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The differential cross sections for polarized electron-positron scattering are calculated to
order e by using the five invariant amplitudes presented in a previous paper. The unpolarized
result of Polovin is rederived. As an application of the helicity amplitudes the spin-momentum
correlation for a polarized target positron is obtained in agreement with Fronsdal and Jaksic.

I. INTRODUCTION

The differential cross section for unpolarized
electron-electron scattering, to order ef, was
calculated first by Redhead® and later by Polovin.?
The spin-momentum correlation in electron-posi-
tron scattering in which the spin of only one of the
particles is detected was calculated by Fronsdal
and Jaksic.® However, the general polarization
case has not been previously derived.

In an earlier paper? (called paper I), the five in-
variant amplitudes were obtained in spectral form.
Here, we will apply these invariant amplitudes to
calculate the helicity amplitudes for electron-pos-
itron scattering. (The corresponding results for
electron-electron scattering will be presented in a
subsequent communication.) Because of the infra-
red nature of charged-particle scattering, we will
consider neither near-threshold nor forward scat-
tering. However, these kinematical regions are
correctly described in the results of paper I, in
terms of a fictitious photon mass. This detailed
structure cannot be measured directly and would
be significant only in the application of the spectral
forms to higher-order calculations.®

We present the helicity amplitudes in terms of
the invariant amplitudes in Sec. II, and the explicit
forms in Sec. III. In Sec. IV, we consider soft-
photon contributions. The unpolarized differential
cross section is calculated in Sec. V and the spin-
momentum correlation is found in Sec. VI. Appen-

dixes A and B contain the integrals necessary for
the calculations of Sec. III while the invariant am-
plitudes are given in Appendix C.

II. HELICITY AMPLITUDES

This section is devoted to calculating the helicity
amplitudes in terms of the invariant amplitudes.
This is done by applying Eq. (I74) to an appropriate
helicity state. (Here I refers to equations in paper
I.) The two basic structures encountered are

5
F(11;,22")= Z MiuFyoT uuy T uy.

i=1
5 .
=Y Mimi(12;12) (1)
i=1
and

5
F(11522)=Y Miu¥y°Tyulu,y°T; u,
i=1

5
=> Mir(11;22). (2)
i=1
For convenience, we will work in the center-of-
mass system with P, in the z direction and P, in
the x-z plane:

P, = |P,|(sing, 0, cosp).
An explicit representation for the Dirac spinor in
terms of the helicity is®



10 ELECTRON-ELECTRON SCATTERING. II. HELICITY CROSS... 3441

Po+m\2 [ PO \V2,
ub0:[< 2m ) +< 2m ) 2750:]1}0)

1 0
YoV, =0,, Uz+:<0 ’ Uz-:<1>,
0 -1
Vare =\ 1 Jo P27 o/’

v ¥ =(cosk, sink0), v} =(-sinig, cosis),

v, =(-sinkp, cosip), v}F_=(-cosio, —sinkg).
The kinematical relationships are

m2s = (P, + P, ),

mit= (P, - Pa)z,

miu=(P, = P,')?,

pP=tmvV=s,

2t
1=cos€—=s+4,

2u

1 =
+cosf id’

s+t+u+4=0,

while some useful Dirac identities are’
0, —_ _ k
Y Ye=ts0ky, 04 =€4;,0,
* . _ *x
v ol75vo"01 V_5=l0YsV0 45,
* * _ * *
V6,0il0,Va1:0iV0,, = =V5 V6,05, Vo,
* *
+
21)(,11)02 Vg,V

rT0yr T 0gt

With this information it is easy to find from Eq.
(1) (dropping subscript 2)

S+2 3
F(++;++)=ssM'+ ( 5 --S+4>M2

u
s+4

4_1 5
M*=3sM>,

t
F(==; ++)=3(s —u)M* M - §tM?®

s+2
s+4

1 a1 5
+3 tM*+3(t+4)M°, 3)

S+2 2
+

1
— * - :-L 1——- —-—
F(=+;=+)==3uM 3 3 4uM T2

4 _ 1 5
M*=LuM>®,

i !
F(+—,—+)7——+4M2 TIMB+ ") M*,
. __1 (=stw)? 5 4

F(+ ,++)-—2 14 (M2 - M*?).

These independent helicity combinations occur 2,
2, 2, 2, and 8 times, respectively, in the total
count of 16. The relative phases® are, for the
first four F’s,

F(0,0,7;0,0,7)=+F(=0,~0,/; =0, =0,/), (4)
and for the fifth,
F(o=0;00)=+F(-00;00)
==F(=-00; =0 —0)
=-F(00;0 —0)
==F(oo;=00). (5)

We can calculate the results for F |Eq. (2)] by
means of a Fierz transformation.® For our basis
set, we have

r;(117522)=x;; T;(12;127), (6)
where
r I
-2 0 80 -2
0 -2 8 6 =2
1
)‘”:Z 1 0 00 -1
-2 2 02 O
L—z 0-80 -2

We then obtain (dropping subscript 1)

- t -
F(++;++)= S+ZM2+§SM3+M‘*,

-~ U=t
F==;+4)=s(u=t)M" + —5 M* +isM®

(s +2)M*=3(s +4)M?,

= 1 (7
F(=+; "+)=%MM1+§ Ss+u4Mz +3uM?,

- 1 st

F(+=j=+)==3tM" = 5 ss+4M2+%lM5,

~ (—Stu)”z

Floms o) = =gt

These relationships are in agreement with known
results.!®

III. HELICITY CROSS SECTIONS

We define the helicity amplitudes in terms of the probability amplitudes by
< 1p 10119 17 0y’ l lpzczlpz ’ 02:> = 87”‘(!(277)46( pl +pl r= pz - pz’)(dwp 1 M dwpz r)llzf(0101 4 ; 0202 ’) s (8)
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with
f(...):f<2>(...)+%f(4>(...)_

This yields the differential cross sections in the center-of-mass system

<22> -
aQ 0g03' > 01077

10175 05057) |

az
WLS

{[f(”(o 0,730,057 +—~f(2’(clolr,o 0, )Ref @ (0,0,:; 0,0, )} (9)

The lowest-order helicity amplitudes can be obtained from the lowest-order vacuum amplitude expres-
sion, Eq. (I63). They are
s+2 u+2

t +4s(s +4)7

FO(++;++)=
u+2
s(s+4)°

+2 2s+t+6
s+4

FO(amy++)==4

FO(mt5—4)= 222 : (10)

t=2
s+4’

f(2)(+_;++)=_(_ﬂ)_1_/2.<tl+g>.

f@ (= =4)=

s+4 s

The fourth-order helicity amplitudes are obtained by using Egs. (3) and (7) in conjunction with Eq. (I74).
The necessary spectral integrals are easily done (see Appendixes A and B) and the integrated forms are
given in Appendix C. The final results are

(@ . - 2 _s+2u> ( s=2u ]
FO++5+4) =% (++; ++)K1n)\+s[(2 s+4t M(t)+ 5+2+——-—S+4t M(u) | Ins

+[(s+2)<-—s+2+s+ >M(s)+( (s +2)° tz+ 2t )M(u)]lnt-gz—lns

2
t 4 s+4 s+4 +4
1 s s+2 4 2u t
+<—§m+ 4—4>1nt—mM(S)—<4+—>M(t) <S+4+ 'SST4t>M(u)
s+2 s+2 ¢ 1 s+2 S+2 - 2t
4 _t Sta—ar
+ G(s) [ <14 14 +2+¢ +3 G 4)t(t 2):,G(t) o D(s, t)
3s+10+2t 1 s+2 t—u
“Ti D(s,u)—D(t,s)—[s+3+2t+2 N )t(t Z)JD(t u) + (s+4)£(s)
1 s+2 1
*‘Gz’ t +s+4>£“% an
f‘4)(---++)=f(2)(——'++)Kln)\-—%[ 2_s+2ut M(t) + s+2+s—2ut M(u) |1
’ ’ s s+4 s+4 ns
_2[s+2 (s Int il 2 2u
] ntSns - s nt s =2 M(s) -~ ()
S+ t 4 t+2 u+1
2 (S)_s+4<_t+4+ >G(t) 2——D(s, t)+2s+4D(s,u)
t(t+2)] 1
D LA LA
0,9 +| 1- LB 00+ Lo 09— Locn, (12)
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2-u
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F@(mt;=4)= f@O(=4; =+)K m-[( 2+ >M(t)+(s +2 +3-s-s-+:64—+—tt>M(u)]lns

+(s+2)[§%—i— ?M(s) (i-:—%

2s+6 +¢
+-————-

, He+2)

1 s
>M(u):| Int - 3 S_-Z Ins

>M(s) % —i M) - %M(u)
t(t+2)

+4

+(—l—§—+ﬂ-—4—)lnt+l< +6+ 4t

2 s+4 s+4 t+4 2\° s
ls(s+2) [ s+2 t

-(s )G() s+4t+4

5 +2+4+t=- (s+4)]G(t)

[--12- ss:iz+iiit-s(;;2)]p( -2 22 (s, u‘)+[—%§l—§t+s+1]D(t,s)

+[-1+;t%%l)]n(t,u)+l —e(s)+ %"’%?‘W)’ | (13)
f(4)(+—;-+)=f(2)(+-;—+)K1n7\-[t(st+2)M(t) +2tM(u)] 1ns+[2-———-M(s) 2i== M(u)}lnt

_%%1 +——J-t—41nt 3t l(S+4+si4t>M(u)

_[ .;. ]G(s)+s+4<t744 t+2)G(t) 2”1 D(s, )

_%[S(S;Z)ﬁs +12e 14 ZfLithD(,) tztﬁ))p(t w-3 e+ 20, (4)

f(4)(+_;++)=f<2)(+—; ++)K Inx

(=stu)!’
* s+4

3 f{;‘*M(sH%%MUHM‘“’+<s+3><t1'5)("‘3’*%<f+4 )

u+1 1 s+
+= Dls )= == Dls,u) +3 =

Here the coefficient of the photon-mass term in the
individual amplitudes is the function K:
K=2[(s +2)M(s)+(t +2)M () - (u+2)M (u) -1].- (186)

The modified propagation function as well as the
non-infrared-sensitive part of the electric form
factor are contained in the function £ (see Ref. 11):
£(x)=4[1-2&, coth2, +13, tanhd, - 1(x +2)N(x)]
+2[(1 - § coth®®, )(1 = &, cothd,)~1]. 1m
The special functions that occur are
Inx =1n| x! - min(=x),

-—I__.
M(x) = sinh2&,,

(x+4)Y2/x17% +1 L
G A/ o1 |~ 3min(=x),

D(x, y)= M(y) Inx + N(y),

&, =%1n
(18)

N(x) = ———=— [ =®2 - 28, In(1 +¢72%x)

sthd>
+f(=e™2%x) + L],

{ g[(t+2)M(t) - (u+2)M(u)]1ns + = [(s +2)M(s) = (u+2)M (u)] 1nt+ T It

4 t t+6
-+ —
u s

)c(t)

4 D(t, s)+ % 2-u D(t, u) + %£(s) + % tl,B(t)} .

(15)

r

and

Gx) = [f(e™2®x) +@2 +572].

1 _
sinh2®,
In the above, f(x) is the Spence function'®;
x
flx)=- éﬁlnfl—z[.
0 2

We have essentially used the notations and special
functions of Ref. 2 so as to facilitate comparison
of the unpolarized cross section (see Secs. IV and
V). The only differences in the definitions are
found in &, (Polovin uses just the real part and
adds in =37 by hand when necessary), G(x) (which

agrees'® for x>0 but differs for x<0), and D(x, y)
(which is not defined in Ref. 2).

IV. SOFT-PHOTON CONTRIBUTIONS

The vacuum amplitude that describes the skeletal
interaction of four electrons and one photon is giv-
en by
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(0,]0_) =L f (dx)(dy)(d2)d(x)y edy  d(x) D, (x = v)

XP(y)y %eqy G, (y = 2)eqrA(z)(2).

(19)
When this is applied to the case of electron-posi-
tron scattering with the emission of one soft pho-
ton, we find

do . .
Eﬁ(melas'“c)az%'*olcx'
do . 2a
= [ aﬁ(elaStlc)czczf—»clol»jI — Jo, (20)
with

Py P, P, P
z"fd“’k(z TPk PR Pk>'

21)
If AE is the minimum detectable energy (in the
center-of-mass system) then J, is'*

2A
Jo=K lnm—f +2Re[ &, tanhd, + N(s) cosh2a,
- 372 coth2é, ]

+2 [ H(0,) cosh2®, — N(t) cosh2,

sinh2®
2%, Re In2 sinh® ]
- tanh2®, (t=) |, 22)
where
1
H(6)= 1 dx

8in360 Jyye1/26 [ 22 = cos?(56)]1/2

X{ Inf 5(1 +8x)] _ In[3(1 —Bx)]}

1-p8x 1+8x

(s +4)12
B=T’ 0,=6, 6,=m=0. (23)

(s +2)?
12 s

632—81

Y=UKInx+ 45[

JR. AND YEE JACK NG 10

The infrared-sensitive part of J, is such as to can-
cel the Inx part of the individual helicity cross
sections. The corresponding calculation for elec-
tron-electron scattering is very similar and the
result agrees with that given by Polovin. How-
ever, his remarks on the soft-photon contribution
for the electron-positron scattering case are mis-
leading. For example, his prescription for cross-
ing, &, ®, (essentially s+« in our variables),
would imply

2%, 28,
tanh<1> ~ tanho, ’

or, in our notation,

20 2%,

Recoth<I> tanh<I> ’

when, in fact, nothing happens to this term.

V. UNPOLARIZED DIFFERENTIAL CROSS SECTION

The unpolarized differential cross section can
be written as
2

o« 20
9" " s <U+ - ReY). (24)

Here, the lowest-order result is
U=5D [ ®(0,0,/;0,0,)F

_(s+2P =21 3s°+4 _s+2, 2
R A

(25)

which is the well-known result for Bhabha scatter-
ing.'®
The sixth-order correction is given by

Y =.%{Z; f(z) (0.101

It is reasonably easy to obtain

1505057)f @ (010,750,0,7).  (26)

- +6+ 2;}[ (s +2)M(s) +(u +2)M ()] Int

[ s+2 2(38-(3 )+(Z)+2) }lns +[ (s +2)§s+10) L +8)(823—2) . s;4t]M(s)

l’s(s+2) _G]M(u) < s12 g5=2 +452+is‘2+zzs;1t+fs-2>c(t)

e L e L
_[z(s—t‘}g)_z 385'41 +3+ ]£(t)+(s--t)} &)

This result is in complete agreement with Polovin except for the typographical errors mentioned in foot-

notes 11 and 13.



10 ELECTRON-ELECTRON SCATTERING. II.

VI. SPIN-MOMENTUM CORRELATIONS

The simplest type of polarization experiment has
the positron beam partly polarized and all other
spins not measured. The differential cross section
then is of the form

g% =(1 * £P)< %)unpol ’ (28)
where ¢ is the degree of polarization of the beam.
The expression for P was calculated by Fronsdal
and Jaksic® and we here rederive it to illustrate
the application of the helicity amplitudes given in
Sec. IIL

Consider the positron beam fully polarized (£=1)
J

Y

0101’021

lf(clol'; (9, ¢, +), 02')'2

HELICITY CROSS... 3445

in the direction 7 = (cos¢ sin9, sin¢ sin9, cos9). The

corresponding helicity amplitudes are

f(0,0,15 (9 ¢, +),0,:) =€ ?2 cos(39)f(0,0,:; +04/)
+e'?2 8in($9)f (0,041 =05),

(29)

which have been calculated by means of a rotation

on the + helicity state (|+) refers to the z direc-

tion)'®:

lS, o, +>=e-i¢oa/2e—iooz/2’+> .
Squaring and summing over undetected helicities

and making use of the phase relations [Eqs. (4) and
(5)] we find

=1 Z | f@(0,0,7;0,0,)|%+ ;_x sing sindIm{ f @ (B) F @ (2)- F@@) - F93)- r@1)]

{o}

+fOBNfPM@W+r@@)+ P - f@@)]}, (30)

where the numbers in f( ) label the helicity amplitudes according to the order of appearance in Eqs. (3)

and (7). The result can be written as

UP=a %(—stu)”za, (31)
| P, <P, |
with
1 1 2 1 1 s +4s -2
a-s+4 t +s(s+4)—32 s”z(s+4)”2< ¢ _28—2_t>
3[,s?*+7s+8 1 s+61 1
=2 =+ = |13 75 In| -
2 s(s+4) t  s+4 uls'?(s+4) s+4
1 s+2 3s*4+2s-241 _s=-21 8 ]
—2[3 t2 s(s+4) ¢ +3 s u  s(s+4) ReM (s)
31/4 s-2 3/s+2 3s+2 2
_2s<t+ E +2)M(t)—2< R s)M(u). (32)
This is the same result as obtained in Ref. 3.
ACKNOWLEDGMENTS “dy 1 _1,.a (42)
We thank Professor Julian Schwinger, Dr. Kim- v, ¥ 1@ Y=y a A
ball Milton, and Dr. Wu-yang Tsai for reading ® dy 1 1. x A3)
drafts of the papers in this series. One of us }; y+x y 2y —y )2 X hIF ’ (
(Y.J.N.) is grateful to Dr. Tsai for suggesting °w
this problem to him and to Professor Robert Sat- dy 5 <173 1 7z =_—12- + iz m% ,
ten for the kind hospitality provided by the UCLA b @ +2)7 2y = ,) x% x% N
Physics Department. (A4)
APPENDIX A: y INTEGRALS where [see Eq. (155)]
The following types of y integrals are encoun- 3o =422 X+ . (A5)

tered for the double-spectral form (a =s, ¢, or u):

“ dy 1 1

EE R b

Yo

The above integrals have been calculated for the
case of nonforward scattering and away from
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threshold. Notice that because of Eq. (A1), the
=22[ y(x +¥)]"}(12y + 8x) term in %, must be re-
tained, while the other 2% terms in h [Eqs. (125)-
(129)] can be neglected.

The remaining y integral is for the contact term
in the photon channel. In terms of the special func-
tion G(a) [see Eq. (18)] we obtain

f" dy (y—4x3)\/2 1
o2y +a yl/z (y_4)2)(4

- ‘;%Z[ Ina +2G(a)]. (A6)

The only nontrivial integration involved is'? (y>0)

2 r————dt tanf = f 6d6
14 o t2+y? Y b ¥2+1+(y%=1)cosh

A4

(AT)

APPENDIX B: x INTEGRALS

The following integrals are involved in calculat-
ing the invariant amplitudes. Here, we let a and
b stand for s, {, or u, and a#b. The special func-
tions are all defined in Eq. (18). We have

® dx 1

J,; x+4+b x13(x +4)12 =M @), (B1)
* dx 1

fo x=a x?(x+4)? ==-ReM(a), (B2)
®  dx 1

o (x=al x'P(x+4)/2

o +4)[-1 +(@+2)ReM(a)], (B3)

“ dx 1
J, S (B4)

° dx 1 X
fo x+4+b x (x +4)72 1n? ==N(b) = M(®)1nX?,

(B5)

® dx 1 x a
fo x—a x3(x +4)'2 Ins =-lInyz ReM(a) +Gla),

(B6)
f"" dx 1 nx
y (x—aF x(x+4)z "2
_ o _a+2 a ]
Sy +4)[ I ReM(a) +G(a)
+ 1 1nAZ - 1 ReM(a), (BT7)
ala +4) a ’

* dx 1 x
j; Xx+4 x12(5+4)72 ln'if = =3 In\?, (B8)

The above integrals have all been reduced to the
special functions by means of standard Spence-
function identities'? along with

1= 1=0=~1(75 )7 £) +irt. @9)

It is to be noted that the ReM (a) terms always
cancel in the calculation of any of the invariant
amplitudes. Also, for a>0, some of these inte-
grals have a singularity at x=a. We can handle
this by excluding a small region of the x axis in
the neighborhood of x=a: a—-e<x<a +e. Then
Egs. (B3) and (B7) have terms of order 1/€. Since
the final form of the invariant amplitudes has no
singularity at x =a, these terms cancel out and ac-
cordingly have been ignored.

The final x integration is for the contact terms
in the electron channel. We have, for example,

=3M (). (B10)

f © _dx 1 -
o A+d+b x A(x+4) X1
APPENDIX C: INVARIANT AMPLITUDES

The invariant amplitudes are [cf. Eqs. (I75) and
(176)]

Mi(s,t, u)=Mi, s, u), (c1)
MI=D (s, t) = D,(s, u) +1,(s), (C2)
M2 =D,(s, t) =D,(s, ) +1,(s), (C3)
M3 =D,(s, t) +Dy(s, u), (C4)
Mi=D,(s, t)+D,(s, u) +1,(s), (C5)
M5 =D,(s, t)+Dy(s, u). (Ccs)
Here, I; arise from fhe insertions
I,(s)==3M(s), (cn
I,(s)= % 4(1 = 2®,coth2®,) Inx + % L£(s)+ 82-84 M(s),
(c8)
1)=52 M), (C9)

The contributions of the spectral forms are con-
tained in ®;(a, b):

h 1 1
= —_t
D;(a,d) jdxdyr yia x4+b

(y - 4r2)1/2 1 1
+fdy Y (o -4¢ y+aXi

Jd 1 1 _
T KT v AN yraab X

In terms of the special functions of Eq. (18) we
have

(c10)
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:,Dl(az,b)=1 a+2 M(b)+l 1 (_a+_2__ 2>1na

2a+b+4 2at+d\a+b+d b
a 1 1 a+2
+a+b +4<a+4 ) a+b+4>G(a)
b+2 1 a 1
a+b+4<§ a+b+4+;>D(a,b), (c11)
2b +4 1
3)2(a,b)=———;—M(b)ln%_§M(b)
a+3 b+1
t 3 +a 6@ -~ Dab),  (C12)
ST a a+tb+4- ¢ @y 0)1,

£4(0,0) == 5 M(®) = = Ina +26(a)

+ 3 z16@)+D(a,0)], (C14)

1 b+2 1.1 a+2 2
fD5("’[’)'_2 a+b+4M(b)+2a+4<a+b+4+b)1m

a 1 a+2
+a+b+4<1-2a+b+4>c(a)

1 1a(b+2)__
a+b+4\2 a+b +4

2
b-4—5>D(a,b).

(C15)
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