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the general R, formalism, see Ref. 5, where the
second-order scalar-particle self-energy with an
arbitrary value of £ is also evaluated.

8This problem has been investigated, with the use of

conventional formalism for the vector field, by
T. Appelquist and H. Quinn, Phys. Lett. 39B, 229
(1972).

PHYSICAL REVIEW D VOLUME 10, NUMBER 10 15 NOVEMBER 1974

Infrared bootstrap for the electron mass in finite quantum electrodynamics

Philip D. Mannheim*
Institute for Advanced Study, Princeton, New Jersey 08540
(Received 17 June 1974)

This paper is concerned with the infrared structure of Johnson-Baker-Willey finite quantum
electrodynamics. In this theory the insertion of iy, the composite mass operator, into the electron
propagator satisfies a homogeneous Bethe-Salpeter equation whose solution is conformally invariant at
short distances with an anomalous dimension, g ,(a). To determine whether the theory is forced to
actually choose a nontrivial solution to this homogeneous equation we calculate the effective potential,
V(<$¢>), using the dressed scalar vertex as input. We find that the infrared divergences of the theory
cause the effective potential to develop a degenerate minimum away from the origin in classical field
space. Thus dynamical s symmetry breaking takes place with the electron acquiring a mass
m ~ (. It is thought that this may be a general mechanism for generating masses in an otherwise

conformal-invariant theory.

I. INTRODUCTION

This paper is concerned with the possibility
that dynamical y, symmetry breaking is the agency
for introducing a scale into particle physics. In
discussing theories in which all of the mass is
to be dynamical we must start off with an under-
lying massless theory with dimensionless cou-
plings. Such theories will exhibit conformal in-
variance with anomalous dimensions at short
distances provided there is a renormalization-
groupfixed point.!"® Werestrict ourselves to such
theories only in this paper. These theories are
generally regarded as being off-shell theories
only without a sensible mass-shell limit. Thus the
good ultraviolet limit is accompanied by a bad
infrared limit. In perturbation theory we avoid
but do not solve the infrared problem by renormal-
izing off the mass shell. Eventually, however, we
have to sum the perturbation series and go to the
mass shell, at which point we then have to face
the infrared problem. The main point of this
paper is that this infrared problem is then solved
by dynamical 3, symmetry breaking, so that the
fermions in the theory acquire masses by trans-
lating to the new vacuum. In this approach Wil-
son’s skeleton theory* will be an exactly conform-
al-invariant renormalizable theory with either
anomalous or canonical dimensions at short dis-
tances, depending on whether the ultraviolet-stable
fixed point is nontrivial or at the origin; and all

of the breaking of conformal invariance is achieved
through the v, degeneracy of the vacuum with no
soft operators (or dilatons) being needed in the
theory. This is the realization of an idea we sug-
gested in a recent publication.’

The theory we analyze in detail in this paper is
Johnson-Baker-Willey quantum electrodynamics®~!
(finite QED) which possesses an explicit dynam-
ical-symmetry-breaking solution. These authors
have considered the Bethe-Salpeter equation (see
Fig. 1)
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for the insertion of the renormalized scalar op-
erator, §=3y, carrying zero momentum into the
electron propagator. In the generalized Landau
gauge where Z, is finite the electron propagator
is canonical and the above equation admits of a
solution

- __p2 Yela)/2
T (p,5,00=Clawm( L ) (2)
for asymptotic p.'* Thus if y,, the anomalous
dimension of 6, is negative the theory has a zero
bare mass m, (in the limit of infinite cutoff).®
Equation (1) then becomes a homogeneous boot-
strap equation for the renormalized mass operator
and admits of a nonvanishing physical mass. This
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is a typical degenerate vacuum situation in which
the solution to a Lagrangian field theory possesses
less symmetry than the original zero-bare-mass
Lagrangian. The question of whether the non-
trivial solution of Eq. (1) is preferred over the
trivial solution is a stability problem, so we are
thus led to calculate the effective potential seen
by (P9 in order to investigate the structure of
the vacuum. We shall adapt the method developed
by Coleman and Weinberg.* Since their approach
is not too well suited to the case where there are
composite operators, we shall adapt their method
to our problem by developing a physically motivat-
ed (but not as of yet formally justified) technique
for handling composite-~operator effective po-
tentials. Our method will also admit of a loop
expansion and we shall use the completely dressed
vertex of Eq. (2) as input for the loop calculation
of the effective potential. We find that the poten-
tial develops a minimum away from the origin so
that the physical mass then bootstraps itself about
this ¥, degenerate vacuum. As has been previously
stressed® !®s 16 the nontrivial solution to Eq. (1)
corresponds to a nonconserved axial-vector cur-
rent due to a nonperturbative renormalization
anomaly, so that this spontaneous breakdown of a
continuous symmetry needs no accompanying
Goldstone boson. We thus note the one-way nature
of the Goldstone theorem in theories in which all
of the mass is dynamical. Though a conserved
current implies a degenerate vacuum and a mass-
less particle, there is no theorem which forces a
degenerate vacuum to be accompanied by a con-
served current. The second possibility is auto-
matically realized in finite QED. The fact that

we have obtained spontaneous breakdown in QED
is perhaps surprising since, being infrared-stable,
it is usually thought of as being well behaved in
the massless limit. However, the infrared stabil-
ity of QED is a statement about our ability to
handle soft photons, and says nothing about the
limit of vanishing electron mass. Thus in finite
QED the photon stays massless, but the theory -
does not tolerate a massless electron.

II. CALCULATION OF THE EFFECTIVE POTENTIAL
IN FINITE QED

In a recent publication Coleman and Weinberg™
have developed a useful method for investigating
whether radiative corrections can be the source
of spontaneous symmetry breakdown. They start
from Schwinger’s generating functional, W(J), in
which the field of interest, ¢, is coupled linearly
to an external source J. Functional variations of
W (J) with respect to J(x) then give the connected
¢ Green’s functions, G")(x,, ..., x,). A classical

field is then introduced through the definition

. 0w _{0"[¢(x)][07)
%= 5560° o' T0)
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From ¢, (x) we next construct an effective action
functional

1"(<pc)=W(J)—fd4xJ(x)¢c(x), (4)

which can be expanded in two ways. First, we
expand in a functional Taylor series about the
point ¢, =0 (i.e., about the normal vacuum), so
that

1
l"(¢c)=z o fd"xl' cedix, T™(x,, ..., x,)
- 5

XPo(x,) 2 Po(x,) . (5)

A second expansion is in powers of momentum
about the point where all external momenta vanish,
which in coordinate space is equivalent to

T(o) = [ ad-V(6)+ 5o, 6.72(0,)+ ] . (©)

Here V(¢,.), an ordinary function, is known as the
effective potential and satisfies

V(9e)= 3 35 T (p,=004,". )

The minima of V(¢,) give the true vacua of the
theory. Note that up to this point no distinction
has been made between fundamental fields and
composite operators. The coefficients r{mare
defined through Eq. (5) and can be related function-
ally to the connected G™. In the event that ¢ (x)
is a fundamental field which can propagate from
point to point internally in diagrams it then follows
that the T'™ are amputated one-particle irreduc-
ible (1PI) graphs. Thus for fundamental fields
Eq. (7) is a very convenient starting point, and
lends itself directly to the loop expansion of Cole-
man and Weinberg which sums particular infinite
classes of infrared-divergent 1PI graphs. For
composite operators, however, the '™ have no
simple interpretation (if there is no kinetic energy
associated with the composite operator then there
is no meaning to amputation), and from a practical
viewpoint Eq. (7) is not too useful.

Various authors!” have noted that a great deal
of computational simplicity is achieved by using

T(@( - <+ 7@ R
p+q pP+q

k+q p+q
FIG. 1. The Bethe-Salpeter kinematics for the dressed
vertex.
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the Feynman path-integral method which uses
functional integration instead of functional dif -
ferentiation. This method expands the quantum
action in powers of 7 about the classical action,
and powers of 7 are then found to correspond to
numbers of loops in the above-discussed loop
expansion. In this approach the infinite class of
graphs in a given order in the loop expansion cor-
responds to a single term in the 7 expansion.
Though the functional-integration method has great
practical value it also cannot be readily extended
to composite operators, unless some meaningful
classical action can be constructed for them.

This difficulty is compounded by the fact that in
the case in which we are interested the composite

SV CTI) _ <0

P does not correspond to a physical particle state.
Since the available techniques are not readily
adaptable to composite operators we shall now
develop an alternative approach. We note first
that a composite operator does not propagate but
just brings two fields together and creates a pair
at a point (i.e., it is an insertion into a Green’s
function) so that it acts more like a source than a
field, with the most convenient objects for calcu-
lation being its connected Green’s functions.
These have a simple diagrammatic interpretation
and are easily calculable. In order to utilize this
fact we shall use (Jy) as the “source” of Ji,'®
by writing the fermion mass term in a disguised
form. We introduce

Texp{i fd“x[.ﬁ(x)+$(x)z/)(x)@(x)zp(x)>]} ‘0> . (8)

Variations of W with respect to ($(x)p(x)) give precisely the connected J) Green’s functions defined by the
theory with a chiral-invariant Lagrangian and with (¥3)=0. Thus

W((Z/;Z/))) =Z% quxl. - d4xn G(")(xv ey Xy )Gp-(xl)w(x]»' ot @(xn)‘P(xn » . (9)

Having now obtained the coefficients we take
@(x)P(x)) to be independent of x so that we may
write

W (@y))= —fd‘*xv«'u;w)), (10)

where we obtain a composite-operator effective
potential

V@ =3 - 6P, =0Ty . (11)

Now though we described (J¥) as a source we only
used that fact to obtain Eq. (11) by functional dif-
ferentiation. It is not to be thought of as a con-
ventional source since we do not intend to switch
it off. In this approach spontaneous breakdown is
the statement that we cannot switch off (§¥), i.e.,
that Eq. (11) has a minimum away from the origin.
Thus our approach is to assume that the fermion
gets a mass through the nonvanishing of @), giv-
ing the mass term in Eq. (8). We then study Eq.
(11) to see if it is stable about this assumed non-
vanishing ($y). This is thus a self-consistency
approach like the mean-field approach in phase
transitions. There is, however, one essential
difference with mean-field theory. There the ex-
ternal field couples linearly to the spontaneous
magnetization, but the induced internal mean field
couples to the spontaneous magnetization in a non-
linear fashion and remains after the external field
is removed. In our case if we are to induce a

r
spontaneous mass term of the form P(x)P(x)XJPy) at
all then the coupling to the internal degrees of
freedom will also be linear. Hence our approach
can only work when there is an induced composite
mass operator. It does not work when a funda-
mental field acquires an expectation value. It is
as though mass acts like a bootstrapped Py
source.

It is important to note that the coefficients of
Eq. (11) are the Green’s functions of the massless
theory ((gu) =0) and they will typically be built
out of the vertices Is(p, p, 0) of Eq. (1), which
itself was solved using massless fermion propa-
gators to yield Eq. (2). It is this feature which
makes our mass bootstrap self-consistent.

We must point out that our procedure is still
only at the level of an ansatz. It is not at all clear
whether the object defined by Eq. (11) is in fact
an effective potential, and whether it bears any
relation (or whether it even should bear any re-
lation) to the more familiar potential of Eq. (7).
Though we have given a physical argument above,
and though we expect that the class of graphs of
Fig. 2 has some fundamental significance, we

\ ’
\\ // X /
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FIG. 2. The class of graphs used to calculate the
composite-operator effective potential. The shaded blob
represents the complete dressed scalar vertex.
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have not yet found a more formal derivation of
Eq. (11).

Now of course we do not know the exact Green’s
function required for Eq. (11) so we must now try
to make a sensible approximation. We shall again
proceed loopwise as in Ref. 14 (in fermion QED
this has also been suggested as a general proce-
dure by Adler'®) and sum the infinite series of
infrared-divergent connected graphs exhibited in
Fig. 2. In these graphs the dressed vertices are
given by Eq. (2) and the fermion is massless, so
that we only have loops with an even number of
external lines. This is not the complete set of
one-fermion loop graphs since we are ignoring
graphs like those of Fig. 3. We will indicate later
why this may not be a severe restriction. We
note that each graph in Fig. 2 has a conformal-
invariant structure. Though the series looks like
a perturbation expansion we recall that each vertex
has already undergone a nonperturbative summa-
tion, so that our V(@zp)) is highly nonperturbative.

Before we sum up the graphs of Fig. 2 we can

L ah X (=1) i ) 2
VEgy2) =i (217)42 2n [Tr{(p,+i€)[—zc(a)] <

n=1

Essentially the same formula is obtained by Cole-
man and Weinberg for the 1PI loop contribution to
Ap* (apart from the p?? factor). The crucial dis-
tinction is the one additional minus sign coming
from the closing of the fermion loop. This extra
factor will give us a stable potential instead of an
unstable one in y< 0. We now sum on # and make a
Wick rotation to the Euclidean region to find

V@) = 5o

_(—IT—;/—) [Cz(a )@w 2m-27] 2/(1-7)

A
xf dx xN=Dn(141/x),  (15)
o

where
_ AZ (1-7)
T C¥a)yyp) m

This integral is readily evaluated and we give the

A (16)

AN
N /

/ N\

FIG. 3. A typical additional photon dressing to the
class of graphs of Fig. 2.

immediately determine whether (Jy) =0 can re-
main a well-defined minimum. For this we need
only look at V#({Pyp)=0) and V*({$) =0). Thus
[from Eq. (11)]

"(T0Y =0) = —C2 (o) =27 [ L2G° P2
V*({Pp) =0)=-C*(a)m 27 8 p°

_ —CHam=T ()T "

- 8r° (1+y) |, (12)

and only has an infrared-divergent logarithm when
y=-1. (In y< -1 we have an infrared power.) Also

CHa)m =2 (p*)*? ,”

Vi gy)=0) = 6 5y

) (13)

[}

which has an infrared-divergent logarithm at v =0.
Now since it is infrared logarithms which give
rise to spontaneous breakdown we see that we will
not expect anything special to happen at (§) =0
unless y is an integer. We now sum the series of
Fig. 2 to obtain

e }@W]" . (14)

solution in various cases.
We consider first the case y=0. We find

V@, 7=0) =) * G2 ey 1
A? 27
e ) |-

(17

We renormalize the theory by adding (@) 2 and
(P) * counterterms to Eq. (8). Because of in-
frared divergences we cannot adjust these counter-
terms to specify the value of G at p, =0, so we
follow Coleman and Weinberg and renormalize
instead away from (P =0 by introducing an arbi-
trary point M in classical field space and renor-
malize so V”(0)=0, V" (M)=-11C*(a)/27* [so
V’(M)=0]. This then leads to

v

2%

FIG. 4. The effective potential V({¥3)) for a free Fermi
theory.
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V(@y), y=0)=-C*a) @ﬁi{: [2 1n(<%32>-1},

(18)

which is plotted in Fig. 4. It gives an upside-down
double-well potential which possesses no stable
absolute minimum. This is to be expected since
we have changed one sign compared to the essen-
tially equivalent infrared-stable A¢* calculation
of Ref. 14. Now when y =0 the vertex Iy (p, p, 0) is
given entirely by the bare vertex term m,Z, of
Eq. (1). We are thus led to conclude that a free
Fermi theory with a nonvanishing bare mass is
completely unstable. [In a free theory the ultra-
violet divergences of Eq. (17) are simply due to
the fact that the ill-defined 3(x)y(x) has a free
field singularity.] We feel that this point should
be investigated further since it seems to imply

that conventional QED with infinite renormaliza-
J

VFh), 059> ~1)= = o= [C*a NGy )m27 /¢ "”CSc(%)

167

This function is smooth as ($y) — 0 and possesses
no infrared logarithm until we go to y=-1. Thus
we can renormalize at (§)) =0 and may then re-
move the second term of Eq. (19) by a standard
(99)? counterterm selected so V”({yy)=0)=0,
which then leaves only the first term of Eq. (19).
The resulting potential is plotted in Fig. 5 and
the origin is stable in this case, with the fermion
staying massless. However, our renormalization
scheme is ambiguous and we will discuss an al-
ternative prescription below which leads to a
double-well potential.

For y=-1 we evaluate Eq. (15) directly to find

_ C2a)XPy)’m?
167°

A4
X [ln <—C2(a)(fp'zp}2m2 ) +1] . (20)
Now we cannot renormalize at (Yy) =0, so we add

a logarithmically divergent @zp)g counterterm
and adjust its coefficient so V”(M)=m?2C%*(a)/47%,

V@), y=-1)=

v

\/

v

FIG. 5. The stable effective potential obtained in
0>y>-1.

tion constants is a theory which is built on the
local minimum at the origin in Fig. 4 as though

it were the true minimum of the input theory (or pos-
sibly a theory built on the local maximum where ¢)
=0). Thus the usual bare normal vacuum used for set-
ting up perturbation theory [which buries the dif-
ficulties of Eq. (17) by normal ordering without
knowing in which vacuum this is being done] may
not be the ground state of the system. In order to
stabilize the potential we will proceed below to
consider y< 0, so that all of the scalar vertex
comes from the kernel of Eq. (1). Thus the theory
in which all of the mass of the electron is dynam-
ical may be the only consistent theory of QED.
This could then provide a physical rationale for
the actual existence of an eigenvalue at all.

For 0>y> -1 Eq. (15) may be evaluated by in-
tegrating by parts to isolate the infinities as sur-
face terms, leaving us with a standard product of
T’ functions. Thus we obtain

_ L
8m®

2 — a5 1 Ai y
C2()Fy)m <T+7><m> . 9)

r

so that V/(M)=0. With this choice we obtain

@+ ST (S

(21)

which exhibits the stable double-well potential of
Fig. 6. Thus if Y =-1 the infrared divergences
force us away from the origin and we are obliged to
translate to the new degenerate vacuum with the
fermion acquiring a mass of order M. Hence we
can self-consistently identify the parameter m of
Eq. (2) with M of Eq. (21).2°
For y< -1 we obtain

V(@8), 7< =1)= 1= [CHa Xy A=)

Xcse <-7I£1~1_—+J~)> , (22)

which is completely finite and gives the unstable
single-well potential of Fig. 7.
We have singled out the value y =~1 as special

v

<y

FIG. 6. The double-well potential obtained in y= —1.



3316 PHILIP D. MANNHEIM 10

in the sense that only for this value are we neces-
sarily forced away from the origin. However, the
unrenormalized equations, Egs. (19) and (20), are
completely continuous as y—~ —1, though our re-
normalization procedure is discontinuous since
there is no parameter M in y>-1. Now we are
free to renormalize the case y> -1 also at M+0,
and this can be done in such a way as to give a
double-well potential like that of Fig. 6, or to
give a single-well potential again.?' This is an
ambiguity of the renormalization prescription,
which we cannot for the moment guard against.

Of course y(a) has a unique value at the eigen-
value for @, so an independent determination of
v(a) would resolve this ambiguity, and tell us
which case we are in.

We now discuss briefly the neglect of graphs like
those of Fig. 3. The series of Fig. 2 sums out to
a term of order C*(a). The dressings like that of
Fig. 3 to all of the graphs of Fig. 2 should, we
hope, then give a term to the effective potential
of order aC?*(«) without altering the structure of
Fig. 6 so that the dressing is a higher-order mod-
ification of the one-loop approximation.

Thus to sum up our findings we note that from
the requirement of stability we have 0>y > -1, so
that QED with a vanishing bare mass only exists
in this range. If 0>y > -1 the electron may get a
mass, and if ¥ =~1 the electron must get a mass.
Thus the anomalous dimension of the composite
mass operator acts as a signal for spontaneous
breakdown, and in conformal theories B(a) boot-
straps coupling constants and vy, (a) bootstraps
masses.

G

FIG. 7. The unstable potential obtained in y<—1.

Note added in proof. Since submitting this paper
we have clarified the status of Eq. (11). It is not
in fact an effective potential, but rather it gives
a vacuum energy difference between a massive and
an underlying massless theory, viz.,

elm)= <Q(m)lH(m) ] Q(’”)> _<Q(0) ‘H(O) I Q)

1
=3 57 S by =00,
n

so that when y,(a)= -1 the massive theory is ener-
getically favored. Moreover, we have also elim-
inated the ambiguity in 0> y,(a)> -1, and these
points will be discussed in future publications.
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