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The coupled Dirac-Einstein system is quantized and shown to be one-loop nonrenormalizable: The
diagrams with eight external fermions yield a divergence proportional to the fourth power of the
fermion axial-vector current. The gravitational variables required to couple gravitation to fermions are
the (sixteen) vierbein fields possessing local Lorentz as well as coordinate invariance. For gravitation
coupled to bosons, the vierbein and metric formulations remain equivalent at the quantum level.

I. INTRODUCTION

Quantization of general relativity, the gauge
field theory of massless spin-two fields, can be
investigated by applying the covariant quantization
methods appropriate to gauge theories. These
methods bypass the difficulties of operator order-
ing and constraints which arise in canonical quan-
tization. The two approaches are equivalent for
electrodynamics, as well as for Yang-Mills theory
as far as they have been compared there, and it is
therefore of interest, in obtaining concrete re-
sults, to apply the covariant scheme to Einstein
theory. As has been shown, Einstein theory can
indeed be covariantly quantized, and the resulting
quantum theory is unitary.! Feynman rules can be
given, and renormalizability of the theory can be
investigated. The infinities arising in one-loop
diagrams must be regularized. A particularly
convenient method is dimensional regularization;
although equivalent to earlier regularization
schemes, it preserves Ward identities, and has
the practical advantage that in it tadpoles vanish.

To date, renormalizability has been investigated
only at the one-loop level, with the following re-
sults: (1) Source-free general relativity (with or
without cosmological term) is one-loop renormal-
izable,''? but only due to a peculiar degeneracy of
four-dimensional Riemann space, through which
an otherwise nonrenormalizable counterterm is
equivalent to renormalizable ones. (2) Brans-
Dicke theory is nonrenormalizable even in the ab-
sence of sources,? at least in the absence of Higgs
type effects for the scalar component. (3) The
graviton-scalar field system is nonrenormalizable.
(4) Coupled Maxwell-Einstein theory is nonre-
normalizable,? despite cancellations of all but one
a priori nonrenormalizable terms.

Before concluding that quantum theory and gen-
eral relativity are incompatible, at least in a
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perturbative treatment, one must investigate the
coupling of fermions to gravitation. (If it were
renormalizable, one might argue that, a world
with only spin-; particles as basic being satis-
factory, integer spins might be composite.) In
this article we carry out this program and reach
the same negative conclusion of one-loop nonre-
normalizability as was found in the other coupled
systems. For convenience, we take the fermions
to be massless, but still four-component, so as
to retain the essentials of electrons. The neutrino-
graviton system can be treated along the same
lines with appropriate y, insertions.

Fermions differ in one basic respect from in-
teger-spin systems in their coupling to gravita-
tion. As was shown by Cartan, one cannot couple
them directly to the metric (a simplified proof is
given in Appendix A). Instead, one may introduce,
with Weyl, a set of sixteen vierbein fields e?,
(@=1,...,4) at each space-time point; spinors can
then be introduced in the local Minkowski frames
which define the e®,. In the absence of spinors the
vierbein and metric formulations are equivalent in
the classical domain because the vierbein fields
always occur in “squares” (the vierbein field is
essentially the matrix square root of the metric).
It is in fact an interesting question, which we settle
in the affirmative, whether this equivalence car-
ries over to the quantum domain. The vierbein
components are in general sixteen in number; in
addition to their ten (metric) symmetric compo-
nents, they have six antisymmetric components,
expressing the freedom of homogeneous trans-
formations of the local Lorentz frames, which
seems to introduce additional dynamical content,
especially at the quantum level. The theory has
two kinds of gauge invariances: the usual coor-
dinate freedom (under which fermions behave as
scalars, being defined only with respect to the
local frames), and the local Lorentz rotations
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(under which the fermions transform as ordinary
spinors). Both gauges must be fixed in the co-
variant quantization scheme by adding gauge-
breaking terms. The coordinate gauge is fixed as
in the metric formulation, by choosing the
deDonder or harmonic conditions; the term break-
ing local Lorentz invariance is the sum of the
squares of the antisymmetric vierbein components.
Gauge breaking is, as usual, accompanied by
unitarity-restoring Faddeev-Popov ghosts for each
invariance. We shall have to determine if and how
the antisymmetric vierbein components and their
ghost companions disappear from the quantized
theory.

Our analysis of the divergences will also differ
from that used in the previous cases. There, an
algorithm!® could be applied to obtain the counter-
Lagrangian directly as a function of various types
of coefficients of the original Lagrangian. The
present case does not, however, satisfy the re-
quirements under which the algorithm holds, and
extension of the algorithm seems complicated.
Instead, we shall calculate explicitly the coef-
ficients of all counterterms which contain eight
(external) fermion fields n and no derivatives.
Only the Feynman diagrams with eight external
fermions can contribute to these counterterms.
These diagrams are logarithmically divergent,
which facilitates the calculation of their diver-
gences within the dimensional-regularization
framework. Moreover, the external fields in the
total counter-Lagrangian satisfy the coupled
Dirac-Einstein equations, since they represent
all possible tree graphs ending on the loop. But as
the field equations always involve differentiated
fermions, these n® counterterms do not become
equivalent to others. Had we chosen any other
counterterms (with 0, 2, 4, or 6 external matter
fields), such equivalences would occur and would
therefore require the calculation of more and
higher divergent diagrams. As it turns out, there
is only one counterterm with eight external fermion
fields and no derivatives. Its coefficient provides
an excellent criterion for renormalizability: it is
necessary for renormalization that this coefficient
vanishes, and sufficient for nonrenormalizability
that it is nonzero.

Throughout this article, we use the background-
field method®'* in which one sums over all one-
loop diagrams with a given number of external
matter lines and any number of external vierbein
lines. In this way, our counter-Lagrangian is gen-
erally covariant in the external fields.

In Sec. [I we summarize the relevant aspects of
the vierbein approach, and show that the quantized
vierbein field is equivalent to the quantized metric
Einstein field in the absence of fermions. In Sec.
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I, the fermion-vierbein system is quantized and
its nonrenormalizability established. Some con-
clusions are given in the last section.

II. VIERBEIN FIELDS WITHOUT FERMIONS

In this section we first review some properties
of vierbein fields and then investigate whether
their self-interactions are renormalizable.

Following Weyl’s prescription,® we erect at each
space-time point x =X a locally inertial Lorentz
frame with orthogonal axes £ (x), a=1,2, 3, 4;
this is a so-called Vierbein or tetrad. If space-
time is parametrized by the coordinate system x*,
then the vierbein fields relate the Lorentz axes to
the coordinate axes at each point

e’ (x=X) :(Em>

axH

. 1)
x=X

It follows that under coordinate transformations
x*~%H(x), this field transforms as a covariant
world vector, whereas under homogeneous local
Lorentz transformations L, it transforms as a
Lorentz vector

Y@=t en ), e =Lhenw). @)

Fermion fields ¢ can be introduced into general
relativity ° by describing them with respect to local
Lorentz frames ®7; they are defined to be world
scalars and transform as ordinary spinors under
local Lorentz transformations of the vierbein
frames (“Lorentz spinors”). The ordinary deriva-
tive 9,y is a covariant world vector, but not a
proper Lorentz spinor; a covariant derivative D,
can be introduced such that Dy is a covariant
world vector and a Lorentz spinor,

D=0, +30" w9 &)

The numerical matrices 0?® are the generators of
the Lorentz group belonging to a given representa-
tion R (R =I +30°°x,, for small X if the Lorentz
matrix is L? =6% +1%,); for example, for a Lo-
rentz vector and a Lorentz spinor one has re-
spectively

(Oab)cd :nacﬁg - ,nbcﬁg ,

=AY =¥,
where the Minkowski metric n is defined by
%P0, =D —=p,2. The »° are the usual constant
Dirac matrices, %y +9%+2=29%, which commute
with the covariant derivative, D,y*=y"D,. The
next step is to determine the symbol w,, in Eq.
3).

From the definition in Eq. (1) it follows that the

vierbein field is a matrix square root of the metric
&yy; indeed, with (ds)®=d¢°dgPn,,, one has
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eauebunab =guu . (5)

Lorentz indices (denoted by latin characters) are
raised and lowered by the Minkowski metric n%
and 7,,, coordinate indices (indicated by Greek
characters) by g*” and &> While change of index-
type is effected by e, . The spin connection w,,
can easily be determined by requiring that not only
the operations of index raising and lowering, but
also the operations of changing index-type com-
mute with covariant differentiation. In the same
way as the affinity-Christoffel symbol relation
follows from gy,., =0, one finds, using Eq. (4),
from

a - a g ,a a b _—
e, ,=0,e% ~Toe’+wr e’ =0 (6)

that
Yyap :[eau (auebu - auebu)
+§eu°eb°(80ecp—apecc)e"u][ab] . (7

The last symbol denotes antisymmetrization in
(a,b), and the matrix et is the inverse of e"u .
According to the foregoing rules of raising and
lowering of indices we have thus

eaueau:guw e““e,,"=g““. (8)

From its curl structure, it is clear that w,,, isa
covariant vector; under local Lorentz transforma-
tions it is not a tensor, but acquires an inhomo-
geneous term which is needed to make D,y a Lo-
rentz spinor, as one can easily verify.

The Lagrangian density for the vierbein field
must be a coordinate scalar density and a Lorentz
scalar. One possibility is the usual Einstein ac-
tion

£¥e)=-eR(glk))=£%(g), ©)

e%e,, =03,

using the fact that (-g)*/2=e, the determinant of
e“,, while g, is to be expressed in terms of e?
by Eq. (5). An apparently distinct choice comes
from considering the commutator

(Dys D =3R ey ¥, (10)
with
R yyyap (@) =8,0 05 = 8,005 + Wpae W6 = Wiy
11)
and defining the Lagrangian as
LVe)=—ee®™e R (). 12)

However, insertion of Eq. (7) into Eqs. (11), (12)
gives back Eq. (9). The only tensor that can be
constructed from the vierbein field e, and its
first and second derivatives and which is linear in
its second derivatives is the tensor in Eq. (11);

a proof is given in Appendix B. Therefore, the

Lagrangian in Eq. (9) is unique under these re-
quirements.®

The Lagrangian is quantized in two steps. First,
using the background-field formalism, we consid-
er the fields (€, g) in the Lagrangian

£¥(@)=-ex"*R(g(2)), k%=16my (13)

as sums of classical (‘background”) fields f, g)
and quantum fields (c, k) according to

Eau=eau+Kcau’ Euvzguu'”(huv' (14)

The factors k have been inserted to give the quan-
tum fields canonical dimension (our units are
7Zi=c=1 and y is the Newtonian constant). Hence-
forth, these quantum fields ¢ and & can be con-
sidered just like other matter fields, such as
photons and fermions, to move in the background
field e. With our rules of lowering, raising, and
changing index-type we have thus, for example,
Cy=€,4C",, and covariant derivatives are always
taken with respect to the background field e. Both
sets (e, g) and (¢, g) satisfy Eq. (5), hence

h,,=c

4 ptCy +KC Coy (15)

u

which shows that to first order in quantum fields,
the quantized metric field is equal to the quantized
symmetric vierbein field. Next, we expand

£%e +c) in quantum fields ¢ about the background
field e:

EY@)=xk"2LVe) +k 'LV (e, c) +L£)le, c) +KkO (c?),
(16)
and find, omitting total derivatives
£, c)=2c%,Gle), amn

where G =e,,G", as before, and G*’ is the sym-
metric Einstein tensor R*” -3g"R . If and only if
G*"=0, does £} vanish. For the second variational
derivative of £¥ with respect to ¢ we find

Ll c)=ec®, c®,m, G*) +L£Eh, g), (18)

where the term explicitly quadratic in ¢ comes
from the k ~cc part of Eq. (15) when inserted in
(5£E/6g“v)hw, while the last term is just the sec-
ond variation with respect to g. In the latter, it is
sufficient to replace & by its linear part (c,,+c,,).
The cc term may be dropped altogether when the
background field satisfies the classical equations,
G,,=0, as we assume from now on. Were integer
spin sources also present, the combined action

IV +I" would still depend on the vierbein fields
only through the combination grw(é’); the cc term
would have the coefficient (G,,+3T,,) and would
therefore still vanish by the field equations result-
ing from £} +£¥. The contributions from £¥ to

O (kh) then also depend only on the combination
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(cu,,+cw). Thus, the vierbein and metric Lagran-
gians are also equivalent there. We quote! the
form of ££():

r’f(g, h) = (—g)”z[—%haﬁ:uz + %h, a2 +% (hﬂ -%h;u)z
+§haBX,°‘B”"h“U] . 19)

For convenience, we have defined k,=h,",, and
h =hegg®®, and recall that all covariant deriva-
tives are with respect to the background fields g
or e. The vertex X, is given by

X‘GBHU=(Rausu+g°‘BRuU_gC'uRBu/+POtBMUR)’ (20)

where symmetrization in each pair (aB), (uv),
and under pair exchange is to be performed. The
projection operator P will occur at later stages,

Pas“u=%(gapg3v+gavgﬂu _guﬂguv). 21)

The second step in the quantization of the
vierbein field is to deal with the invariances of the
theory. The total action fdx.B"(e‘) possesses two
separate invariances, under local Lorentz and
under coordinate transformations. Restating these
invariances in terms of gauge transformations on
the quantum fields, the total Lagrangian £" is in-
variant under the differential gauge transforma-
tions

c?y(0) = %, () +n %, 6% o +KC® ) +nKC

-n%w 3, b, +kc?), (22)
e, (x)=e®(x)
and under the algebraic gauge transformation

¢, ()= %, (x) + A% (x)(e®, +kcb),

e? (x)~e?,(x). @3)
Note that only £Y, but not £, is invariant under
(22); £Y is invariant under the homogeneous part
of the transformation of Eq. (23). According to
the Faddeev-Popov prescription, we must break
these invariances by adding gauge-breaking terms
to the Lagrangian, which in turn will introduce
ghost particles. We fix the four coordinate gauges
to be the usual deDonder (harmonic) gauges by
adding

£°=tel, ~5h,). 24)

Because £€ is quadratic in quantum fields, only
the linear part ¢, +c,, of k , need be substituted
in £¢. The local Lorentz invariance is broken by
adding the purely algebraic term ®1°

-2

2 a,=c,,—C 25)

L__L
L5 = —=3eK a,”, v = Cpy w -

This then is the only place where a,, occurs in the
action in the absence of fermions. Note that
Cuy=Cq, %, transforms differently in its first and
second index under Egs. (22), (23). The ghost

Lagrangian £¢ is obtained, as usual, by casting
the gauge-breaking terms £€ and £% in the form
-3T2, with I'; given by
r=e'% *h,-3h,,),
(26)
Tl =e'%e, e, (@,,),

and subjecting them to the ten gauge transforma-
tions in Eq. (22), (23) we find !

£0=e[crD,D g, ~R,"E,) +KTPO g, S
+K—18:,ID"§“] 27

after some irrelevant redefinitions of the fields

¢* and 9*; the indices of ¢ and 9 are some internal
degrees of freedom and the noncovariance in these
indices does not bother us. Since no conjugate
vertex of the form ¢*9 is present, we may drop

the term 9*¢ in Eq. (27), as it alone is insufficient
for a closed-loop diagram containing 9 and ¢ fields.
Closed-loop diagrams with a ghost consist there-
fore of purely 9 or ¢ loops.

The part of the total Lagrangian which con-
tributes to one-loop diagrams consists of a ghost
and a nonghost part. For the nonghost Lagrangian
we have from Eqgs. (18), (19), (24), and (25) and
using the classical field equations G,,(g)=0 to
drop £,,

eNC =g +£C + 2L
=€ (~3hag, PBP%h o 8" +5hog X 157N,
-zK%a,}?) . (28)

We recall that it suffices to set, in £NG,
hy,=cy+cy =S, . It follows that the symmetric
vierbein and metric forms of £NC coincide, having
the same propagators and vertices, as do their
respective ghosts.

This leaves the antisymmetric vierbein fields
a,,, and their corresponding ghost 9,,, neither of
which propagates. Both are coupled (only) to e,
but it is clear that they cancel in every diagram in
which they appear: Each (being decoupled from
other quantum fields) can only enter in a loop with
no other internal particles but itself, and their
contributions have opposite sign. (They also van-
ish separately, since diagrams ~k2" fd“p vanish in
dimensional regularization.) Thus, the vierbein
and metric formulation are identical; this is per-
haps not surprising, since we took an action de-
pending on the set of variables huu and arbitrarily
made the algebraic field redefinition in Eq. (15),
which should not change physical results. Never-
theless, this exercise will be of use in Sec. III
where fermions are considered, since q,, ap-
pears explicitly in the Dirac Lagrangian.
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III. COUPLED FERMION-VIERBEIN FIELDS

The Lagrangian density for a massless spin-3
fermion in a gravitational field is given by the sum
of the Dirac and Einstein Lagrangian densities

£(2,y)=-ex’R(§) -eyy°e Dy, (29)

where g is to be expressed in terms of € by Eq.
(5), and the covariant derivative D is defined by
Eq. (3). £ is a world scalar density and a Lorentz
scalar. Again, the fields (¢, y) are sums of back-
ground and quantum fields:

T EYI (30)

As in previous cases,? the factor «~! has been in-
serted in order that there will be no explicit x de-
pendence in the one-loop £, [except in £ in Eq.
(25)] nor in AL (except when £ contributes). We
expand £(e +kc, k~!n +y) in quantum fields (c, )
around the background fields (e, ). For the first
variational derivative, one has, omitting total
divergences,

£, c; n,9)=k""e{c?[2G, ) +T e, n)]
~7iy*D, e} - Fy*D )} -
(31)

a _,a a
e“—euwccu

The symbol D is from now on always with respect
toe, and y*=¢ ty*. £, vanishes if and only if the
classical field equations are satisfied by the back-
ground fields, namely,

Gu==2Ty, YDn=Oa*=0. 32)

The Einstein equations consist of a symmetric

part, G »==3(T,,+T,,) and an antisymmetric part,
T“,, T,,=0. The fermlon stress tensor,
=-6L£P/6e°,, is

Te,= -W‘D,m +827jy'D 1 +3D, (y*o** )

+3Do [T (0% % + 20" )] 33)

and is a priori nonsymmetric, but it becomes sym-
metric, conserved, and traceless as a consequence
of the Dirac equation y*D W= =0, whxch reduces it

to the usual expression Tuu“ —;T](‘yuDv+‘yuD m.
Tracelessness is a consequence of the scale in-
variance of the massless Lagrangian.'?

J

Using the results of Sec. II for the Einstein part,
the total second variation £, becomes, including
gauge-breaking terms,

£120(=£2|G +£G —EE)’HD“II) +£”(S) zp’ n)
+L£5(s,m) +L£4, 34)

where £5§6 and £¢ were defined in Eqs. (27), (28);
£4 contains one quantized fermion and one quan-
tized symmetric vierbein field s, =c,,+c,,, while
£5 is quadratic in s,,and £4 contams at least one
antisymmetric a,, field. For £¥, one finds

£ =e (YY"’ n + Ty 0%%Y) (3,Ss,)
—e(Ty"a,y +4y™d,m)(sh - bhs, M), (35)

and for £5, omitting terms with 9,m for reasons
to be explained, one finds

= —e (My"0®n)

X (SomdP Sy +5318, Sy +35,78,5,) . (36)

am m>ap

We have now that part of the total Lagrangian
which contributes to one-loop diagrams, and if we
could reduce its kinetic term to the form

0. pWije 0, Wij=g"Fy, @7

then we could apply the lemma of Ref. 1, and write
down the counter-Lagrangian. It has been shown '
that for fermions with nonderivative couplings the
substitution ¢ - ~iy, 8, £ does indeed lead to a
kinetic term of the form of Eq. (37). However, in
our case the fermions have derivative coupling to
the vierbein fields, and even after the ) - £ sub-
stitution the matrix W does not factorize as in Eq.
(837). The lemma is not applicable, and we have
therefore adopted another strategy.

Consider the class of one-loop diagrams with 2»
external fermion lines. If only symmetric vierbein
lines are propagated in the loops, these diagrams
do not depend on k and are finite for >4, loga-
rithmically divergent for » =4, and diverge more
rapidly for n< 4. This follows from Egs. (35),

(36) and simple power counting. To what terms in
the counter-Lagrangian can such diagrams con-
tribute? The list of all a priori possible, Lorentz
scalar and world scalar density terms of canonical
dimension four is long; to quote a few,

4
AL =(e/€) [alR,,,j" +@R? + ay Ty, D 1) + g (D ) + ARy, (1104°0) (110°°0) + g R¥ (Y, D, 1) + @, II GFm)
i=1

+ o (TF MY (v, D yn) + ag® (D ) (TFN)* ++ ] : 38)

The matrices F, contain y matrices, but no deriva-
tives. On the mass shell, T, ~7v,D,7n and
R,,=-3T,,, R =0 while y*D n =0; hence, the

terms with @, and a, vanish, while a,, «@;, and

r

a, are equivalent. Explicit k?-dependent terms
such as a, can only come from loops involving a,,
propagators ~k2. They can never be reduced to

k2-independent ones because the field equations do
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not involve k.

Our strategy is now to focus on those loops hav-
ing eight external fermions and no internal anti-
symmetric vierbein fields, hence no dependence
on k and no derivatives.!* They, and only they,
contribute, by dimensions, to terms of the type
a, (further matter-line attachments would lead to
convergent terms, while use of the field equations
cannot mix a, with other terms, since the field
equations always involve derivatives). In our
gauge, ghosts do not couple to external fermions,
and so do not contribute to @,. Finally, as we
saw, the a,, -dependent parts of £}¢ are ~x? and
can be disregarded. This attack is useful only if
a, is nonzero, for otherwise one would have to
analyze the more complicated terms to settle the
renormalizability issue.

We now outline the calculation, starting from
the three-point and the four-point (seagull) ver-
tices (V,,V,) defined by £7 and £5 of (35) and
(36). In each, the vierbein fields are internal
(and only the symmetric ones are needed), while
both seagull fermions are external, as is one of
the V, fermions. The second fermion in V, is
then part of an internal fermion propagator S,

(a)
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which is necessarily connected to a similar V,

to produce a net S-matrix insertion (“Compton
insertion”) of the form S¥~V,S,V,, in which the
incoming, internal, and outgoing fermions form
an uninterrupted line. Each 7n® diagram then cen-
sists of a box diagram with four internal vierbein
propagators into which are inserted all possible
permutations of four seagull and Compton insertions,
as exemplified in Fig. 1. Let us now count powers of
the internal momentum p. The four graviton propa-
gators contribute p =8, while each seagull always has
onederivative (p)onone of the emerging graviton
legs. Compton insertions also have one net p,
since each V, has one derivative [S7~V,S;V,
~p(=B/p*)p ~p]. Thus every diagram is at most
logarithmically divergent (~ f d*pp*/p®). But this
means that we can neglect all explicit external
momenta k; in the diagram, since they clearly
lead to finite integrals when in the numerator, and
likewise no denominator translation need be per-
formed so that we may just write (p~2)* for the
four internal graviton lines. At the end, we need
merely average the four numerator momenta
PaPpbyPs giving the usual product of Kronecker
deltas. A further advantage is that we may drop

(b)

X=H+H+X+X
aB pw  aB w  aB w  aB w  aB p

(c) (d)

(e) (f) (g)

FIG. 1. (a) A typical diagram with eight external fermion lines. (b) The sum of all diagrams with eight external
fermion lines in terms of the continuous fermion-line insertion. (c) The continuous fermion-line insertion as a sum of
Compton [diagrams (d), (e)] and seagull [diagrams (f), (g)] insertions. Diagrams (f) and (g) differ topologically, owing

to their momentum dependence.
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those terms in £%, £5 in which the derivatives act
on 7, as they give convergent terms. This in-
cludes the $y’"8un part of (35) and a term Y o,
[see Eq. (36)]. The 773,y part of £ remains, of
course, since y carries internal momentum p.
Despite the absence of its adjoint, it will contribute
to the Compton insertion V,S.V, when contracted
with the appropriate (§yon) part of the other term
inV,.

We shall next define a net 7jn two-external fer-
mion insertion which combines both Compton and
seagull insertions [Fig. 1(c)]; it depends on two
pairs of graviton indices to be contracted with two
graviton propagators. It is straightforward to ob-
tain for the Compton part '*

Sg’zu 2ibyy = (ﬁ )ﬁ(tbgu 21“1’111 1o tblu 1’””2# 2)1)-2 ’
(39)
where

Ly =Vs Pyt vubs - (40)

S# is not only symmetric in each of its graviton
pairs, but antisymmetric in pair interchange.

The latter property results from crossing, since
change of internal momentum flow direction

(which changes the sign of p) corresponds to inter-
change of the two attached gravitons. Similarly,
we find for the seagull contribution (plus its
crossed partner)

sbsgp 2i DMy = (—1Ls )T_)(Qnglnu 2B 1 +qu zblnbzu 1
oo 1Mugby Yo 1”"251) , (41
with
Do = Vs BYy = VulVs = = - (42)
Note that g,, is conserved (p,g,,=0). The sym-
metries of SS are the same as those of S#. The
two-fermion insertion of Fig. 1(c) is thus given by
the simple form
T - H S
S”inz:"lM: 87+ )bzl-lg;blul
=(- Ilé)ﬁ(q"sznu 2y T9ugn 1H bk 1
+q1’2#1nu2b1+qu2ulnbzb1)77’ 43)

where Il =II,, is the transverse (p,II,, =0) pro-
jection operator

Hab=nnb —pdpbp_g’ Habnbc =Hac! nad =3 * (44)

Note that I1 %g,. =q,. - A useful property of each S
is its tracelessness

Sg‘z,uz;XX=S;X;blu1=o (45)

in each pair of graviton indices, which is a direct
consequence of the antisymmetry and conservation
of ¢; it is also conserved on each of its indices.
Since the graviton propagator D, .4(p) has the form

P70,00,8 +6,80,6 = 6, 005), We see that its last term
will never contribute, while the other two are
equivalent by the symmetry in each pair of indices
of ST. Thus, the total diagram, which has the
matrix structure STDSTDSTDSTD, is proportional
to the simple expression'®

AL = fd“pp'”tr[ST(p)]'*- (46)

We evaluate this trace in two steps (dropping
over-all numerical factors henceforth). First we
take the matrix (STST). It has the form

(31)2 ST

busbypy

=ST

bau3ibyuy bau3;bp

= (ﬁqbsm)(ﬁqbbmmu a7 (47)
where the appropriate symmetrization in each
pair is to be taken.

Finally, we take the trace of (ST)?(ST)’. From
the properties of ¢ and II given above, it is clear
that its form is

tr(ST)* = atrg® +B(trg?)?, (48)

where trg® =gupqp, and trg*=qgz°**gso. Explicit
calculation yields @ =11, 3=3. We can find the
exact structure of (48) rather easily by invariance
arguments. First note that each g,, of Eq. (42)
can be written as

TN =2€ 40app°A%, A =Ty, (49)
where A? is the axial-vector current. Next, we
perform the p integration as follows:

fd“pp‘ ppBpYpS =4(6887° +6%765515%068N)1

(50)

with the basic dimensionally regularized integral
I defined by

’fﬁ—)@ (51)

The (trg®)? contribution in (48) is obviously posi-
tive: Using (49) and (50), we find

f %482 (trg®)* = (4?()) (A%A%n,,)* . (62)

Similarly, trg* is also positive; here (49) and (50)
yield

JE2 trgn=(2) team,, . 3)

In obtaining these results, we express products of
two € symbols in terms of Kronecker 6 to obtain
the identities

b d 6 -
(eaarbe Bsa)(ecytde 5uc)A‘O(B7 _ZoArstu ’

(54)
(ea ﬁtrb€ stc€c7 tdedéun )AaB 7= loArstu H
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where
A%BYE=5*B578 4+ 527588 1 5058y

The final result for the n® part of AL is then the
contact self-interaction term

AL (M%) =X(e/€)(A%Ab,,)?, (55)

where X is a nonvanishing (but numerically unin-
teresting) constant and the dependence on external
vierbein fields is, as dictated by general covari-
ance, through e. It implies that the Dirac-Einstein
system is nonrenormalizable!” at the one-loop
level, since AL cannot be absorbed by a field re-
normalization, and is unaffected by the classical
field equations.

IV. CONCLUSIONS

General relativity, in its vierbein formulation,
can be quantized covariantly, and is equivalent to
the quantized metric approach when matter is ab-
sent and in the presence of integer spin sources.
The coordinate gauge invariance is broken by add-
ing gauge-breaking terms of the usual harmonic
type involving only the symmetric part of the
quantized vierbein fields. The local Lorentz in-
variance is broken by adding algebraic gauge-
breaking terms involving only the antisymmetric
vierbein fields. The corresponding ghosts are a
vector and an antisymmetric tensor. The sym-
metric vierbein Lagrangian plus the coordinate
ghost are equivalent to metric theory. Neither the
antisymmetric vierbein field nor its ghost propa-
gates, and in fact they cancel each other, as they
should since the theory can also be described
without these variables.

When fermions are included, antisymmetric
vierbein fields become coupled to them; however,
nonrenormalizability of the coupled system can be
demonstrated without discussing the antisymmetric
vierbein fields. We saw that there is a divergent
counterterm proportional to the fourth power of the
axial-vector current, which remains quite dis-
tinct from other combinations of the background
spinors, such as the Dirac stress tensor, even
after use of the classical field equations.

Nonrenormalizability of the Dirac-Einstein sys-
tem (at least in the presently available perturba-
tive framework) is quite disturbing, since spin-3
fields are basic building blocks of matter. 1t is,
of course, possible that future nonperturbative
techniques or some new improved variant of Ein-
stein theory '® will resolve this impasse. There
also remains one orthodox possibility we have not
explored. It is known'® that the definition of mini-
mal gravitational coupling is ambiguous for spin 3,
depending on whether one expresses it in first-
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or second-order formulation with respect to the
vierbein field. We have employed the latter, which
differs from the former by an effective contact in-
teraction £6(e, y)~k22(Jv,¥s»)*. This term con-
tributes additional (x-independent) vertices to £,,
which could lead to (1/€)A* as well as other addi-
tions to A£. It also alters the background field
equations by nonderivative terms in both T¢ ()
and the Dirac equation, which will lead to mixing
between n® and other types of counterterms. We
have not investigated the complicated algebra in-
volved, in which all divergent terms now have to
be faced. It may be that all counterterms in 7
finally reduce here to the combination T%,(n), as
they did in the Maxwell case? (which does nof mean
for either system that it is renormalizable).?° A
conclusive result would obviously be of value.
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APPENDIX A: GROUP THEORY AND SPINORS

Spinors cannot be introduced into general rela-
tivity by coupling them to the metric &uvs instead,
as was shown in Sec. II, one can use vierbein
fields for this purpose. Although this result is a
fact well known to both mathematicians ” and
physicists, we include here a simple proof. If
spinors were on an equal footing with, say, vec-
tors, then they would have to transform under the
coordinate transformations x* - x#(x) according to
a representation of the matrix group (®x*/8x").
This is the group GLR(4) of all real regular 4x4
matrices, and as we will show, there exist no
representation of GLR(4) which reduces for its
subgroup of Lorentz transformations to the usual
spinor representations.

A particularly simple proof is to consider the
group SO (2) of rotations around the z axis; this
group is a subgroup both of the Lorentz group and
of SLR(2), all real 2X2 matrices with determinant
one; SLR(2) itself is a subgroup of GLR(4):

SO()CL@3,1), SO@R)CSLR(@)CGLR(4).
A1)

If there is a spinor representation of GLR(4), then
it is at the same time a representation of SLR(2),
and a double-valued representation of SO(2). All
representations of SLR(2) are, however, well
known; the Lie group

M:(:f §)=exp(aiK,), ab -By=1 (A2)

has as generators
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A2 D). w0 kel 8 o

which form the familiar Lie algebra of angular
momentum

Ko, K. ]=K., [Ko,K_]=-K_, [K.,K_]=K,
A4)

[its complexification yields SU(2), just as the
complexification of SO(4) yields the Lorentz group;
so, strictly speaking, one determines the spec-
trum of angular momentum in physics not from
SU(2) but from SLR(2)]. The essential point now is
that in SLR(2) rotations around the z axis are gen-
erated by K, -K_) and not by £,. Only for the
group SO(3) would the generator of the 2x2 rep-
resentation be given by K, and lead to double-
valued representations. A rotation of about the z
axis in SLR(2) is thus given by

R(w)'—‘exl:’[w(K+ -K_)]y (As)

and this is a single-valued function for all repre-
sentations of the Lie algebra in Eq. (A4),
R(0) =R (2m).

It is interesting to note that, although it lacks
any spinor representations, the goup GLR(n) is
doubly connected for »>2. Since each element of
GLR(n) can be written as the direct product of a
triangular matrix times an element of SO(n), and
since the triangular matrices can be shrunk con-
tinuously to the unit matrix, the topology of
GLR(n) is that of SO(z). The proof is completed
by noting that SO (n >2) is doubly connected and
SO(2) infinitely connected. Note that SO(3) and the
Lorentz group do have spinor representations and
are doubly connected. It is thus necessary, but
not sufficient, for a group G to have multivalued
representations, that it be multiply connected.

Actually, no multivalued representations for
SLR(n) exist at all. Its covering group is there-
fore not a matrix group, since a matrix group al-
ways has one faithful representation: itself.

Also, SLR(4) does not have any multivalued rep-
resentations. For the proof, note that the topolo-
gies of SLR(n) and SLC () are the same, the one
being obtained by complexification of the other.
Since, however, the topology of SLC(n) is that of
SU(n) (again by the argument of triangular ma-
trices) and SU(n) is simply connected, no multi-
valued representations for SU(n) exist, and hence
none do for SLC(z) and SLR(z).

APPENDIX B: TENSORS CONSTRUCTED
FROM VIERBEIN FIELDS

The relation between vierbein fields and tensors,
as well as the discussion of the possible invariants

of given differential order constructed from them,
was given in Ref. 21. We include here a simplifi-
fied derivation.

One can construct other tensors from vierbein
fields algebraically, for example, the determinant
e = (~-g)"’?, the inverse e¢,*, or by contraction with
€,p0- As for tensor analysis, the first derivatives
of e?, alone can never produce a tensor, since they
can be made to vanish locally by choosing appro-
priate frames. Consider

L= 0,e%,+08,e%), Af =(3,e% -03,e%). (Bl)
Under the coordinate transformations
x*=a®+b%, X + 3¢5, XXV +5d5,, R XURP, (B2)
S transforms as

=a /oy 0x* BxB 3%x®
S =558 v Sesl) gy ¢ a(0)

and can be made to vanish at ¥ =0 by choosing %,
appropriately. The A complex is a coordinate
tensor, as follows from its curl structure, but
transforms under Lorentz transformations as

20,00 = L2 2, 06) + 5 L2, ) e?,0

- <£7L"b(x)>e°“(x) : (B3)

The Lorentz matrix L can be written as L =e®%),
where H (x) is antisymmetric. Choosing L(0)=I,
one has

Loy (x) =0%, +xH(J )%, +3x¢ X" (K )%, +O (x°),  (B4)

where the constant matrices J are antisymmetric.
A(x) vanishes at x =0 if

(13, +J,)%,eb, = (I8,+J )%, e’ =0, (B5)

where /%, =6% . By choosing (J,)%, =w,’,, and add-
ing the appropriate Christoffel symbols in each
term in Eq. (B5) (they cancel due to the antisym-
metry in uv), one finds that Eq. (B5) is indeed
satisfied, since it is equal to e®,,, —e” which is
zero according to Eq. (6).

The second-order derivatives of ¢?, can be ex-
pressed in terms of 8 .S, and 3,A4},. There are
160 elements 3,9,e°,, but choosingd in Eq. (B2)
appropriately, one can eliminate 80 elements,
while proper choice of K in Eq. (B4) eliminates
another 60 [ (K )’y 1S antisymmetric in (ab) and
given by 8,8 ,H(0) +3(J,J,+J,J,)]. This leaves
at most 20 independent elements; there are, how-
ever, 20 elements R, defined by Eq. (11), and
we conclude that the only tensor which can be con-
structed out of e, and is linear in the second de-
rivatives of %, is the curvature R,,,, (and, of
course, its contractions).

uivo
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A scalar-tensor theory of gravity, suggested by Schwinger, is reviewed. This theory is like the
Brans-Dicke one in that the gravitational constant is time-dependent, and in fact coincides with it
whenever the scalar field is weak. It is argued that the apparent discrepancy between the observed
mass density of galaxies and the density required by standard cosmologies with q,~1 may be resolved
by supposing that we are still in an era in which the scalar field is the dominant source of gravity.
Solutions in such an era are discussed, and it is seen that they can be characterized by an increasing
gravitational constant. Finally, the more conventional matter-dominated regime is treated.

I. INTRODUCTION

In the past decade there has been considerable
interest, both theoretically and experimentally,

in the idea that a portion of the gravitational inter-

action is mediated by helicity-zero particles.

Such ideas seem to have originated with Jordan, !
but the related version due to Brans and Dicke®'?
has enjoyed the greatest discussion. Their ideas
were based on an attempt to implement Mach’s
principle, and resulted in a theory in which the
gravitational “constant” is time-dependent.



