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It is shown that only a small number of elementary cells in phase space are populated in a
multiparticle production reaction even at high energy (& 100 GeV), leading to occupancy
numbers for identical bosons in individual cells which are not small. It follows that quantum-
statistical fluctuations are of significant magnitude. The effects on multiplicity distributions
and integral correlation functions of r mesons produced in high-energy interactions are de-
rived. Comparison with experimental results at incident energies above 100 GeV indicates
that Bose-Einstein fluctuations may be a principal source of broadening of the multiplicity
distribution and of positive short-range correlations among identical particles. The effect
is nondynamieal and nonkinematical in the usual sense, but is due to identical-particle sym-
metry, and is the counterpart of the Hanbury Brown-Twiss effect in the electromagnetic
field.

The w mesons produced in interactions between
hadrons at high energies constitute a partially
degenerate boson gas. Thus, in principle, one
expects partial second-order coherence in the
boson field, or fluctuations in the numbers of me-
sons produced, which are a consequence of quan-
tum-statistical interference among identical par-
ticles. (The effect is a direct counterpart of that
observed by Hanbury Brown and Twiss' for the
electromagnetic field under conditions suitable for
coherence. It is known as the prototype of second-
order coherence in optical coherence theory. )
Whether or not these fluctuations may be observed
in I-meson distributions depends on the degree of
degeneracy of the boson gas and competing kine-
matical or dynamical effects. It is the purpose
here to show that the degeneracy of the m-meson
gas produced in high-energy interactions is suf-
ficient to give rise to Bose-Einstein fluctuations
in the multiplicities of mesons produced which in
turn affect correlation functions significantly.

The multiplicity distributions derived are broader
than the Poisson distribution; the f, and higher cor-
relation functions of the distributions are positive
and increase with in@. Kinematical restrictions,
which oppose and dominate the quantum-statistical
fluctuations at low energies (( 50 GeV}, are not
explicitly considered here.

Interest in multiplicity distributions and two-or-
more-particle correlation functions has increased
with the availability of data from MAL at incident
laboratory momenta of 100 to 400 GeV/c and from
the CERN ISR at energies equivalent to laboratory
momenta of 800 to 2000 GeV/c. Consult Ref. 2 for
several recent review articles on multiparticle
production at high energies, which in turn contain

extensive references to the original literature.
Although any microscopic quantum calculation

in which the production matrix element is properly
symmetrized in the momenta of the outgoing par-
ticles will automatically include quantum-statis-
tical-interference effects, the difficulties of de-
scribing exactly a final state consisting of 10 or
20 particles are prohibitive. Qoldhaber et al. '
have symmetrized final states of PP-nm for n+
= n =2 or 3 and no «2, and have deduced and ob-
served correlations in azimuthal angle differing
for pairs of like and unlike particles. The opening
angles of like pairs are on the average less than
90', and those of unlike pairs are greater than 90'.
An interaction radius of about 4X, or about one
fermi is required to explain the magnitude of the
observed effects. This effect has been investigated
by others but is still not completely understood.

Although less detailed than a microscopic quan-
tum calculation, several approaches other than the
symmetrization of the wave function may be adopt-
ed to describe the fluctuations. A quantum-stat-
istical-mechanical argument is advanced here.

Consider an event at high energy in which sev-
eral identical mesons are produced. The size of
an elementary cell in phase space is given by
4x'4p' =h', where 4x' is the volume in config-
uration space in which the particles are confined,
4P' is the volume in momentum space or momen-
tum "bandwidth" of the particles, and h is Planck's
constant. Assume that the interaction region in
which the production occurs is limited to a small
volume Ax'. Then all identical particles within
a bandwidth n p' = h'/hx' occupy a single elemen
tary cell in phase space. If 4@3 is of the order
of one cubic fermi, then b,P' is of the order of
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(1200 MeV/c)'. Identical s mesons produced in
high-energy interactions should thus exhibit par-
tial coherence over a wide momentum band if the
interaction volume in which they are produced is,
for example, the cube of the range of the strong
inter a,ction.

Consider each event in which multiple bosons
are produced under identical conditions as a mem-
ber of a statistical ensemble. Furthermore, con-
sider that each event is a, representative sample of
the phase space of the system. Assume initially
that the identical mesons yrodueed in each event
occupy a single cell in phase space. Let N des-
ignate the total number of identical mesons ob-
served in g events.

If the particles obey classical or Maxwell-Boltz-
mann statistics and N particles are distributed
among g cells, the probability of observing n of
the particles in a single cell is given by

In the limit of g»1 and N»n, (1) becomes the
Poisson distribution,

(2)

f&f! (g - I) (fV- n g-+2)!
(f&I- n)! (f!!+g-1)! (4)

In the limit of N» n and g» 1 this expression be-
comes the counterpart of a Poisson distribution
for identical bosons,

(I)
(n& & (n& ~ & ) (5)

where &n) =N/g as before. The fluctuations given

by (5) are

Expressions (2) and (5) permit one to compare the
expected single-cell Bose-Einstein distribution
with the classical distribution when the average
occupation number is known or determined em-
pirically. The Bose-Einstein distribution de-
creases monotonically with increasing n for all
values of (s) and, as one expects, enhances oc-

The fluctuations of this distribution are given by

D2 1
&u)

'

where &n) = N/g, the average occupation number of
a cell, and D'=((n —&n))') .

If the particles obey Bose-Einstein statistics,
then the probability of observing n particles in a
particular cell is given by'

cupation numbers for the largest and smallest
values of n while diminishing occupation numbers
for values of n near the peak of the classical
distribution. In the limit of very small occupation
numbers, of course, the Bose-Einstein distribu-
tion approaches the classical distribution.

The argument that identical particles produced
in a limited spatial volume and within a certain
spread of momentum lie in a single elementary
cell in phase space may be rephrased in quantum-
mechanical terms. Consider the volume of limited
extent in which the production is assumed to take
place to define the boundaries of a quantum-me-
chanical system. Then all emitted particles with
less than a certain linear momentum are likely
to carry away no angular momentum, i.e., they
occupy an S state with zero angular momentum
with respect to the center of mass of the system.
It again follows for identical bosons in the same
quantum-mechanical state that one expects occupa-
tion numbers and fluctuations predicted by the
Bose-Einstein distribution. Furthermore, the
distribution of these emitted particles must be
spatially isotropic, i.e., must exhibit the spherical
symmetry of the S state.

It has been observed' in E'-p interactions at 12
GeV/c that v mesons with momentum in the center-
of-mass system below about 320 MeV/c are dis-
tributed isotropically, and that these mesons are
about —,

' of the total number produced. If one as-
sumes that b x' and AP' are spheres, of radius 8
in configuration space and of radius p in momen-
tum space, respectively, then for P =320 MeV/c,
8 =1.4 F, approximately equal to the Compton
wavelength of the w meson or the range of the
strong interaction. This result suggests that the
mesons which are isotroyic in the center-of-mass
system in this reaction occupy an S state with
respect to the small interaction volume in which
they are produced. It further suggests that all
of the mesons produced in an event may be con-
sidered as occupying a small number of quantum
states or elementary cells in phase space rather
than a single state or cell.

It is known empirically that not all of the avail-
able phase space is occupied in the final state of
a multibody production reaction at high energy. In
particular the transverse momentum P~ of x me-
sons produced is cut off approximately exponen-
tially with a characteristic length of about 320
MeV/e roughly independent of the energy of the
incident particle from 10 GeV through ISR-equiv-
alent laboratory energies of up to 2000 GeV. The
Lorentz-invariant-phase-space (LIPS) element is
d'p/&u, where ~ is the total energy of a particle.
The longitudinal characteristics of multiparticle
production reactions may be plotted in terms of
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the rapidity variable,

y=-,'ln
CtP —pg

such that

classical sense (except as governed by conserva-
tion laws or other symmetries). The general dis-
tribution of the total number n among the k cells
is thus of the form

In a cylindrical section of momentum space, with
axis parallel to the incident momentum, equal
intervals of rapidity correspond to equal volumes
of LIPS.

In Pp interactions at 300 GeV/c the total rapidity
interval is about 6.4 or about +3.2 units with re-
spect to the center of mass. The rapidity of a w

meson produced with the same velocity as the
incident proton is also 3.2 units in the center-of-
mass system. The rapidity of a meson of 320
MeV/c in the center-of-mass system is about 1.5.
At ISH energies a "plateau" of height independent
of incident energy is observed to develop in the
rapidity distribution of the m mesons produced.
Thus the region of momentum space populated by
m mesons produced in high-energy interactions is
empirically observed to be cylindrical with axis
parallel to the incident momentum. It is approx-
imately uniformly populated longitudinally in terms
of rapidity or LIPS. In terms of the cube of
Planck's constant, the measure of an elementary
cell in phase space, it is about one cell in diam-
eter and a few cells long even at 300 GeV/c, if
the interaction volume in which the particles are
produced is a sphere of radius of the order of the
range of the strong interaction. In order to estab-
lish coherence it is also necessary that the par-
ticles be produced in this volume within a time of
the order of k, /c or about 10~' sec. From this
description it is not obvious precisely how many
cells are involved or that their population density
is constant, but qualitatively one argues that it is
obvious that most of the n mesons are produced in

a limited volume of phase space which corresponds
to a, small number of elementary cells, providing
the above space-time restrictions obtain in the
production process.

If n identical bosons, produced in a single event,
are distributed among k elementary cells in phase
space, the distribution of occupancy number for a
single cell will be given by

where &n, ) is the mean occupancy, and n; the par-
ticular occupancy, of the ith cell. While the oc-
cupancy of a single ceH is governed by the Bose-
Einstein distribution the relative occupancies of
different cells are statistically independent in the

xg n; —n 5 n; —n (8)

The general expression (8) is rather complicated
for arbitrary distributions of the (n, &, but for the
simplest special case in which the n particles are
distributed among the k cells with equal a priori
probability for each cell (8) may be reduced to'

where &n;& =&n&/k for all cells. For k =1 distribu-
tion (9) becomes the single-cell Bose-Einstein
distribution, (5), while for k much greater than
&n& (9) approaches the Poisson distribution (2).
The relative fluctuations given by (9) are

D' 1
&n&' k &n&

(10)

Finally, the partial cross section for the pro-
duction of n identical m mesons is given by

o(n) =c „'Ps~(n),
where o,.„„is the measured total inelastic cross
section, &n& is the measured mean multiplicity
for identical mesons, and k is a small integer
representing the number of elementary cells in
phase space occupied by the mesons in one event.
Figure 1 shows the distribution of multiplicities of
negatively charged particles produced in p-p in-
teractions at 405 GeV/c incident laboratory mo-
mentum, ' for which &n& = 3.50, compared with the
Poisson distribution, and with the partially degen-
erate boson gas distribution with k = 6. The Poisson
distribution fits the data poorly, while the boson
distribution fits the data well, with a significant
error for only the two-prong inelastic cross sec-
tion.

The emergence of a plateau in the single-par-
ticle rapidity distribution, and the maintenance of
the limitation on transverse momentum for most
of the particles produced at ISR energies, may be
interpreted as approximately uniform density of
population of LIPS, independent of center-of-mass
energy. Without reference to the underlying dy-
namics responsible for the observed behavior this
provides the empirical interpretation of the in-
crease of &n& with lns as the longitudinal growth
of the populated cylindrical portion of momentum
space w ith lns while maintaining approximately
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(n )
I+(s )/u

The quantity (n )/D then would increase slowly
as (n )' or (Ins)' if (n)/k remains constant as
mentioned above. The quantity (n, )/D, is, of
course, directly related to (n )/D since n, =2n +2
(for PP interactions). In this view the apparent
approach from above of (n, )/ D, to approximately a
constant value at MAL energies is a fortuitous
combination of kinematical effects, which predom-
inantly narrow the multiplicity distribution at
lower energies, the Bose-Einstein fluctuation ef-
fect, and the fact that (n, ) includes the charges
of the two protons in the final state with no fluc-
tuation. At high energies there should be a very
slow increase, as (lns)' ', of (n )/D . A plot of
(n )/D vs (lns)' ~ is shown in Fig. 2. Above
about 50 GeV/c a linear relationship provides a
good fit. If (n )/D is approximately proportional

2.0

0.01'

FIG. 1. Multiplicity distribution for the production of
negatively charged particles in pp interactions at 405
GeV/c. The data are the measured partial cross sec-
tions in mb. The dashed curve is a Poisson distribution
using the measured total inelastic cross section and the
measured mean multiplicity. The solid curve is the
partially degenerate boson gas distribution using the
same inelastic cross section, the same mean multi-
plicity, and a partial degeneracy parameter A =6.

14

I

constant density of population. That is, (n) o-k,
and both increase as Ins while (n)/k remains con-
stant.

The inverse of the relative dispersion (n, )/ ,D
has been surmised to approach a constant value of
approximately 2.0 at high energies, ' where (n, )
and D, refer to the mean multiplicity and disper-
sion respectively for all charged particles. More
recently %roblewski has parametrized a new re-
lationship, u 3 D, =(n, ) —I, which fits the data
accurately from 10 to 10' GeV/c. In the Bose-
Einstein interference effect the more significant
quantity is (n )/D, where (n ) and D refer
strictly to the mean number and dispersion of
multiplicities of v (or alternatively v') mesons
only, but approximately to all negative tracks,
since n mesons constitute most of the negative
particles produced. It follows from distribution
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FIG. 2. Inverse of relative dispersion vs Pns) for
negative particles produced in pp interactions at inci-
dent laboratory momenta from 5.5 to 104 GeV/c. See
Ref. 7 for sources of data. The straight line shows a
reasonable linear fit above about 50 GeV/c. Deviations
below 50 GeV/c are attributable to kinematical factors.
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boundary of available phase space (near maximum
allowable momentum), then a second particle can-
not be located near it, or be closely correlated
in momentum. Therefore multiplicity distributions
are narrower than Poisson and f, is negative at
low interaction energies. On the other hand, Bose-
Einstein fluctuations alone, disregarding conser-
vation laws, require positive values for f, and all
higher moments, i.e., all distributions are broader
than or equal to Poisson. Values of f derived
from the partially degenerate Bose-Einstein dis-
tribution (9) are

(15)

For k-~ and fixed (n) all of these higher correla-
tion functions vanish as distribution (9) reverts to
the Poisson. For k =1 the correlation functions
assume the correct values for the limiting or sin-
gle-cell Bose-Einstein distribution (5).

At low energies f, is kinematically forced to be
negative for particle-production reactions as men-
tioned above. At higher energies, as the bound-
aries of available phase space become less popu-
lated, because of the empirically observed limita-
tion on transverse momentum, the constraint on

f, is relaxed and it more clearly reflects the Bose-
Einstein effect. The kinematical constraint re-
mains but is shifted toward higher moments at
higher energies. Conservation laws always re-
quire that some of the higher correlation functions
be negative, e.g., at least that the multiplicity dis-
tribution be cut off at some finite value of n. The
value of f, for the 405-GeV/c pp multiplicity dis-
tribution for negative particles only is 2.1+0.2,
and the value of (s ) is 3.50.' Expression (15)
for f, then gives a most likely value of k =6. The
Bose-Einstein fit to the multiplicity distribution
shown in Fig. 1 uses k =6 accordingly. Using the
same values of k and (n ) the Bose-Einstein dis-
tribution predicts values of 2.4 for fs and 2.1 for
f„whereas the experimentally observed values
are 0.1 ~ 0.9 and 1 +4 respectively.

A plot of f2 (negative tracks only) is shown as a
function of lns in Fig. 4. At low energies f, is
definitely negative but at energies above about 50
GeV/c a linear relationship to lns is reasonable,
assuming that (I )/4 remains constant as dis-
cussed above.

The positive values of f, observed at sufficiently
high energies reflect the largely positive bvo-par-

ticle differential correlations also observed. The
correlation length or the range of the correlation
cannot be deduced from f, alone. However, the
correlation produced by the Bose-Einstein fluc-
tuations may be qualitatively expected to be of a
short-range nature. As argued above, if the con-
figuration volume in which the m mesons are ini-
tially confined is a sphere of radius approximately
1.4 fermi, then the partial volume of the elemen-
tary cell in momentum space will be that of a
sphere of radius approximately 320 MeV/c because
of the magnitude of Planck's constant. Since the
particles are empirically largely confined to a
transverse momentum of about 320 MeV/c, the
longitudinal extent of a single elementary cell will
also be about 320 MeV/c. For v mesons this cor-
responds to a rapidity of about 1.5 units. One ex-
pects the quantum-statistical interference to occur
among particles occupying a region in phase space
comparable in volume to a single elementary cell.
Thus the correlations should be local and of short
range. For r mesons the correlation length longi-
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FIG. 4. The correlation function f 2 vs lns for negative-
ly charged particles produced in pp interactions from
5.5 to 104 GeV/c. See Ref. 7 for sources of data. Belovv
about 50 GeV/c f 2 is constrained to negative values by
conservation of energy and momentum. Above about
50 GeV/c a linear dependence on Ins is possible.
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tudinally should be approximately 1.5 units of
rapidity. This is roughly wh3t is observed in de-
tailed two-particle correlation studies at the ISR."
If a smaller value of the interaction radius in con-
figuration space is used as suggested by the results
of Qoldhaber &I; al. ,

' then the predicted correlation
length in rapidity becomes greater.

Koba' has shown that for a purely short-range-
correlation model all of the correlation integrals
f would vary as los at sufficiently high energies.
The functions f„[Eg s. (15)] derived from the Bose-
Einstein distributions (9) all vary as 1ns if (n)/k
is constant, as discussed above. Thus the inter-
pretation of Bose-Einstein fluctuations as a short-
range-correlation effect is consistent with Koba's
treatment.

Bose-Einstein interference is not a dynamical
effect, nor is it a kinematical effect in the usual
sense. It is a quantum-mechanical effect of iden-
tical-particle symmetry. It does not explain all
of the observations of multiplicity distributions
and correlations. At low energies (& 50 GeV/c)
the multiplicity distributions and correlation func-
tions are apparently dominated by the conservation
laws for momentum, energy, and charge. Local
charge conservation in rapidity may be important
to explain the strong correlations observed be-
tween positively and negatively charged particles.
At very high energies dynamical effects may dom-
inate. However, the empirical evidence is such
that the expected effects of identical-particle sym-
metry are of the same order of magnitude and have
the same trends Bs the observations at NAL and
ISR energies related to multiplicity distributions
and two-particle correlations. Thus quantum-
statistical fluctuations in addition to conservation
laws and other symmetries must be considered if
intrinsically dynamical properties are to be ex-
tracted unambiguously from the experimental ob-
servations.

Occupancy of any particular geometric config-
uration in phase space by the m mesons is not re-
quired for the occurrence of the Bose-Einstein
fluctuations. All that is required is that one or
more elementary cells in phase space, the size
of a cell being dictated by the magnitude of
Planek's constant, have occupancy numbers for
identical particles which are not small compared
to unity. Several distinct areas of phase space
could be populated and the fluctuations of the over-
all distribution would still depend only on the par-
ticular cell occupation numbers as in expression
(8). For example, the fluctuations would still

occur if, rather than a cylindrical uniformly pop-
ulated section of phase space, two or more distinct
regions were populated as suggested by diffraction
dissociation, central pionization, clustering, or
thermodynamic multiple-fireball models. In ad-
dition to some cells having occupancy numbers
not much 1.ess than one, in the present app1. ication
it is important that the configuration-space portion
of the elementary cell volume is very small be-
cause of the short range of the strong interaction,
so that the corresponding momentum-space portion
of the cell is very extended. It is this latter con-
dition which gives rise to appreciable occupancy
numbers and permits the observation of the fluc-
tuations in high-energy multipartiele hadronic
production reactions.

Expressions similar to (9) and (10) may be de-
rived for partially degenerate systems of identical
fermions in which occupancies of single states are
restricted to 0-1, and fluctuations are suppressed
rather than enhanced compared with the classical
prediction (3). These may have significance in
interactions at high energies in which two or more
identical fermions are produced.

In summary it is argued that quantum-statistical
interference must in principle occur for identical
particles produced in high-energy interactions.
The predicted magnitude of the effect depends only
on the magnitude of Planck's constant, the range
of the strong interaction, and the observed limita-
tion on transverse momentum of particles pro-
duced. The shapes of the multiplicity distributions
and trends with energy of integrated correlation
functions are derived. These agree with experi-
mental data above about 50 GeV/c within the ac-
curacy of the data, . At energies lower than 50
GeV/c deviations of predictions from observations
occur which may reasonably be attributed to kine-
matical effects. Quantum-statistical interference
may principally account for the short-range posi-
tive correlations observed among identical par-
ticles at high energies. Strong correlations among
unlike particles cannot be explained by this effect
and require additional assumptions such as local
isotopic spin conservation in rapidity.
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III. Analysis of new Davis np differential cross-section data*
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New Davis np differential cross-section data at 50 MeV are phase-shift-analyzed together
with the other world pp and np data in the laboratory scattering energy range 47.5 to 60.9 MeV.
Various combinations of the np do/dQ data, taken by groups at Davis, Oak Ridge, and Har-
well are included in the aua&ysis and are found to affect mainly just the phase parameter d(P, ).
We argue that the Harwell only, or HarweQ+ Oak Ridge+ Davis data analyses call for a
strong long-range potential such as might come from ABC (Abashian-Booth-Crowe} exchange,
while the Davis only or Davis+ Oak Ridge data a~~3yses are compatible with ordinary (non-
ABC) meson-theoretical models. We urge that more precise np absolute do/d0 data be
taken, to 1 or 2% accuracy, especially at far forward angles.

Recently the Davis group has reported on new
50-MeV neutron-proton differential cross-section
data taken at both forward and backward scatter-
ing angles 'These n. ew data are highly interesting
in view of a recent phase-shift analysis of the
world Pp and np data falling in the scattering en-
ergy range of 47.5 to 60.9 MeV. This analysis,
carried out by Amdt, Binstock, and Bryan' (hence-
forth referred to as paper l), included the new

Davis backward nP do/dn dat:a (which were then
available in preliminary form), but did not include
the new forward scattering data. The phase shifts
that resulted from this analysis were in good
agreement with meson-theoretical models' at 50
MeV except for the phase parameter 5('P, ), which,
being -3.5'+ 1.0', was five or more standard de-
viations above the meson-theoretically expected
range of —8.5' to —ll'. (We comment below on


