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We calculate several corrections to zeroth-order symmetry relations in a unified gauge-field model of
strong, weak, and electromagnetic interactions. Among the topics discussed are the proton-neutron mass
difference, the pion mass, the pion mass difference, and parity-violation effects. We discuss the
perturbation scheme and establish the gauge invariance of the results. The pion mass originates from
electromagnetic corrections and we find the value of 37 MeV. The pion mass difference is not affected
by the inclusion of weak interactions and the hard-pion corrections to the mass difference are

approximately 0.5 MeV.

I. INTRODUCTION

One of the most important aspects of renormal-
izable gauge-field theories is that, owing to the
strong implications of gauge invariance, various
physical quantities are calculable and finite. This
was first recognized by 't Hooft,! who calculated
the electromagnetic mass difference for an iso-
triplet of fermions in a model based on the O(3)
gauge group. The origin of this phenomenon is
that certain counterterms which are necessary to
render the theory finite are prohibited by gauge
invariance. This implies that corresponding
quantities vanish in lowest order and pick up pos-
sible contributions from closed-loop corrections.
For this reason this phenomenon was called a
“zeroth-order” symmetry.2™ The absence of
possible counterterms then implies, because of
the renormalizability of the theory,5'® that these
quantities are finite and calculable.

As stressed in particular by Weinberg,?'* the
reason why this phenomenon is so important is
that such theories can provide a natural explana-
tion for the existence of approximate symmetries
in nature, such as isospin or chiral SU(2)® SU(2)
symmetry. At present, a large variety of gauge-
field models have been investigated in which many
examples of zeroth-order symmetry relations have
been found. The most simple examples concern
the electromagnetic mass differences of hadrons”*®
and the muon-electron mass ratio.® Another
promising kind of zeroth-order symmetry is re-
lated to the so-called pseudo-Goldstone bosons.?
Such bosons can be present if the interactions
among spinless fields have a higher symmetry
than the total Lagrangian for all values of the
parameters in the Lagrangian. In the tree approx-
imation the pseudo-Goldstone bosons are neces-
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sarily massless, and possible contributions to
their masses from closed-loop corrections must
again be finite due to the renormalizability. Al-
though it is not clear which approximate symme-
tries in nature are realized in this way, the gen-
eral analysis of zeroth-order relations, even in
unrealistic models, is important in order to de-
termine their characteristic features and to ob-
tain a general estimate for the higher-order cor-
rections. This may also provide us with new
limitations for the construction of more realistic
models.

Some time ago Weinberg carried out the one-
loop corrections to zeroth-order symmetries in
a general renormalizable theory.* In particular
he considered the electromagnetic mass differ-
ences of fermions, and the masses of pseudo-
Goldstone bosons. He showed that the final re-
sults were gauge-independent and finite in the
presence of a corresponding zeroth-order sym-
metry. However, in the case that all vector-bo-
son masses except that of the photon were roughly
equal and larger than the fermion masses, the
proton-neutron mass difference generally tended
to give the wrong sign. Weinberg also made an
estimate of the pseudo-Goldstone-boson masses,
and found them to be of order eM, with e and M
a typical gauge-field coupling constant and mass,
respectively. In the case of different vector-bo-
son masses, M is supposed to be the largest
mass. If we want to consider the pions as pseudo-
Goldstone bosons, this indicates that in the pres-
ence of heavy intermediate vector bosons, the
pion mass will be several orders of magnitude
too large.

In this paper we will calculate the one-loop cor-
rections to several zeroth-order symmetries in
a unified gauge-field model of strong, weak, and
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electromagnetic interactions. The model, which
was previously introduced in discussing the cur-
rent-algebra properties of gauge-field theories,®
is a natural extension of the 0 model! to a gauge-
field model of strong interactions, combined with
the Weinberg-Salam model'? of weak and electro-
magnetic interactions. Models of this type were
first constructed by Bars, Halpern, and Yoshi-
mura'® and by de Wit. A similar model for only
strong and electromagnetic interactions was pro-
posed some time ago by Bardakci.!® The strongly
interacting particles in our model are two triplets
of vector and axijal-vector mesons, presumably
the p and 4,, a triplet of pions, the nucleon dou-
blet, and one pseudoscalar and two scalar neutral
mesons. The weak and electromagnetic inter-
actions are mediated by three massive vector bo-
sons and one massless photon, respectively.
Apart from leptons there is one additional spin-
less particle, as in the Weinberg-Salam model,
which interacts only weakly.

The calculations are performed in a continuous
set of gauges. For pedagogical reasons we will
discuss in some detail the Ward-Takahashi iden-
tities for the propagators in the tree approxima-
tion. We will make extensive use of those iden-
tities in the one-loop calculation, and show that
they are crucial for the cancellations among the
gauge-dependent parts of our results.

One of the calculated corrections to a zeroth-
order symmetry relation is the proton-neutron
mass difference. As mentioned previously, Wein-
berg’s result indicated the wrong sign in the case
that all vector-boson masses except the photon
mass are roughly equal and large. The result in
this model is even more discouraging. It turns
out that the sign is wrong for all possible values
of the parameters. This confirms the general
picture that in models based on SU(2) gauge groups
the proton is always heavier than the neutron in
the one-loop approximation.”

Another correction to a zeroth-order relation is
the pion mass. As was already mentioned in Ref.
10, the pions in this model are pseudo-Goldstone
bosons if an additional reflection symmetry is
superimposed. In that case the PCAC (partial
conservation of axial-vector current) hypothesis
was proved to be correct, and the origins of the
chiral-symmetry breaking are the weak and elec-
tromagnetic interactions. The first problem is
that according to Weinberg’s estimate the pion
mass will be too large because of its proportion-
ality to the weak intermediate-vector-boson
masses. But in addition it was found in a particu-
lar model by Lee, Rawls, and Yu,® and by Lieber-
man® that although the charged pions picked up
a mass due to electromagnetic corrections, the

neutral pion remained massless in the one-loop
approximation. This necessarily implied that the
electromagnetic pion mass difference was enor-
mous. In order to resolve this problem it was
proposed that all the pseudo-Goldstone pions in

a realistic model should probably pick up their
mass in the two-loop approximation, thus being
of order e*M .

In our model we have also performed a calcula-
tion of the pion mass, and we will discuss these
problems extensively. Our main results are that
the pion mass is not proportional to the heavy
intermediate-vector-boson masses. If we use the
experimental values for the p and A, meson
masses, we find that the pion mass is equal to
37 MeV, which is within one order of magnitude
of the experimental value. This is certainly an
encouraging result if one wants to consider the
pions as pseudo-Goldstone bosons. We also find
that the neutral pion remains massless in this
approximation. However, we will argue that this
is a result of the symmetry structure of the model.
Owing to the Abelian character of the electromag-
netic gauge group the neutral pion is an exact
Goldstone boson® in the case that the charged
pions are pseudo-Goldstone bosons.? This ob-
servation shows again an undesirable feature of
Abelian gauge groups,® and provides another re-
striction for the construction of realistic models.

Finally, we calculate the pion mass difference
for the case that the pion is not a pseudo-Goldstone
boson. In the soft-pion limit our result is in
agreement with the current-algebra calculation
of Das, Guralnik, Mathur, Low, and Young.?!

As was also found by Dicus and Mathur,? the con-
tributions from the exchange of weak heavy inter-
mediate bosons are negligible. For hard pions
the corrections from the weak interactions, which
are in principle comparable to the corrections
found by Langacker and Pagels® in the context

of chiral perturbation theory, cancel in the final
answer. We also compare our result with that of
Gerstein, Lee, Nieh, and Schnitzer,? and find that
the hard-pion corrections, which are manifestly
finite in our case, are somewhat smaller and of
the order of 10%.

In Sec. II we introduce our model. The perturba-
tion scheme and the choice of the gauge are dis-
cussed. Ward-Takahashi identities are given in
Sec. III, where we also calculate the tadpole dia-
grams. Section IV contains the calculation of the
proton-neutron mass difference and a discussion
of higher-order parity-violation effects. The
pion mass and pion mass difference are calcu-
lated in Sec. V. Finally, in Sec. VI we give our
conclusions. Some of the technical details we
give in Appendixes A-C.
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1I. A UNIFIED MODEL OF STRONG, WEAK, AND
ELECTROMAGNETIC INTERACTIONS;
CHOICE OF THE GAUGE

In this section we will first discuss our unified
model, which is a natural extension of the o
model*! to a gauge model of strong interactions,
combined with the Weinberg-Salam model.? This
model was originally introduced in Ref. 10 as an
example in the discussion of the current-algebra
properties of gauge-field theories. The gauge
group of the strong interactions is the chiral
SU(2)® SU(2) group, with corresponding gauge
fields X§ and Y (a=1,2,3). The weak and elec-
tromagnetic gauge group is SU(2)® U(1) with gauge
fields Z§ and Z). The transformation properties
of all these fields under the total gauge group are
as follows:

X, ()~ U)X, (DU (%) +igy U)o, U (%),

Yy ()= V)Y, (VT (0)+igy V)0, VT (x),
Z, (%)~ S(Z,, (08" (%) +igy 1S(x)8 ST (x)
Z5(x)~ Z% (%) +q 710, A%(x) .

We have used the notation X, =3X§7,, Y,=3Y}7,,
Zy= %Z‘;‘J'ra. The corresponding coupling constants
are denoted by gx, &y, &w, and ¢, and U, V, and
S are local SU(2) matrices.

In addition, the model contains a number of
spinless, complex doublet fields, Ky, Ky, Ky,
and K;. These fields, which are represented as
2X2 matrices, have the following transformation
properties under the combined SU(2)® SU(2)
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® SU(2)® U(1) gauge group:
Ky (%)~ UK ()S" (x),
Ky(x)= V@K, ()T " (x),
K p(x)~ UK 5(x)V (%)
K (%)~ S(K 5 (x)T " (x)

with T (x) =exp[3iA°(x)7,] .

Finally, we will consider the nucleon doublet
N=(p,n) and the electron-neutrino doublet
1=(v,, e), transforming according to2%2¢

N(x)~ 3 exp[ 2 A°(x)]

X[(1+7)UXN(x) + (1 =y V(x)N(x)]
Ux)= 5(1 +v5) exp— 2 A°(x) |S(x) I(x)

+3(1 = ;) exp[ - 5A°(x)(1 - 7,)])1(x) .

The fields Z§, Z}, K;, and I were already con-
tained in the Weinberg-Salam model and have only
weak and electromagnetic interactions. The re-
maining fields have weak, electromagnetic, and
strong interactions.

The most general Lagrangian of dimension less
than or equal to four, which is invariant under the
combined strong, weak, and electromagnetic
gauge transformations, can easily be written down.
We divide it into five parts:

Liny =Ls + Ly + E1 + L, + &5, . (1)

The first term, £5, contains only the strongly
interacting fields together with their interactions
with the weak and electromagnetic gauge fields:

L5 =-3Tr{GY,GY, +GY,GY, +D,K{D,Ky +D K{D,Ky +D KL D,K 5}
s ptry p TR

pv

~ Ny, DN - 3V 2Gy[N(x)K 5(x)(1 —y;N(x) +H.c.]

iy ([ K| ® 4 [ Ky 2) +ppy | K ol 2+ 820 (1K * 4 1 Ky #) 4870, Ky || Ky |2 + @215 | K 5| #

+32H6IKEIZ(|KXIZ+!KY| ?).

(2a)

The fields that have only weak and electromagnetic interactions are contained in £yy:

Lwem =—%G;Ou; v
+p1|KZl2+gW2p2|KZI4
The remaining terms are given by
(|KX|2+IKY1 2)+)\2|Kzlz]|Kz]2,

£X:gW2[A1

£,=28wb Tr{KKIK Ky},

%, = 3Tr{GZ,GZ,+D,K3D Kz}~ Ty, D, 1- sV2G,[TK,(1 -y,)(1 - 7,)l+H.c.]

(2b)

(2c)

(2d)

Lov = (1Kx|® = [ Ky ?)[0] +80,(| Kx|* + | Ky®|) +85°0,| K 5| 2 +8020, K] 2] (2e)
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We have used the following definitions:
Gﬁu:BpZ3_auzﬁa
G};fu =9 uXv - auXp - igX[Xu, XU] ’

and similarly for Gf,, and Gﬁ,,. The covariant
derivatives are given by

D,Ky=3,Ky —igyX, Ky +igyKxZ,,
D,Ky=8,Ky -igyY,Ky+3iqZKyT,,
D,K5=0,Ks ~igyX,Ks+igyK;Y, ,
DKz =8,K; —igyZ,K;+5iqZ3K,7,,
DyN=8,N - 5igyX, (1 +Y)N
—3igyY, (1 —yN - 3igZ3N
Dy l=8,1-3igyZ,(1+y,)l
+3igZ{[1- 37,1 =o)L,

Moreover, we define |K|%=Tr{K 'K} and
g=3(gx+8y). We have explicitly extracted the
factors of g and gy in the interaction Lagrangian
of the spinless fields so that an expansion in terms
of these parameters (and ¢, Gy, and G,) corre-
sponds to an expansion in terms of numbers of
closed loops.

Although the Lagrangian (1) does not contain
explicit mass terms for the gauge fields, these
fields can acquire masses by means of the Higgs-
Kibble mechanism.? This means that the gauge-
field masses are generated by the presence of non-
zero vacuum expectation values of the spinless
fields. In doing so, the local gauge invariance is
not disturbed and the renormalizability is pre-
served.5'®

As was argued in Ref. 10, the spinless fields
can generally be decomposed as follows:

Ky =352V 28" My+0y +0y + 20y +2idy) ,

Ky=3(2V 28 My +0y = 0y + 2ithy - 2i0y)

3
Kz=%‘/_2(\/_2_g_1€Mt/+°):+2i¢z), ®

Kz =3V2(2gy "Mz +0 5 +2id;),

where we use the notation ¥ = $y°7,.

In these decompositions we have already taken
into account the vacuum expectation values of
Oy, Oy, and 0, in the tree approximation. In doing
so three new parameters, My, M, and €, were
introduced. Because of their presence the Lagran-
gian Eq. (1) will contain terms which are linear
in the fields 04,0y,05,0;, and My,M,, and € are
determined by the requirement that the terms
linear in oy, 0y, and 0z vanish. Equivalently, we

will consider My, M;, and € as free parameters,
instead of u,, u,, and p,, which are then deter-
mined by the previous conditions.?® In general,
0y will also have a vacuum expectation value, and
the Lagrangian has a term proportional to oy.
However, we will treat those terms differently
for reasons which are explained below. The pa-
rameter 6; will be replaced by 6, such that the
coefficient of the term linear in o is equal to
2V2g7 M y0,.

Owing to the presence of the nonzero vacuum ex-
pectation values, all the gauge fields except one
will acquire a mass. In order to make this more
transparent, let us make the following substitu-
tions:

X,=3V2 (U, +V,) +3egy ATy,

Y,=3V2(U,-V,) +3egy AT,

— 1 -1
Z, =W, +3zegy AT,

with
€ =gx8v8wq (@°8x’8y" + °8x"8w" + 4’8y 8w’
+8&x°gygw®) V2.

The field A, remains massless in all orders of
perturbation theory, and is to be identified as the
photon field. All the remaining gauge fields will
turn out to be massive.

In a gauge-field theory higher-order calcula-
tions must be performed in a specific gauge.?” A

convenient way of choosing a gauge is to replace
the invariant Lagrangian Eq. (1) by

L= Ly —3C,% =Tr{Cy%+Cy% + G2}, (4a)

where the additional terms completely remove
the original gauge invariance. We make the fol-
lowing choice for Cy, Cy, Cy, Cy:

Cy =£Uapup“’ gU-lMU¢U’
cv=€vauVu—§V-lMU(¢V+€wz) ,

Cy =tyd W, (4b)
= &y M g [Y - %ﬁgwg-lMUMz_l(Z/)u +Pp)],
Cy=£6,40 uAu .

The parameters &y, £y, &y, and &, are arbitrary,
and physical quantities should be independent of
them. In addition to these gauge-fixing terms we
must add the Faddeev-Popov Lagrangian. This
Lagrangian follows straightforwardly from the
behavior of Cy, Cy, Cyp, and C4 under the infini-
tesimal gauge transformations (see Appendix A):
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Lep= =2V 2Tr{Ey0, 050 Moy + 5 M2 9Fdu +Ev0, 030 M Py + £y M P O¥¢ 0t
-2, Tr{a, 50" oy + &y My 0yt
—£40, 030,04 +V 2858 " My? Trily T 05Dy + £y T 050w +V 2 £y 10 (Dy + $y)}
- 2ig Tr{tyd, 0F ([ Dy, Ul + [0y, Vi +eg a7y, U + 648, 03[0, Vul+ [0y, Ud + eg 0,575, V. D}
- 2i&y, Tr{o, oF (gw[ow, W, 1+ e[oaz7s, WD}
- My Tr{ty " 0F(Puoy + $vo v +il Dy, Yyl +ildy, ¥y ]
+Ey 7103 (D0 + D yloy + 2€0 5) +i[ 9y, Yy +2€¥5] +i[ ¢y, Yy D}
- 8yMEy T Tr{of duloz +3V284g MM ™0y +0 ) +idgdw, bz ]+ 2iegy oo atTy, ¥, 1}
+58wMy Tr{(Ey 7208 + £ 7203 (o 0y +0y) = iy, Yy + By D}
- 2ieMy Tr{éy " ¢g[PasTs, Yul+ &y T 03 DasTs, Yy + sl
+3V28yMyby T Tr{95 (9y + 0v) 0y +04) +idg[ Dy + Oy, Yy +dv]
+2ieg oyl dazTsy, Yy +Uv]+igug T uldw, Yy + 9yl ). (5)

The fields ¢4, ¢f, ¢%, and ¢y, are the unphysical Faddeev-Popov ghost fields, which obey Fermi-Dirac
statistics. We have used the definitions

1 1 M :
Su.vw=200,v.wTa>s ¢t=.;,V.W =§¢?1m,v,w7a, 9, ¢=0,¢ ~ ézeA“[Ts, ?] , ®)

My?=Mz®+gy°g?My®, and M* =M *(1+€?),

Subsequently, we consider the effects of the vacuum expectation values in the free part of the Lagran-
gian, which is given by the terms linear or quadratic in the fields:

Lo==3[(0,4,)7 = (1-£,)0,4))7]
~Tr{(@U,)2 = (1 = £ (@,U)* +My2U 2 +(8,V,)? = (1 = £,2)(8,V )2 +M 2V, 2 + (0 W, = (1 = £, (0, W )?
+My*W 2}
~e(@,A,-9,A4) Tr{g V20 ,U,7,+gy "0, W,7 }
+8w8 W 2M A Triw (U, + V,)}
= Tr{@ Wp)*+ @ y)* + @) + (3 Wz)
+(Ey 72+ %ngg—ziw_z)MUZ‘/)Uz +(&y72+ i;ngg'ziw 2 _8vV2e bM zM y M %Y ?
+ (€28, 2M % — 8V 2 € T OM M 5 )52 + (£ 2M 5% — 4V 2 € bgy g M *M 5 "V 52
-2(e&y My ~ 8V 20M;)Mydyis + 8y 2k M Py dy
~V22yg ey P MyM ¥, Yy +Uy) + 1608y g MYz (edy +Up)}
- %[(a,pt,)2 +(@,0 )+ (3,050 + 0,02)?]
+8[4p, My%0y? + (L, My +V 2€bM 7 )M yo @ + (€2 g My +V 2 € “10M 7 )M 40 52
+(2p, +3V2 egy’g M M, WM %0
+(2€ My —2V2 BM ;)M y0y0 5 +V 2 gyg ™ “MyM 5 (2X 0y + 1,0 3)0 5
+8w8 "My (2858 My 0,0y + €8yg Mydy0 5 +V 2 M ;6,0,)0y — 2bgyg "My (€0y +05)0, ]
+06,(2V 287 My0y +0y0y +Pyiby) = Ny,@ ,+m)N ~ Iy 2+ 3m, (1= 1,)]i. (M
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In this expression we neglected terms of order

gx —8y. The nucleon and lepton masses were given

by

m=vV2egGyMy, ®)
m; =28y G, M, .

As follows from Eq. (7) the previously defined
quantities My, My, and My correspond to the
masses of the strongly interacting gauge fields

U, and V, and of the weak intermediate vector bo-
sons W, (up to electromagnetic corrections). The
calculation of the propagators in lowest order is
now straightforward. Notice that due to the choice
of the gauge we have eliminated the transitions
between gauge fields and spinless fields. The
propagators of the vector bosons are decomposed
into two parts:

D,_Lu(q) :DT(qz)(éuu 'ququq-2)+DL (qz)ququq-z .

It turns out that only D;(¢?) depends on the charge
of the vector field. Therefore, the first term of
the neutral vector propagators will be denoted by
D,. Appendix B gives the expressions for Dy, D,
D, , the propagators of the Faddeev-Popov fields
Dgp, and the propagators of the spinless triplet
fields Dy.

The reason why we neglected terms of order
8&x —&y in the Lagrangian Eq. (7) and why we
treated the vacuum expectation value of o dif-
ferently from those of oy, 0y, and 0, is that those
terms will contribute to the violation of parity.

As is well known, the total Lagrangian does not
necessarily lead to hadronic parity violations in
higher orders which are of the size of G, the
Fermi coupling constant of the weak interactions.
Even if we neglect 6;, gx — gy, and the vacuum
expectation value of 0y in the tree approximation,
this will not guarantee that parity violations in
higher orders are of the size of G,. In general,
0; and gy — gy have to be adjusted in higher orders
so that these parity violations are canceled. This
is particularly the case when we need §; and

gx —&y as counterterms in the Lagrangian. We
will make some more comments on parity viola-
tion in these kinds of models in Sec. IV.

The intermediate vector bosons of the weak in-
teractions are very massive, because the vacuum
expectation value of 0, is supposed to be large.
Therefore the Fermi coupling constant is given
by G =%V 2g,°M, 2. This, however, implies that
the coupling of ¢, with the hadrons must be small,
because otherwise the vacuum expectation value
of 0, would induce effects which would be too
large. Hence A, and A, are supposed to be of
order Gp, whereas b must be of order G172,

III. WARD-TAKAHASHI IDENTITIES; DEFINITION
OF THE PION FIELD; CALCULATION OF THE
VACUUM EXPECTATION VALUES

Before starting any higher-order calculation,
we will analyze the Ward-Takahashi identities
for the propagators in lowest order. They give us
a check on the consistency of the lowest-order
calculations, and provide us with simple relations
among various propagators which will turn out to
be crucial in order to establish the gauge inde-
pendence of physical quantities.?”

Let us first generally give the Ward-Takahashi
identities in the diagrammatic formulation of
’t Hooft and Veltman.® The behavior of the fields
under the infinitesimal gauge transformations can
be written as

Ap(x) = A (x) +EIA(x) +gsTA () A% (%) .

For our model these transformation properties
are given in Appendix A. Here the fields are de-
noted by A;, and {$ is either a constant or a deriv-
ative. The quantities s}; are simple constants,
which may depend on the coupling constants. With
these definitions the generalized Ward -Takahashi
identities for the propagators can be graphically
represented as in Fig. 1. A solid line with index

i belongs to the field A;, and C, denotes one of
the linear combinations of the fields that are given
by C4, C%, C%, or Cj, which were defined in

Egs. (4). A dashed line with index a denotes one
of the Faddeev-Popov ghost fields ¢4, 0%, 9%,

or ¢f. The vertices {£¢® and gsfA;¢®, which do
not occur in the S matrix, are defined by the in-
finitesimal transformation properties of the

fields 4A;.

In the tree approximation the last term of the
first identity will not contribute. The identities
then have a simple form, especially since, for
our choice of the gauge, there are no transitions
between gauge fields and spinless meson fields.
Using the quantities ¢, which are given in Appen-
dix A, we find the following relations for the
propagators:

FIG. 1. The Ward-Takahashi identities for the propa-
gators.
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DE* =g,
YV=V2E, DY, DY =¢,7D, "V

s
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'1DUU

P s

D”W DYY =, DU =V2 &, DY, D[ =DYV=£,7DYY =V2&,7 DY,

\/—_EUDIP - zrgugwg DY, DUV ‘/—gvDUP - zﬁlévgwg—lDrp s

E=V2e, DY), DYZ=E(,M My DY, DY

M D3V
MyDFV —

%\/_Z_gwg'lMU(Dw

%‘/_z-gwg_le(ng
MzD§® - 2V 2848 " My(DY™ +
£y°¢*DE" + gu—ZMuthw]U =1,
ngqu;/w +5w—2[MzszZ
gvzgvzquZV

- ‘/—igwg_lMUMz(Dw
+M (D] + €D *

£28,%¢?D]" +MyM ;D% +eMyMzDJ% - 5V 2 gug MDY +D}” +eDJ¥

Although the ¢ propagators are in general £-de-
pendent, there are certain combinations which do
not depend on the gauge. This follows from the
fact that there is one linear combination of the
fields ¥,

= (1+€2+ 3e%g, g M y? M, ™) 72

X(—€py+yPs—3V2egug MM, ,), (10)
which, in this order of perturbation theory, has a
gauge-independent mass p%. This field is the
physical pion field and is the only physical spin-
less triplet field in the model. Its mass is given
by
u2=8vV2eMyM b(1+€™2+3g,%g 2M2M ;7).  (11)
Using the fact that the pion field is an eigenstate
of the ¥ propagator, we have the following useful
relations:
€DV - DJ*+3V2egygMyM, *Dy? =0 ,
- €(q2+ u2)‘1 ,

(12)

==(g*+u)™

eD)¥ =DJ*+ 3V 2egyg MyM , D}

€DFV - D"+ 3V 2egyg " MyM, D ;*
eD]” - DE*+ 5V 2egyg ™ MyM, 'DEZ
=3V 2egyg MM, (g® + 1%) 7

Because £, is the only term in the original Lagran-
gian (1) which was linear in each of the fields K,
Ky, Ky, and K;, we can consider b =0 consistently
in all orders of perturbation theory. In that case
the pion is a pseudo-Goldstone boson in this model,
as was already obvious from Eq. (11), because the
pion mass in tree approximation is proportional

to b. If b=0, the contributions to the pion mass
must originate from closed-loop corrections, and
those contributions should be finite because there
is no corresponding mass counterterm in the La-

Dw )+§gw g-zMU (Dw +Dw
V=0, &264,2¢°DTY + M M ;DY? — 5V2 gyg ™M ,2(DYY

V+eDU=V2E,DYY - 3V2E,8,8 DY,
Dw V+eDFV=V2E D[p_zfg,,gwg DY, DY*+eDF*=V2et, DV}, DY?+eDJ?=£,M,M, DY ;
J0) = V2 E,MyDYY - 2‘/-§§wgwg—lMuDvw»
) \/_gwMUD”, - zﬁéwgwg"MuDW,
) r€§wMUD1P, MZDZZ
EVZqZDZ"ﬁ-é,,'ZMUZ(Dw +€3D7 %+ 2eD) %) =1,

’ (9)

- %\/ngg"Mu(DZZ uYZ) =£WMZD‘I‘1[‘Y ’
V+2DIN]=1,
+D$V)=0,
+eD7V)=0.

r
grangian.

Finally, we turn to the calculation of the vacuum
expectation values of the fields oy, 0y, 05, and o,
in the one-loop approximation. The diagrams
which contribute are depicted in Fig. 2. Notice
that we have an additional contribution to the vacu-
um expectation values coming from the term
2V2g My6,0y in the Lagrangian. This was dis-
cussed in Sec. II.

Making use of the Ward-Takahashi identities
Egs. (9), it turns out that the contribution of the
Faddeev-Popov ghost loops and the D; part of the
gauge-field loops cancel each other. If we then
use the relations between certain coupling con-
stants and the inverse propagators of the o fields,
as was first proposed by Weinberg,* we can write
the result in the following form:

Tiw':Do_l(O)”tj*'Ti, i,j=U,V,Z,Z (13a)

where T/°'is the sum of all one-loop tadpole graphs
with a 0; line vanishing into the vacuum, and D%/

is the propagator of the o fields. Making use of

Eq. (12) we find that the quantities T; are {-inde~
pendent, as they should be. The results are given

by
2/2g9™ My,
( ) X
]
1
i}
1

4%
(a) (b) (c) (d) (e)

FIG. 2. The diagrams which contribute to the vacuum
expectation values of oy, 0y, 05, and o, in the one-loop
approximation: (a) vector-boson tadpole; (b) Faddeev-
Popov tadpole; (c) scalar-boson tadpole; (d) fermion
tadpole; (e) contribution from the linear term in oy in
the Lagrangian.
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ty==3V2gMy ™" [ "q[3D§7()+3D] (@) + DY (@) +D ¥ (q)],
ty=-4V2gM, ™ [ 4q[3DY"(@)+ DY (@),
tr=-1VEgM, e [ a"g[3DF%@)+ D57 @)],

tz =g, [ a7q[3DF7()+ DF(@)],

Ty==3Vag " Mytn-1) [ d'qlg*(2D? + 547 +2D3¥ + DLY)
-V2ggy(2DFY + DF¥ +2D1" + D1¥) + g, (27" + D§¥)]
+3V2gM,™ f d"q g* (DG’ +Dg)
+ 4gMzbf d"qleDg" — €7D +V 2 gyg M yM ;D7 — 3egy’g M y*M ;~2D%7
- 3e (€7 + 58y 2My"M ;) (@2 + u?) 7],
T,=2V2i@2n)g " Myd, -~ V28 My(n-1) f d"qlg?(2D}Y + DY) - V2 gg, (2DYY + DY +2DJV + DIV
+ 32,2 (2D%Y + D¥Y)]

+3V2gMy ™ f d"qq*D5” +4gM ;b f d"q(2eDG" - D5 -V 2egyg MM ;DY) ,

Ty=-3V2eg My f d"q[(n —=1)g2(2DYY + DY) +16G,%(g? + m?) ™! - g2My, %€ “2q?D L]

(13b)
+2gMzbf dnq[-4€ DY% + 6 2DET 2DV +2V 2 gy g MM Y(DYZ - € 1D Z%) - g,,2g "M ;2M , 2D%%

- 8(1- €2 +3g,%g  My?M ;%) (g% + u2) 7],

Ty= -'Lagw M, f d"‘][(n - l)ng(ZD‘;W +D~¥W) +16G%(¢*+m,*)™* —ngMz-zqu%:z]

+ 2V 2g,Myb f d"q[2DY% —eD?V — €"DEE _ V2 egyg MM, " (DYZ + € 1D E?)
+%€ngg_2MU2MZ -ZD{:Z -3e(l+e2- %ngg-zMuzMz ") (g? + p2) 7M.

We calculated this result in the context of the n-dimensional regularization method,?® and the argument
of the various propagators is the n-dimensional integration variable g. An important observation, which
was originally made by Weinberg,* is that Ty, Ty, T, and T, are gauge-independent.?® This must be the
case, because a £-dependent term in T';, in general, can never be canceled by other closed-loop contribu-
tions to physical quantities,

1IV. THE NUCLEON PROPAGATOR AND THE PROTON-NEUTRON MASS DIFFERENCE

In this section we will discuss a number of aspects which are related to the higher-order corrections to
the nucleon propagator. The diagrams which contribute in the one closed-loop approximation are depicted
in Fig. 3. After a straightforward calculation we find the following result for the inverse nucleon propa-
gator:

Se7HP)=B—im = (1) G\t + DO, -iom) ™ [ g B (142)

with
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2(0,4)=Gy*[D5™g*) (B - g +im)+3D; " (g>) (B ~ ¢ - im)]
- 4g2[D7"(¢*) +3D37(¢*) + D1 "(¢®) + 3D}” (%) — 2D%7 (¢%)v5 - DZ¥ (g5 )[(3 = m)p + (n - 2)f —

1)[2D7%(g?) + D3 (¢%) - 2D} (¢*) - D7 (g?)]

+%g?'[Di’”(q )+ D1 " (%) + 2D% Y (q)y;5)[B —im - (p? +m?)q %] + 3img?[ D] ¥(¢?) + DY

- 5V2eg(1+7,{[DF*(q?) - DA (675 (3 = n)B+ (n - 2)f —

- 3e%(1 +7){D32 (@) - n)f +(n - 2)f = (p? +m?)

(P +m?)q ]
—-58%mn
(q®)ys]
(p*+m*)q~*f]+im (n — 1)D7*(g*)}

g7 +imn = 1]+ £, % (P +m?) - q*($ -im)]}.

In deriving this result, we have made use of sym-
metric integration (which is allowed in the n-di-
mensional regularization method) and replaced
2(pg)f by (p*+m®+q*)d in Z(p,q).

We will first establish the gauge independence of
the nucleon masses in the one-loop approximation.
The gauge-dependent contribution to the masses
is given by

~(21) ™Gyt
+3i(27f)"4f-(‘p—~dq—)7qm
x[Gy?*Di*(q* ) - ¥img D1 (¢*)].

Notice that in this order of perturbation theory

terms proportional to y; do not contribute to the
masses. Making use of Lorentz covariance and
symmetrical integration enables us to write the

(14b)

[(p-a)*+m*]™
B
_ 2G ZDEE —Zﬁ

On the mass shell, the last term will cancel the
gauge-dependent terms in {5y, whereas the first
term turns out to be gauge-independent by virtue
of the relation

4*DF*(q?) +€*My*D ] ¥ (¢?)
=1-8V2e " MyMyb(g?+ p2)™!

which can either be derived from the Ward-Taka-
hashi identities Eqgs. (9) together with Egs. (12),
or found from the propagators listed in Appendix
B. Hence we have established the gauge indepen-
dence of the masses, which follows from a delicate
cancellation between the various diagrams.

The expression for the proton-neutron mass dif-
ference can easily be found from the nucleon

integrand as propagator (14). The result is

J

My =My _ oo yms zf d"q _
——— i(2m) e q—z—zp-q[z (n

where we have again used Lorentz covariance and symmetric integration. Inserting the results for the
propagators D, from Appendix B, we find

DAA( )

-2)(p-qym2|[D3*(¢?) + 5V 2 ge D% (¢%)], (15)

rge-lDUA(q) =My q-ZD Y(q? )[ +(2MV +M,,? "2gwg M y?)q® + M ZMW —zgwg My (My® + My )]

3
where D(q?) is also given in Appendix B.

Now one can easily verify that the mass difference is finite, as it should be, since the gauge invariance
does not allow a counterterm for the mass difference in the Lagrangian. Unfortuantely, the sign turns out
to be positive for all allowed values of the parameters. To show this, we write

m,—-m, e? e?  2e?\7! e?  2e%\ 7!
pm "':W[%‘MUZ<1_§F_?> 11+MU <MW +2MV _‘ggz U2><1—§W—2_? 12+[3}’ (16a)
with
o 5 3x
I =f )( f dxd
R ) wdydz {[(sz = Ag®)z + (A = APy + Ayx+mZ(1 = x)?]
m2(1 - x)3(2 - x)
T A=Az + (A = APy + APx +mP(1 = xR (
Y (2-x)
= d
I, f f f dxdydz (A2 = AD)z + (Ag2 = A2)y + Ayx +m2(1 P (16Db)

2(2 — ) Ay2 A2
4 _f f f f dxddedw[(Aw - Ay w +(Ay® = AP )2+ APy +m*(1 - %)% P’
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where Ay2, A%, Ay? are defined by

2 2
D(g? :(1_f__ze_>
@ &’ g?

X (g% + Ay®) (@ + AP (g% + AyP) . (16¢)

I,, I,, and I, are always positive, because Ay?
A%, and Ay® must be positive. Finally, the co-
efficients of these integrals are always positive,
as follows from the original definition of e and
My in Sec. IT so that the mass difference is posi-
tive-definite. This confirms the general picture
that in models based on SU(2) gauge groups the
proton is always heavier than the neutron in the
one-loop approximation.” As argued by Lieber-
man,' it is, in general, possible to change the
sign by adding additional spinless fields, some-
thing which will, however, drastically change the
model.

Finally, let us discuss the parity-breaking ef-
fects in the nucleon propagator (14). The terms
proportional to y; turn out to be finite, and more-
over these terms are damped by a factor M, 2,
which means that all parity violations are of order
Gp, rather than g,° or e%. The reason for this
suppression of parity violation is clear. Owing to
the fact that the weak interactions with hadrons
occur mainly through the exchange of the strongly
interacting gauge fields U and Vj, most of the
weak radiative corrections to hadronic amplitudes
are convergent, and, as is well known, finite cor-
rections from heavy intermediate bosons are al-
ways of order G. The only diagrams which can
give infinite contributions to weak hadronic cor-
rections must necessarily involve the spinless
fields oy, oy, V3, or %, because it is only to
those hadron fields that the intermediate bosons
Wi, are coupled directly. An example of such di-
agrams will be calculated in the next section, and
one of our results given in Eq. (18) indicates that,
especially when b=0, the parity-violating terms
are much weaker than one would generally ex-
pect.3®

V. THE PION MASS AND PION MASS DIFFERENCE

We argued in Sec. III that the £, term in the La-
grangian is not needed for the theory to be renor-
malizable. If we take =0, the mass of the pion
will be finite and calculable in all orders of per-
turbation theory. The possibility of this so-called
pseudo-Goldstone character of the pion was sug-
gested some time ago by Weinberg,? who also pre-
sented some arguments about the typical order of
magnitude of its mass.* In the one-loop approxi-
mation, he found that the masses of pseudo-Gold-
stone bosons are of the order of eM, with e and
M a typical gauge-field coupling constant and

mass, respectively. However, when the gauge
fields have different masses, M is defined to be
the largest mass. If this is indeed the case, it
would imply that weak or electromagnetic correc-
tions to hadronic amplitudes are not necessarily
small, because they can be proportional to the
large intermediate vector-boson masses of the
weak interactions.

In order to still have a reasonable mass for a
pseudo-Goldstone pion, one could assume that the
pseudo-symmetry (or “accidental” symmetry:
the symmetry that is connected with the pseudo-
Goldstone mechanism), is broken by weakly inter-
acting vector bosons with masses arocund 1 or 2
GeV. A strong interaction model of this type was
proposed some time ago by Bars and Lane,’! and a
reasonable answer for the pion mass was obtained.
Although this model ignored the weak interactions
completely, the actual equation for the pion mass
indicated that it remains finite when one of the
vector-boson masses becomes infinitely large.
This would contradict Weinberg’s estimate that a
pseudo-Goldstone mass is proportional to the
largest vector-boson mass.®

Making explicit use of Weinberg’s result, the
pion mass was also calculated by Lee, Rawls,
and Yu,!® and Lieberman'” in a model where all
the vector-boson masses (except the photon mass)
are large. In this model the origin of the pion
mass is electromagnetic and it was found that the
charged-pion mass was of order eM, where ¢ is
the electromagnetic charge and M is the vector-
boson mass. However, it turned out that the
neutral-pion mass remained zero in the one-loop
approximation, which means that the electromag-
netic pion mass difference was unusually large.?®
In order to resolve this problem, it was conjec-
tured that the mass of the pion possibly originates
purely from the two-loop contributions, thus being
of order e®M. Hence, one should try to find a
realistic model where this is the case.

However, a more careful analysis shows that
the neutral pion is an exact Goldstone boson in the
case that the charged pions are pseudo-Goldstone
bosons which pick up their masses from higher-

s Y
(b) (c)

FIG. 3. The diagrams which contribute to the nucleon
propagators in the one-loop approximation: (a) oy
tadpole; (b) vector-boson exchange; (c) scalar-boson
exchange.

—
o [----
=
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order electromagnetic contributions. This implies
that the neutral pion will remain massless in all
orders of perturbation theory. The reason for

this phenomenon can be traced back to the fact
that a subgroup of the pseudo-symmetry, which is
still sufficient to prove that the pions are massless
in tree approximation, can be extended to a sym-
metry acting on all the fields which is broken only
by electromagnetic interactions. However, the
interactions with the Abelian photon field do not
completely break this extended symmetry. There
is a surviving subgroup which has the neutral pion
as its real Goldstone boson. If one wants to have
pseudo-Goldstone bosons, then it is clear that

this phenomenon can be an important constraint
for the construction of realistic models with an
Abelian gauge field."

In our model the photon is also related to an
Abelian gauge group. In order to show somewhat
mere explicitly that we wiii have the same phe-
nomenon, consider the following subgroup G of the
pseudo-symmetry group defined by

KX"WxKXW:j‘ 3 KY"’ WzKYWI 5

Ko~WEKW], K;~W, KW/

59

where W, W, are independent global SU{2) trans-
formations and W =exp(iA5'rs). As stated pre-
viously, we can consistently take b equal to zero.
In that case the scalar potential is invariant under
G, and making use of the Goldstone theorem'® we
can show that this invariance is sufficient to prove
the pseudo-Goldstone character of the pions. How-
ever, G can be extended to a group which acts on
all fields in Lagrangian such that (if 5=0) the only
breaking of this extended group comes from the
interactions with the photon field (provided we
have chosen a gauge which is also symmetric
under these transformations). One can then ex-
plicitly show that due to the Abelian character of
the photon field, the U(1)® U(1)® U(1)® U(1) sub-
group of G defined by

Wn:exp(iAnTs); n=1,...,5

can similarly be extended to an exact invariance
group of the total Lagrangian. This invariance is
sufficient to show that all neutral members of
the spinless isotriplets ¢, and thus the neutral
pion, are exact Goldstone bosons.

This conclusion holds in all orders of perturba-
tion theory, and our one-loop calculation confirmed
that if =0, the neutral pion picks up no mass.
Hence, the charged-pion mass will be equal to the

PI
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electromagnetic mass difference. However, if the
weak interactions are ignored, we expect the mass
difference to be given by Bardakci’s result,® which
was in agreement with the current-algebra pre-
diction.?! One of the questions we will consider

in this section is whether the addition of weak in-
teractions through heavy intermediate vector bo-
sons will change this result by large terms of
order eM,. If it changes, in agreement with Wein-
berg’s estimate, this would imply that something
essential is missing in the current understanding
of electromagnetic radiative corrections to hadron-
ic amplitudes.

Let us now turn to the calculations in our unified
model. We have determined the full propagator of
the spinless triplets ¥y, ¥y, ¥y, and P, again under
the previously mentioned assumptions that
gx =8y =& and 0,=0 in the tree approximation.

The diagrams that contribute to the ) propagator
in the one-loop approximation are depicted in
Fig. 4. In the calculations we made extensive use
of the Ward-Takahashi identities Eqgs. (9). More-
over, we often rewrote terms by making use of
the relations between certain coupling constants
and inverse propagators. After rather involved
calculations, we found that only the parts of dia-
grams (a), (c), and (d) of Fig. 4 containing the
transversal part D, of the vector-meson propaga-
tors contribute to the pion mass in agreement
with Weinberg.* We then calculated the form for
the inverse propagator of the spinless fields

Yu, ¥y, ¥s, ¥z. At zero momentum and in the limit
b=0 this inverse propagator is

! :
______ ———r=l —_——Marl

(a) (b) (c)

’ \
J— - ! | S
/

' / -=1
\\\é

(d) (e) (f)

(q) (h)

FIG. 4. The diagrams which contribute to the § propa-
gators in the one-loop approximation: (a) sum of all
tadpoles; (b) scalar-boson seagull diagram; (c) vector-
boson seagull diagram; (d) vector-boson-vector-boson
exchange; (e) vector-boson—scalar-boson exchange;

(f) Faddeev-Popov exchange; (g) scalar-boson—scalar-
boson exchange; (h) fermion exchange.
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0

Dy, 7H0) + (1 = 0,5)e%?

0

0 €2
0 -€
0

2V2 gyg T MyM ;"

—%\/_2€gwg-lMuMz_1

0 0
—€ V2eig, g™ MM, (18)
1 -3V 2egyg MMy

%ezngg-zMszz -2

Dy is the zeroth-order propagator as given in Appendix B, with =0, a denotes the isospin component,

and % is defined by the equation

v = —6il2n) gy "M [ d% D@D (@).

Making use of the expressions listed in Appendix B, we can rewrite the previous equation as

v = =3ian) My [ d'laDi)™

2

3

where Ay, Ay, Ay were defined by Eq. (16c).

This result is finite and gauge-independent, as
it should be. It turns out that the one-loop correc-
tions do not contribute to the propagator of the
neutral fields (@=3), so that the neutral pion re-
mains massless as conjectured previously. In
spite of the corrections, the physical pion field in
lowest approximation (10) is still an eigenstate.
Its corresponding eigenvalue, which is the
charged-pion mass in this approximation, is
given by

M, :2 = e®%(1 + €%+ 368,282 M *M ; 72) .

Evaluating this equation for physical values of the
parameters (M, —», e/g<<1, gy,/g<1), we find
the following result:

3¢ My'My* | My’

Mys*= o MZ-MyZ "My

(20)
If we interpret this result as the electromagnetic
mass difference M ,:% - M %, itis in agreement
with previous calculations.'®'?! The important
point is that we find no substantial corrections
from the weak interactions, in contradiction to
Weinberg’s general estimate. If we identify U,
and V, as the p and A, vector mesons, we find
that the value for the charged-pion mass is

M,.~37 MeV.
J
3e% 1+e?
2._
= o & —5—M % 1In(1 +€?)

3e? 2'1 My 1 €€  «x
" 1ot M T Il e 1w

2
B oM (1= £ 2% ) (0 - A (A - A (A2 = A | (Ag7InAY
167T 8w g

X -6 2y, 9
(1 xlnx+1>+[3€ (1+e)+4e +

Ay

Ay? Ay
1 2+AV21nA—Zz+Aw21n—”2—>.

Ay
(19)

r

Of course, a one-loop result is not very appro-
priate, and will be affected by strong interaction
corrections. Moreover, due to the specific sym-
metry structure of the model, the neutral pion
remains massless. However, we find it very
encouraging that the experimental pion mass can
be obtained within one order of magnitude for
pseudo-Goldstone pions which receive their mass
from electromagnetic interactions.

In order to demonstrate more explicitly how the
cancellations among gauge-dependent and divergent
parts occur, we have also calculated the pion mass
difference in the case where 6#0. This calcula-
tion, which is presented in some detail in Appen-
dix C, yields the following result for the mass
difference:

+ I, (= p®) + O (= pd)].

The functions II,-II; are given in Appendix C and
are finite and gauge-independent. If we evaluate
the previous equation, neglecting terms of order
Gp and p*, we find

2 +€
1+€

Z} In(1 +€?)

3¢ 5e2 3 1 1
_9e_ _5 _3 L 21
S =l SR 2}’ @)
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where we made the following substitution for the
propagator of the field o:

DY) e
The pion mass in lowest order, p2, was defined
previously in Eq. (11), and €*=M ,*/M,® - 1.

The first term of Eq. (21), which is independent
of 2, is exactly the current-algebra result found
by Das, Guralnik, Mathur, Low, and Young?! for
soft pions. More recently this answer was found
by Bardakci'® in a gauge-field model for strong
and electromagnetic interactions. Although it has
been shown'® that the current algebra and PCAC
assumptions are valid in the soft-pion limit p%=0,
this agreement is somewhat surprising because
we do not find additional contributions from the
exchange of the heavy vector bosons of the weak
interactions, which were ignored in Refs. 15 and
21. A similar result was also found by Dicus and
Mathur,?® who repeated the current-algebra cal-
culation for soft pions, taking into account the
additional terms from the weak currents. In
their model, which was based on SU(4), the cor-
responding contributions proportional to InM,?
were negligible if the p and A, leptonic decay con-
stants g, and g, were equal. In our case we have
terms proportional to u?InM,? in both II, and II,
which, however, cancel exactly in the final answer
(21).

The term proportional to p®1nu? in Eq. (21) was
found by Langacker and Pagels® by using chiral
perturbation theory. However, we wish to point
out that in applications of chiral perturbation theo-
ry to amplitudes which are of order ¢*, the pre-
viously mentioned terms proportional to u?1nM,?
are of the same size as the u?Inu? terms found
from chiral perturbation theory. Although these
¥ 1nM,? terms are absent in our result for the
pion mass difference, they may occur in two-loop
contributions, as well as in other amplitudes like,
for example, the n—- 37 decay amplitude.

Finally we compare Eq. (21) with the hard-pion
calculation of Gerstein, Lee, Nieh, and Schnit-
zer.** The main difference is that our result is
finite. If we identify U, and V, as the pand A,
vector mesons, we find

22 %Mﬁ{ﬂnm

2 2
- I [_45 M2, 35

Mpz 8—+ n 0 + 4—1n2

1 x x
+ g 1—3<1—:71nx+ 1>jl} .
Numerically, we have for the mass difference

X X
ou=5 l:l +0.09 +0‘0031‘—_X<T——X1nx+1>} .

For reasonable values of x, the correction is ap-
proximately 10%, which is smaller than the result
found by Gerstein e? al.

VI. CONCLUSIONS

We have calculated several one-loop corrections
to zeroth-order symmetry relations in a unified
gauge-field model of strong, weak, and electro-
magnetic interactions. We explicitly established
the finiteness and the gauge invariance of our re-
sults by making use of the Ward-Takahashi iden-
tities for the propagators. The proton-neutron
mass difference turns out to have the wrong sign
for all possible values of the parameters. This
result has been found in a large class of models
based on the SU(2) group, and in order to find the
correct sign one probably has to choose a higher
symmetry group like SU(3).%

In our final results, the parity violations from
weak radiative corrections are found to be of the
order of the Fermi coupling constant G.

In the case that the pions are pseudo-Goldstone
bosons we calculated their mass. The neutral pion
remains massless in all orders, due to the fact
that the electromagnetic gauge group is Abelian in
our model. This problem can easily be resolved
in principle if the pseudo-Goldstone boson masses
are also due to interactions other than with an
Abelian gauge field. The mass of the charged
pions is 37 MeV.

We also calculated the pion mass difference for
the case that the pions are not pseudo-Goldstone
bosons. It is remarkable that in the final result
for both the pion mass and mass difference the
contributions from the weak interactions are neg-
ligible. This is not necessarily true in higher
orders or in other amplitudes, and it may be that
weak interactions play a more important role in the
calculation of, for example, kaon mass differences
or the n— 37 amplitude.

The hard-pion corrections to the pion mass dif-
ference were compared with previous calculations,
and found to be approximately 0.5 MeV,

APPENDIX A: THE TRANSFORMATION PROPERTIES
OF THE FIELDS

In this appendix we will list the behavior of the
fields under the infinitesimal local transformations
of the total SU(2)® SU(2)® SU(2)® U(1) gauge group
of strong, weak, and electromagnetic interactions.
We use the following parameterization of the gauge
transformations:

U(x)= 1+ig[ Ay (x) + Ay(x)]+ Zie Ay ()T,
V(x)= 1+ig[ Ay (x) = Ay(x) ]+ zie A, (x)7,,
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S(x)= 1 +igy Ay (%) + 3ieA , (x)75,
T(x)= 1+ 3ieA, (x)T,,

where the transformations U(x), V(x), S(x), and
T(x) were introduced in Sec. II. We use the nota-
tion Ay, v, w(x)=3AY v w(%)7,. A straightforward
calculation gives the following transformation
properties for the various fields.

Vector fields.

Uy~ U, +V28, Ay +ig[Ay, U, 1+ig[Ay, V,]
+ie[A, 575, Uyl +ieV2[Ay, A, 3T,],

V=V, +V20, A, +ig[Ay, V, ] +ig[Ay, U, |
+ie[Ayz7y, V] +ieV2[Ay, Ay 3T,

W, =W, +8, Ay +igy[Ay, W, | +ie[Ay37,, W, ]
+ie[AW,Au§TS],

A ~A +0, 0, .

Spinless triplet fields.

Yy=~ Yy +V 2MyAy — 5V 2 gy *MyAy + 58 My0y
+3g8MyOy— 38w Ay Oy +0y) + 3ig[ Ay, ¥y]
+31g{ Ay, Y] +ie[As375, Yo ]+ 3igy [ Ay, Yo + ],

Vy= by +V 2MyAy - 5V 2 gy Myl + 3800y
+38My0y — 18w hy Oy +0y) + zig[ Ay, ¥yl
+3i8[ Ay, Yy | +ie[A 37y, Yyl +igw[ Ay, Yy +¥v],

Vo= s+eVZMyAy+ghyo 5 +ig(Ay, 5]

+ie[Ag2Ty, 5,

bz~ bz +Mz Ny + 38wy 7 + 5igw[Aw, V7]

+ie[A 375, 5],

Spinless singlet fields.
Oy =0y — 38NGYY - 28NS + 3 8w AYWE + ),
Oy=0y — gAYy — 28NV +3 W AL (WG +¥Y)

0r~05y—gAWs,

0z~ 0z —58wAGUG .
Nucleon fields.

N— N+igAyN+igAyy N+ieA,5(1 +7,)N .
Lepton fields.

I~1+igyAys(1+y,)l—ie A 5(1 = T,)1.

APPENDIX B: THE PROPAGATORS OF THE FIELDS

The propagator of the vector fields U}, V{,
Wi, and A, is decomposed as follows:

Dw(q>=DT(q2><ow- ‘%}i> +D, (¢ L3
For the charged vector fields, we find the follow-
ing expressions for Dj:

ng(qz) =[(q® +Mv2)(qv2 +My?) - %ngg-zMuﬂ

xD™Mg?),

DFY(@®) = [(g* + My®)(@® + My?) - 5 848 M y*]

XD (g%,

DY (g®) = (@*+M*)(¢* +M*)D™Hq?),
D3%(q*) =Dr%(q?)

=38v’¢ M y* D7 e,
D7¥(¢®)=D1Y(¢*)

= L\/_igwg_lez(qz +M D™ g?),
D1¥(¢*)=D7"(¢?)

=3V 28,8 My (¢ +My*)D M (G?) ,

with D(g?) defined by
D(q®) = (g% + My )(q® + M*)(q® + My*?)
— 38w My (247 + My + M) .

We distinguish the neutral vector propagators
from the charged vector propagators by a tilde.
The exact formulas are

DY%Y(g?) =[(a?+ M ®)(@® + My?) — 38478 M y* - €gy°q2(¢* +M *) 1D (d?) ,
DYV(q?) = [(q% + My?) (@ + My?) - 38428 M y* - €28y 2q%(q® +My?) - 2°g7%q%(q% + My* + My?)|D X (q?)
D (g?) = [(q% + My)(@% + M ?) - 2¢%g72q(¢* + M ,®) 1D (q?),

D44(¢*)=q7*D(¢®)D " (¢?) ,

D3V(q?)=Dr%(q?) = (3 8w28 *My* +e2¢ M y*q*)D " (¢%)

DY¥(q?) =D (¢®) =[5V 2 gyg M2 (q® +M ,?) +V 2 €27 gy "2q2(@* +M ») ID " Ma?)

DY*(q?) =DV (g?) = -3V 2 eg M2 (g +M ?) +2(¢° + M y*) (@® + M) - 84°8 *My* 1D (q?),
DI (q?) =D5"(¢?) =[5V 2 gug "M (@* +M®) -V 2 €2gy8 *My?¢* 1D (q?),
Dy*(q®)=D%"(q%) = -3V 2 eg " [My*(g* +M ) +ngg'2MU“]ﬁ;1(q2) )
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DY*(q?) =D3Y (¢%) = —egy " (q% + My?) (@ + M ?) + 828> M % (g + M ) 1D "' (¢?),

with

+ eZgWZg—4MU4q2 .

The second part of the gauge-field propagators,
D;, does not depend on the charge in this approx-
imation. It is given by

DI%(@®) = [(6+°q* + M ) (E4q% + My?)
-28y°8 M y*1ID"Hg?),
DIY(q%) = [(Eu?q® + My*)(Ey7q% + My ?)
- 280’8 Myt ID M g?),
DYW(qz) =(Ev’® + M) (EvP® +M ¥ )D 7 (g%),
Dt g?) =847 2,
D7¥(q*)=D;"(¢?)
= %ngg-zMU‘lB-l(f) »
D7¥(¢*)=D1%(g)
=3V 288 M2 (£42q% + M?)DH(g?)
D" (q*)=D{"(q?)
= %\/_igwg_lMUZ(guzqz +My#D ™ (¢),
Di*(¢*)=Dz"(¢*)=0,
D% (%) =Di* (¢*) =0,
D*(¢?) =D1*(@*) =0,
with
D(¢®) = (¢o%q® +My®)(€7q% + M *)(£y%q> +My?)
- %ngg-zMU‘i(gUzqz +My®+ %7 +M 7).

The propagators of the Faddeev-Popov fields are
related to the gauge field propagators D, through
the Ward-Takahashi identities. We have explicitly
verified those relations. The Faddeev-Popov prop-
agators can easily be read off from the identities
in Eq. (9) using the explicit forms for D,. Notice
that these propagators are not symmetric.

Finally, we give the propagators of the spinless
triplet fields ¢y, ¥y, ¥y, and ¢, which are
charge-independent in this approximation. It turns
out that they can be expressed in the following
form:

Di"(¢*) =[1-M*DE" (¢*) +V 2 8yg *My*DY¥ (%)
- 2 &8 M DY (¢*) g2,

DJ¥(g*) =[1-My?D[¥(¢®) +V 2 gyg™ MDY (¢7)
- 3878 MDY (¢)
~8Y2eMyM;b(g? +p2)"t)g 2,

D(g*) =D(g*) - €°gw q*(q* + My*)(q* + M y*) - 2¢°87°q(q* + M *)(q° + My®) - 2°¢ "°My*q*(q* + M ?)

,
Di*g*) =[1-€eM,*D1¥(g%)
—8VZ e MM b(a? + 12) g2,
D}?(¢*)=[1-M,*D7" (¢*)
- 4V2egy g™ M M, b(q? + p?) Mg )
Di%(@*)=DJ"(g?)
={-My*D]"(¢*)
+3V 2848 MDY (¢*) + DY (¢*)]
- 38w My DY (@*)}a 2,
D7 *g*) =D (g*)
=€e[-My*D7 V(g% + 3V 288 M *D]¥ (¢°))g
Di*(¢*)=D7"(¢?)
=MyM,[-D?"(q*)+3V 2 gyg DY (@*))g 2,
DJ*(¢*)=D;" (¢
=[-eMy*D;¥(g?) + 3V 2 egyg "M y°D}Y (¢)
+8V2MyM;b(q*+ u?) g 2
D% (¢*)=Df" (¢?)
= [—MUMZDLVW(‘IZ) + %ﬁgwg_lMUMzDgw(qz)

b

K

- 8egyg T Myb(q® + u®) g2,
DF*(q?) =D} *(q?)
= [—GMUMZDZW(QZ) + 8gwg'lMU2b(q2 + “2)-1]‘1—2 .

u? was defined in Eq. (11) as the pion mass in the
tree approximation. These decompositions of the
Y propagators turn out to be very convenient in
order to find the cancellations necessary for the
gauge independence of various quantities. They
satisfy the Ward-Takahashi identities Eqs. (9) and
the relations Eq. (12) and could in fact be derived
from them.

The propagator for the spinless meson fields
D‘;,f can be found by inverting the quadratic terms
in the Lagrangian. We have not required the ex-
plicit expressions for these propagators so there
is no need to list them. In Sec. V we assume that
DYV has a pole at ¢?= —xM,?, and give our result
for the hard-pion mass difference in terms of the
parameter x.

APPENDIX C: THE PION MASS DIFFERENCE
We will show in some detail that the pion mass
difference is finite in our model, and show how
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the gauge-dependent parts cancel such that the 4(h). However, these contributions are of order
final answer is gauge-independent. The diagrams m,;*Gr® so they can be neglected. A straightfor-
that contribute to the pion mass difference are the ward calculation of the remaining diagrams gives
diagrams (c), (d), and (e) depicted in Fig. 4. The the following results, where the vector-boson
pion mass difference also receives contributions propagators are decomposed as in Appendix B.

from the interactions with leptons, cf. diagram

Diagram 4(c):

—2DPA 4 (n = 1)(1+€2 + 3eg, 28 M *M , 72) ™
X[—e2DAA (1 + €2 + 3€2gy, 28 2M 2PM 5 72) — 3V 2 eg(2 + €2)DY* — $e2eg,M,2M , "2D%4

5 VZ gy (A7 +AV7)+ 3g2a77 ~a" )],

Diagram 4(d):

(p'q)2>
¢
X{— %gZMUZ(AUUD¥V+AVVD¥U - ZAUVD¥V)
- 18y M A"V (DFY + D1 +2DTY) + (A7 + AV +24VV)DYY —2(a7Y + AV (DT +D1Y)]
-3V 2ggyMP2[a"Y (DY +DTY) — AV (DyY + DTY) + AVYDY — AVVDEY + AUV (DY - DFV)]}
(p-q7
v
X{—%gzMUZ(AUUD{V%-AVVDgU _ 2AUVDgV)
—sgwM A" DTV + D]V +2D7Y) + (AYY + AV + 24V VDYV ~ 2"V + AV )(D]Y +D[")]

—$V2 g, M [a" (DY +DY") - A (D} + DY ")+ AVDLY  aTIDYY a0 DIV},

(1+€72+ 38428 M ?M ;%) 7! (n -2+

+(1+€ 2+ 58,282 My?M, 72) ™1 <1 -

Diagram 4(e):

(B = p*)?q 2e?D*[€2D)" + D" — 2D " +V 2 gy g™ MyM ;" (D% ~ Di*) + 3 €2gy°g 2My*M ; 2D} |

+4(1+€2+ 3 €2g,%g 2 MM ,72) ™1 <1 - (;.qqz)2>p2

x{e*DAA[2D}" +DJ® - 2e DY " +V 2 €gyg *MyMz " (€D}? —DJ?) + 3€%gy*8 M y*M ; "D |
+3V2egD%4[€2D]V +2DJ " — 3D} T+ 5V 2 €gyg M yM, M (eD}? +eDJ* —DJ?)]
+3V2eegDy*(eDY” - DY* +3V 2 egyg M yM 5 ~*DY?)
+3eegyD¥A[eD)V + DYV -DY* - DY ¥+ 5V 28,8 M yM ;~H(eDy? +€D}? - 2D;?)]
_1g?AUY(DF 4 kDY) - betg?AVVDYY _ he2g?aT VDYV
— &g, 2 A" [DYY + D)V +2DYV + 2V 28y "M yM ;"1 (D% + DY ?) + 2828 M y*M 5 2D ? |
-5V 2eggy AV [eD] "V +eDYY — 2D} — 2DY T+ 2 gyg M yM ;" (eD}? - 2D;7)]
-5V2e%gg, A" (DYY + DYV +V2 gyg "M M, "DY %)}

. 2
+(1 +e'2+%gw2g'2Mu2Mz‘2)"<1 - (3,2;;) >p2
x{3g2A"YDY + 5g20"V(DYY +4€72D57 — 4DT %) +g2A"V(DYY — 2D ¢?)
+5g,2AYY[5DYY £ 3DYY + DYV V2 gug "M M ;" (DYZ + DVZ)+ 8,28 M y*M ; 2D%7 ]
-3V228, A"[(DEY +DYY) V2 gyg " MyM (D EF + DY)
—3V2gg,AVY[DYY +DYY _2¢2(DYZ+ DY)~ 2V 2€ " gyg MM ;"D ]}
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We have suppressed a factor ¢(2m) ™ and an integra-

tion over g, the momentum of the propagators ET
or A. The argument of a second propagator is
denoted by p, which is defined by p=k —q, where
k is the external momentum. We used the defini-
tion A(¢?) =Dr(q%) - Dy (g?).

If we now substitute the expressions for D, as
given in Appendix B, we find that the gauge-de-
pendent terms involving D; cancel straightfor-
wardly against the gauge-dependent terms from
the diagram 4(d) except for the term

. PI, AND J. SMITH 10

eDE* () (R = p*Pq 2 (P + pu?) 7.
This expression together with the term —e2D#4
from diagram 4(c) are the only gauge-dependent
terms which are left. After symmetric integra-
tion we can write these terms as

(k% + p2)e* Dy (q*) (k* = p*)g ™2 (p* + p*) "

After some tedious algebra,?* rewriting certain
coupling constants in terms of the elements of
D;™, we can write the difference of the self-ener-
gy graphs for charged and neutral pions as

J

) — I(k2) = i(2m) %, (k2 + ) [ dg(q® ~ 2k g~ [(k — @)+ 2]
+1(27m) "1+ €7 + 38,8 T2M M ; 72) T (R?) + T, (R2) + T1,(R?) +11,(R%) + T (R)],

with

I, (k%) = (n - 1) fd"q{_e “(e*Dpt + 3V 2egD7*) (M DYV - M 2DEY)

3TE e eg DA, DY M DY) M BIA DY - DY)

3V 2egD%4)D%Y
+3V2 gy T IM 2 (eDiA +V 2egDY4) (DY + DEY) — e2eM 2M,2M , “2pLADYY
+5V2eg(My2D%4 - M 2D 7A)DRY — 5V 2 egq?D¥%4 (DYY + DIY)}

+(n—1)fd"q(k2

+eg2gw—lq2([')¥AD¥W D ADUW) MWZ(ezD'%A_,_

- 2k-qf{3e2g2[AVY(DYY —DJY) + (AUY - V2 eg ' DYA)(DYY - DYY)

_ (AVV +2€2g‘2ﬁ;A +\/-2‘eg—1D"¥A)(D¥U _DI%V)]
HeoDAA 1+ 3 egDYA - 1 Tggy (AT + A7) DY
- %MWZMZ _2[(ezﬁAA +engWA)DT +egWDTAD¥W

+V2gyg M D44 + 5V 2egDY4)DYV 1},

—-g2(AVWD¥W —AUWDVW) _

R2q® —(k-q )
2y _ L 237 2 n —\R'q)
(k)—z MU qu z(k_q)z

(AP (D77 +V 2 gyg DI + 28y’ D7) + ATV (DFY — V2 gyg DY + gy DY)
- A"Y[2D7Y —V 28487 (D7" + D7) - gy DY | + 28y’ AV (D7 + D1V +2DFY)
+V2gyg A"V [DFY + DTV - V2 gyg MDY + DY)
- rg gAY [DT" + DY + 3V 2 gyg T (DR + DI,
(k = (krq)®

x{A””Dg" +A"(DGY — aDT” +4e 2D 3%) + 24V Y (DYY - 2D YY)
+8w°g A DY + 3DV + DYV — V2 gyg " MyM ;"M DYF +D EF)
+ 2y g M "M 5 —ZDf:Z - MMy 73 (R - )7?]
-V2gyg 2" DYV + D%V —V2gyg T MyM ;M (DY + D YY)
-V2gy,g A" (DY + DY — 2 2DY% — 2¢ 2DV T+ 2V 2 € "igy g T MM ; T\D 22 )},

k2q? — (ko - - -
I1,(+%) = fd" Z(k( q)z{ZszM 2(e2D4A +egyDWA) + 2(1 + 2¢ 72)(e2DAA +V 2 egDY4)

_ zgz(l+4€-2)AUU—%ngvv—%ﬁg‘wg(AUW+§AVW)},
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—(keqP

I, (k?) = sf’e'lMUMzbfd 97

)l(k q)% + p?]

X {- 2e%(1+€72+ %gw2g-2MU2Mz_2)[Mw2Mz -z(ezﬁ?A + egwﬁ‘;A)

+(1+2€72)(e2D4* +V 2 egD%%)]

—g2(2+2€72+ 5€?)AVY + 3V 2 g5, (2 + €M, M ; 2AUY — 5€2g, MM ;A YV},

It is obvious that on the mass shell where k%+ 2 =0, the answer is gauge-independent. Moreover, it
follows straightforwardly from the explicit expressions for the various propagators that all the functions

II,~II; are finite.
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