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The one-loop photon contribution to the graviton self-energy is calculated using the technique
of dimensional regularization and the resulting amplitude is found to satisfy the appropriate
Slavnov-Ward identities. The infinite part can be removed by counterterms of the form
Vg (R? —3Ru,,R‘“’) and the finite part is compared with the previously derived graviton-loop

contribution.

1. INTRODUCTION

Recent work! has sought to confirm the belief
that the major results of classical general rela-
tivity may be obtained from the manifestly co-
variant quantized theory by limitation to tree dia-
grams. Genuine quantum effects, of course,
necessitate the introduction of closed loops. What
is remarkable about quantum gravity is that as
soon as these contributions are considered, one is
forced, by virtue of the universality of the gravi-
tational interaction, to include not only closed
graviton loops, but also closed loops of every other
quantized matter field in nature. As an example,
we might consider the radiative corrections to the
scattering of a body by an external gravitational
field. To a given order in the gravitational cou-
pling constant, all such closed-loop diagrams
enter on an equal basis into the same matrix ele-
ment. Indeed, one cannot be sure whether the
grave difficulties associated with a theory which
confines itself to the self-interaction of the gravi-
tational field alone (in particular the problem of
nonrenormalizability) might not be due to the
neglect of all the other virtual quantized matter
fields with which gravitation inevitably interacts.

The inclusion of every elementary particle in
such a calculation, of course, represents an al-
most impossible task. However, if we first con-
fine our attention to massless particles, then it is
instructive to compare the graviton-loop correc-
tions to the graviton propagator with those of the
photon (and possibly neutrino) loops.

Historically it was the nongravitational modi-
fications which were considered first,? but a rig-
orous calculation of the magnitude of these quan-
tum effects was made inaccessible by infrared-
divergence problems of a peculiar kind. Recently
Capper, Leibbrandt, and Ramén Medrano®™ have
shown, using dimensional regularization,® how
one may extract the finite part of the single-gravi-
ton-loop corrections in a manner which admits no
violation to the underlying symmetry of the theory
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(i.e., consistently with the Slavnov-Ward iden-
tities), and in which the infrared problems en-
countered in Ref. 2 do not arise. This method

is equally applicable to the (doubly) gauge-invari-
ant interaction of gravitons and photons, in par-
ticular to the photon one-loop corrections to the
graviton propagator, and it is to this problem that
the present paper is devoted.

In Sec. II we quote the relevant Feynman rules
which are employed in Sec. III to calculate the
photon-loop contribution to the graviton self-en-
ergy. Throughout the calculation we work formally
in a Euclidean space of 2w dimensions (where w
is in general complex) and only continue to a four-
dimensional Minkowski space at the end of the
calculation. It is verified that this photon loop
satisfies the Slavnov-Ward identities*'” which are
derived in the Appendix. Furthermore, by expand-
ing the connected graviton Green’s function about
w=2, the finite part (both real and imaginary) may
be extracted. The infinite part can be canceled
by a counterterm in the Lagrangian which is the
first term in the expansion of - Vg [30(47)* (w —2)]™*
X(R? - 3R,, R""). Finally the photon loop [Egs.
(4.10) and (4.11)] is compared with the previously
derived® graviton and fictitious particle loops,
quoted in Eqgs. (5.1) and (5.2). We employ natural
units with Z=c=1 and k?=327G, where G is New-
ton’s constant. Also we refer to Refs. 3 and 4 as
I and II, respectively.

II. FEYNMAN RULES

In this section we summarize the relevant Feyn-
man rules. The Lagrangian density is given by

L=L;+L,, (2.1)
where
2 v
"Q‘G:F ‘/Eg Ruu (2-2)

is the familiar Einstein Lagrangian and, by min-
imal substitution, the generally covariant photon
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Lagrangian is

£A="%‘/-§guugaBFuaFuB’ (2.3)
with

Fuu=Agu=Au0- (2.4)
Following I, we define

B =Vg gt (2.5)

so that £; takes the form given in I, and £, be-
comes

L4=-j(det gro) /2 guvgadp Fp, (2.6)

where 7 is the dimension of the space.
If we define the graviton field ¢*” by

g*=06""+k 9", (2.7

6"Y being the n-dimensional Kronecker delta, then
there is no need to distinguish between upper and
lower indices on ¢,,. The determinant factor now
becomes

(det gHv)=t/(n=2) =9 _ nf2 b +O(k?) . (2.8)
Writing
£A=Z K"-2 £A(J)’ (2.9)
j=2

we find that
°BA(2)=_%FMIIFMU (2.10)

and
1 1
La) == 5\ Ouv Papt+0up Puv ‘m 8uv 048 Prx
XFuo Fyg « (2.11)

The electromagnetic gauge is fixed by adding to
£4(,) the gauge-breaking term (see Appendix)
-%(Ap,u)z ’ (2,12)

which results in the free photon propagator

FIG. 1. The graviton-photon-photon vertex (the wavy
lines are photons).

-5,
Duu(k2)=—7e§ui . (2.13)

£,4(3) provides the graviton-photon-photon vertex
function, which, with the labeling of Fig. 1, is
given by

Vaﬁ,)\,a(p; kl; k%) = Oxo k%akg) - 50(6 két) ki
= Ok Gy + 0g(a0cr R+

1
—-;:—2 Oaﬂ(ﬁ)\a RE? -kéki) y
(2.14)
where we employ the notation
A(QBB)=%(A(XBB+ABB€!) . (2.15)

III. LOWEST-ORDER PHOTON
SELF-ENERGY INSERTIONS

All possible photon self-energy corrections to
order k2 are depicted in Fig. 2. In fact it is nec-
essary to compute only the contribution from Fig.
2(a), since the massless tadpole diagrams can
consistently be set equal to zero within the frame-
work of dimensional regularization.® Hence there
is no need to display explicitly the three-graviton
and two-photon—two-graviton vertex functions.

From the Feynman rules developed in Sec. II,
the contribution to the self-energy from Fig.2(a)
is given by

dzw
TaBot'B' = Kzf (2"__)_qu Vaﬂ,)\,o(Py -q, - q—P)Dxx' (qZ)

X Va'ﬂ',k,o(_p) q,p- q)Doo'((p 'q)z) N
(3.1)

where, following the dimensional-regularization
technique, the momentum-space integration is de-
fined over a 2w-dimensional Euclidean space. The
regulating parameter 2w (in general complex) now
replaces the integer n of Sec. II. The evaluation of
this integral follows precisely the same lines as
those described in I, and here we merely quote

the final result:

(a) (p) (e)

FIG. 2. Lowest-order photon contributions to the
graviton self-energy.
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Toparp' =k*[Pubpbar Do Ty(D?)
+8,80,7 5 (P2 To(0?)
+(80ar Ogp7 + 0574 Oupr) (B2 To(p?)
+(0upPorPpr +0arp Palp) P* To(P?)
+(8ao PpPa’ +0par Palp
+8ap'PpPar +0pp Pl ar) PP T5(0)],

(3.2)
where
_ w(w=1)
Ti= 5001y s (3.3)
. =3w?+2w+4
T g~ (w1 1t (3.4)
4w -3w-4
%= aar-1 (8-8)
_ wlw=1)
o= gawr=p b (3.6)
-4w? +3w+4
Is=—g@ar-1n & @7
and [, is the basic integral
I, = d—qzi"..—_l_—..
YU (20PY ¢4 -q)
_ 1 I'@C-wI'(w=-1)T(w-1) (p?)e~2
(4mv T'2w-2) :
(3.8)

We are now in a position to verify that our reg-
ularization technique correctly preserves the
underlying gauge invariance of the theory, and
that the Slavnov-Ward identities are indeed sat-
isfied. To see this explicitly we first construct
the connected Green’s function

Quo,u)\(Pz) =Duoa5(p2) Tasa’s' (pz)Da’ﬂ’u)\(pz) )
(3.9)

where

1
Dy plp?) = ﬁ? (6y0 098 + Oy g 05 o = By Or)

(3.10)

is the free graviton propagator derived in I.
The result is

K2
QUOH)\(Pz) = W J\awau)\ T, +(w=-1) Qrvour T,
+[a3uop)\+(w - 2)a2uouk] T3

+(w-1) Agyour Ta +Aspopr Ts} ’

(3.11)

with
Qyopr = 4pl}popup)\ - 26uupu.bo b 2

=2p% 8,5 b r+ 8,500 (%), (3.12)
TGuour=408,60,1 (0%), (3.13)
Aguoun =48y 6or (P2 + 6,260, (P%)], (3.14)
Agoun=40ye0ux (D% = 8yrbybo P?

= 8,,0,P2P%] , (3.15)
Agyoun=4(0yy PoPr+ 0oy PuDA+0urPo Py

+ 05 \PyPy =20, Py

=26,0PuPo +P% 82 8y0) P2 . (3.16)

The Slavnov-Ward identity derived in the Appendix,
Eq. (A15), is given in momentum space by

by Quour=0 (3.17)
or equivalently

T,+Ts=0, (3.18)

T,-2(w=-1)T,=0, (3.19)

-T,+Hw=-12 T, +4(w-2)T,-4T;=0. (3.20)

These identities are valid for all values of the
regulating parameter w (in particular for w=2), as
may be verified directly from Egs. (3.3) to (3.7).

IV. THE CONNECTED GREEN’S FUNCTION

To obtain the finite part of the connected Green’s
function @,,,\ we proceed as in I by expanding the
entire right-hand side of Eq. (3.11) about w=2
and then separating the various pole terms from
the real and imaginary parts. Expressing the
amplitudes T, in the form

T,;=T(2-w) () fi(w), j=1,...,5 (4.1)

we expand each T; about w=2. Before expanding,
however, one ought to comment on the dimension-
ality of the coupling constant k. Whereas in four
dimensions k2 is simply proportional to Newton’s
constant, in 2w dimensions we must have
G

K? o< o= (4.2)
where u is an arbitrary constant having the di-
mensions of mass. Bearing this in mind we re-
write Eq. (4.1) in the form

pZ w=2
T,=T(2- w)<—“7> fi (), (4.3)
with the understanding that x2 in Eq. (3.11) now

takes on its traditional four-dimensional value,
(327G). We may now expand about w=2, obtaining
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1,22 [, - 1,202 -1, @)

+0((w=-2)), (4.4)

which, when continued analytically from Euclidean
to Minkowski space (p?=p2 - p?), becomes

1,-£2 Ly s @ - @mf] -5 @)
+i1f,;(2) +O((w = 2)) . (4.5)

Here the prime denotes differentiation with re-
spect to w and Y(w) =(d/dw) InT' (w). As noted in I
it is essential to expand the connected Green’s
function @,,,) rather than the self-energy T4p5,5'-
Writing

Quou)\(P ) 4(?2)2 (4,")2 (Qucux + 'ec;’:‘)\"‘inl/gu)\) ’

(4.6)
we have the final results
Ar = 7o @, (4.
-w
@t (U0 +2-1n || ) @boun + @B
(4.8)
QTn=TQhoun » (4.9)
where
Quour =25 (481000 = 2855\ +3ayopn
+2a4 050 = 3450540 (4.10)

and

2 __1
Quour =155 (= 172a,,5, ) + 568,65 = 99a,, 5,2

~86a,,5,) +99a5,5,)) - (4.11)

Our major goal has now been achieved, namely
the extraction from @,,,, of the finite part @

+7 Q'™ in 2 manner consistent with the three
Slavnov-Ward identities (3.18), (3.19), and (3.20).
Moreover, each of the terms Q™*, @™ and Q™
satisfies these identities separately, as the reader
may verify.

Having obtained Q"g‘;x, it is now a straightfor-
ward matter to compute what counterterms must
be added to our original Lagrangian (2.1) in order
to render finite the one-loop photon corrections to
the graviton propagator. They will necessarily
involve four derivatives of the graviton field. We
state without proof that if we construct from the
curvature scalar R and the Ricci tensor R,, the
counterterms

-1

AL=c—r——G———— \/} (Rz - aRuuRuu) ’

30(@n? (0 =2) (4.12)

then the lowest-order contributions correctly can-
cel the unwanted divergences in QF3%,.

V. COMPARISON WITH GRAVITON-LOOP
CONTRIBUTION

It is now of interest to compare the graviton-
loop corrections to the graviton propagator, as
calculated in I, with the photon-loop corrections
calculated in this paper. In I, the quantity anal-
ogous to @,,,, of Eq. (4.6) was found to have pre-
cisely the same form as that given in Egs. (4.7),
(4.8), and (4.9), except that, for the graviton,
instead of Eqs. (4.10) and (4.11) we have

Qiour=% &5 (328,55 — 5945, 64\ + 818562
+104a,,5,) = 81a;,,,)) (5.1)
and
,2,(,“)\ =1 -1-51—03(896aw0“)‘ +1517ay,6, = 1143a5,6,2
+598a,,0,0 +1143a,0,0) . (5.2)

Thus the coefficients in @' (and therefore also in
Q™*) appear with the same sign in both the elec-
tromagnetic and gravitational cases, though the
former are smaller in magnitude than the latter.
No pattern seems to emerge for @2, however.

The major difference between photon corrections
and graviton corrections is a qualitative one.
QFho's" satisfies the “naive” identity

by QP =0 (5.3)

which gives rise to the three identities of Eqs.
(3.18), (3.19), and (3.20); Q™" on the other hand
is not transverse but obeys a more complicated
identity owing to the presence of fictitious-par-
ticle contributions. This has been discussed ex-
tensively in II. It does, however, satisfy

Dby QE" =0 . (5.4)

Consequently, the counterterms required to cancel
the one-loop divergences in pure gravity are not
generally covariant, but rather covariant under a
particular nonlinear realization of the general
coordinate transformation group. One naturally
expects to recover the gauge invariance when
physical on-mass-shell S-matrix elements are
computed.

V1. CONCLUSIONS

We have succeeded in regularizing the lowest-
order photon contributions to the graviton Green’s
function by employing the method of dimensional
regularization. The appropriate Slavnov-Ward
identity was derived, and both the pole terms and
finite parts were found to be consistent with this
identity. The pole terms were removed by adding
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generally covariant counterterms to the original
Lagrangian, and the finite parts were compared
with those arising from the graviton loop.

With regard to the parameter p having dimen-
sions of mass which entered naturally into the
calculation, we remark that in a recent paper by
one of us (MJD)® graviton-loop corrections to the
Schwarzschild solution were considered and there
it was found that the parameter p disappeared
from the final results when the gravitational field
was coupled to a conserved source. Photon-loop
contributions would not alter the results of that
paper, save for a small modification (~10%) of
the numerical coefficients.

Finally, the question of renormalizability of the
quantum theory of gravitation is still an open
one,'°* ! and there is a corresponding ambiguity
in the finite part of the self-energy corrections.
It also remains to be seen what are the effects of
including a closed neutrino loop, and this is now
under consideration.

Note added in proof. The neutrino contribution
to the self-energy has now been calculated [D. M.
Capper and M. J. Duff, Imperial College, London,
Report No. ICTP/73/12 (unpublished)] and yields
results similar to those found for the photon case,
with ALY=3ALY (there is no cancellation). That
the photon and the neutrino yield similar counter-
terms follows from conformal invariance. In both
cases, however, conformal anomalies arise [e.g.,
in (4.10) and (4.11) Q},,,=0 but @2, ,,#0]. These
are discussed in a recent report [D. M. Capper
and M. J. Duff, Imperial College, London, Report
No. ICTP/73/10. (unpublished)]. A discussion of
the divergences arising from graviton-photon and
graviton-fermion interactions has also been given
by S. Deser and P. van Nieuwenhuizen [ Phys. Rev.
Lett. 32, 245 (1974); this issue, Phys. Rev. D 10,
401 (1974); 10, 411 (1974)]. -
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APPENDIX

In this appendix we derive the fictitious-particle
contribution for the combined graviton-photon
Lagrangian and also derive some of the Slavnov-
Ward identitites; for details of the techniques
involved we refer the reader to papers I and II,
respectively. The “naive” generating functional
is given by

z|o, 0]=jd[g“”]d[AaJexp[ifdx(,ﬁg+£A)] R

(A1)

where &£, is given in I and £, in Eq. (2.3). With
this expression for Z there are two problems—
both due to gauge invariance. Firstly, the bi-
linear part of neither £, nor £, has an inverse
and therefore propagators cannot be constructed
from the generating functional of Eq. (A1). Sec-
ondly, the integration over the function space of
g"" contains a infinite factor due to integrating
over points related by (non-Abelian) gravitational
gauge transformations. These problems can be
resolved by the Faddeev-Popov technique.'? To
this end we insert in Eq. (A1) a constant factor
given by

Alg*, A, [ dasfs, g4 - B"]o[0,4, - c]-1.

(A2)

B”(x) and ¢(x) are arbitrary functions and Q is
any transformation in the combined gauge group
which leaves (A1) invariant. As in Appendix B of
I we make an inverse Q transformation on the new
Z and then discard the now irrelevant integration
over Q, obtaining

2[0,0)= [a[g**|a[A,lalg", A,

x6[8,8"" - B"]8[8,A,~c]|

xexp{if(l’,g cL)ax . (A3)

Because of the § functionals in Eq. (A3) we only
need to evaluate the integral in (A2) over the
hypersurface defined by 6(3,"" - B"]6[8 ,A, - c|.
Consider an electromagnetic gauge transformation
given by

Ap(x)~A,(x)+8,A(x) (A4)
together with a gravitational gauge transformation
given by
8 () =gH (x) +[ = M) &Y \(x) + (%) £°7 ()

+E 5(0) £"(x) = €% (0 £* (¥)].
(A5)

The total variation in 8,4, under a combined
gravitational and electromagnetic gauge trans-
formation is of the form

G(Au,g) = F(Eu’A As (PozB) +A.aa . (AG)

Evaluating near 8 ,A  =c, we find
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d[aaAaQ - c]:fd)t G[A,aa'*F(gu’A)u ¢aB)J

=1, (AT)

Thus, introducing photons and using the particular
type of gauge for the photon propagator implied
by (A2), no additional fictitious particles are
needed.

It is convenient to integrate out the arbitrary
functions B”(x) and c¢(x) by introducing a suitable
weight function such as

p[BY, c]=exp{—if[

aiz B(x)? +—21—'3 c(x)z} dx% .

(A8)

J

. .- . . 1 ~uv 1 1. o
Z[]u,,,J“J=fd[g“ Jd[A ] alg* ]exp%zfdx[£,+£,,-—’<—2&—,(apg“ )2-2—5(3“A°‘)2 +;g“ JuwtAod P

q

wv

—_—

p-q

FIG. 3. The lowest-order contribution to the contracted
three-point Green’s function, which occurs in the
Slavnov-Ward identities.

The resultant effect is to add two gauge-breaking
terms to the Lagrangian, giving a final generating
functional

f

(A9)

In fact we find it convenient to choose a’=-1 and 8=1, which gives rise to the propagators of Eqgs. (2.14)
and (3.10).

The derivation of the Slavnov-Ward identities resulting from gravitational gauge transformations follows
closely that given in II, except there is an extra term from the variation of 8 ,A,. A short calculation
shows that (in the notation of II) the Slavnov identities are given by

fdxdlls;uu]d[Aa] leuu’Ja]I:juu(x)Auux(x) N)\B(x; ;V)-% 5(x—y)3>\¢>\g(x) +%5(x—y)3°‘Aa(x)Ae(x)} =0

(A10)
[only the last term is different from II], where
Apun== Puuat Ppu Orudp+ Pup Oyn8p = ¢y d AFK (B30, + 8,08, — 0,,9)) , (A11)
(NyN == Puuau* Pup 0urdu0p + Pupu Oundp— Py udn+K 16,07, (A12)
— . 1 1 1
Z[_]uu,J"‘J=Aexp{ifdx[:£A+£,+-K—g””jw+AaJ°‘ - 3y g““aagaﬂﬁuﬁ—z—é(aaAa)zJé . (A13)

-

We thus obtain the following identity for the to-
tally corrected graviton Green’s function:

tex given in Eq. (2.15), this diagram is found to

be identically zero (at least in the gauges employed
in this paper). Hence to this order the Slavnov-
Ward identities derived in II are unaltered. Since
these were satisfied by the graviton corrections
alone, they must also be separately satisfied by
the photon corrections to the graviton propagator,
i.e., to order « 2,

<T¢u v (Z) ¢x By A (}’ »pholon corrections — 0 . (Al 5)

This identity, or equivalently Eq. (3.17), is indeed
verified in the text.

2 (040 (2) 95 (W)
=( T(A ,\(2) Nxg(2, 1))
+%(T( buu (D) AN AL . (A1)
To order « ? the additional term in Eq. (A14) gives

rise to the contracted three-point Green’s func-
tion shown in Fig. 3. However, on using the ver-
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