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Comment on vector-meson dominance and the y ~3vr vertex in the low-energy limit
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It is found that a simple derivation of a relation between the y l 3m and 7r —l2y vertices,
previously obtained from current algebra and the partial-conservation-of-axial-vector-current anomaly,
can be given on the basis of a pole model together with vector-meson dominance if we require
consistency between a p-pole description of mm scattering in the framework of a Yang-Mills theory and
a theorem of Weinberg for the same process in the two-soft-pion limit.

The radiative decays of mesons have been the
subject of much theoretical activity over the past
decade. In fact, several models have been elabo-
rated to explain the features of such decays. Fore-
most among these are pole models based on vec-
tor-meson dominance (VMD), ' as applied first by
Gell-Mann, Sharp, and Wagner, ' and more recent-
ly by Kotlewski, I ee, Suzuki, and Thaler'; current
algebra' and the hypothesis of partial conservation
of the axial-vector current (PCAC), ' and the pos-
sible existence of its anomaly' for w'-2y, and
several versions of the quark model. ' ' All can
be made to compare favorably with experiment.

In the present paper, we shall consider the pro-
cess y-7t'm m in the low-energy limit, making
use of the well-known vector-meson-pole domi-
nance ideas of Gell-Mann, Sharp, and Wagner. '
The amplitude for this process is related to that
for m'-2y in a very simple way in this framework.
Further, using a result of Basdevant and Zinn-
Justin, which is essentially a relation between
various coupling constants required for consis-
tency of a Yang-Mills theory of m~ scattering with
current algebra, we obtain a simple relation be-
tween the amplitudes for y-7T'm 7t' and m0-2y,
and the charged-pion decay constant. This rela-
tion was first derived by Adler, I ee, Treiman,
and Zee, "Terent'ev, "and others" as a low-ener-
gy theorem abstracted from the theory of PCAC
anomalies. An excellent review of low-energy
theorems and ehiral anomalies as applied to radia-
tive meson processes is that of Terazawa. "

We start by recalling the result of Refs. 10-12.
Denote the amplitudes for m -2y and y-m'm m as
follows:

M(y(K)-w'(q, )+w (q )+w'(q, ))
= —i.c„„„e'(E)q',q" q,

x E"(q„',q ', q, ',K'; Q, ', Q, '), (2)

where the particles are not necessarily on-shell.

In Eq. (1), q, k„and k, are the four-momenta, of
the initial pion and two final photons, respectively.
We have defined here, for later convenience, the
quantities

Q-'=(q, +q.)', Q '=(q +q.)', Q.'=(q, +q )'

satisfying the constraint

Q 2~@ 2+@ 2 q 2~q 2+q 2~~2

All PCAC results hold for F"(0;0, 0) a.nd

E"(0,0, 0, 0;0, 0), and it is precisely the con-
tent of PCAC that these provide a good approx-
imation to the physical coupling constants

when K', Q, ', and Q, ' are at most of the order of
a few m, '.

In the presence of the anomaly, for the m' case,
the "strong PCAC" equation reads

B„A,"(x)= f„m,'w, (x) + e„s, .F"8(x)F&'(x):.

Here, f, = 0.68 mis the charged-pion decay con-
stant and S is the anomalous constant. Using Eq.
(1), the w' decay width is given by

3

1(w'-ry)= ' iE'(m. ', 0, 0)i',

with

F'(m„', 0, 0) = E'(0; 0, 0) =
—2mS

Present experimental results seem to indicate
that S'"l' = 0.5; the colored-quark model, "which
yields S = 2 exactly, was invented partly to accom-
modate this result.

On the basis of the picture just described, the
result of Adler et a/. , Terent'ev, and others" "
is that

E"'0'0 0eE'"(0 0 0 0 0 0)=

This was derived using gauge invariance, cur-
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(6)

and we write the off-shell amplitude for the pro-
cess y-m'm m' as follows:

F 1l'(3q+2 q
2

q
2 If2 Q

2
Q 2)

em' Gu pm Np7rm

1

Q
2 2

0 p

(7)

corresponding to the mechanism y- cu- p7t - ~arm.

The dependence on the width of the p meson is
neglected, as we will deal with a low-energy limit
in which the values of the Q (i=+, —,0) are far
from the vector-meson pole. We will later set the
photon and pions on their mass shells. Further,
we assume a weak variation of the cup7t and p7tm

couplings with Q; this is borne out by the success
of the pole model in the description of such decays
as cu 3z, z -2y, -7T y, etc. We will comment
on this shortly. Notice that we use the Gell-Mann-
Zachariasen' definition of the y-V coupling con-
stant, i.e. , emv'/2yv; we neglect a possible y-Q
contribution, in view of the strong suppression of
the Qp7( coupling.

The connection with vr -2y decay is now easy to
see: In the pole model, ' this process is dominated
by p and x, through the mechanism 7T'- pe- yy,'

the Qpv coupling is again neglected.
It is a recurring misconception that vector dom-

inance (or vector dominance alone) cannot account
for the decay of the neutral pion into two photons. "
In fact, with the above conventions, VMD gives the
result

rent algebra, PCAC and its anomaly, and the as-
sumption that the electromagnetic current and the
neutral axial charge commute at equal times. This
last assumption, it should be noted, predicts that

q -3m is forbidden, "but on the other hand is not
inconsistent with exi sting photoproduction re suits. "
It is to be emphasized that in the framework of
PCAC, Eq. (4) is meaningful only if F'(0; 0, 0) and
F~(0, 0, 0, 0;0, 0) are not suppressed to zero, which
requires the presence of the anomaly. The experi-
mental verification of Eq. (4) has thus been hailed
as a crucial test of the theory of PCAC anoma-
lies

We will see in what follows that the result of the
VMD pole model for the y-7t'm 7T' vertex is in
agreement with the value given by Eq. (4). Note
also that the VMD pole model gives a result for
the y-3~ vertex in the physical region of its in-
variants.

We define the usual effective interactions

F"(m '0 0) =
7I (8)

4 y 24~ '

and therefore (m '»m, ')

where we have used SU(3) and p universality to
write y '= —,

' gz„'. Taking g~„,'/47(= 2.4 (this cor-
responds to a p width of 125 MeV, consistent with
the results of a recent and very detailed analysis
of Spital and Yennie"), we have

I'(w'- 2y) = 9.6 a 1.0 eV,

which is the vector -dominance prediction, in ex-
cellent agreement with experiment, I'")'(w'-2y)
= 7.84+0.92 eV. Note that taking a p width larger
than 125 MeV improves this agreement, but this
is not significant in our opinion in view of the am-
biguities involved in the experimental determina-
tion of this quantity. "

We further note that the decay ~- ~'m m' is
amenable to a similar treatment, ' with good suc-
cess.

After this digression, we now come back to the
y-3~ vertex. With the photon and pions on their
mass shells, and in the low-energy limit

~ Q
& 6m, ', we obtain from Eq. (7)

F"(m, ', m, ', m, ', 0; Q, ', Q,')

(t)p)(kp1TK' ~ Qy +Q +Q()
( )c7 + 2

ytv VE
p Pl

p

where we have neglected terms of order Q /m~'
and higher. In view of Eq. (3), Eq. (9) becomes

"",'" (1+m. '/m, ') . (1O)
yQ) Sl

p

Comparing Eq. (10) with Eq. (8) yields immediately

3F"(m,'; O, O)
2y, g..., (11)

VE
p

up to a small correction term of order m, '/m~'
=3/o. If we also consider the uncertainties in-
volved in the extrapolations in Q; ' of the couplings,
we may quote a typical margin of error of about

where n is, as before, the fine-structure constant.
The value of G ~,/y~ can be found from a similar
model for e-m'y, as the partial width for this de-
cay is fairly well known: I""('(u&- v'y) = 890+ 90
keV. " In the pole model, one obtains
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10-15% in the a,pplica, tion of Eq. (11) [note, how-
ever, that the quantities +' and I""related by this
equation now correspond to physical processes, in
contrast to those appearing in Eq. (4)]. If we make
use of the p-universality relation 2yP =gP„, already
invoked above, Eq. (11)becomes

eE"(m„', m, ', m, ', 0; 0,', Q, ') = E'(m, '; 0, 0)
m

p

(12)

We emphasize again that we expect this to be valid
for 1Q 1~ Gm, '. At this point, it may prove in-
structive to compare numerical values obtained
from the right-hand sides of Eq. (4) and Eq. (12)
(all necessary values of coupling constants have
been given above in the text):

PIC anomaly (S = &)

the m~ amplitude satisfies the following constraint,
first derived by Weinberg" (the anoma. ly does not
contribute here):

+0(p, ', p, ', p, p, ).
Basdevant and Zinn-Justin find consistency of

the off-shell extension of Eq. (14) with Eq. (15)
provided the following condition on the coupling
constants holds":

16m'g f,' = —,
' m~'. (16)

Recalling the definition of g given above, and the
expression for the p-meson width

lim T 8, ( p„p„p„p,)
uj,', p" 0

(0) 2p i ' ps=M „8~—,, (5 y 6~ —6„,
Gay )

Gm

le+"(0 0 0 O O 0)1=7.5x 10 'm, ';
V~D pole model

(13)
Spam (mp 4m~ )

P 3 4& 8mP'

le+"(m, ',m ', m„', 0; Q, ', Q, ')1=(11.0+2) x10 'm, '.
The error quoted in Eq. (13) is only approximate,
and probably slightly overestimated. It is difficult
to draw a. clear-cut conclusion from Eq. (13) be-
cause of the uncertainties introduced by the vari-
ous extrapolations required.

Nevertheless, it seems to us that predictions
based on vector -meson dominance and on PCAC
(with anomalous constant S-0.5CO) are in agree-
ment, to within errors. We will now see that the
similarity between the predictions of VMD and
PCAC for y-3m is not fortuitous; indeed, we will
show that Eq. (12) reduces to Eq. (4) if we require
that the predictions of a pole model for 7t~ scatter-
ing in a non-Abelian gauge theory of the Yang-
Mills type, on the one hand, and of current alge-
bra and PCAC for the same process on the other,
be equivalent in the limit where two pion momenta
go to zero. This was done by Basdevant and Zinn-
Justin, "and we now briefly review their argument.

Consider the process mm-m7t using a Lagrangian
where the p meson is treated as a Yang-Mills
field; such a theory forms the basis of the phe-
nomenological idea of vector dominance and uni-
versality, ' both concepts used above. In the zero-
loop approximation, the I= 1 Born term is given
by"

t —u s-u s —t&'(~, &, )=s 2 . , +„, ,
— . „),

(14)

with g =3m~'I'~/v(m~' —4m, ')'". Here, s, f, and
u are the usual Mandelstam invariants.

On the other hand, in the two-soft-pion limit and
in the framework of current algebra and PCAC,

Eq. (16) becomes
2~ 2 1 2

SP7Iw J 7
= 3mp (17)

Equation (17) differs from the controversial
Kawarabayashi -Suzuki -Riazuddin-Fayyazuddin
(KSRF) relation by a factor of —', .' No convincing
derivation of the KSRF relation seems to exist,
and in fact arguments have been given against it";
furthermore, it appears that the KSRF relation
may be incompatible with crossing symmetry, a
point made by Kamal. The presence of the factor
of ',—can be understood here as arising from the
fact that in usual derivations of the KSRF relation,
the p-dominance assumption is only applied to
direct-channel exchanges, whereas Basdevant and
Zinn-Justin also consider crossed p poles, and
these contribute one third of the total scattering
amplitude in the low-energy limit. '

Upon comparison with Eq. (17), Eq. (12) yields
immediately

+7I 2,
eF (m, ', m, ', m, ', 0;Q, ', Q, ') =

in the low-energy limit 1Q 1

~ Gm, '. Equation (18)
is just Eq. (4) above, together with the PCAC
smoothness assumption. However, Eq. (4) was
derived on the basis of current algebra and the
existence of the PCAC anomaly, while we have
obtained Eq. (18) from the following assumptions:

(1) vector-meson dominance of the isoscalar
part of the electromagnetic current, and univer-
sality of vector-meson couplings, as abstracted
from a Yang-Mills theory';
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(2) dominance of ~'-2y and &u-3m by vector-
meson pole diagrams, along the lines of the Gell-
Mann-Sharp -Wagner model';

(3) dynamical equivalence of a. Yang-Mills the-
ory with p-pole dominance, and of current algebra
and PCAC, in the description of 7Tm scattering in
the two-soft-pion limit. ""
We note that assumption (1) has been fairly suc-
cessful in many applications in high-energy phys-
ics '; results based on assumption (2) a.re found
to be in good agreement with experiment, as out-
lined above. Assumption (3) is a natura. l one, in
view of the successes of both approaches in their
respective applications.

A few comments are in order: The approa. ch
lea.ding to Eq. (12) should be contrasted with a.

point of view adopted by Terent'ev, "who considers
vector-meson pole diagrams as corrections to the
value of E"(0,0, 0, 0;0, 0) which he calculates
from the PCAC anomaly; that is, he assumes
that the amplitude for the process y-3~ satisfies
a once-subtracted dispersion relation, choosing
F"(0, 0, 0, 0; 0, 0) to be the subtraction point, fixed
by current algebra.

We, on the other hand, consider VMD and PCAC
(and its anomaly) to provide equivalent descrip-
tions of radiative meson processes. Such a point
of view has had many proponents in the past; a
recent contribution is that of Freund and Nandi.
In a very interesting paper, these authors require
consistency between VMD and PCAC descriptions

of vo-2y, and make use of SU(6)~ symmetry and

the KSRF relation to obtain a value of 2.96 for the
coupling constant g~„„'/4v (see Ref. 28); we merely
observe here that this value is modified to 2.42
when one uses Eq. (17) instead of the KSRF rela. —

tion, which is an eminently reasonable value,
used in our calculations above.

We note that the existence of such an equivalence
could provide stringent constraints on future dy-
namical models of hadrons. In this connection, it
is interesting to note that Dias de Deus, "working
in the framework of an explicit relativistic quark
model (origina. lly devised by Llewellyn Smith" to
resolve the Van-Royen-Weisskopf paradox'), has
succeeded in demonstrating that the quark-quark-
meson vertex functions are consistent with vector-
Neson dominance and PCAC at the quark level.
It is gratifying that such a result is obtained, as
it hints at the validity of assumption (3) above.

Finally, we remark that a comparison of the
above predictions for the y-37T vertex with experi-
ment would be most welcome. Two experiments
ma. y be promising in this connection: Coulomb
production off nuclei, mZ - mvZ (Primakoff ef-
fect)', and pion production off atomic electrons, "
me-rrme, for which the threshold is E"„"=56GeV,
i.e. , in the range of energies available at FNAL.
Such experiments are unfortunately difficult to
perform, because of the large amounts of strong-
interaction backgrounds with which the processes
of interest must compete.
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The decay of a resonance into a final state containing two particles, the sum of whose mean masses
exceeds that of the parent particle, is investigated. Alternative methods for calculating the transition
rate are compared. Two specific decays, Yo(1518)—~ Y,(1385)m and A,(1310) l B(1237)m, are studied
numerically.

I. INTRODUCTION

Recently, separate measurements of the, tran-
sition rate for &,(1518)- &,(1385)& were performed
by groups from Berkeley' and the University of
Massachusetts. ' A noteworthy feature of this decay
process is that the sum of the pion mass and the
mean mass of &,(1385) exceeds the mean mass of
1'o(1518). Thus, the physical transition takes place
only because of the finite resonance widths.

The purpose of this communication is to comment
upon certain questions' which arose in the course
of the analysis of this system due to its somewhat
delicate kinematics. I et us phrase the situation
as follows. Suppose we are given the probability
amplitude for &o(1518)- &,(1385)& and wish to
calculate the transition rate. Clearly, in the
course of integrating over phase space, some
averaging over the baryon mass is called for. How-
ever, there is more than one way to proceed. One
may either fix the initial baryon mass at its cen-
tral value and average over the mass of the final
baryon or, alternatively, average over the masses
of both initial and final baryons. %hat is the rela-
tion between the rates calculated these two ways~
Can the difference ever be significant ~

For any individual situation, one can, of course,
use a computer to answer all the above questions

numerically. However, an analytic treatment of
the problem is more instructive in revealing the
basic parameters occurring in the analysis, and
in determining the way in which they interrelate
to give the final result.

In the following, we shall define and then analyze
a model appropriate for dealing with these ques-
tions. Two specific resonance decays, &,(1518)- 1;(1385)& and &,(1310)-B(1237)w, will he studied
numerically. Finally, we shall comment on the-
oretical aspects of these transitions.

II. THE MODEL

The physical situation under consideration here
is that of an unstable particle of central mass
~~, width I'R, decaying into a zero-width meson
of mass p and a second unstable particle of mean
mass ~, width I'. The mass of each unstable
particle is described in terms of some distribution
function p, which for definiteness, we shall take
in the numerical part of our analysis as I orentzian.
For simplicity, we shall assume both unstable
particles to have the same mass distribution func-
tion. ' Thus we describe the mass spectrum of the
parent and daughter resonances in terms of p(M~)
and p(M), respectively. The effect of this assump-
tion on our numerical work is expected to be slight.


