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We apply the recently developed technique of Ward-Takahashi identities for proper vertices in gauge
theories to the problem of renormalization of electrodynamics—as a simple example of a gauge theory
—when the gauge condition chosen is bilinear in fields. We show that spinor electrodynamics is
renormalizable when the gauge condition is f[4] = (1/v/aX3,4* — 3847% = 0, where £ and a are
real and arbitrary, and the parameter ¢ is renormalized independently. We also show that scalar
electrodynamics is renormalizable with the gauge condition f[4]= (1/vaxs,4* — J&4° — 3MP*d) = 0,
where £ and 7 are real and arbitrary. £ and n must be renormalized independently.

1. INTRODUCTION

Renormalization of gauge theories (unbroken and
spontaneously broken) has been discussed at length
over the past few years. The earlier discussions
on the renormalization of gauge theories have been
based on the Ward-Takahashi (WT) identities for
Green’s functions.! Recently, renormalization of
gauge theories has been discussed using the Ward-
Takahashi identity for I'[®], the generating func-
tional of the one-particle irreducible (proper) ver-
tices.? Since the renormalization procedure is
stated in terms of proper vertices, use of the
Ward-Takahashi identity for I'[®] simplifies the
discussion of renormalizability greatly. In the
above-referenced discussions on renormalizabil -
ity of gauge theories, the gauge conditions chosen
to quantize the theory are linear in the fields. It
is of some interest to see whether the proof of
renormalizability goes through when the gauge
condition chosen is bilinear in the fields® (that is,
how far one can go if the gauge term is not to ex-
ceed four dimensions).

Here, we apply the method of Ref. 2, viz., the
Ward-Takahashi identity for I'{®], in order to
carry out the renormalization of the simplest
possible gauge theory. We work out the renormal -
ization of an electromagnetic field interacting with
a Dirac field or a complex scalar field. It is hoped
that this exercise will help in the understanding of
the renormalization of more complicated (e.g.,
non-Abelian) gauge theories in bilinear gauge con-
ditions.

In Sec. II, we begin considering the Lagrangian
for a free electromagnetic field with the gauge
condition f[A]=(1/Va)@,A" - 36A,AY) =0, with ¢
and « as free parameters. Though the theory is
trivial from the point of view of its physical con-
tent (S matrix), it is nontrivial from the point of
view of renormalization. Infact the discussionof the
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renormalization ofa free electromagnetic field makes
it considerably simpler later totreatthe interacting
cases in this type of gauge. We note that, inthis gauge
(£#0), there are (4,)°, (4,)*, and (CcA,) vertices.
(¢ and ¢ are the Faddeev-Popov ghost fields.?) We
obtain the Ward-Takahashi identity for proper ver-
tices. We use the dimensional regularization. We
analyze the divergences in G™'[®] (the generating
functional of proper vertices with two external
ghosts) and in $,[®], which is essentially the ex-
pectation value of the gauge functional in the pres-
ence of external sources. Using the WT identity
for I'[®], we obtain relations among the diver-
gences in I{®], G™'[®], and F,[®] and show by an
inductive proof that they can be removed by multi-
plicative renormalization on fields and parameters
o and £ (We shall not state any specific renor-
malization conditions which determine the finite
parts of renormalization constants.)

In Sec. III, we give the results of the one-loop
calculation to carry out the renormalization pro-
gram of Sec. II and verify the relations among the
divergences obtained there.

In Sec. IV, we show that the 4-photon S-matrix
amplitude vanishes in this gauge, as it should.

In Sec. V, we consider spinor electrodynamics.
The extension from the noninteracting case is,
more or less, straightforward. We prove the re-
normalizability of spinor electrodynamics and ob-
tain the usual Ward identity between the renor-
malizations of the electron-photon vertex and the
electron propagator.

In Sec. VI, we consider scalar electrodynamics.
We find that in the gauge f[A] =(1/Va)(3,A" - £ A?)
=0 we cannot make proper vertices finite by mul-
tiplicative renormalizations on « and £ (and fields,
etc.). This is essentially because, in this case,
F,[®] is such that its derivatives cannot be made
finite to all orders by multiplicative renormaliza-
tions on @ and £ (and fields, etc.). However, we
find that if we choose the gauge condition
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S1A]= 7 6,4" ~ $6A% ~ 310+ 9) =0

and renormalize o, £, and n independently, the
renormalization program goes through. This is
explained in Sec. VI.

It is found that renormalization of ¢ (or £ and 7)
is (are) independent of those of other parameters
and fields. From a practical point of view, such
gauges would be more useful were the renormali-
zations on £ and 7 dependent on other renormali-
zation constants, for then certain simplications in
the effective action could be made and maintained
to all orders.

II. FREE ELECTROMAGNETIC FIELD
A. Preliminary
In the following we consider the Lagrangian for
the electromagnetic field A, (x),
£o=~-3 F JFHY
where
F,,=0,A,-3,A,

&£, is invariant under a local gauge transformation,
1
Au(x)—-Ap(x)—ga,,w(x). (1)

We shall choose the nonlinear gauge function,

STl =+ 7= (B,A% ~$£4,4%). @)

Then the gauge term, to be added to £,, is given
by

L gauge — 7 %{f[A]}z .
Henceforth, we shall use a summation-integra -
tion convention (used, for example in Ref. 2).
Thus, the gauge functional of Eq. (2) is

1

Sa [A] =+_\/‘Z‘;'( ?‘Ai _%‘Eio;AiAj)

(05 =08, 6%(xe — x;), £55=£0%xg —x,;)0%x; —x,), ete.].
(3)

As shown by Faddeev and Popov,? the Feynman
rules for constructing Green’s functions can be
deduced from the effective Lagrangian,

£’eff[A;C;E]=£o+£gauge+EaMchB, (4)

where ¢, and cg are fictitious, anticommuting
complex scalar fields which generate the Faddeev-
Popov ghost loops, and M, is given by

M- LAl (Lot)eva

=07 (37 ~ £55 A;). (5)

We note that there are (4,)° and (4,)* vertices
arising out of the gauge term and a ccA, vertex
from the ghost term. These Feynman rules are
given in Fig. 1. (The dashed lines denote the ghost
lines; the wiggly lines denote photons.)

B. Ward-Takahashi identity for proper vertices

We shall deal with unrenormalized but dimen-
sionally regularized quantities (in dimensions
4 —€). We shall use the notation of Ref. 2.

The generating functional of Green’s functions
is given by

Wed] = f[dAdcdc] exp{i(L.[A,c,T]+J;A4,)}.

(6)

As a result of gauge invariance, W;[J ] satisfies
the WT identity,® which in our specific case reads

{ \/—f"‘[zl 5?7}+J M- Ba‘:; 6?] ]}W[J]=O.
(7

Z[J], the generating functional of connected Green’s
functions, is defined by

Wp[J]=exp(i Z[J]).
We define

5. . 047] (8)
Y

Then the functional I'[ ®] defined by

I[®]=2[J]-J:%; (9)
generates the proper vertices. It follows from Eq.
(9) that

or
J;=- 5, (10)
We go back to the WT identity of Eq. (7) and use
the operator identity,

Vertex Feynman Rule
-q)
_p_)_ _.;—q_
3 P
(r,p)
(,a) (q,8)

-£
_u-[pa 98y +qB gay'” gaﬁ]
_lﬁ'z (90891490 9,8+9489va ]

FIG. 1. Feynman rules.
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1.6 1 izn1_ izin [ li]
B[i GJ]e =e B <I>+15J

and thus obtain

1 16
'Txf“[q’*?o_f] 1
87 -1 18 7,,.
+8;J ;M [{>+i 6J] 1=0
(11)
Now,
5 68, 6 5
— - 22 = —_
57, = o7, 58, -~ Aul®lsg,

=37®,; - 3E5(2,®; +iAy;).

Thus we obtain the WT identity for proper ver-
tices:

oIl & 1 .
Gael @ B - - L oa,- b0, viny ]}

(13)

C. Expression for G™',, [®]

“'oy[®] is the generating functional of the prop-
er vertices with two ghost fields at @ and y. In
order to carry through the renormalization pro-
gram, we need to show that the renormalized
G~![®] is a finite functional. Hence we need,
first, to obtain an expression for G™',,[®].

We have the identity

M, [CI)+1A o5 -JM' [¢+1A£]'1=6a3.

Using definitions of M, [Eq. (3)] and G, [Eq. (12)],

we get

R 4]
[of - e @it o )] o1 Gonl 1= -

Using
9] 6G™t
—5;5; GyB[Q]z _G)'E —ﬁ;;m— G'nﬁ )
we obtain

. 8G™!
< 3?3,7 - g?‘j<I>1817+z§ ?ja{nAjk GnC 6@57 >G75: Oap -

Hence,

It can be shown that A;;[®] is the propagator
when fields A; are constrained to have expectation

values ®;. Then, using Eq. (10), Eq. (11) becomes
1 . 4] [N
‘Ta'f“[q’+l“6'q?]'1 ?&b Gea| 2]=0,
(12)
where
Goo[®]=M [@HA—G—] 1
o 6®

and can be shown to be the generating functional of
proper vertices with two external ghost lines.
Now,

877, Gy 66_157.

G_lay[cb] ij % 5%,

o] - &5, @, 0] 85

(14)

A diagrammatic representation for the last term
is given in Fig. 2.

D. Renormalization transformations

To prove the renormalizability of the theory, we
have to show that the derivatives of I'{®] about its
minimum can be rendered finite as € -0, by re-
scaling fields and parameters appearing in the
Lagrangian £ [®,c,c]. We therefore define re-
normalized parameters and fields by the following
renormalization transformations:

c= 2121 g = Z12g(r) ,
_3__2_,_%_ , g YZ 1zl/2£(r) .

We also define
Gag[ #]=2Gg3( @71,
I"[<I>, a, E] =Iﬂ(r)[q)(r), ot('), g(r)] .
In the following, we shall always express every-
thing in terms of renormalized quantities and drop

the superscript (). Thus the expression for (re-
normalized) G™'q,[®] becomes [from Eq. (14)]

_ - ) 5G™!
G oy [ @]=2070] — YET; ;8] + Y E; 3] Ak Gy ——-516@ ,
k
(15)

while the WT identity of Eq. (13) becomes
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FIG. 2. Diagrammatic representation for the last
term in Eq. (14).

1 Y Y
Gpa 95 %, "aZ <3?‘I’i —ﬁgf‘jd)iéj —_2—Z-_£§>;Aif>

-1
=-~5.[8]. (16)

To carry through the renormalization program,
we start with the unperturbed Lagrangian ex-
pressed in renormalized fields,

1
£o=—-3F,, F'" - o (0, A*),

and expand the proper vertices in terms of the
loops the Feynman diagram contains. In each
loop approximation we must determine the re-
normalization constants by a given prescription.

In the following, it will be assumed that renor-
malization constants Z, Z, W, Y are determined
up to the (n — 1)-loop approximation and that these
make G™',[@], I[®], and F,[®][defined in Eq.
(16)] finite to each order, up to the (n — 1)-loop
approximation, in perturbation theory. We write,
up to the (n — 1)-loop approximation,

Z(€)=1+z,(€)+25(€) ++++ +2,_,(€), etc.

Then we shall show that an appropriate choice of
Zn, Zn, Y, and w, can be made to make G™'y,[®],
I[®], and F,[®] finite up to the n-loop approxima-
tion.

E. Analysis of divergences in G‘lay’[<I>] and §, [P]

In order to show that G™*,,[®] and %, [®] can be
made finite by appropriate choice of the renormal -
ization constants in the n-loop approximation, we
must show that various derivatives of G™*,,[®] and
F.[ @] at & =0 (the minimum) in the #-loop approx-
imation have received all the internal subtractions
(the meaning of this statement will be clear soon),
so that the divergences in these (those which are
renormalization parts) are polynomials in external
momenta and that therefore these can be removed
by the local counterterms provided by the appro-
priate choices of the renormalization parameters.

We note from Fig. 1 that the Feynman rule at
the ccA, vertex is proportional to the momentum
of the incoming ghost, so that in any proper vertex
with two ghost lines there is a factor of py for the
incoming ghost of momentum p. This effectively
decreases the degree of divergence (D) by one.
Therefore, G™'o,[®]|s-0 and 6G ™', [®]/0®,]5-,

JOGLEKAR 10

[
+ Y X (p

5! Z 2 —)ﬂ]f"
G(pz)= Zp+ Y q
"pra

FIG. 3. Diagrammatic representation for G~1(p).

are renormalization parts but higher derivatives

of G7'4,[®] are not renormalization parts. Also,

only the first two derivatives of &,[®] at =0 are
renormalization parts.

(A) We begin by considering G™'y[®]s-, in the
n-loop approximation. We write this down in mo-
mentum space as Feynman diagrams (see Fig. 3).

Consider [Z],, i.e., = in the n-loop approxima-
tion. The shaded blobs in [Z], contain at most
(n — 1) loops, and the counterterms introduced up
to the (rn —1)-loop approximation provide the nec-
essary subtractions for the subdiagrams in the
blobs, making them finite by our hypothesis. How-
ever, [Z], needs further subtractions for the re-
normalization parts which are subdiagrams of
[Z], and contain the rightmost vertex in[Z],. On
the basis of the remark made earlier about the
(EcAu) vertex, such renormalization parts arise
only from two-particle cuts in 6G™';,/6®,, the
leftmost blob in[Z],. See Fig. 4.

Thus these renormalization parts needing over-
all subtractions consist of the three-point proper
vertex 6G™'/ 6% to various loop approximations [up
to (z - 1) loops]. We shall show that the overall
subtraction for such subdiagram is provided by y,.
Hence the additional internal subtractions needed
by [Z], consist of 20r-1,[2],_,. Therefore,

has as its divergence a polynomial in momentum.
Due to the Lorentz transformation property and
the dimensions of G™'(p),

[YZ]3" =pK(e).

(Here we note that there are no dimensional pa-
rameters in £.) Therefore, by choosing 24
=K (e) we can make [ G™}(p)], finite.

(B) Next, consider 8G™'4,[®]/6®,|5-,. From
Eq. (15),

FIG. 4. Subdiagrams of X (p) needing subtraction.
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6 p.qirp) €Y LY {(I’,U') /f,@\\\-}
® g&—é@-)zq

(3)

+ 4,;;;& )

(73)

FIG. 5. Diagrammatic representation for G (p, q;7p).

w’/(’[.l-)

661,
0%, ls=o
. 0 6G™!
= - Yaz E?"+1Y£58IIE<I—>; AJMGTI§ —6¢_:z q>=0.

X))

We express the Fourier transform of Eq. (17)
diagrammatically in Fig. 5.

As before, we need consider the internal sub-
tractions needed to [y, +¥,+7v;], for their only
subdiagrams containing the rightmost vertex in
each. It is easy to see that [y,], and [y,;], do not

have subdiagrams which are renormalization parts.

However, [v,], has such subdiagrams, which arise
out of a two-particle cut in the proper (¢cA,A,)
vertex on the left. These fall into three catego-
ries, shown in Fig. 6.

As before, it is clear that the internal sub-
tractions to [¥,+7v2+73]. are provided by

r=1 Y [¥1+Y2+¥3]a-,. Hence,

(Y +v, "’73)]?:“ =pud(e€).

(Here one must remember that each diagram is
proportional to p,.) Therefore,

FIG. 6. Subdiagrams of y; needing subtraction.

(GO(p,a,7, W =p,[Ey,(€)+J(e)] (18)

and can be made finite by appropriate choice of
Y (€).

(C) Consider divergences in F,[®]. We note
that for

—-iYW
Fol@]lg=0= Y EiAg

the Fourier transform is

~iYEW

F-T-{ga[q)”@:o}n:_‘ZT— [Ap“(qz)]n_ld“q,

(19)

where A,,(¢?) is the photon propagator. Since the
right-hand side must have dimensions (momen-
tum)? and since there are no dimensional quanti-
ties in the integral that it can depend on, it must
be zero in dimensional regularization.

Next, we consider the divergences in 6%,/6®,|s-,
and 62F,/06®,06®;|s-o:

85 -W[ o_ Y a0 0 ]
50, 0., Z L% 37 figg, AW, (0
8%y Wy o« a0 1
68,00, | 5oy 227 [ 280+ £ 55,55, (Au) |q,=0
(21)

We tabulate these in Fig. 7.

The constants A, B, and C are defined in each
order in perturbation to be the overall divergences
left in A, O,,, and I, (they are defined in Fig. 7),
respectively, when all subtractions are performed
on their subdiagrams which are renormalization
parts. Note that we have not yet specified how the
finite parts of A, B, and C (alternately those of
A, Oy, and II,,) are to be defined. (For clarity
we note that A, 0,,, and II,, are proper diagrams.
The distinction between 0J,, and II,, is that when
they are opened at the vertex denoted by a cross,
II,, gives rise to a 4-photon proper vertex, while
0O, gives rise to a 4-photon improper vertex.)

The subtractions needed for subdiagrams in the
shaded blobs in [A],, [O,,],, and[II,,], (see Fig.
7) are provided by the counterterms already intro-
duced in the Lagrangian up to the (z ~1)-loop ap-
proximation. Thus, apart from an overall sub-
traction these need subtractions for the renormal-
ization parts which are subdiagrams containing
the leftmost vertex denoted by a cross. We tabu-
late these subdiagrams and subtractions needed to
them in Fig. 8.

Thus, from Figs. 7 and 8, it follows that
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n—1

EB

r=

@)

which can be written in the condensed form
[A,(P)1 -B=-3C)-Ap,], is finite ;

(i) 2[0,,],-2B,g,, is finite;

n-1
-%; Cr[ uu n-r ZC

(iii) [II

SATISH D. JOGLEKAR

w(Par = 3 ZC [Ay(P)ay —A, b, is finite,

(22)

uy "_,—ZZB (Ouo]ner ZB [11,,],, is finite.

r

Adding (ii) and (iii) and writing in a condensed
form, we see that

[(2g,,+20,,+11,,)(1 =B-3C)], is finite. (23)
Now,
85, W EYW }
F.T.{—wk Q} =i Frr S am] @
and
6%3, WY
F.T.{M)kéq)l @:0}_ 557 (2g,,+20,,+11,,).
(25)

Comparing Eq. (22) with Eq. (24) and Eq. (23)
with Eq. (25), it is clear that the two derivatives
of F,[®] can be made finite simultaneously if we
choose the factors £¢YW/2Z2% and W/Z appropriate -

then we have to show that w, and y, chosen in the
n-loop approximation will satisfy

[XZTWL:U-B—%C]"’ 27
]

and hence will make 6F,/6®;| -, and 623,/ 0$,06®;|s=,
finite to the n-loop approximation.

Here we note the convention to define the finite

parts of A, and (20,,+1I,,). Once the finite parts
of Y, Wand Z have been chosen by a given set of
renormalization prescriptions in the »-loop ap-
proximation, Eq. (26) then defines the finite part
o
finite part of [A,(p)], is so defined in the »-loop

f[1-B-3C], and hence that of [20,,+1I,,],. The

. 1 1 N .
ly [i.e., equal to (1 -B-3C) and -3£A, respective- Diagram Subdiagrams _which ore Subtraction
ly.] However, since we would like (though it is not renormalization parts (the dusgedlfg::re contains
necessary) to determine the finite parts of Wand a, T e
Y by renormalization conditions on derivates of E £ i‘j} B, el
T[®] rather than of F,[®], we will state if differ- Lo
ently. Suppose we have chosen w, and y, in the . _;'+ c
7-loop (¥ <n) approximation by appropriate re- EC}Q‘ -5 [Aﬂ(c”].._,
normalization conditions. If they satisfy e
[&V} =[1-B-3C], (Osr<n-1), O ) - —
z° 1, I (qn m e
(26) o R, teln ]
2 W v . { X ~ pyvon-r
[——] =-A%W (Osr<n-1) i
£2 1, ‘_L_“:::_';
| ! e
' Expression Diagram Symbol Overall ! fﬁm —Cr[D;W]h_'
( Fourier transform ) Subtraction Li‘\_&?_'/’_ K
~ === -
- —5 - = !
ij 5; §=0 . o) A#(p)—pF Alp) Ap. % @1 —aBy[D,‘v]n»r
|
(@) Lo
'5” SQxW ” o ;{C”\%i )2[],,_y(q, ng’ aln—d‘cTisiifi‘]ugmm
D~ (I’ '3 ' ~
: -~ W —BrDI ]n_ r
x + Tuvian Cq . i I
P (r2) # (I

FIG. 7. Derivatives of J,| ®] which are renormali-
zation parts.

FIG. 8. Subtractions needed for A, (p), Oy, (g, 7),

I, (4, 7).
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approximation that the WT identity of Eq. (30) is
satisfied by the finite parts.

The higher derivatives of 3,[®] are not renor-
malization parts. The proof that they become
finite in the n-loop approximation once Eq. (26)
are satisfied proceeds similarly.

F. Proof of renormalizability

Consider the inverse photon propagator Ty, (p).
Because of the Lorentz transformation property
and the fact that there are no dimensional param-
eters in the theory, it follows that

[T (D" = (80 ® = Dub)) N (€) +0,b, N'(€).
Define I'” and T® by
Ty (P)= (8o D* = pub ) T (D) +5,0, TV (p)
(28)
then
[TOPEY =N¥e), [TPPIF=N(e).
We shall choose z, and w, such that N (e) and

N'(e), respectively, become finite. As shown
earlier, we can choose Z, such that [G™!(p)], is

finite. Then we have to show that a proper choice
of y, can be made so that the (CcA,)?, (A4, and
(A4,)* vertices become finite and the relations 27)
are satisfied.

To this end, we consider the WT identity of Eq.
(16). We consider successive derivatives of this
identity at ® =0 and equate the quantities on both
sides in the n-loop approximation.

(A) Differentiate the WT identity with respect to
%, and set ® =0. We obtain

8°T 1W[3a 1Y o 8(A;) )}

150,00, aZl* 2Z i o®,

Gpo 8 )
d=0

(29)

Writing this in momentum space, using the
Fourier transforms defined earlier [see Egs. (24)
and (28)], we obtain

o P p TV ()= - 3 [ 7 bt E577 (0]

(30)

The left-hand side of Eq. (30) is finite in the n-loop
approximation (with z, and w,.already chosen), so
that the right-hand side of (30) is finite, and

[Frramaw]| --[F] p-5y

Therefore,

e --2 (%]

n

(B) Next, differentiate the WT identity with respect to &, and &, and set $=0. We obtain

8°r 6°T
Gaodf 59,069,080, | (Gﬂ"‘) 1 50,00,

Let us define

5°r
F.T. { 09,069,069,
Then the left-hand side of Eq. (32) has the dia-
grammatic representation shown in Fig. 9.
Now, [T%),,(p,4,7)]$" must be a polynomial
linear in external momenta (p +¢+7=0) and a
Bose-symmetric Lorentz tensor. This implies

that

} =—il') ,(p,q,7). (33)

ip—1)=Lt 0L
o

51)
[2e s i . (32)

(1%, (0,4, V& =D(e)&ap?y+8&av du+EuvP o) -

(34)
As shown in Eq. (18),
[GD(p,a;7, WS =py[Eya+T()] =ale)p, .
(35)
Similarly,
[G®(p,q;7, V] =ale)p, . (36)

Hence Eq. (32), in momentum space, becomes
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D a p,v, a p,q
Fpa(gap7y+ga,,q“+g“”pa)+a._.pli_z_'/+E__JJ_PI;,2
Yw div
= [20125 [2guy+2D,“,(q,af)+IIw(q,r)]} + finite terms
n

_[ewy v E[Yw o
_[aZ"’ ) guv+5&r; > r[2gu,,+2Du,,+II“,,],,_,+f1n1teterms.

Using Eq. (26), this equals
[ EWY

div n-1
3 .
-5-2-5-:’" guﬂ*%;[I‘B‘%C]r[zguv+2muv+nuv]n—r+ finite terms.

Using Eq. (23), it equals

wy div
Faz"“’] guu—é[l—B—éc]"guv+finite terms . 37

Expressing Eq. (37) as a function of p and g, we obtain

w div
D[—(p+q)up,i+p,,qp+gwpz]_%p“(p+q)v+%pyqu= 5 P2 {[72!} - [I—B—%C],,} &yuy+ finite terms.

r

Comparing coefficients of p,q, and g,,p?, we obtain this is trivially true if we choose z,=Z,=w,=y,= 1.
a Hence the proof by induction is complete.
== finite terms We shall present the results of the one-loop cal-

culation in Sec. III.

£ (Twyqdv N .
== 1-B-3C], ; + finite terms .
o n ) III. RESULTS OF ONE-LOOP CALCULATION
(38) In this section we state the results of the one-loop
But, from Eq. (18), a= £y, (¢) +K, (¢) can be made calculation to verify the relation between diver-
’ . ’ - n n

s -1
finite with the appropriate choice of y,(¢). Then gences [See Eq. (27)] in G™'o[®], I[®], and . [2].

D(e) becomes finite and
A. The inverse photon propagator

1—B_1iCldv = YW 39 The diagrams of Fig. 10 contribute to the inverse
[ 2C1" =27 . (39) . o
z* 1, photon propagator in the one-loop approximation.

As remarked earlier, finite part of (1-B - %C) We use dimensional regularization to compute

will be defined such that
Y W]
n

(q,u)
-;-— —@ — = X~

[1—B—%C],,=[ (40) Pa

Zz (rs)
(C) We shall consider, finally, the WT identity
differentiated thrice with respect to ®,, ®,, and
&, and we shall set & =0. With choices of re-
normalization constants in the »n-loop approxima-
tion already made, all vertices entering the equa-
tion are made finite except (possibly) the (A“)"
vertex. From this equation it follows trivially
that the (Au)4 vertex is also finite. Thus all re-

normalization parts of I'|®] are shown to become
finite. + _'@_“T“%“X"‘M
(

+ *p-@—— — @ — S~~~y

fa ( ry )

(q,p)

(q,.)
Thus we have shown that if renormalization con- ta

stants are chosen up to the (z—1)-loop approxima-
tion such that I{®], G~',s[®], and &,[®] are finite
in the limit € - 0 in the loop approximation, then
renormalization constants z,, Z,, w,, and y, can
be chosen to make IT®], G '45[®], and F,[®]
finite up to the n-loop approximation. For n=1, FIG. 9. Left-hand side of Eq. (32).

nv)

(~2&~~ = inverse photon propagator )
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-~

Ve N
(p,p) (py) ) ¢ \ (pw)
F
\\(’ S/
(a) (b)
(pp) (pw.
(c) (d)

FIG. 10. One-loop diagrams for the inverse photon
propagator.

these and state the divergences in units of

-1 d*q 7 2
I [[ ] = -. 41
@nr L) ¢ 1, T@ry e (@1
Let m(a) denote the diagram of Fig. 10(a) eval-
uated with the usual Feynman rules; let Div{m(a)}

denote the terms in m(a) which have a pole in €.
We find

1£2(20% - 3 +3
Diﬁﬁl(él)%%lmm
_igzl[%(guvpz '—pupu) _%guupzl ’
Dlv{m(b)}z 151[§(guup2 "pupv) —%guupz] ’
m(c)=m(d)=0.
Therefore,

FE2(90° —
Div{irpu(p)}zzg(aTzsaji)lpppu . (42)

If we write Z=1+z, W=1+w, etec. to the one-
loop approximation, the counterterm is

_iz(gpupz_pupy)_al'(w_z)pupy' (43)

Hence, we find that the following choices will make
the renormalized inverse propagator finite:

Div{z} =0, Div{w}:—z% (2% -3a+3)]. (44)

Here we see that the transverse part is unrenor-
malized to the one-loop approximation, while the
longitudinal part is renormalized.

B. The inverse ghost propagator

The diagrams of Fig. 11 contribute to the in-
verse ghost propagator. We find

Div{m(a)}= —-4i£%@3 - a)/p?, m(b)=0. (45)

(a) (b)

FIG. 11. One-loop diagrams for the inverse ghost
propagator.

If we write Z=1+z, the divergence in the inverse
ghost propagator will be canceled by the counter-
term —ip%z if we choose

Div{z}=-5(3- ). (46)

C. The ghost-ghost-photon (¢cA4,) vertex

The diagrams of Fig. 12 contribute to the proper
vertex. It is found that

Div{m(a)}=3£Ipa,
Div{m(b)}= - 5£'Ipa .
Thus,
Div{m(a)+m(®)} =1(3- a)&Ip. (47)
The counterterm is y£p,. Hence we choose
Div{y}=-3(B- ). (48)

Thus far, we have determined the divergent
parts of the renormalization constants. Now we
shall verify the relations between divergent parts
of Ay, Oy, I, T, and T, .

D. A,(p)

The diagram for A,(p) is shown in Fig. 7. Itis
found that

Div{A}=g—§(a2—a+2)l. (49)

Then from Egs. (49), (46), and (44) we easily
verify the second of Egs. (27), viz.,

Div{A}:—%Div{w—Z}. (50)

(r,a)

(r,a)

i Sl it e > —> ) =
pir P w (Par)
(a)
(b)

FIG. 12. One-loop diagrams for the ghost-ghost-
photon vertex.
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v

“;“ /

and two more

« and five more permutations
permutations

(a) (b)

Iad v
5{‘1 ”
v
\ /
a B

and two more and five more permutations

permutations
(c) (d)

FIG. 13. One-loop diagrams for the (4 “)4 vertex.

E. O,,(q,7) and II,,,(q,7)

These are defined in Fig. 7. Here, we obtain

Div{p}-31ra) 52;3; @,
3 2 2 (51)
Div{C}= % I.

Therefore, we can verify the first of Eqs. (27),
viz.,

-Div{B+3C}=Div{y+w-23} . (52)
F. The 4-photon vertex

The diagrams of Fig. 13 contribute to the 4-
photon vertex I‘(ééu »+ The results are

. 5i*
DlV{m(a)}=—4—§- IA, yap

-2i*(a+2
DiV{m(b)}= ga(za ) IAuuotB:
. —i£*(17 + 20 + 50
Div{m(e)} - =T Re00) 1y,

. -t
DlV{m(d)} = 4— IAuvocB s

where
Apyc(B:gpvgae+gp¢xgvﬂ+guﬂgua- (53)

(o) (P} \L(q)
(qv)
(r,o) (r,o)
and
two more permutations
(a) (b)
ﬁm) (a) 5{:#’ /‘q.n
/ \ /// - \
v }T { \1
C Y
N // N7
é(f,v) Eﬁ (r,o)
(c) (d)

FIG. 14. One-loop diagrams for the (4 ) vertex.

Hence, we can verify that the counterterm
[-i(2y+w—22)(£*/a) A, 0] cancels the diver-
gence in the 4-point vertex.

G. 3-photon proper vertex

The diagrams of Fig. 14 contribute to the three-
photon proper vertex. The results are

. £/3
Div{m(a)}= -;5<Z+ a)IFWO,

3
Div{m(b)}:%(%-%+gaz>1pr, (54)

3
Div{m(c)+m(d)}= “'i—IFuuo s
where

Fuuo =ppgvo + 986tV 68y -

Then it is easy to verify that the total divergence
in the (A4,)® vertex is canceled by the counterterm

-3E(y+w-2)F,,,.

IV. THE S MATRIX

In this section, we shall show that the renor-
malized three- and four -photon S-matrix elements
vanish.

First let us note that the polarization vector
€,(p) of a physical photon (p?=0) of momentum p
satisfies p-e=0. (e,(p)=(p|A4,(0)|0). With the
linear gauge condition 3, A" =0 it immediately fol-
lows that p+€=0. In our case the gauge condition

FulA] =f.ll(auA“ ~1£A,AM)=0
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means that matrix elements of f,[A] between phys-
ical states vanish: (p|f,[A]|0)=0. This trans-
lates into €*[p,~aA,(p)] =0, where a is some con-
stant Since A, (p)=p,A(p), it follows that p-e=0.)
It is easy to see that the three-photon amplitude
vanishes on the mass shell. Three photons of mo-
menta p, g, and 7(with p + g+7 =0) can be on the
mass shell only when p = ag=p7 for some « and 8.
Thus there is only one independent 4 -vector. Any
tensor with three Lorentz indices constructed out

1w 6Z Y 0Z oZ
Gsa[J]B?J.-=;'Z=[8?‘GT-ﬁE?§<
1

of it vanishes when dotted with polarization vec-
tors.

Finally, we wish to show that the 4-photon am-
plitude vanishes on the mass shell. Since the am-
plitude is a truncated Green’s function, it is easier
to use the WT identity for Z[J], the generating
functional of the connected Green’s functions. Re-
ferring back to Eq. (16), we can write the WT
identity for Z”) [J")] in terms of renormalized
quantities, dropping the superscript (7):

- . 55
6J; 0d;  0d;0J, >] (55)

Differentiating with respect to J,, J,, and J,, and setting J =0, we obtain

6%G
gg-f—é—f;—afﬂtwo permutations of k,l,m)—-l- W e
R m
LWy o 9z 8z
T T @222 54\ 8J,6J,6J, 0d,;6d,,

We show the Fourier transform of Eq. (56) in Fig.
15. (A shaded box stands for a connected trun-
cated Green’s function.)

The first term (and its permutations) does not
contribute when dotted with polarization vectors
since it is proportional to s,(4y,7,). The first
term on the right-hand side does not contribute
because it does not have a pole at p?=0. One can
verify that (at least) in the one-loop calculation the
last term does not have a pole at p?=0 that would
contribute with on-mass-shell photons. Therefore,
from Eq. (56) it follows that

lim  p%*rs*e!(q)e’(r)eM (s G¥) 0 (p,4,7, )

2,42 ,72 5250

=p*TE) 5 €4(q)e’(r)e(s)=0. (57)

Here G%LVX(P,Q,V, s) is a connected 4-photon
Green’s function.

Equation (57) is just the statement of gauge in-
variance of the 7 matrix under an arbitrary gauge
transformation A, (x)~A,(x) - (1/e)s,w(x). Since
an w(x) exists which can change f[ a, &, A(x)] to
fla, £+dg,A(x)], it follows, in particular, that

%[T%Lm(hqm s)e¥(p)et (q)e"(r)eM(s)] =0.

(58)

Since we know that 7%),, =0 at £=0, Eq. (58) tells
us that

TE (D, 4,7, 5)e%(p)e! (q)e” (1) (s)=0  (59)

for any &.

+permutations ) +

5 6z
@ Z *6d;6d,06d,06d,

1aYw 8°Z
@ 227 S 57,69,00,67, 67, © (66

V. RENORMALIZATION OF SPINOR ELECTRODYNAMICS

In this section we shall consider a Dirac field
(electron) interacting with the electromagnetic
field quantized with the same gauge condition
[of Eq. (3)]. We shall show that we can remove
the divergences in all the proper vertices by mul-
tiplicative renormalizations on the electron field
and electric charge e, in addition to the renormal-
izations done in Sec. II, and by choosing a mass
counterterm 6m. We shall be brief.

A. Preliminary

The Lagrangian (in terms of unrenormalized
fields and parameters) is

Sx
9p- AB->— --@p- —X~ + 2 permutations
(quu)  (rp)
_W_ P
@z p % % (s,\)
(quu) (ry)
(s\)
)
= — .QN_\L { {rw + permufutions}
20%2 o
(q,p)
(q ,[J.)
+ iEYW N - (r,v)
2qaZ2 P
(s,\)

FIG. 15. Diagrammatic representation for Eq. (56).
A shaded box stands for connected truncated Green’s
functions.
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LY, 9,A,)=5F, , F*"' + (i —ed-m)y . (60)

£ is invariant under the local gauge transforma-
tions

4,60=A,6)- Ta,00);

)= e y(x) (61)
Jx)~ e @ P(x) .
We note that Myp[A] of Eq. (5) is still unchanged
and hence Lo [¥,¥;4,;¢,¢] is given by
Lo [¥,034,5¢,C1=L[9, 8, A,]+ & guge +ToMupCs.
(62)

We note that there are no basic ghost-electron
vertices.

The generating functional of the Green’s func-
tions is now constructed by introducing sources
(corresponding to fermion fields) 1, and 7jz. They
anticommute among themselves and with the elec-
tron field. We have

W/, n,7)= f [dAd¢ddcde)
Xexpli(Ler[¥,P;4;¢,¢]
+J,;A; +$ini+’r_’i¢i)} . (63)

JOGLEKAR 10

We define fields ¥ and y, the expectation values
of electron fields ¥ and ¢, by
oZ 5z

Xa == 5275 XB= 5= 575

3. (64)

We also define

Z[J)ﬁy 77]= ~1 an[J,ﬂ; T_)] .

We define the generating functional of proper ver-
tices by

e, % x =21, 0,7 =X =Tixi =% . (65)

The inverse propagator for the electron field in
the presence of external sources is

5°T
-1 _
¥ oy 0% (66)
while the propagator s;; is given by
5°Z -
sijz—éﬁ-én =-S5 - (67)
i J

B. WT identities

Let us obtain the WT identity for W{J,n,7].
Following the procedure of Ref. 2 and noting the
transformation properties of fields [Eq. (61)], we
obtain the following identity:

1 15 _ 5 o I ) 16 15 _
{":E'fa[i GJ}’*'I:Jia +Z€§u<m 57]1 +ﬂ;6n >}M Ba[i é_j_i':"i on ’ i on J} WF[J,TI,W]—O

[where &f;=8%xg —x;)6%(xs — x;)5;;].
Going through steps analogous to those of Sec. I B, we obtain
or or . 9 or
_—fa[é +1A£j| 1+{6<I> a%g?{a (xjusjké—ik—) 5%, < X;+15;, 3 ) }Gﬂa[é X, x]=0. (68)
i

Thus, the WT identity for the generating functional of proper vertices I'[®,¥, x] is

or or  _ or . oGt
[5115 5%, o} + §?J<xja—xja>5ns+w£’§j<sm _&ZQG

C. Renormalization transformations
In addition to the renormalization transforma-
tions defined in Sec. IID, we define the following
renormalizations on the fields x, X and on the elec-
tric charge e:

X=le/2 X(r) , —)Z=Zx1/2¥(r) ,
e :e(T)XZX-lz—l/Z ,
and
GaB[q)’ X X5 @ ‘E;e]
=Z'G%7‘B)[q)(r), X(r)’-)z(r); a(r), g(r),e(r)],

or _ oGt or —
—_ 2 & =
6X Sik X, Gge 57 >] Gnot[q” X X]

1 o o .
=% [0§®; - 2£5(®,@;+iA;;)] . (69)

l—'[CI), XX, §,6]=F(T)[<I>(7), x(r),y(r); a(r)’ 5(7),6(7)] .

In the following we shall express everything in
terms of renormalized quantities and drop the
superscript (7).

The WT identity of Eq. (69) becomes

5“7—@'9";8 iA?C_?

FIG. 16. Diagrammatic representation for X ,;[®,x ,x .
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o

FIG. 17. Diagrammatic representation for 65,/
6—)21'6)(]1{,: X=%X=0"

6" eX or or
f— =B —_ Yy, =
[67758i Oq), + ZX gi] <X, 6X; XJ 6Yt >6ﬂ5
X (= o&r or 1
-ZX <Kni 5?,- _KTH OXi >] Gnot == o ﬁa s (70)
where

= _ B =
Ky =+1ely; Sy,

0G ™y
0Xe Goe»

-1

G
52-’2 GB§ ’ (71)

.8 6
Kpi=1teLy; Sjy

w Y ,
Fy =+ A l:a?‘tb,- -3% £5y(D®; +2A,-,)]

A diagrammatic representation for K,; is shown
in Fig. 16.

D. Analysis of divergences in G™* [®,x.X],
F, [®.x.X] and Ky [®,x.X],
1. G [@xX]

Referring back to the discussion of Sec. IIE (A)
(see Figs. 3 and 4), we need only worry about the
internal subtractions for renormalization parts
containing the rightmost vertex in Fig. 3. In intro-
ducing the fermion fields we do not introduce any
such additional renormalization parts, since any
diagram with two ghost lines and two or more
fermion lines has a superficial degree of diver-
gence, D <-1. Thus the discussion of Secs.

IIE (A) and I E (B) goes through.

2. §, [P.x.X]

Here, too, we do not introduce any new renor -
malization parts in derivatives of F,[®, x, x| which
contain the leftmost vertex denoted by a cross.
(See Figs. 7 and 8.) Here, too, any subdiagram
containing this vertex and two or more fermion
lines has D < - 1. Hence, the discussion of Sec.
IIE (C) goes through unchanged. A similar dis-
cussion, as applied to 62,/ 0X;0x; |o=x=x=0 (Which
is represented by Fig. 17) shows that it becomes
finite to the n-loop approximation once the appro-

FIG. 18. Diagrammatic representation for [6K ni/
5Xm] B=x=x=0"

priate choices of renormalization constants up to
the (n-1)-loop approximation have been made ac-
cording to Eq. (26).

3. K [@.x.X]

We shall show that K,; and K—m become finite to
the n-loop approximation once the proper vertices
to the (z- 1)-loop approximation have been made
finite. It is clear that the lowest derivative of K,;
which is nonzero at ¢ =x=x=0is 6K,; /6, | o-x=x-0,
since K[ ¢ =0=x=%]=0. The first derivative is
shown in Fig. 18.

The blobs in Fig. 18 are made finite by renor-
malization counterterms introduced up to the
(n—1)-loop approximation, and the diagram needs
subtractions for renormalization parts containing
the rightmost vertex. But there are no such renor -
malization parts. A suspected renormalization
part shown in Fig. 19 is not a renormalization
part because the leftmost vertex on the ghost line
within this subdiagram must be a CcA, vertex and
it contains a factor of external momentum ¢, (ex-
ternal to this subdiagram). Thus this subdiagram
has D=-1. Furthermore, 8K,;/0x;|g=x=x-0 i8
itself not a renormalization part (D= -1) and hence
it becomes finite in the n-loop approximation once
the counterterms are chosen up to the (n-1)-loop
approximation. A similar discussion goes through
for higher derivatives of K,,; andalso for K,;[ &, X, X]-

E. Proof of renormalizability

Here we shall deal only with the new renormali-
zation part, the A, vertex. The discussion for
the remaining renormalization parts proceeds
parallel to the discussion in Sec. II F and will not
be repeated here.

We assume that renormalization constants and a
mass counterterm have been chosen up to the
(n—1)-loop approximation making all the proper
vertices finite up to the (z- 1)-loop approximation.
We assume that the proper choice of z,, w,, Z,,
(24)n, and (6m), has been made making the photon,
ghost, and electron propagators finite to the n-loop
approximation. We shall show that it is possible to
make the ccA, vertex finite with appropriate
choices of x, and that we may choose x,=(zy), if
we have chosen x, =(zy), (0 <7 sn-1), yielding the
usual Ward identity.

FIG. 19. A suspected renormalization part of diagram
in Fig. 18.
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Differentiate the WT identity of Eq. (70) with respect to x,, and ¥, and set  =y=%=0. We get

o°r X ( 5°T 8T X 8K,; O 0K,; O°T
B 8 B ni i o
9 ——————Gpg—€ 5 | Cim — + & __)G -—G < — — ut — >=—— =,
Fo®0Xn0Xn 2y 0Xa0X1 OXmOXs /2% Zyx "\ OXn OXeOXi  OXm OXnO0Ki) @ OXmOXn
(72)
Equating the n-loop divergence on both sides, we obtain that
63I'\ 1div X div
Bl e — = B g-1  _¢B g-1 is fini
g [éq)ic)(mé—)zn ) [Gaalo + e[zx l [+&imS™ i = Ch S milol Gaalo 1 finite (73)
since u?, and A.
oK - div r o2 : div (ii) However, if we choose the gauge function
{——:’l J =0= | =~ } , etc. f'=(1/Na)(e,A* - 3£A® ~ 3n¢* $) and renormalize
BXm d=0=X=X Jn 6Xmé)(n $=0=X=X Jn

It is clear from Eq. (73) that if we choose x,
such that
X} we
= is finite (74)
|:ZX n
we will have
53:[\ j| div
—_— finite.
[5¢i6Xm5Xn n

Further, if we have chosen x, = (), (0<7<n-1),
then Eq. (74) gives

Div{x,}=Div{(z),}

and we may choose the finite part of x, such that
Xp= (Zx)n'

VI. A COMPLEX SCALAR FIELD INTERACTING
WITH AN ELECTROMAGNETIC FIELD

In this section we shall discuss the renormaliza-
tion of a complex scalar field interacting with an

electromagnetic field when the gauge condition
chosen is bilinear. We shall consider only the un-
broken version of the theory (u?.,>0).

The Lagrangian in terms of unrenormalized
fields is

£=|(,-ieA)p* - u*p* ¢ +IN(P*P) - 15, FV .
(75)

£ is invariant under the electromagnetic gauge
transformation

4,0~ 4,(0) - 22,009

dx)~e U p(x), P*(x)~e'® pr(x).

We shall show the following:

(i) With a simple counterexample, if we choose
the previous gauge function f[A]=(1/Va )@,A" - 3£4%)
it is not possible to make proper vertices finite by
renormalization on fields and parameters &, e, a,

parameter 7 independently, all the proper vertices
can be made finite.

A. The gaugeé function f=(1A/a }(uA¥-$£4?)

Since this discussion is similar to that in Sec. V,
we shall be brief.

Let us introduce two sources K, (@=1 or 2; x,)
corresponding to fields ¢, [ ¢, = d*(x), ¢,= o).
The generating functional of the Green’s functions
is given by

W[J’K}= f[dA,d(l)adC‘dE] exP{i ("Beff[Ai’ ¢a, c, E]

+JiAi +Ka ¢a)} ’

0, K] = ~inW[J K]. (76)

As before, we define expectation values ¥, for
field ¢, in presence of external sources by

_%24J,K]
Vo=

We note that under an infinitesimal gauge trans-
formation

1 . B
Ai"Ai"zain; Do~ o+ i8ap Pb ws

[ggbz Bq(xa —xb)é‘l(xa_xa);ab 5 gu == §22 =1 ’

5122521:0] . (1)

Following the derivation of the WT identity, we
obtain the following WT identity for IT®,¥]:
or . 6G™! 6T
GBa[a? Fé:' _eggc<‘l/c660 =P Gy _ﬁﬁ > 8‘11_4- ]
1 .
= 'a[af‘bi - 3E0(®,@,+ia,;)] (78)
(where P,,=-5°Z/0K 0K, =propagator of ¢ field).
To exhibit the difficulty, let us consider Eq.
(78) up to the one-loop approximation. Since
there are no basic (Cc¢) vertices, the term
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1P, Gy (6G™ 5/ 0%,)L5, contains at least two loops
and hence will be dropped in this consideration.
Introduce the renormalization transformation
identical to those of Sec. II D; in addition to the
renormalization of e and the scalar field,

V=27, | e=e XZ,7'Z7V2 . (79)

Then expressing Eq. (78) to the one-loop approxi-
mation [in terms of renormalized quantities, drop-
ping superscript ()], we obtain

g ol X or
Gﬂ"<a‘ %, ‘7z, v 0¥y

Let us write Z=1+2, W=1+w, etc.

Suppose we have chosen z, w, 6u® z,, and Z to
make the photon, scalar, and ghost propagators
finite to the one-loop approximation. Then we
shall show that charge renormalization alone can-
not remove the divergence in the (p*¢A ) vertex.
Essentially, this happens because the (¢*¢A )
vertex in the one-loop approximation has a diver-
gence proportional to the photon momentum in
addition to the divergence of the form of the bare
vertex.

Differentiating Eq. (80) with respect to ¥, and ¥,
and setting & =0=¥ (the vacuum expectation val-

1w .
“Ta ZT[B?‘I’:‘ -57 5?‘;(«1>i4>,+zAij)] . (80) ues), we obtain
J
5°r 82T i oAy,
GBot i 5%, 00,00, e(x—zw)Gsa<§aa 5%, 00, +85, 7 6\1/,,) 2a< >§,, 50, 6\11 . (81)

Let us choose a=1, e=2 in Eq. (81).

Remembering that the propagators are made finite to the one-loop approximation, we may equate the
divergence on both sides of Eq. (81) in that approximation:

5°r

Let us define

3
F.T.{ or

N S QU VP
6@;6\1145%} i3, 7).

Then
[T9(p;q,7]8 =(g+7),b(e) +(g-7),c(e),

qz_uza

on{oi o
' 2

FT{G }

1

FZ;

{g _._é_L_.}div EZ(G)
5,60 :

Then Eq. (82) becomes

F.T. {Gsa}o =

(r"-q*)

be)+ L2 (€)—elr =2,) s

g2

1 .
—é—&—E(e)+f1mte terms. (83)

Thus, we can make c(€) finite by choosing x =z,
+finite terms. Also,

b(e)= ﬁ_}; = (€) +finite terms.

[ Ggal 3§[———]dw —e(x —2,)[ Gpalo| £ ¢r
Bedo% | 56 ,6%,09, |, v bedo| Sda 5y 5y,

+(a e)] "J—{E"‘ oy 1 finite t
72 i 50w, |, +finite terms.

(82)

An explicit calculation of Z(e) shows that it is
divergent. Hence, it follows that the ¢*@A, ver-
tex will necessarily contain divergence. [We show
the graphs contributing to Z(¢) in Fig. 20.]

We may express this in another way. We saw in
Eq. (83) that a derivative of F,[®,¥], viz.,

5°F,
5‘Ilcté‘I,e ®=0, ¥=0

contained (nonrenormalizable) divergence, and by
virtue of WT identity there must be divergence in
its left-hand side which must come from a proper
vertex. The reason why F,[®, ¥] cannot be made
finite, as against the previous two cases, is that
the derivatives of &,[®,¥] at & =¥ =0 need addi-
tional internal subtractions (in addition to those
shown in Fig. 8; see Sec. IIE). For example, we
may consider A,(p) defined in Fig. 7. The addi-
tional subtractions needed are shown in Figs.
21(a) and 21(b). Clearly these subtractions cannot
be expressed as
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FIG. 20. Diagrammatic representation of Z.

(divergent constant) XA, (p),

unlike the subtractions in Fig. 8. These are rather
generated out of derivatives of a loop consisting of
a scalar propagator. See Fig. 21(c). This sug-
gests that we modify the gauge functional to f’
=(1/f&)(3“A“ —3£A%-in¢*p). Then we may be able
to make

) R}
fa[d>+zAg$,\I/+zP6\IlJ 1

finite.
B. The gauge condition f'=(1A/a )(duA#-% 42 -$n¢*0)
Let us choose the gauge functional
Sl A, B= 7 (5 A, = 35 AL A = In%0,60).

(84)
In this section, we shall use Hermitian fields

_pror oot
2 7 T 2i

¢, ¢

[SO that 77:(»: 64(Xa _xa)64(xa _xb) Nabs 7711 =Nge = 15
N12=72,=0].

Since the last term is gauge-invariant, Mg of
Eq. (5) is unchanged, i.e., the ghost Feynman

(c)
FIG. 21. Additional subtractions needed for Ay (P).
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rules are unchanged. The Feynman rules for
d*pA,, (p*¢), and (¢*pA®) vertices are changed.
G™![®,¥] is still given by the same formal ex-
pression of Eq. (14). The new WT identity of
I{®,¥] is

or 686G~ or
8 .
Gﬁa[aim —€§20<505\Pc -iP,, GOE__G?:L> o, j]

_ 1, .0 . 6]
——afa[<1>+m6¢ R \DHPB\I/ 1

R |m

(070, = 2£55(D B +1A,;) — 35 (¥, ¥, +iPy, )]

(€1p= =85 =1, £,,=8,=0). (85)

We define renormalized fields, parameters, and
renormalization constants by

¥,=2,"2), n=n"v,

(86)
e =e(’)XZw ~ly-1/2 . N~2: uaz(r)_'_auaz ,

in addition to those defined in Sec. II D.
Expressing the WT identity in terms of renor-

malized quantities [and dropping the suffix (v)],
we have

or X Gt or
B .
Gsa[a.- 5,07 L (éos\ve =P, Gy, 2t ) - ]

1 ’
=-5 Fle,¥], @7

where

w Y )
Fo[®,¥]= 7 [af‘«bi -37 £55(2,®; +iAy,)

AV (T, +z'P,,c>] . (@8
We define
r2-e 5 (=it P G o ) (89)
z, oF,
Then the WT identity reads
s O 6_51] .
Gaa| o 53 +Ligg. |-~ 3 ol2, 9], (90a)

[af? L e ] == (% Fal®,¥] G 5. (90Db)
i

The second term in L2 [Eq. (89)] is identical in
form to K[ ®, x, X] of Sec. VC and has the same
diagrammatic representation (see Fig. 16).

We shall see that, like the general linear gauge
(discussed in Ref. 2), the scalar field develops a
vacuum expectation value even though w ,,%2>0.

Consider the WT identity of Eq. (90a) for &,;=0,
¥,=u,, where u, are real constants. Let v, be
the vacuum expectation value of ¢,. In a vacuum,
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or

6T
0¥, 0

vac ’ Gq)l

=0. (91)

1]

Here the meaning of 6I'/8®;],,. =0 should be care-
fully noted. For & =0 and ¥,=u,, 6I'/6®; has, in
momentum space, the form

or
F'T'{M)i

} = p TP, (41

$=0, Vy=uy

and thus it is zero for any u#,. However, it is not
true that J(p?, (u,® +u,%)""?)|,_, is zero for any u,.
In vacuum, J(p?, (v,2+v,%)'"?)=0, so that

or
F.T.{ Ggo 8 =
{ Ba 9 6%, } =0, ¥,=v,
1
~ ;z‘f’p P“ J(pzy ('012 + vzz)”z)lp»o

=J(P?, (0,2 +0,°)"®) | 50
is zero too. Hence from Eq. (90a) we obtain that
v, satisfies

F[®=0,¥,=0,]=0. (92)
v, is, in general, nonzero and e-dependent (i.e.,

infinite in the limit € - 0). v,’s are to be deter-
mined from solutions of

or
6\1/,, Yg=vg, =0

We, then, define the shifted fields ¥/ by

=0. (93)

V,=v,+¥,

and make this substitution in the effective action.
The proper vertices of the theory are obtained by
expanding I'[®;,¥,] around &; =0, ¥,=0.

We note that as a result of the substitution
¥,=¥;+v, in the effective Lagrangian, there are
new vertices (¢p’'A,, ¢’A% ¢'%, ¢’) created in
higher orders. All these vertices have dimensions
three or lower.

We note that the presence of these vertices does
not create any new renormalization subdiagrams
in G™[®,¥’], L[®,¥'], and F[&,¥'] of the kind
that would need further internal subtractions (i.e.,
subtractions not taken care of by renormalization
counterterms—see Secs. IIE and VD). This fol-
lows because, as mentioned earlier, such renor-
malization parts have D =0 at most, and the inclu-
sion of any of the new vertices lowers D by one.

The presence of these vertices creates new re-
normalization parts in derivatives of I'[®,¥’] and
F4[®,¥']; they are

6°T 6°T 6°T 85,
60,0¥, ’ 0U,00,09, * OV 00,00, OV,

We need to show that these become finite with the
others.

625,
6@, 0%,

$=0= Vg
and

GG —IQB
0%,

®=0= ¥,

are not renormalization parts.

Taking these facts into account, we can carry
out an analysis of divergences in G™!,5[®, ¥]],
L;[®,¥.], and F;[ &, ¥,] analogous to that in Secs.
IIE and VD. In the discussion for $[®,¥’], we
only need to remember the need for additional
subtractions, which are shown in Fig. 21. Quali-
tatively the result is the same, namely, with ap-
propriate choices of W, Y, and V in each loop ap-
proximation, 834/6®;|s=q-v;, 6°Fs/OU¥]|g0-yy,
and higher derivatives of F; can be made finite.
6°Fo/ 6% ;0% | o= -y, also becomes finite, since it is
not a renormalization part. This, however, does
not apply to 6F;/0%;|-q-ys. Also, derivatives of
L;[@,¥'] become finite in the n-loop approxima -
tion once the counterterms up to the (n-1)-loop
approximation are chosen to make I'T®, ¥’] and
G[®,¥’] finite. LJ[®=0=¥.] may contain diver-
gence, which in momentum space is independent
of external momentum.

To prove renormalizability, let us assume that
the counterterms chosen up to the (z—1)-loop ap-
proximation and the choice of v up to the (n-1)-
loop approximation make derivatives of I, v,
G lap[®, %], LI[®,¥,], and F4[ @, ¥,] around
®=¥,=0 finite. Then we have to show that we can
choose the counterterms to the z-loop approxima-
tion (and determine v to the n-loop approximation)
which will make the derivatives of I[®, ¥/],
Gl @, %], LI[®,¥,], and [, ¥.] finite in
the n-loop approximation.

Let us choose z(,), 2, so as to make the trans-
verse part of the photon propagator and the ghost
propagator finite in the n-loop approximation. Let
us further choose divergent parts of wy,, ¥, and
V) 80 as to make 83/ 6@, |g=0-v;, 6°Fa/0% ;69| 5-0-v,
and BZEFO’(/O\IIQG‘I/,;]@:(,:% finite in the n-loop approxi-
mation.

Differentiate Eq. (90b) with respect to ¥} and
set ®,=0=V¥/:

5%r s 6 1 85,

B -2
% 58,00; "L suon; " "o O o® by -

(94)

In momentum space, the right-hand side and the
first term on the left-hand side are proportional
to p%. Since 6°I'/6¥.6¥, does not have a zero in
p® (for any a and b) it follows that LE(p?) (for
a=1,2) and in particular [ L% p?)]8" are propor-
tional to p® [This can be seen more easily if one
performs a global U(1) transformation on ¢,, ¢,
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such that only one of them has a vacuum expecta-
tion value of (v, +v,2)*/2] But since [ LY(p?)]3"
must be a constant independent of 2, it must be
finite.

Differentiate Eq. (90b) with respect to ¢, and
set #=0=¥/; then

B 62r
150,00,

2 ’
+r8 2L L85 G (95)

° 50108, a 0d,

We equate the n-loop divergence on both sides of
Eq. (95) in momentum space; noting that

2
[ 02T ]:0’
0w,6@, |

[G'sgl, is finite,

5&;} e
[5‘1’1‘ . is finite ,

we obtain that
PMIT (P is finite.
Hence the longitudinal part of the photon propagator

is also finite. Further, since L2(p?) and G™Y(p?)
are proportional to p*, we find, from Eq. (95),

Ty <%, -

Hence, the photon mass is zero.

Henceforth, let us use a compact notation for
derivatives of I", G, L, and J4, for convenience.
The letters a,b,c,... will be used for the scalar
fields; the letters 7,7,... will be used for the pho-
ton field. Thus

o°r « _OLg
00, 0% |g=0-y; = ©7 0@, |pm0-yy’

Differentiate the WT identity of Eq. (90b) with
respect to ¥; and ¢; and set ¥'=0=%:
9T iy + LETap; + LG ;T oy + LG, Ty

- 1_, 1 _ 1
=-G lasaga,bj“_ o/z,bG 1018,1'_&

Ty= ete.

-1
go’t,j G oB, b

(96)

Now, LEJ, LE,, S44;, and G 144, are not renor-
malizationpartsand| L2],=[LE ;1o =[ % s]o=[Ts]0=0.

J

Hence, equating the n-loop divergence on both
sides of Eq. (96), we get

Qim

[Tyl + [LaB,b]o [Tyl == =[ woln” [G7 s, 4l0-
(97)
We define
F.T.{Ty;,} = ‘irﬁu(P,‘I,V) s
F.T.{T,;} =7, T9 ().
Then, using [L2,],=et.,, Eq. (97) yields
g

PHITLD, 4, MR +etayry [TU0)R" = = 2 [ 157

(98)
Since
[Th(p,q,7)]2" =g,, X (divergent constant),
it follows from Eq. (98) that
[Th.(p,a,7)]5" is finite
and

4 1 .
el [T ()9 = - 5 £[ 4 ,]% + finite terms, (99)

while Eq. (94) gives

. 1 )
P TP0)) 9 = > [ T4 Y #2 +finite terms.
(100)
Equations (99) and (100) imply that
[T°0)]& is finite ,
(101)

[F45 19" is finite.
Differentiate Eq. (90b) with respect to ¥}, ¥/ and
set d=0=V':
a?rbci + Ls Fabc + Ls,b Fac + Lae,c Fab

1 1 1
- il -1 —n-1 Is il -1
- o G aB EFolt,bc - CYG aBb :Fo,t,c - a olt,bG aB,c *

(102)

Equating the n-loop divergence on both sides of
Eq. (102), we find that

8? [Fbci]?,w +e§ab[rac]?:w +e§ac[rab]gw +e [Z_ :| {gab[rac]o+ §ac[]:‘ab]o} is finite. (103)
1 n

Choose b=1, ¢=2{g,,==&,,=1]. Inthis case, we express Eq. (103) in momentum space using

LY (p;q,7)=F.T. AT}t =+i[A(g+7), +B(g-7),],

F.T AT Y =72(co+2ym) + Dz = 612 (,)
F.T AT, Y =4¢%(c, +2ym) + (D, = 0u%y),
F.T.ATq, o= (4% - u?),
F.T.{Ty}o=72-u?.
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Then we obtain that

A(q+7rP +B(q*=r¥) +e[q%(c, +2ym) =72 (Ca+ 2ym)] +e[

Hence, it follows that .

A is finite ,
D, =D, + finite terms, (105)
C,=C,+ finite terms. (106)

From Eqgs. (105) and (106), it follows that a
mass renormalization term and a wave-function
renormalization term of the forms — du2,(¢,% + ¢,%)
and +2y,) 0, ¢,8" ¢, +93,$,8"¢,), respectively, will
remove divergences in the propagators for ¢; and
¢; fields with the choices

du%m=D, + finite terms ,
¢,= -2, + finite terms.

Once this is done, Eq. (104) yields
B=e¢|X/Z,], + finite terms .

Hence the choice of x, such that [X/Z,], is finite
will make [T'”(p,q,7)], finite. In particular, if
we have chosen x, =zy,) (0 <7 <n -1), then we may
choose x,=2zyy).

Now, choose b=c=1in Eq. (103). We write

(Tr(p,a,7S" =E(q+7),+F(q-7),,
F.T.[T,]% =v*G+H[a=2, c=1], etc.
Then, we obtain
E(g+r¥ +F(q?-7*)=eG(? + q®) +2He
+ finite terms.

Therefore, it is clear that E, F, G, and H are
finite.

Z—)ﬂ (¢*=7*)+(D, -D)) is finite. (104)

Finally, we differentiate Eq. (90b) with respect
to ¥;, ¥/, and ¥; and set =0=¥’'. We equate the
n-loop divergence on both sides. We obtain that

CaplTaca]d¥ + (permutations) is finite . (107)

Choosing b=c=d=1 in Eq. (107), we obtain that

[T,,]% is finite. (108)
Choosing b=c=d =2 in Eq. (107), we obtain that
[T 528" is finite . (109)

Choosing b =2, ¢=d =1 in Eq. (107) and using Eqs.
(108) and (109), we find that

[T, is finite.
Choosing b =1, c=d =2, we get that
[[,5.]%" is finite.

Thus we have shown that symmetric mass and
wave -function renormalization counterterms re-
move divergences in the propagators of ¢} and
¢,. We have also shown that all the newly intro-
duced renormalization parts become finite in the
n-loop approximation. The rest of the proof (4-
point functions, ete.) is trivial and hence will not
be given here.
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