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The effective potential of the O(N) model is calculated to the next-to-leading order in the 1/N
expansion in one, two, three, and four space-time dimensions. In one and two dimensions the vacuum
is symmetric, as expected. In three dimensions the radiative corrections of order 1/N do not affect the
position of the minimum of the effective potential. In four dimensions, the contribution to the effective
potential of order 1/N is complex everywhere, suggesting that the 1/N expansion fails.

I. INTRODUCTION

Recently several authors'™ have approximated
the effective potential by the leading term in the
1/N expansion, where N is the number of fields.
They found that this infinite set of loop diagrams
revealed interesting aspects of the effective poten-
tial which were not present in the one- and two-
loop approximations. In this paper we evaluate
in one, two, three, and four space-time dimen-
sions the next-to-leading terms for a 1&* theory
possessing an O(N) symmetry. We follow closely
the approach of Coleman, Jackiw, and Politzer.’

The model we wish to study is described by the
T.agrangian density

A
£(0)=30,$;8"d; - 3°8;®; - m(q’i‘i’i)z )

(1.1)

wnere the repeated Latin subscripts are to be
summnied from one to N. The mass-squared term
1?% may be either positive or negative, but the
coupling constant X is required to be positive for
a stable vacuum to exist.

It has been shown by Jackiw® that the effective
potential V(¢) for this theory is given by the tree
approximation,

Vtree (¢)) = éu‘zd)z + W ¢4 ’

plus the sum of all connected one-particle irre-
ducible vacuum graphs for the theory described
by the shifted Lagrangian density

L(@;(0); 9= 23, (x) + D) + Ve (9)

A

+ “zq>i(x)¢i + 3 !N q)j(x)¢)j¢)2 ’

(1.2)

where ¢ is the vacuum expectation value of ®(x).
Figure 1 shows typical diagrams which contribute
to the effective potential.

The effective potential to order (1/N)™ is found

10

by considering only those diagrams which have a
combinatorical factor, due to summing over inter-
nal lines, which is greater than or equal to (V)" =™,
where [ is the number of loops in the diagram.
(The tree approximation has =0 and a combina-
torical factor of one, hence it contributes to the
order-gne term.) However, if ¢ is treated as
order VN, the term of order (1/N)™ can be identi-
fied directly with the contributions proportional
to (1/N)™"t. The next-to-leading-order contribu-
tions are most easily found by the second proce-
dure; therefore we introduce a rescaled vacuum
expectation value in order to manifest the 1/N
dependence. In all subsequent calculations we
refer only to the rescaled field, thus no confusion
should result if henceforth we use the notation ¢
for the rescaled vacuum expectation value; that
is,

(®(x))=VN¢.

The order-one term is then proportional to N, and
the order-1/N term is proportional to one.

II. DERIVATION OF THE FORMAL EXPRESSION

The contribution to the effective potential to
order 1/N can be calculated by a straightforward
though tedious direct summation of diagrams
similar to those shown in Figs. 1(a) and 1(b).°
However, the evaluation is simplified considerably
by using a combinatorical trick discussed by
Coleman, Jackiw, and Politzer.®

The dynamics remains unchanged if an extra
field x(x) is introduced into the Lagrangian density
(1.1) in the following manner:

3N

2@, =2(@) + ¥ (-

A

2
— N . — 2
o 2% u) .21

The Euler-Lagrange equation for x(x) is merely
an equation of constraint. The effective potential
V(¢, X) of this modified theory reduces to the ef-

fective potential of the original theory if X satis-
fies the requirement
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FIG. 1. Typical contributions to V(¢): (a) Contri-
butions of order one. (b) Contributions of order 1/N.
(c) Contributions of order 1/N? or higher.

V(9.8 _,
ax
We use (2.2) to define ¥ as a function of ¢.
Although the introduction of x(x) does not alter
the dynamics of the full theory, it does lead to
a new perturbation series in which the 1/N ex-

(2.2)

pansion has a simple diagrammatic interpretation.

The modified Lagrangian density can be written
as

3NY®  x$,;®;
£(<I>,x)=%8uq>,-a“d>i +—'2T - —-?—‘
3Np? 3Nu*
0y o e

The effective potential V(¢, %) can then be calcu-
lated by the method of Jackiw by shifting the
fields as follows:

®;(x)=®;(x), i=2toN
&, (x)=0(x) +VN¢, (2.4)
x(x)=%(x) +x.

Then the tree approximation is

o) = 3%% | x¢* 3412)2)
Vtree((P) X)“N<_ 20 + 2 + X ’ (25)

where a term independent of ¢ and ¥ has been
dropped. The shifted Lagrangian density with
constant and linear terms deleted is found to be

£(¢; g, i’ ¢’ )?) =%au¢ja”¢j - %i‘pj@j

(2.6)

where the sum over repeated Latin indices goes
from two to N. The nonzero components of the
inverse propagator matrix D™ g then have the
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following momentum-space representation:
iD7Y (¢, X5 k%) = o ®*-3%),
iD-lco(¢’ i;kz) =k2 - )2 ’

2.7
iD= - 3N
iD lxx(‘f”X’k):T,
D7y o(, X3) =iD ™ oy (9, R5 k) == ¢ VN .
The relevant propagators are

Dy;=i6,;(R? - % +i€)™",
Doo=ilk® — X - sA¢* +i€) ™,
D..= 29 (B2 -%) (2.8)

XX 3N (k% - % - shp? +i€)

234 s 1y 2. -

Dxo™ ?n/ﬁ(kz_x_ sA¢? +ie)7h,

The only interaction term in the Lagrangian density
is

-3%(0* +9,9,). (2.9)

The Feynman rules are summarized in Fig. 2;
typical contributions to the effective potential in
this perturbation series are shown in Fig. 3.

The diagrams which contribute to the effective
potential to order 1/N can be determined easily
if we keep in mind the behavior in 1/N of the prop-
agators. We associate with the propagators the
following factors: (1) a factor of 1/N with D, ,
from its definition; (2) a factor or order N with a
closed loop of & fields, due to the summation over
possible internal fields; (3) a factor 1/VN with
D, , from its definition. Note that all multiloop
diagrams which involve the xo propagator are of
order 1/N® or higher [see Fig. 3(e)].

Dy =8y, (k=% +1€)”

A 2 -
Doo = i (K2-% - 22— +ig)"

______ Sy KR
Dxx = 38" Ti@-%- 287+ )
3

N Dye = 2B (k2-%- 282 +i€)"' =D, 4
3

FIG. 2. Feynman rules for the theory involving the
x field.
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The only diagram of order one is the closed loop (a) Q
shown in Fig. 3(a). The one-loop contribution in-
volving D,,, D,,, and D,,, which we have dia- ~
grammatically represented in Fig. 3(b) as a pair (b) Q (N

of one-loop diagrams, is of order 1/N. The only S

other contributions of order 1/N must have a (c) @ + Q O + Q————Q EI

closed & loop (a factor N) associated with each T N’

XX propagator (a factor 1/N). Only closed loops O

formed by alternating xx propagators and closed =~ PN

® loops as shown in Fig. 3(c) have this behavior. (d) Q ----- @ ‘@'

There are no further contributions to order 1/N. =
The contributions to Figs. 3(a), 3(b), and 3(c) _ _

in [ space-time dimensions are readily evaluated: (e) & Q ) O

For Fig. 3(a) we have - _ p

. da'k ) FIG. 3. Typical contributions to V(¢, ¥). (a) The
-1 f(Z—nv (N = Din(k? - § +i€); (2.10) order-one contribution. (b) The single-loop order-1/N
contribution. (c) Typical multiloop order-1/N contri-
butions. (d) Typical higher-order terms. (e) Higher-
for Fig. 3(b), order terms involving D .

1 2 _ 5 _ 1 R
_éif(—gni),lndet <f¢\/§—v 31),\/[){7) =—§if(§—nk;71n(kz—x—%Aq>2+ie)+constant; (2.11)

and for Fig. 3(c),

i ._dlk - L( (kz_i)B(k\ykz) )nz_ii dlk 1n<(k2—)2)[1_B(iykz)]—%)\(bz."ie) (2 12)
(@n)" & m\k? =3 - 3n¢% +ie =) @ K% =X - 3@ +ie : :
where, for convenience, we have defined
d'p i
- 2y 1
BREI=eX | ooy (PRl spP =R i’ (2.13)
Adding together the contributions from (2.5) and (2.10)-(2.13) we find
o 32 Ro® 3u% L.fd’k s - >
V(¢,x)—N<— ot Tt (zﬂ),ln(k - X +i€)
(dk (R?=X)[1 = BR, k)] - éx¢2+ie>
1 )
-3 (zﬂ),1n< R - g1 ic . (2.14)

The effective potential of the original theory is then found by evaluating (2.14) at ¥ = X(¢) which is defined
as the solution to

8V (¢, X)
RS\ 4.94 =0. 2.

X lexeo 2.15)

We find
N 21y 4zl d'k i A (dR i(k? - X)oB(X, k%)/0X
X(9) =" +5 29" +5 Af Cn) K =X+ic 6N @r)* (&* - X)[1 - B(X,k%)]- 51 g% +ic
LA dk J
3 6N J @n) (- X+ie] (- D[l - B, )] - ng?+ie)’ (2.16)

For comparison with previous evaluations, the
effective potential to order one is found by solving
(2.15) to order one. If we write X(¢)=X(¢)
+0(1/N) we find (2.17)

d'k i
2m)" k% — X(¢p) +i€”’

X(¢p) = u? +& 192 +é—)\f
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which agrees with the results of previous works. Thus the effective potential to order 1/N is given
Furthermore, as a consequence of the defining by V(¢,%) defined by (2.14) but with ¥ defined only
equation for X(¢), Eq. (2.15), we know that by the leading-order equation (2.16), that is,
8V/8%| ¢ is proportional to one and (X - X) is pro- X=X(¢). Of course this simplification is limited
portional to 1/N. Hence we have to the order-1/N calculation. In order to find V(¢)
_ _ oV (¢, X) 1 to t_l_igher orders, higher-order approximations
V(¢,X(¢))=V(¢,X(¢))+(X—X)_53{‘z_ <ﬁ> to X(¢) must be used.
1 (@ To order 1/N, the following expressions for the
=V(¢, X(¢)) +0<ﬁ> . (2.18) effective potential and its derivative are sufficient:

J

-3X2  X¢? 3ulX . ( d'k - >
V()= N< o +T+ el (2n,1n(k X +i¢€)

2)1_ 1 d'e AP? 1
(2 ),m[ - B(X, k)] - f( ),1n<1— : (kZ—X)[l—B(X,kz)]>’ 2.19)
dv(e) d d'r B2 — X +ie
o dop? =NX(¢) TS [ 2m) ’1“<(k2 - X)[1 = B(X,k?)]- 3xp? +ie >]
o d'k i
=Nx(9)+ 1 [ @) =X = B, ] = gPric
X ( d'k ’( - X)8B(X,k?)/8X
T2\ J @ @E-X)[1- B(X, k) |- 1Ag” +ie

i
+30g° f(21r (kz—X+z'e){(k2—X)[1—B(X,kz)]—ék¢2+ie}>’ (2.20)

(@) ¢ = x g = XX

O[>

A
3

Tog =X+ XX+ WX + - = XX
X(<¢>)=,14L2+l6LZ + Q

i = — St + it v =
= + + +
(k2 -x) - A" 4+ i€
3(1-B)

w -5 i - O Q- D
Y S
__f(z )1 = 3tBicke=x)) ’% @

A dlk i
(€) = '[(27)1(k2 x)(1- B)—xcpz @ @ ‘ﬁ.
a8
if Lk dlk (k3-x) ax - .
(2m' (K%-x) (1-B) - A¢?
3
sz = _
(27)2 ((k2-x)(1I- B) - x¢2 ) (k¥-x)

FIG. 4. Diagrammatic interpretation of the order-1/N contrlbutwns to V(¢, X(¢)): (a) Definition of some recurring
expressions. (b) Order-1/N contributions to V(¢, X(¢)). (c) Order-1/N contributions to 2dV /d¢?.
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where
i
X(p)=u? + )\d) +5 Af @) '—-m (2.21)
It is helpful to interpret the expressions appear-
ing in the above evaluations of V(¢) and 24V /d ¢*
in terms of diagrams involving only the original
& fields. The y field appears only as X(¢), and it
acts as a ¢ dependent mass term in the & propa-
gator,

i[k? - X(¢) +i€]™.

The diagrammatic interpretation of several of the
functions occurring in V(¢) and 2dV/d¢® is given
in Fig. 4. In Fig. 4(a) we give the interpretation
of many of the recurring expressions. Note that
A/[6N(1 - B)] plays the role of the complete, to
order 1/N, four-point function used in the calcula-
tion of V(¢), and

M;__l__>"
<k X ICB R

is a modified propagator. The representation of
two of the terms in V(¢) is shown in Fig. 4(b),
while three terms appearing in 2dV/d¢* are shown
in Fig. 4(c).

III. RENORMALIZED RESULTS

A. The renormalization procedure

The expressions (2.21)-(2.23) derived in the
previous section are formal ones; in general they
must be renormalized. We can determine how re-
normalization modified the results by returning to
the original Lagrangian density and reexpressing
it as

X¢2 [ d'k

Lr(®)=320"9,0,8, —31°%, %~ 1~ w (@87,

(3.1)

where ®; is now the renormalized field and we
define

Z=1-2,
Ti=pl+A, (3.2)
x=x+C.

The renormalized mass and coupling constant are
©? and A, respectively, while A, z, and C are
counterterms designed to cancel infinities. Both
A and C may have order-one terms, but z is of
order 1/N.

The combinatoric trick now requires using the
new Lagrangian density

L3N X169, _2>2
By the simple substitutions
é{" \/7 @i s knd “Xé"
(3.4)

1 1
=Xz, W-B

the original Lagrangian density (2.1) involving
x(x) is converted to the Lagrangian density (3.3)
involving renormalized quantities and counter-
terms. Similarly the effective potential in terms
of the renormalized quantities is easily obtained
by making the aforementioned substitutions (3.4)
into the expression for V(¢, x) derived previously
(2.14):

V(¢',)Z)=N,:—7X‘+ 2 X —Eif(—zTT)-,-anez— +ie>]

(3.5)

d'e — (X s » d'k
(zn)'“‘[l "B<Z’k ﬂ @r

where

B[R, k%) =52 f(zﬂ)’ (»? _x+z€)[(k +p)? =X +ie]’

(3.6)

As before the effective potential V(¢) is found by
evaluating V(¢, %) at ¥ =X(¢) determined by
av/exlx=

Since we are interested in V(¢) only to order
1/N, it is sufficient to expand X and p? in powers
of 1/N as follows:

(%> —x/Z+ze [1—

B(R/Z,k* ]>

_ 1
“2=“”2+“12+0<J—V—2> s

1 1 1
X —;\;l:l +6+O<J‘72'>] s

where p,% and 6 are of order 1/N. Then, continu-
ing as in the previous section, we define X(¢) by
the order-one equation for X(¢); that is,
d'k i
=, 2,1 2, L
X(@)=py® +5 Ay d* +5 Ay @n) k2 - X(¢) +ic

(3.8)

(3.7)
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Finally, to order 1/N the derivative of the effective
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potential is given by

04V 1 d'k i
dq>2 =NX() +3hy @m)! (2 - X)[1 - B(X,k?)] - s\ yd? +ic€
9X( 6NXb 6N o d'k B2 d'k (2?2 — X)0B(X, k?)/0X
*5’&(‘ oy *E(“Nz““l V+iNZ | oyt o x+ieE L) Ty (FZ = X)[1 = B(X, kD) |- DAy d?
3
+ 309" f Y [P~ D[ BX, kz)]—é)\,,cpz}(kz—x))' (3.9)

The renormalization program will be successful
if all the infinities arising from integrals in (3.8)
are canceled by 1,% and Ay, so that X(¢) is finite,
and the infinities occurring in the four integrals
in (3.9) are canceled by the terms involving 6,
u,%, and z.
B. One dimension

No infinities need be absorbed into renormaliza-

tion constants in one dimension (time), hence the

av d “dk, (R +4X)(k*+X) +

IAPPEE+4X) +(A/6V X)(B% + X)

formal expressions (2.22) and (2.23) are correct
as they stand. We find

A 1

1 3.10
6VXEk:-4X+i€’ ( )

B(X,k?)=

which, after a Wick rotation to Euclidean momen-
tum space, leads to

n(

2— =NX(

d¢? o+

asl ).

27

d¢*

where X(¢) is the real solution of
X(9)=p? +3 1% +3 N/ [X(9)]V2.

Performing the integration, we can further ex-
press (3.11) as

(3.12)

254‘: =NX(¢) +7[(m 224 (m V-3V X],
(3.13)
with
m2 =g X p2£[GX - p? - 4X? -5 X0 - FAVX 2
(3.14)

Recall that there is a positive real solution for
X(¢) for all ¢ irrespective of the sign of p?.
Therefore the effective potential has an absolute
minimum at the origin whenever N is sufficiently
large. For given values of X and p2, (3.13) can be
used to determine the values of N for which the
order-one terms can be neglected. We do not
pursue this application any further here; we mere-
ly note that the leading-order result remams valid
for large N.

When the tree approximation has a displaced
minimum, the radiative corrections of order one
fill in the dip, and restore the symmetry. Further
corrections of order 1/N do not alter the position
of the minimum. This result is reasonable since
the propagator no longer has a vanishing mass
term and no new infrared divergences occur.

(B2 +X) (% +4X)

I

(3.11)

C. Two dimensions

The only infinities which occur in two space-
time dimensions can be canceled by the mass
counterterms. The infinite part of the order-one
counterterm is completely determined by the
definition of X(¢). We can write

2,1 2 1 . dzk 1
X@) =y’ +er 45 | o X
I ST SR O
w2+ Ao 24Trln!u2| , (3.15)
if we define
d’k i
“N2=u2—Re<é—)\ Wm) (3.16)

It is necessary to take the real part of the integral
to ensure that the counterterm remains real even
when p%<0. This form for the counterterm was
chosen since it is a natural generalization to p2<0
of the counterterm which preserves for u?>0 the
tree-approximation result X(¢=0)=pu? (Of course
we could have used an arbitrary positive mass
squared M? and defined

s7\.[(217) B2~ M2+ze (3.17)

which does not involve taking a real part, but then
w2 loses its interpretation for u? >0 as the value
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of X at ¢=0.) for sufficiently large N. The order-1/N result
As in the one-dimensional theory, X(¢) has a which we now derive can be used to find the values
real positive solution for all u?, hence, insofar of N for given x and u® for which the leading-order
as the order-1/N terms are small, the effective term indeed dominates.
potential has an absolute minimum at the origin. To complete the evaluation of 2dV/d¢? to order
That is, no infrared divergences occur in order one, we use the following expressions for B(X,k?)
1/N which could affect the position of the minimum and 8B/8X for Euclidean momenta:
J
-A 1 [(X+5k%)Y2 +5VE? ]2>
2) = 3.18
BOGK = 2= T fmrtn( X ) (8.18)
9B(X,k?) _ X 2 1 ) <{(X+%k2)1’2+(%k2)”2}2>] (3.19)
oX  24m [X(kz +4X) T 2VEE (X+akp X ' '
The derivative of X(¢) is found to be
B8X _ I (3.20)

a¢ =1 +)\/2471X

Substituting these expressions into the renormalized equation for 2dV/d¢* we find, in terms of integrals
over Euclidean momenta,

dV ax 6N > A a2k 1
d(j) =NX(¢)+ [ Y - +2 <1 * 247rX> @17 &%+ X)[1 - B(X, k)] +31¢?
d’k (k% +X)oB(X,k?)/0X 142 a’k 1 }
(27)? (R2+X)[1 - B(X, k%)]+ sA9®  ° ¢ (2m)? (B2 + XN (k% +X)[1 = B(X, B®)]+ Ad?} |
(3.21)

All the infinite terms are contained in

6N Y d’k 1 d* 98B(X,k%*)/0X
x +2<1+2417X>.[ e P01 -BX,)] J @ 1-BEF) (3.22)

If we choose
0 d’ 1 1 ey
o= 2m)? k2 + [ ] 1-B([ u*],%?) Pt

where 6f,” is a finite constant which can be chosen to meet a selected renormalized condition, then (3.22)
becomes

(3.23)

6NG6I 2 A d2k< 1 1 1 )
X Tox/e¢? ) @rE\RZ+X)[1- BX, kD] _ K +[p] 1-B( g, %)
d’k (8B(X,k?%)/0X by 1 1
e (T - 127X 1= B( 7, &%) k2+iu21>' (8.24)

However, in the limit of large k* we find

8B A 1 1

89X ~ 121X k% +| u7] O<k4)’ (3.25)
thus each of the three terms in (3.24) is finite. The final form for the derivative of the effective potential
in two dimensions is

dv(¢) @’k ( 1 1
2 d¢? =NX(¢)+ “f (2n)2\(k2+X)[1 - B(X, D]+ ¢® ~ (&% +|u][1 - B(| u?] ,kz)]>
89X [6N6IL 2 d’k < (k% + X)o B(X,k?)/0X A 1 >
TRl A (2m)? \(e*+ X)[1 - B(X, k%) ]+32¢* ~ 121X [1 - B(Tu?[,&9)]E* +] p])
1. .o [ @ 1
~ R ) Gy WO 00 - B, kz)]+5¢2ﬂ (3.26)
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For the leading-order approximation, the
counterterm was determined entirely for p?>0
by the requirement X(¢=0)=0. Here it is no
longer simple to find a u%-dependent integral ex-
pression for 6f.,% which preserves 2dV/d ¢? = u?
hence 61.,% is left as an arbitrary finite constant.

D. Three dimensions

In three space-time dimensions all the infinities
can still be absorbed into the mass renormaliza-
tion. Choosing the counterterm to be

a’r i
2 2 _ 1 —
uyt-pl= Re(s)\ BrF = +Z€>, (3.27)
we find
a’k i
2.l yp2. L ar ot
X(¢) =y +510 +6>\f(2ﬂ)3 P X1ic

A/

Y
=pP+eagt - S 52O (W), (3.28)

J

we find that
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where © (u?) =1 if u®2>0, and zero otherwise.

In Euclidean momentum space the functions
needed in order to evaluate the order-1/N con-
tribution to the effective potential are

oy _ X . 1 )
B(X,k —_247r\/'k_zsm <———-——-———(1 TaxE)
(3.29)
0B(X, k%) _ A 1
80X  24nVX KP+4X’ (3.30)
X A A -1
— =<1+ . 3.31
59" (1w (.31)

The renormalization of the order-1/N terms in
the three-dimensional theory follows the two-di-
mensional procedure closely. By choosing

d’k 1 . 2
I 3 752 3 3 7y F00,",
3N J (@m) (% + | D[l - B( w2, %)]

“12:_

dav 1 [ d% 1 1
2357 -Nx(9)+ 4 [ s ((k2+x>[1—B<X,k2)]+éx¢2 ~ @D =B Ml,k%])
aX [GNGLJ.I d% ( (% + X)0B(X, k?)/0 X A 1
HEr @r)P\ (* +X)[1 - B(X, k) ]+ 9*  247VX (k2+luzl)[1—B(luzl,k2)]>
L ak 1
A @n)? (k2+X){(k2+X)[1-B(X,kz)]+§x¢2}] 3.32)

If 4%>0, the equation which defines X(¢) has a
real positive solution, hence the minimum of
V(¢) must be at the origin. However, if p?is
negative, X(¢) is real and positive only if A ¢? is
larger than —u%. At A¢p?=-6u2, we find X(¢)=
while for 1¢? less than -2 no solution exists.”
We interpret this behavior as a symmetry-break-

ing minimum of V(¢) at A ¢?=—-6u%. Since the mass
appearing in the propagator vanishes at A ¢?=-6u2,
higher-order radiative corrections may have a
significant effect on the position of the minimum.
In the limit of X going to zero, 8X/9¢? behaves as
VX. Hence for vanishing X we find

)

)

mined only to order 1/YN by the order-1/N ap-

Although, strictly speaking, X(¢) exists only
it is possible to define an analytic

)‘f d’r ( 1 _ 1
dcp“‘ =30 ) @ \RP[1 - BO, )]+ ¢~ @2 +[wfD[ - BT wT, kD]
a*k <k (0X/29*)0B(X, k) /0X| x=¢ A 1
@)\ K[1-B0,k*)]+5¢? 3 (& + 2D - B(Ip*[, %]
:0 5
since
8X 9B e proximation to V.)
ag? 8 - ’
¢ X lx=0 for x¢? > —6u2,
Therefore the minimum remains at ¢%=-6u2/x

irrespective of the choice of 61,2, (¢® is deter-

continuation of 2dV/d¢? =X by writing the solution
to (3.28) for u*<0 as
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This continuation leads to a real value for 2dV/d¢?
if p? +31¢? is greater than —(A/487)%. It has been
speculated’® that in higher orders the analytic con-
tinuation of V(¢) should become complex for
r¢? < -6u%. However, to order 1/N, V(¢) remains
real wherever X(¢) is real and positive since the
integrals in (3.32) are real whenever X is positive.

E. Four dimensions

In four dimensions wave function renormaliza-
tion and coupling constant renormalization are
needed in addition to mass renormalization. The
order-one expression for X(¢) involves only cou-
pling constant and mass renormalization; it is
given by
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1y =® - Re (1—;\ i B N ) (3.34)

6 *N (zn.)‘l k2 - “-2+Z€ ’ .

and

1 1 L. [ d% 1 >

x, A TRe <6 t) ey W Erer) 639
the equation satisfied by X(¢) becomes

~ 2L a2 a X
X(p)=p?+5a¢?+ 96112X1nm’ (3.36)

with @=X/(1+1/967%). This choice of renormali-
zation constants preserves, for p2>0, both
X(¢=0)=p? and dX/d¢?| 4_,=%+2.

It is possible for both renormalized quantities,
u? and @, to assume either positive or negative
values. For our purposes it is sufficient to ex-
amine only the simple choice u%>0, A >0.

The renormalization procedure is complicated

X()= 1y +E0, 0% + 1, dk i not only by the additional renormalization con-
TRy TEMWTTE Y ) QY P Xrie stants but also by the quadratic degree of diver-
(3.33) gence of some of the integrals. In the appendix
’ we give the details of the cancellation of infinities.
If we define The final renormalized expression is
av f A’k Ay 1 1.1, .2 d’r 1
2ag VXD | By 3 Troi-Bm o]~ ), Gy e - BT
‘e 1
1, 42421
AN | Gy P P = B T - O = B g
L2 [_ d'k_9B(X, k%) 1 shge [ Lk DBXE) 1
92 ;@m)?* ex  1-B(x,E?) ° r@m)* 8X  (RP+X)[1-B(X,ED)F
d¢ 9B(X,k?) 1
L 2)\2 ’
(269" Gay ~ ox D= BOPTR - O = BE ] g T b
— gt d*k 1
s s @m)* (R +XP[1 - B(X,£?)]
da‘r 1
1y 42y2
M e o Ty sy (e ey v 8.37)
where the subscript f means the finite part of the by using the relationship
integral as defined in the Appendix. The constants — —_— —
a and b are finite; they are determined by specify- Ayl = BOGED ™ =A[1 - B(X, k)] (3.39)

ing the renormalized values to order 1/N of
2dV/d ¢* and 2d%V/(d$*)? or X(¢) and dx/d¢? at
some appropriate value of ¢.

In the integrals in (3.37) which involve only loga-
rithmic divergences, the divergent term B(X, #?)
has been eliminated in favor of the finite function
A [u?]

———9;"2{2 +1n——

4X >1/2 (kz
<k2 +1 In X

B(X, k%) =

(&2

(3.38)

It has been noted elsewhere! that the O(V) model
in four dimensions is inconsistent in the leading-
order approximation when a symmetry-breaking
solution exists. The ¢ propagator has a tachyon
pole in it. Furthermore the effective potential be-
comes complex if ¢ becomes too large. Similar
difficulties arise when we examine the next-to-
leading term in the effective potential, even for
u2>0, A >0.

The order-one definition of X(¢)

(xX- “2)=é—a¢2+§g‘n—2Xan (3.40)



has a real solution for ¢?>0 but less than

(pmaxz = “2 <9gﬂ2 e%ﬂZ/)\ - 1) . (3-41)

As ¢® increases from zero, the solution to (3.40)
increases monotonically from X=p? at ¢=0 to
X=u2e%®™/* at ¢,..% As ¢? increases beyond
¢ max?, no real solution for X(¢) exists. The next-
to-leading-order calculations can now be used to
suggest whether this behavior is due to keeping
an inadequate number of terms in the 1/N expan-
sion, or if the expansion itself is at fault.

The 1/N terms involve the ¢ propagator in an
external field ¢, which has the form

2 Ay 9? 1 > -
(k XTSI, ) (3.42)

in Euclidean momentum space. Although

1 - B(X, k?) is positive definite, it is also infinite;

thus we must use the renormalized expression

2 }\¢2 -1
T oo . 3.43
(k +X+3[1—B(X,k2)]> (3.43)
However, 1- B(X,k?) is not always positive. In-
deed, on the one hand, we have
A X

1-B(X,0)=1 +§—6—TTEIHF,
which is positive for A >0 and X > p2, while, on
the other hand, as k%— o,

[1-B(X,k®)]~1- L(ln?i - 2>
’ 9672 Mz ’
which is negative for large values of k2.

Thus [1 - B(X,%%)]™ and the ¢ propagator (3.43)
have poles in them. The pole in the propagator is
the well-known Landau ghost. Its presence in the
defining equation for V(¢) to order 1/N destroys
the reality of the effective potential. Keeping the
order-1/N terms in the 1/N expansion in four di-
mensions only aggravates the problem of com-
plexity rather than alleviating it.

It is not difficult to locate a possible reason for
the apparent breakdown of the 1/N expansion in
four dimensions. Unlike the lower dimensional
theories, in the four-dimensional theory B(X,%?)
increases as In(k%/u?) for large k. However,
there are many contributions to the four-point
function of higher order in 1/N but which increase
more rapidly than In(?/p?) as k%~ «. For suf-
ficiently large k2, then, the higher-order contri-
butions dominate. In the 1/N expression for V(¢)
we must integrate over all k% consequently the
higher-order terms are not negligible. In the
order-one approximation only B(X,0) is required;
thus the crucial momentum dependence does not
enter. In one, two, and three dimensions B(X,k?)
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vanishes as k%- «, and the higher-order correc-

tions vanish even faster. Hence the momentum

integration does not invalidate the 1/N expansion.
In order to surmount this difficulty, if indeed

it is the fault of the perturbation expansion and not

of the theory itself, it is necessary to find a

better approximation to the four-point function

which incorporates more of the nonlinear structure

of the full theory.

IV. CONCLUSIONS

We have been able to find an expression for the
next-to-leading terms in the 1/N expansion of the
effective potential, and to associate with them a
diagrammatic interpretation. These improved ap-
proximations yield information on three points:
The minimum of the effective potential in three
dimensions is not affected by radiative corrections
of order 1/N: rather it remains at the position
determined by the order-one equations; the analy-
tic continuation of V(¢) is real to order 1/N when-
ever the order-one result is real; and the order-
1/N contribution to the effective potential in four
dimensions is complex for all ¢, suggesting that
the 1/N expansion breaks down.
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APPENDIX

Herein we discuss the renormalization of the
derivative of the effective potential in four di-
mensions. We must be careful in our renormal-
ization procedure to handle correctly the quadratic
self-energy divergences. First, we isolate the
possibly troublesome divergences by expanding
the denominators as follows:

1 1 L /- X\"
p2+X_p2+u2’§ <p2+“2> ’
1 _ 1
1-B(X,k* ~ 1-B(u? k)

« > <§(X,k2) - E(uz,k2)>".
0

(A1)

S\ 1-B05 )

Then the quadratic divergences involve only the
first terms in the expansion in Eq. (A1), and they
are identical to those encountered in the unshifted
theory. Since these terms no longer involve X or
¢ dependence we can appeal to the well-known
results of the unshifted theory in order to re-
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normalize them. For this reason we discuss only
u2>0, 1 >0.

The remaining contributions involve nothing
worse than logarithmic divergences. We assume
that it is permissible first to do the order-one
internal renormalization,

An - A
1-B(X,k?) 1- B(X,k?)’

then to make the subtractions defining the com-
pletely renormalized quantity.

N 2
B(X,k2)=- 5—6?{2 +1n“— -

G. ROOT

)" s

We are interested only in the finite part of
2dV/d¢?, not in the exact form of the renormaliza-
tion counterterms. We therefore define the finite
part of an integral by subtracting a term with the
same high-energy behavior, but with a denomina-
tor which is independent of X and ¢. The renor-
malization program is successful if the sum of all
these subtraction terms can be absorbed into the
available counterterms.

For our discussion it is convenient to define
the following functions. We know that

4x\1/? Rl/x 1
X <1k_> 1“[7((;?% (42)
hence, if we define
A 1 k? k?
GB(X,k2)=4—&T‘§k2—+TL§[X1n3(— —ul lnF +(X - uz)} s (A3)
we have, for large k?
1
[B(X, k%) — B(u?, k%)) ~ 8B(X, k?) +0<};;> . (A4)
Similarly for the expression
OB(X,k?) ) 1 l:kz <X 1\ Y2 1)1
ox  ert A+ax)” M x\\R2 t1) T2 (45)
we are led to define
8B _ A 1 k?
%% = 1ar° k2+p21n3(-’ (46)
so that for large k2
3B\ L2y s 0B <L>
ox KR 055 +0\4E ) - (A7)
We also need the function
3G(X, k%) _ 1 d*p 1
ox " J @) PP+ XP[(p+R)Hu7]
LIRS TP (24X p%) In dux )] (8)
= 48772 2k2 n X - k2[(k2+X_ M2)2+4k2}i2]”2 {[(k2+X" “2)2+4k2“2]1/2 +k2+X+M2}2 .
Then, with the definition
3(B-G) _ 1 X k?
6 X =48,”2 (k2+p'2)2<X_IJ'2+<2X"' MZ)IHF —2(X—M2)1HF> (Ag)
we have for large k?
<aB(X,k2) _3G(X, k%) _ 52(B=G) +o<l)
0X 0X 09X k) (A10)
The finite part of the logarithmically divergent integrals is defined as follows:
f d*k 1 _ [d*% < 1 1 > (A11)
. @2m)* B2+ X)P[1 - B(X,k*)] 7 @r)*\(R*+X)°%[1 - B(X,k*)] (%+u2)P?[1 - B(u,k%]/’
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a*k 1 _ [ d% ( 1 1 > (A12)
@ WP A-BE ) G\ XL - BX, B~ P+ 2P - B D]
f d*% 9B(X,k?)/8X d* < AB(X,k%)/0X 59B/0X ) (A13)
) B2+ 01 - BX,EOE J @i\ +0[1- BOGEDE ~ (2 +pd)[1 - B(i%, k5)F

where we have taken advantage of the relationship between B and B.
The two remaining definitions involve quadratically divergent quantities. We handle them by appealing
to the result of the unshifted theory:

e 1
@m)* [(e +p)? +12][1 - B(u?,%?)

where 6M? and Z are infinite constants whose definition varies depending upon how the left-hand side is
regulated, and g(p?) is a finite function satisfying g(0) =0=1im,..,g(p?)/p*. Then we define

Ny ] =0M2 +2p% +g(p?), (A14)

d'e Ay
 2m)* (% +X)[1 - B(X, k?)]
‘e < Dy X (X = u?) 2 8 B(X, k?)
@nF\ (&% +X)[1 - B(X, k)] 3 @1 V[1- B ED] 3 @+l - BLLET
The last integral whose finite part we must define has a misleading compact formal form. First, we
rewrite the expression so that the quadratically divergent part is immediately recognized as a self-energy:
d*e 8B(X,k%)/0X [ d*p 1 f d*k Iy
(@m)* 1-B(X,k») ~J @n)* (p2+X)?*) 2m* [(p +-) +u2][1 - B(u?, k3]

- OM*® + > . (A15)

d4k aB(kaz) B(kaz)_B(u'zykz)
(@r)*  8ax  [1-B(p%E)]1 - B(X, k%]

d*k <E)B(X,k2) SG(X,k2)>< 1 >

(27)? 92X  8X 1 - B(u?,k?)
The finite part is defined as o
d'e 8B(X,k%)/0X _ [ d 1 d'k 1 _ _ &%
@) 1-Bx, ) J @n)? [(1)2 +X)2< @n)? [(p+k)+p2J[1 - B(p2, kD] om? ‘D22> (p* +M2)2}
'k 1 (aB(X,kZ) 3G (X,k?) 50(B- G))
@m)* 1 - B(u?,k?) 8X 8x  8Xx
da‘k <BB(X, k2) B(X, k?) — B(u?, k%) _ 5B(X,k2)533/ax> (A16)
(2m)* X [1-B(X,k)]1-BE*,E)]  [1-BW*,E)P

By substituting expressions (A11)-(A13), (A15), and (A16) into the renormalized expression for the effec-
tive potential (3.9), we can derive Eq. (3.37) of the text provided that

4 2 4
aX+b=AX+D+Cfd—k—kX—)3+<6 + b 1 >6M2

m)* (B* + @ (PP +x7
dk 8B(X, k?) (X - u?)
+<2 g M ) @n)* <(k2+u2)[1 -B(u3,EDF T (% +p?P[1 —B(uz,kz)]>
A d’k 1

"'(Z ~ 187 TRsln—% 2) sh¢? @) (22 _,_“2)2[1 _ B(“z,kz)]z

d‘k <5M2+2k2 . g(k?) > d*k OB(X,k?)60B/0X

(211)4 (kz +X)2 ’(kz +U-2)2 - (211)4 [1 - B(}lz,kz)]z

d*k 68(B-G)/8X d‘k 88B/8X

@n)? 1= B(2, &) +310% @n* &%+ D1 - B2, O F

i [ d% 1
- 3P f @2n* (% + 221 - B(“z,kz)] . (A17)
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In the above expression A, D, and C are infinite constants of order 1/N. Moreover, we have used the

relationships

Go) - (%S e gmi)

Afox\™t by X
§<3q?> ‘2<1‘48n21“u2>'

(A18)

Many of the terms in (A17) are readily absorbed into a redefinition of A and D. The choice C =2 disposes
of the wave function renormalization. The terms involving a more subtle cancellation are

a‘r 1 1
(2m)* (B*+ u?)? [1 - B(u2,k?)]

A'X+C'+

% (k®+p2)oB(X, k?) - $a¢?

[4—;; (X - u?) ln§ - %ﬁ - (—68(3_ G)> (R* + uz)z]

+

However, from the definitions of 6B, 69(B-G)/8X,

50B/5X, and X(¢) we find
A kP
(8 + 0B, ) - =200 - 1) (= 1+ s ns ),

X I
(%2 +u2)63X 487721n ln—“—z,

and that

X
X 9B
@) (k2+li2)2[1 _B(uz,kZ)]z < 48772 ln — (B® + u?)0 X> . (A19)
—‘L(X 2)1 £ M B(B G)(kz 2)2
4872 - nuz - 3 +H

is proportional to (X - u?). Hence all the infinities
in the two integrals in (A18) can be canceled by
A’X+C’. Therefore, there exist counterterms

A, D, and C, which are independent of X and ¢,
and which cancel all the infinities, leaving the re-
normalized result given in the text, Eq. (3.37).
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5It is inconvenient to sum the graphs in Fig. 1(a) directly.

Rather, their derivative with respect to ¢ can be re-
lated to a mass renormalization and to 2dV/d¢2%. The
diagrams illustrated in Fig. 1(b) can be summed using
a modified propagator which incorporates the order-

one mass renormalization. The effective potential
calculated by this procedure leads to Eq. (2.22) of
the text.

%In this paper we use the combinatorical trick as it is
described in Ref. 1. An alternative version of this
trick which is suitable for investigating the vacuum
expectation value of composite operators such as (@ D)
when (&) =0 is discussed in Ref. 3.

"The integral in the equation defining X (¢) dictates the
value of VX for complex X. If the imaginary part of
X is negative, the imaginary part of vX must also be
negative and no solution exists. If the imaginary part
of X is positive then the counterterm no longer cancels
the infinities and the equation is not renormalized.
Hence the only solutions are real positive X.



