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A general relativistic formula is derived in closed form for the photoeffect amplitude from a
composite system of spin u described by O(4, 2) infinite-multiplet wave functions. For u=0,
it reduces to the relativistic H-atom photoeffect amplitude.

In the first part' of our investigations of the
relativistic transition amplitudes in a class of
infinite multiplets, characterized by spin u, we
derived generalizations of the Coulomb scattering
amplitude (the case u =0 gives the usual relativ-
istic Coulomb amplitude). In this second part we
study the analog of the relativistic photoeffect.
In contrast to the continuum-continuum transitions
of paper I, we have to take into account, in the
discrete-continuum transitions, the momentum
transfer to the system by external interactions.
This makes the problem a bit more complex.

The starting forms of the S matrix and the T

matrix are the same as in the u =0 case.? The S
matrix for our calculation is
i = —ie f d*2lJ (04 (2)] . (1)

For the external field we take as usual
Ay(0)=2n/qV)e el . (2)

Inserting (2) and the form of the initial and final
states into (1), we perform the x integration, de-
fine the T matrix by

Sy =i(2m)' 64 (P, - P, - ) Ty, 3)
and obtain for the 7-matrix elements
M M; 27
= k. . {3 ¥
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Here ¥, 3, is the initial discrete bound state and
\If; ¥, the outgoing scattering state. They are
ngen in terms of the group states of the u repre-

sentation of the dynamical group SO(4, 2) by*
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where M, is the total mass of the bound state N,

and
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The kinematics in these expressions is such that
we are in the center of mass of the initial particles,
i.e., ﬁi =g, and in a coordinate system in which
the photon comes in along the z axis with its po-
larization € along the x axis, and the final free-
particle momentum E, points in the direction

(6, ). Then Eq. (4) becomes
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where we have introduced
Mfi = (‘P(—_G‘ ) ‘e-i 91‘26-“’ L3€ =i efL4£">
x 't -atasel CilasT |N,)
6,20y —zim. (8)
We take the current operator J, to be

Ju=0, Ty +a,P,+aP,T,, 9)
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i.e., the standard O(4, 2) current.’* For our pro-
cess in the kinematics chosen, only I'' contributes.
We use again the parabolic quantum numbers to
label the group states, and shall take the initial

state from now on to be the ground state:

(U0 =[N =1 =[], 0, = [ul; D
£ [(Ny=1=1{u)), 0, [ul; = leP],
N,=-ix (10)
and
[y, 2 =[10,0,v; [uD 10,0, v = [u]],
N;=1+|u| . (11)

We restrict the spin-projection quantum number

v of the ground state by |v-1|<|u|. Actually the
limiting case v=+|u| is required. In the oscillator
representation of SO(4, 2) we have explicitly

(u=0)

Iolo)y;lup = IO’ 01 V>

=[(u+v)!(u - u)!]l/zaf(“")a;(“_u) 10 .

J

=1
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ning

The matrix element M,; can be split into two
parts, one part for y > 0, and the other for u <0,
and these two parts do not interfere, because the
group generators do not connect the two repre-
sentations. Hence

My =M ey ==t (12)

It will therefore be sufficient to give the calcula-
tion for u =|u|. The case p =-|u| is similar.
From now on, therefore, y means |u|.

We first evaluate the action of I'', Because

' =%ilalb] —alb] +a,b, -a,b,), (13)
we find
T0,0, 1) = 2i[(u +v+1)V2[1,0, v+ 1)
-(u=-v+120,1,v=-1] . (14)

The matrix element M,; can be split into a rotation
and a Lorentz-transformation part. In fact, be-
cause L;; and L, commute with J; we can write

[(¢'|e( =i 6Ly) o -iwL;,),nllnzl, v+1) (Ii +V+1)l/2(n1’n2', V+1|e( -i6, L45)e(i;_¢L35)e(ie‘-L45)Il’ 0,v+1)

-(‘#_le( =i6Ly) ,(=i¢Ly) 1”1'”2" v=1(u - V+1)‘/2(n1’ ni,v- lle( =i0,Lyg) p(18_oLgs) 516 Lyg) 0,1, v~ l)] .

We shall treat only the term with (v+1); the (v-1)
term is similar and we shall state the result for
the (v - 1) case. Thus, we wish to evaluate
- 1
A= ; Zanl'n 2' (9’ (p)Tnl'nz’ (9/7 & 6;‘) ) (16)

’
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where the rotation matrix R,,lr,,é(e, ) and the trans-
ition matrix T,,l.,,é are given by

R,,ll,,éi(\ll"le( S0l gl-iela) |y il v 4 1),
(1
Toing=(n+v+1)2

x{nin},v+1|el 19 Las) gl thas)

X ! =16;Ly5) ll, 0, v+1).

The transition matrix T,,, can now be evaluated
by algebraic techniques using the direct product
0(2,1)x 0(2, 1) as shown in the Appendix. The
result is

Tyomr=[(w+v+1)n]

'
myte2

,]1/2<(ni+p.-v—1)!(né+p +v+1)!
(n{ =Dl (p+v+1) 1 =v)!

(15)

Tpint= (b +v+ I)I/ZD s,ul:l(l)u/gu)/z_ 1+(p-v)/2
172 1

x DKy (18)

2'+(u+u)/2+1' (L+v)/2+1 3
where the hyperbolic rotation matrices are given
by

(n+2k-1)1\V2 _ _ .
DY) = (2= ) V@

(19)

1/
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X (5 )-(n+2k+1)Bn—1

o f (n+2k=1)1\%2
- (24) /2< (2k—1)!n!)

x (@)=(m2k D (g)gnt .

The arguments W, and W, are identical to those
given in paper I. We have, therefore,

1/2
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We next evaluate the rotation-matrix elements where
R, ing again algebraically, by using the decom-
position, this time O(3)x O(3). Namely, we write Ji=s(N=1=pw)+p=j+p,

the states as

1 - -
[ning, v+1) =i ,m) ®|j,my, ji=aN=1-p),

1:%(n1’+n2/)+p-=j+“-5 7n1{=_j-'ﬂ'a

— 1 ’ A

_E(n +n )‘]a (21) m2/=]-'
my=3(n)=-nl)+v=m+v,
We solve for n; and n, in terms of j and m, and
use the usual d functions of the rotation group,
and and obtain

I(N-l"U-))Oy-“>=U]{"nll>®u2l9m2’> ’

mz_%(nl’_nzl):—m ’

A=4Y ex i¢(v+1)J(ala‘2)'“<g§>u (%%;)&—1&—2(%%) I8y e (=0)d7 (=6)

e | Grptm+v+ )G +p —m—v=1)! 12
x{ 231[(7 -m)(j+m+1)] 2|:(]'+m+1)!(j—m—l)!(p+u)!(“—v)[]

Eu[(“ v +v+ 1D} [8 i;‘;;!'(njtvr;)lz)(if{:i = 51)1!)! } w% (23)
We shall now apply the general coupling of the d functions®:
iytiz
(B)d,,’f,..z(ﬁ)= f:f;z Gamy,jomglj,mi+m) s m o (0) (m{+my,jljim,,jom,) . (24)

In our case j, = -m, and j, = -m,, and the sum over j reduces to the one term j =j, +j,. Using explicit
values of the Clebsch-Gordan coefficients we get

i1+ iz ( )[(j1+j2+ml+m2)!(j1+j2—(m,+m2))! ]‘/2= [2(, +7,)]! 1/2d (6 )’ 6) 25)
“Urtap)em mm o0 (g +my) Gy = m) Gy +mp) (G = my)! (27,)1(2,)! _jl ™ Thamart T
|
In the expression (23) for A we have precisely the and in the second term
Clebsch-Gordan coefficients (25). If in the first S
term we identify Ji=Is J2TH
J1=Iy J2=u, my=m, my=v+l,
my=m+1l, m,=v, the quantity A becomes

J

o) (38 (@) o

XZ{<0231) [1(01 Bx)[(J m)(]er_’_l)]l/zd)l m+1( G)d ( G)d-u v(=8)

BBy - [
PR o ¥ N i@ - 1/2 j j ¢
@.5) el =) +v+D)]Y2ak, L (=0)di; (=6)d;] _, (- 9)} - (26)
Summation. The summation over m in (26) can a,=a, B,=-B, (27)

actually be carried out. The key lies in recogniz-
ing that the factor (&,3,/@,8,)" is an m-dependent ~
phase and that the index m is the eigenvalue of J,. ‘i;& - (a;ﬁ;)* =exp[ -2i(n - i1)], (28)
We have from the Appendix @B a8
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where we have defined

Ialﬁllein

=|a, B [(cosn +isinn) =R, +il,

a,p, =
(29)

Thus the m-dependent part in the first term of the
sum, for example, can be written as

Z e-zi(n-w/z)m[(]‘ -m)(j +m +1)J V2

m

x di

~j,m+l

(~8)d7 (=)
=3 e (DM o700, |jim)
-i6J (30)

The phase can be placed into the rotation-matrix

x(jjle= 2|, =m) .

elements. Furthermore we make use of the iden-
tity
dl(0)=(=1)""mal _ (-6, (31)
2 +p)]! R.+il,cosf

) (

&p,u(‘g)

M)W_ 1<W>1/2e_.-w<

f 2j sinfcosg

} (R,+il,cosbf F

((/3131\3-“’[(# - ) +v+1)2
@, ) (R+il.cos6)'™"

a,q,
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and the sum becomes
> e e ™ _jjle~ 0%, [jm)(mjle 0|, -
m
=ei7rje2in <_jjle—i012e—2inlaJ|j'n)
D :

X <mjlei6.’2l]" —J>
- eim’ezi n(_]] |e-i6JZe—2inJ3J+ei erlj, _]> , (32)
where we have replaced a sum over a complete
set by unity. The rotation-matrix elements can
then be evaluated easily. We find

1My 2in  =in;

e'Me? e~ 5 ginf(cosn + i sinn cos 6)?7 !

R.+il,cos6\ 27!
|7[] + + 3
=e'™e' " sing <—_Ialﬂl| > . (33)

The second sum A can be done in the same way.
The complete expression for M}‘f'“’ is then

>2j+1+ll

e l(w+v)( —v+1)2
(R,+il,cos6)*F

B,
a5,

)

dﬁu,ud(-e)] % (34)

The expression for M"“’ is obtained from this expression by changing the indices 1 and 2 and by re-
placing the spin prOJectlon —u of the d? function by +pu:

pu'( 9) pu’( 9).

The final expression for the matrix elements is

M= b T(x+p) >1/2e“ diam, k 2*“e_wu (E!tk) ”e;,.,uexf(mf -1\
T(a - p)2p)! A+p P+ m lc]
(ix =1 - p)sin@cos Q+u2+a?M? |cle o
X[ (m = 0P F Fat(-004 il am‘f ’kq . (m I ‘ )“p\E 7% ¢l =) +v+ DF2ag, . (-6)
+-E_’Ji:7€- el(p+v)n -v+ 1)]1/2d’;“ v al- 9))]

(35)

In the Appendix we have also listed the values of the @’ s and the 8’ s for both the relativistic and the non-

relativistic cases. In the limit as u -0 we recover
Nonvelativistic limit.

i
:

TG +pu)
T - p)2u)!

4ik
(1+u)a,

1/2 N
) e

(ix -1 —Msm@cos:de

(=0)

the previous values.

The nonrelativistic limit of the matrix elements is given by

>2+ He_l.,,‘p(lale_,-y)guer)\ <C_+b> iA

lel

(c+ b P Y
;l_(1+u)a0 |cle™t" [ '”"[(p.--u)(p.+u+1)j1
TR (c+bd! " | (gm/m, 7 R +1/(1 +u)a,®

e l(u +v)(u —v+1)]Y2

u u+1( 9)

* lgm/my F+1/(L+ 1 Pay

3 d;‘u,v-l(-e)} (36)

L.
«
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The essential angle dependence is the factor The O(2, 1) generators for raising and lowering
2
2 NR - m 2 1 n, and n, are
(m1 —t) ’(C+b) <q "21> +k +(10§(1+[J.)§

e Lig==Ni® +N{ |
-2 (q——) kcoséb.
m

' Lys==(N{V+ N3, (A2)
The matrix element thus has two parts, one part . .
coming from the p-é term as in the spinless case Ly, =N{®» -N{ ,
sin6 cosg ek and the quantum numbers of the two O(2, 1) groups
(mZ— 1P " “lerpE P are given by

and a second term characteristic of the algebraic Ny=n;+5(p -v|+1),
current in a spin-u theory.
Ny=ny+allp+v|+1),
APPENDIX (A3)

=Yy -l 41

Consider the transition-matrix elements k=2ln = vi+1),

Tnl,"z,=(p+u+].)‘/2 ky=3(ln+v|+1).
x{mins,v+1le O asett ~alaset Oilas|1, 0, v +1) . Thus

J

RS
Toins = (b +v+ 1) %n] + 3 = v), 3 - v)|explic _(~-N{" coshd,+ N{¥ sinh6,)] e ®-¥1 | 5(u - v), 1+ 5(p - v))

X(ny+ 5 +v)+1, 3(u +v+1)|exp[ig _, (-N§" coshg, — N{¥ sing,)] e™*- ”éz)lé(u +0)+1, 2 +v)+ 1) . (A4)

r

Introducing the hyperbolic rotation-matrix ele- W, = expli{ _,(~3i0,c08h6, + yio,sinhg,)]e 0~/
ments DJ, (W) we obtain the expression (18) of

the text. The arguments W, and W, are found by =<a2 Py

using the 2-dimensional representation of the - ,§2 a, /)

operators in (A2):
and

I'=3i0,, 1*=-jio, 1°=304, (A5)
e v o a, =cosh(3¢)cosh(30_) +isinh(3¢)sinh(}6.) ,

B, =cosh(3¢)sinh($6_) — i sinh($¢)cosh(36,) ,

W, =exp[i¢ _ (-3i0,coshé, ~ 3io,sinh6,)] 6.=6,+6. 6.=6.-0, (AT)
T UfT =TT

X e+ie_03/2

and
B <a1 Bx) =0, B= -Ex . (A8)
Ba)’ We give now a list of the most important rela-
(A6) tions:

aIB,ERd'iL, alBZ';'R- -il_,

__ 1 g E 2, 2]1/2 _1 4 2, _21/2
R*__Zazkml[(1+“)+aJ , 1+—aam1[(1+u)+a] ,
(A9)
_1 g1 mPim®-m?® 5 am/2 _1.9 m,
I{—_zalkrﬂ1 Zmi [(1+“‘) +Q] ) 1——2Z;"n1 ’
o= [(L+ )2+ 072 [2m, 2(M, %+ M, 2) = (M2 +m2 = m2) M2+ my? = my®) _ _2iamk ]
1727 i, ke L 2m,M, [A+pP+o®7?

2 211/2 .
:}i% lcle’™ , (A10)
1

i
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o _ 1 [ 2 2 _ 02y, ; 2am,m, ]_:_ la] iy~ My iy
a, 2M(E, +F) M ErmE —m ) i e T B ¢ Bk © (a11)
In the nonrelativistic limit we have
1 r 1 MY _ 1 .M
I’L——Mez(lﬂ.L)a0 Lk’"+a02(1+u)2 + (q m;)] sy L=gg z(1+u)ao(21qml k>,
, (A12)
1. ( M 2 1 1 2gM/
R.= 5 i(l+p)a (q——)—k - |, 1=k 2gM/m,\
4k H o\ my (1+pPas2]’ L 4kl(1+“)a° a(l+u)/) ’
1 M, 1 2k 1. 1 o
@, Q, = 4k l(’-*'“-)“o[(q:n_l) -k%+ (1+H-)2002 - (1+“-)ao:| = 4k 1(1‘*‘#)%]0'9 ’ (A13)
a, _ (@M/m,)* —1/a’(1+p)* —k® = 2igM/m; (1 + p)ay =|ale'? ; (A14)

@ (@M/m ¥ +1/a(L+p P + k2 —2qM/m,)k

R .+il,cosb _

@, a,

—-_i(l-HJ.)a" ﬂ 2 ( i )2
Bb = 4k 0!L<q ml> - k-(1+p.)ao ] ’

i1+ p)ag ’<
*2he = k L aoz(l +u

\ 1

k+(ﬂz+—-———§1 -1——
1"’1) )}s -

sin (qM/ml)2+k2+1/a02(1+u)2-2q(M/m1)kcos9]
€ {(qM/ml)z—k2+1/a02(1 +u ) = 2ik/(1+p)ay’ ’

alﬁl=—i(1+“)a°[<k—qﬂ>2 1

4k m, +a02(1+u)2] ’

a—tuMe
m, +m,
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