pions are from the upper («) vertex; the lowest pion is
from the lower (rN) vertex.
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.00

2

E
I

.08
-~'(GeV }

the higher value of 4 is used otherwise. (The
ability to do this kind of calculation demonstrates
the flexibility of a Monte Carlo approach. } Ap-
proximately 2500 events were generated in each
M~ bin, and the resulting t ' distribution for 0.9
& M,„&1.9 GeV is shown in Fig. 4. For t 'a0.05,
the statistics of the Monte Carlo calculation are
not good enough to cleanly separate the two theo-
retical curves. The effect of including mp absorp-
tion is seen to be rather small.

.00
)

.24
-)' (Gev }

2
.52

the p band is very prominent, 56% of the Monte

Carlo events having at least one m'n mass within
100 MeV of M ~= VVO MeV.

It may be argued that p production is so domi-
nant that 3n absorption should be calculated as mp

absorption. ~' If the p-nucleon interaction'~ is
approximated by o~„=a„„,then 1-I'~ ~(b)
= [I y(b)]', -resulting in & =1.68 -0 06t Cu. rve.
(c) in Fig. 2 shows [Z(t)[' for this value of 4. A

Monte Carlo calculation can now be done where
the lower value of & is used for those events
where the n'm from the upper vertex are in a
rather wide p band, 670&M, +„&8VO MeV, and

FIG. 4. Distribution in momentum transfer t' = t -t
for s C- + ssrC (s) .Coherent cross section, doc/dt'
=d&„,/dt' -d&z/dt'. The solid curve refers to the three-
independent-pion model of Sec. II; the broken curve
allows the 3~ to be absorbed as ~p. (b) Incoherent cross
section, dol/dt'. Experimental curves from Ref. 1.

IV. A MULTI- IMPACT-PARAMETER MODEL

(25)

It is possible to formulate a more complicated
theory by removing the assumption that all three
pions leave the nucleus with the same impact pa-
rameter. It seems plausible to assign different
impact parameters (b„b', b"}to the produced
pions, and another (b, ) to the incident pion, as
shown in Fig. 5. The usual identification l= kb+ 2

=kb, valid for k»q, along with the provision that
the nucleus not change its spin, yieMs

k(2xb, ) =—k, (zxb, )+k, (gxb')+ k, (2xb"),

k, b, +k, b'+k, b"
0

This model will be referred to as MIM (multi-
impact model), and the model of Sec. II as SIM

(single-impact model). It would seem that MIM

is a more logical approach to a Deck calculation
than SIM, since the latter is expressly formulated
in Ref. 12 to describe the propagation of a res-
onance through nuclear matter. A straightforward
extension of Glauber formalism to MIM, which
can be derived by keeping track of the phases of
each particle (see Appendix}, is

cm'M1M dQQ d2$ d2$ 82{P j. ' Kj. + q p b2+ &3 X3}cg M1M

SR~M'c = Q d'r, ) u(r„. . . , r„)(' 6)1„(b,)(A(b, ) II,„(b,—sq) s"I'~
0=1,

x II [l-y(b. -s )] II [l-y(b, -s, )][1-y(b'-s,)][1-y(b"-s,)],
g] (gg g) &g ~

b, =-b'-b, ,

(26)

b -=b"-b'
3 2
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where q; is the momentum transfer conjugate to
b; lnote that ({I„b,) were called ((I, 1) in earlier
sections]. As in Sec. II, qL, will be assumed to be
small, and q~ -0- t will be used in the q = 0 for-
mulas. The amplitudes (%„,(Jt, sg,«) are Fourier
transforms of (3g„,8,K,N). In particular,

y(b, —s) y(b, + b2 —s) P(s, z) d2s dz

», -» b, +b, -s &2&

X P b+2b, z dz

3)I,N(b)= (2, i 3g„«(q)e 'q' d'q

=42P'N &«'y(b}'. (27)

1o' 22iq, T(b, +2b, )
( )

3.6' A.

In order to evaluate (26), one uses (20} and (2)-(5)
to find

Dropping small terms involving the product of
three y factors for the outgoing pions, one finds

FMIM P2rr ~ P N N d2b d2b d2b e {q 4 +q2 b2+q2 ~ %2)gr(b b b )2 C
—

(2){)q22 p ~ I 1 2 3 1& 2& 3
diagrams

where
&-Irj o'T(b& V2 -g o'T(b&V2

W = 3g„,(b, ){ii(b,)
Z 2

rrd{d

g

and

(29)

T(b, ) I T(b, +b, ) T(b, +b, +b, ) a' T(b, + 2 b2),,2(„T(b,+b, + 2 b, )

T(b +-b +-b
T(b, )

This expression reduces to K{I. (22) in the large-
nucleus, small-y (small-T) limit.

It should be emphasized that MIN is clearly dif-
ferent from the "spread-out A," model of Ref. 4,
although both allow production outside the nucleus.
A similar procedure to that of Ref. 4 would be to
make the replacement in (9)

(( —r(b, ))'- fdbdbd, (b.ld, (b,,,)(r —r(b, )l

For comparison, MIM and SIM give the structures

f (bb)={it(q2)3}r«(q2)G(b»0, 0, b, )

y2y y2y ei«2. ~2+q3 T»
1 2

x 6((b2) 3g„(b2)G(b„0, 0, b, ),

f (b )= Jd bd bb'r '''',
x[I —y(b, +12)][I—y(b, +b, +b )],

(30)

where 82(b2) and I2(b2) are some suitable trans-
verse wave functions. A reasonable choice for
(E„F2) is

(R(b, ) K„(b,)(d.(b.), d. (b.))= „',), ( 'b)}, (b()'4= ~~ &3=

and this yields a model with the structure

+sc=c d hie ~' jf b

i" 2 2 6t(b2) gL„,(b, }f (b, ) = d b2 d b2 $ (q2) sg„,(q2) ,

(0)
"'

(0')

(32)x G(b„b„b„b,},
-«y o'T(bg)/2 ~ Q o 'T (b& )f('2

G(b, b2 b2 bq) =
22 r(2b g

xS (b2}sg(b2} G (b„b„b„b,) .
It is ciear that f =f"'" only in the special case
that G(b, b2b2bq) =G(b„0, 0, b, )

The detailed calculation of MIN is a formidable
problem. Since M „,is small, 3g„, is dominated
by resonance structure, and both 5g„„and (R must
be considered as functions of more than one vari-
able. The integrand of (29) is thus a function of
all the kinematic variables describing Sm produc-
tion. One Inight naively suppose that in the limit
of very large nuclei, where T(b, +b;) =—T(b), the
effect of the Gaussian factors in ~2 would be to
decrease the cross section, making the disagree-
ment between theory and experiment even worse.
However, y is not small I for carbon T(0) = 0.8],
and particles which pass near the center of a large
nucleus will be strongly absorbed. Thus, the scat-
tering process cannot be assumed to be dominated
by regions of the nucleus where T(b) is very slow-
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ly varying in b, no matter how large the nucleus.
Some information can be extracted from (29) and

(33) by attempting to parametrime f"'"(h, ) by an
effective-pion number (&) which is a function of
&z

f vilM(h )

r(oj)/2 E, (a ) 'r(o )/2—=61(q, ) II..(q, ) ~(b )

(34)

The approximate equality is because the (q, q, )
dependence of f"'" in (33) is more complicated
than in (34). One hopes, however, that the depen-
dence of &(b, ) on (q„q,) will be weak, and that a
suitable average may be taken in these variables.

A simple Gaussian form is used for (R and N„:
tR(b) = K„(b)= e ' ~",
K„(q)=61(q) =2vae "~', (35)

a=8 GeV ~.

Effe

2.0-
O1

0

FIG. 6. Effective pion number 4(b&) for the multi-
impact-parameter model (MLM).

This parametrization is reasonably consistent
with the momentum transfer distribution in the
Deck calculation of mp -3'. After choosing val-
ues of q, and q„ these forms are used in (33) to
evaluate fM™(b,), performing the 4-dimensional
integral numerically. For each value of b„(34)
is solved graphically for Z(b, ), which is assumed
to be real. The results of this calculation are
shown in Fig. 6, where the shaded region shows
the range of Z(b, ) that was obtained by four choices
of q, and q, . The actual range of &(h, ) is presum-
ably somewhat greater than the region shown. The
SIM value for ~, calculated by substituting
G (b„b„h„b,) -G (b„0,0, b, ) in Z(b), is shown in
Fig. 6 as a dashed line at ~ =2.20. This differs
slightly from the previous value of & because of
the approximations used in evaluating Z(b, ).

The quantity & in (22) may now be made a func-
tion of b, using typical values of Z(b), and Z(t)

calculated as in Sec. III. The result is found to be
less than l%%u& larger than the SIM result [curve (b)]
of Fig. 2 at t =0. Although a more detailed cal-
culation might yield slightly different results, it
seems clear that cross sections calculated with
the multi-impact-parameter model will not differ
appreciably from those calculated using the more
conventional single-impact-parameter model.

&. THE PRODUCTION OF Cg 44

Glauber theory can be used to calculate mC - mC*

and wC -3vC" by making the substitution in (1)
and (8)

~ u(r„. . . , r„}l'-uP(r„.. . , r„)u,(r„.. . , r„) .

The problem now becomes one of finding a suitable
form for ugu;. The simplest approach is to use
an effective one-particle excitation for the excited
state of the nucleus. For A =2, and denoting the
excited orbital by P,

1/2

[0 (r ) 0 (r ) —
7&& (r ) P (r )J

—4,*(r,} y, (r, ) y,*(r,) 4,(r, )+(r,—r, )j,

= 2—, [p,(r, ) p, (r,}+p„(r,) p, (r, )

+ (correlation terms ) ] .

This is easily generalized to

uy(r„. . . , r„)u;(r„.. . , r„)

p(r, ) II p(r, ). (38)
1

A.

As in (3), correlation terms have been dropped.
This is expected to be a rather poor description
of C,*~, which is well known to be a state with
collective properties, "and should be considered
as a parametrization rather than an actual excita-
tion mechanism.

Electron scattering data are often used to deter-
mine P. In the case of eC —eC*, the weakness of
the electromagnetic interaction ensures that one-
particle operators dominate, and matrix elements
with multiparticle correlation terms are down by
powers of a. The multiple scattering of an inci-
dent pion, however, is significant. In fact, in (7)
and (22) the entire multiple-scattering series has
been summed. It thus seems more reasonable,
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if onewishes to calculate mC-SmC*, to determine p from mC-mC* than from eC-eC*. Using

1= p r)d'z, 0= P r d't', T b =-A p b, z dz, T~(b)=-A, p„b, z dz,

with M labeling the spin projection of the J =2 final state of the nucleus, one finds by summation of the
Glauber series

A

+'c+ =—
2n g~$ m =l.

ik
d

-.- e ' "' &'T (b)y2y ef q ~ b

2v 1 cr'T(-b)/2A 2A

This formula is essentially the same as that of Ravenhall and Schult. "
The Glauber amplitude for mC -3mC* is, then,

A A

E" s= — d'b Ild'r, e'~' —Q p„(r )II p(r„) e"&'T„„(b—s, ) II [1 —y(b —s;)J
j

(4o)

x II [1 —I'„~(b —s, ) J . (41)

Qf the A. nucleons, there are now two of special
interest: There is the excited nucleon and the
nucleon on which 3m production occurs. If the
excited nucleon is on the beam side of the produc-
tion site, it sees one pion; if to the downstream
side, three pions. Of course, the excited nucleon
may in fact be the production nucleon. So the
sums in (41) will have three contributions.

Since this formalism will be used at 6 GeV/c,
q~ will not be assumed small. Using the same
approximations as in the derivation of (22}, and
with

T(b, q~) =—4 p(b, z}e"&'dz,

( )q,() Afp„( *=(e"")d, ,

o'T(b) 1
&'Tu(b)g=1—

o'T(b) T(b, q~) — T„(b, q~)"= T(b)' = T"„(b)'

the scattering amplitude becomes

s.c =
(2v)~2s p" Z

diagrams

where

~g((li, q, ) =

Summing the series and using (6), one finds

-Da 'T (5)/2 —a 'T (b)/2

( - ko ' r(( )/2A ( —n')'(()/2A)

-a~ T(&)/2 -&a~ T(b)/2

'T(b)/2 (44)

An interesting fact is that for q~ =0 (R =R = 1) the
second term in (44) vanishes. This means that
the term originating from the C* being formed by
exciting the same nucleon that 3m production takes

place on is canceled by part of the amplitude cor-
responding to excitation and production occurring
at different sites. This interesting cancellation is
a feature peculiar to the Deck model, arising from
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significant fraction of events has M „c in the res-
onance region, M,„sl.5 GeV, and the approxima-
tion that y(b} is energy-independent underesti-
mates the interaction in this region. The effect
may be estimated by comparing, in I, the results
of FIT 1, which uses experimental mC -7tC~ data
for the resonance region, and FIT 3, which uses
an energy-independent mC interaction. FIT 1
yields a 3wC* cross section 15% higher than FIT
3, and the calculation performed here may be ex-
pected to be too small by a similar amount. This
effect is negligible at 15.1 GeV/c incident momen-
tum.

Since the data of Ref. 9 have not as yet been
analyzed to yield a value of o~, the Monte Carlo
calculation was performed both with the value of
& appropriate to the independent pion final-state
model (& =2.17 —0.14i) and the value of & which
seems to fit the wC -3wC data (4 =1.1). About
25 000 events with 0.8 &M „&1.8 GeV were gener-
ated for each value of &. Figure 9 shows do/dM„,
along with the experimental results from Ref. 9.
These experimental data have been corrected for
spectrometer acceptance. The shapes of the M,„
spectra for both values of & are consistent with
experiment, and are virtually identical with the
M~ spectra in I.

The cross section" for 3nC* production with
0.8&M3, & 1.4 GeV is 76 p. b in the independent pion
model and 126 pb for & =1.1. Current analysis of
experimental wC-3wC* data at 6 GeV/c yields a

preliminary cross section" of 130 p, b for the same
range of M~. Although this cross section may be
affected by future refinements in the calculation
of experimental acceptances, its present value is
clearly more consistent with the ~ =1.1 cross sec-
tion than the & = 2.17 —0.14i value.

It should be mentioned that do/dM„ for & = 1.1
is virtually identical to the result of FIT 3 in I.
This would not be surprising if as ~ approached
unity, Z~ were to become proportional to I" „c+.
In this case the two models would be formally
identica, l. Unfortunately, Z„(h- 1) has a very
different structure from F,~~. It is not clear
what causes the agreement in da/dM„between
the two models.

The shape of the experimental t distribution is
analyzed in some detail in Ref, 9. To this end,
the normalization of the theoretical distribution
in q~' is fitted to the data presented in Ref. 9, and
the results are shown in Fig. 10. The last three
data bins (q, ' & 0.09 GeV') have been dropped from
the fit, and a spectrometer acceptance" of
(1 —1.36 q, ') is multiplied into the theoretical
curves. The fit has confidence level 0.002 for
~ =2.17 —0.14i and 0.65 for 4 =1.1. The shape
of the q, distribution is clearly more consistent
with & =1.1 than with the independent-pion model.

The density matrix p, where m is the helic-
ity" of the C*, can be extracted from the Monte
Carlo calculation. Table I shows p integrated
over all kinematic variables in the range 0.8&M„
& 1.4 GeV.

25

20
O
O

M

10

//I
2 =1.1

JF

I
/

I
I

~ (". SIC'

Exp6riment0I

150

I
I
I

100—

O

C
Q3

LLI 50—

O

O

'&- 1000—

.05 .10

1.0 1.2

M (G V)

FIG. 9. 37(' mass spectrum for m C —~+a 7," C4" 44. Ex-
perimental curve is from Ref. 9. A=2. 17—0.14i is the
independent-pion final-state model.

FIG. 10. Distribution in @~2 for x C—IT+7)' Il C4 44.
The normalization of the theoretical curves has been
fitted to the experimental data. Experimental curve
from Ref. 9. 6 =2.17 —0.14i is the independent-pion
final-state m odel.
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I'ABLE I. Density matrix p ~. integrated over 0.8
&M~, &1.4 GeV.

0, 0 1-,1- 2+, 2+ 0, 1- 0, 2+ 1-,2+

6 =2.17 —0.14i 0.957 0.029 0.014 -0.13 0.09 -0.02
b, =1.1 0 970 0 019 0 011 -0 11 0 08 -0 01

V1I, CONCLUSION

It has been shown in this paper that, for the re-
action nC - SmC, neither calculating realistically
in all the kinematic variables of a Deck production
mechanism nor allowing for reduced p absorption
nor using a multi-impact-parameter model will sub-
stantially affect the conclusion that a three-inde-
pendent-pion final state in the Glauber picture of
Sm production gives cross sections which are in-
consistent with experiment. Glauber theory does
describe this reaction reasonably well if the effec-
tive-pion number, 4, of the final state is taken to
be about 1.1.

The reaction wC - SmC* has been calculated,
again using Glauber theory as well as a simple
excitation parametrization. The results of the
calculation are again inconsistent with experiment
if one uses an independent-final-pion model, but
seem to agree very well with the data if 4 = 1.1.
The same value of effective-pion number seems to
be indicated in both nC -SmC and mC - SmC~.
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The starting points of the Glauber theories pre-
sented [Eqs. (l), (8), and (M)] are here derived
pedagogically. The method used, which was dem-
onstrated to me by Schult, may be mell known in

some quarters, although we do not know of its
being published previously. It is not intended to
be a rigorous derivation.

The point of this exercise is to keep track of
the phase accumulated by each particle as it prop-
agates from nucleon to nucleon, in order to find
the outgoing scattered wave function g, . A projec-
tion will then be taken on plane-mave outgoing
states. This process is intended to reproduce
the structure of the desired answers, and will
ignore details like kinematic factors.

Elastic scattering illustrates the basic features
of this method. The outgoing scattered wave func-
tion for k. =k. 2 is, in the small-angle approxima-
tion,

g,(r}=exp[i k. r, +2i5, + it;„(r,-r, )

+2i5, + ~ ~ +i k. (r„-r„,)
+2i5„+i k ~ (r -r„)J -exp(i k,„r)

(Al)
2it'~ eaib(b- S~)

where r;=(b„z;) is a nucleon position and 5,
=5(b-s, } is a phase shift on the lth nucleon. Pro-
jecting go into a plane-mave state e' ko ', and
taking a matrix element between nuclear states,

c= ]mcl d3xe-'"0' '
yo r nuc

=2z5(k, —ko, )

x g'gg''[' ~ nucl gj, 1-y b-s, ) -1 nucl,

(A2)

which is essentially equivalent to (l).
Equation (8) may be derived in a similar way by

assuming that the longitudinal transfer to momen-
tum all occurs at the nucleon where (Sm) produc-
tion takes place. Then, if production occurs on
the jth nucleon,

g, =exp[ik r, +2i5, + ~ +ik (r, -r, ,}]I',„(b-s,)]exp[ik' (r„,-r, )+2i,'„+ ~ ~ +ik' (r-r„)J
1 A.

ik' r zan& l (b «s )
is( ill s&r.Sm (A2)

where

k'=(k. -qz)z=(k, z) z,
e""=[& —i ~,~(b —si) J

As before,
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nucl d t'e ' 0''
&0 nucl

=2mb(k ~ 2 —k') d be' ' Q nucl Q [I —y(b-s )Je" ' I', , (b —s ) II [I —I" „(b-s ) nucl

which is equivalent to (8).
A4

The MIN formalism is derived in exactly the same way, although there are many more variables in this
case. Defining (k„k„k,) to be the momenta of the three pions with (r', r", r"'} the space variables conju-
gate to the k;, one writes

go(r) =exp[i k. r, +2ib, + ~ ~ ~ + i k,.„(r,—r, , ) I', ~(b„b„b~)Jexp[i k,' ~ (r&„—r, )+2ib,'„+~ ~ ~ + i k,' ~ (r'- r„}J

xexp[ik,' (r,„-r,}+2ii},"„+ ~ +ik,' (r" —r„)]exp[ik,' ~ (r,„—r, ) +2ib,",', + +ik,' (r"' —r„)J,

k,' = (k, z) 2, k2 = (k 2) 2, k~ =(k ~ e}2 .
A moderate amount of algebra will result in (26).
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