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It follows from (4.4) that
Seg+ Sy +8, +S4 +S, +S+S, +S5,+5;=0,
(4.6)

so that the total scattering contribution involving
the b-field coupling vanishes. It is especially
interesting to note that the so-called wave function
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renormalization terms in S,, S§,, S.,, and S; are ex-
actly canceled by the vertex renormalization terms
in S, and S;.

Thus, despite earlier misgivings,*'®> we have
demonstrated by explicit calculations for a specif-
ic process that a transformation of the Lagrangian
density (4.1) does not affect even the renormaliza-
tion constants.

*Work supported in part by the U. S. Atomic Energy
Commission under Contract No. AT(11-1)-2302.
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During the extensive simplifications required here, we
did not employ any objectionable device such as shifting
the origin in the 2 space.
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The Higgs model for the interaction of vector and scalar fields is treated by means of the
ghost-field formalism, which preserves the unitarity of the scattering operator as well as
simplifies the renormalization procedure. Our ghost-field formalism has some similarity
to the R, formalism with £ =1, but it does not require the introduction of the so-called
gauge-compensating terms. Applications to the second-order self-energy of a scalar particle
and to the fourth-order scattering of vector particles are discussed.

I. INTRODUCTION

Although the ghost-field formalism for vector
fields involves the use of an indefinite metric, it
is possible to carry out transformation of the La-
grangian density in such a formalism without de-
stroying the unitary property of the scattering
operator.! This fact is of great importance from
a practical point of view, because we shall show
that it enables us to develop a formalism for vec-
tor fields which preserves the unitarity of the
scattering operator as well as simplifies the re-
normalization procedure. We shall make use of
only the familiar techniques of quantum field the-
ory. Moreover, since the unitarity of the scat-
tering operator is ensured in our formalism by
the consistency of the supplementary condition, it
will not be necessary to introduce either any gauge-

compensating terms or an arbitrary gauge param-
eter.?

We shall here consider the simple Higgs model,?
which is sufficient to bring out the essential fea-
tures of our treatment. In order to clarify the
relationship of our work with that of the earlier
authors,*'® we shall also investigate the second-
order self-energy of a scalar particle and the
fourth-order scattering of two vector particles.
Applications to more complex systems of physical
interest will be described in subsequent papers.

II. GHOST-FIELD FORMALISM FOR THE HIGGS MODEL

The Lagrangian density for the Higgs model can
be expressed in the conventional form as?®
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L=-%(8,B,—6,B,)~ -3(8,0)° —3p%¢>

-38°B,2(2r¢ + ¢%) —hAp® - tho?, 2.1)

where m and p are the masses of the real vector
and scalar fields B, and ¢, g is the coupling con-
stant, and the additional constants z and A are
given by

L=—4(0,4,)° ~}mA,* = (5,6  bm?¢?

while the physical states of the system are sub-
ject to the supplementary condition

(8,4,+m) " ¥=0. 2.4)

Further, let us transform 6 and ¢ into two other
real scalar fields x and y by means of the relation

(+¢)et M =n+y+ix, (2.5)
which evidently ensures that
6=x+0(g), ¢=9+0(g). (2.6)

By equating the real and imaginary parts of (2.5),
it is found that

J

2(8,0)* - zu%p” -
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h=g%u%/2m? r=m/g. 2.2)
We are not concerned here with the derivation or
justification of the above Lagrangian density. Our
aim is to show that by using the ghost-field forma-
lism and applying the appropriate transformation,
(2.1) can be converted into a more advantageous
form for practical applications.

In the ghost-field formalism,’ (2.1) is replaced
by

38°(A,+m™18, 0221 + %) —hrp® - $ho*,

(2.3)

0=Atan“(—x—>,
Aty @.7)

=[O+ g 4],
and consequently

5. 6= A +p)a uX = Xau‘/)l
k A +9)2+x°

)\+§Q Oud +X3uX
A, +w)2 1 2
With the help of (2.7) and (2.8), the Lagrangian

density (2.3) can be expressed in terms of the
fields A,, x, and y as

(2.8)

L=-3(8,A,)* —3m?A 2 - 5(8,%)% - 3m>x* - 3(8,9)% - 3029 % —gmA %P +gA , (x8,9 — 3, X) —AY(x® +37)

2
: - X - X
_éngMZ(x2 +%) = $h (X2 +y?)? +m(d“Au+mx)|:x —Mtan 1<)\ +¢>] - %mz[x —xtan 1<7\ +zp)] s (2.9)
where some simplification has been achieved by Ay Aglx') = =i6 4 gAplm; x = x7),
using (2.2) and dropping four-divergences. The el i ,
supplementary condition (2.4) now takes the form X&) XY = —iapln; x -x'), (2.12)

-1f_X i
[apA“+m)\tan (Hzpﬂ ¥=0, (2.10)

and maintains its consistency.!

It follows in the usual way that the effective inter-
action energy density in the interaction picture,
resulting from (2.9), is given by

Her =gmA 2 -gA, (x8,9 — 8,x) +hAY(X* +37)

+3g%A, 2+ 9P+ Th(X +¢7)?

—-m(8,A,+my) [x— Atan“(x f §0>]

X 2
+§m2[x— Atan“<h " lP):l s

with the contractions

(2.11)

Px) P') = =i ap(p; x = x'),

and the effective contractions

Aa(x)' 8;,A B(xl). = —7,'60(58“ BUAF(m; X - xl) )

8, x(x) 8, x(x') = —i8,8), Aplm; x—x"), (2.13)
0, 9(x) ,y(x') = ~18,8, Ap(p;x - x'),
where
Aplm;x —x') = Hm @ 4fdke”’ G- ")——12-—.—-.
) B +m®—ie
(2.14)

It is interesting to observe that (2.11) does not in-
volve any 5(0) term.

The effective interaction (2.11) is expressible in
powers of the coupling constant g as
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Heg =ngAp2¢ —gA“()(B”dJ -8, X + (gu?/2m)y (x*+9?
+%g2Ay2(X2+w2) +(g2IJ«2/8mz)(XZ +¢2)2
-(8,A,+my)[gxy +(g%/m)(5x* - xp*)] + 387
+0(g%, (2.15)

where we have made use of the relations (2.2).

III. SIGNIFICANCE OF COUPLING TRANSFORMATION

The main virtue of the ghost-field formalism for
vector fields is that it enables us to carry out cer-
tain transformations which cannot be carried out
in the conventional formalism. The significance
of the coupling transformation for the Higgs model
becomes apparent when we compare (2.3) and (2.9).
We find that while (2.3) contains a coupling term
with two field derivatives, the transformed cou-
pling terms in (2.9) contain at most one field deriv-
ative, which reduces the degree of divergence in
individual interaction diagrams and greatly facil-
itates the treatment of renormalization. This obser-
vation shows that it should also be possible to
carry out the desired coupling transformation by
successive approximations as explained below.

Consider the transformation

0-6+gu,, (3.1)

where %, is any product of field operators and their
derivatives. Then,

-3(0,0%~-3(8,6 -g8,u,8,0+0(g?

or, after dropping a four -divergence,

-3(8, 0%~ -3(8,6)* +gu,8°6+0(g? . (3.2)

- { }'_ ‘_““\\_,/ '—"l,::,\"‘_ ( )
(a) (b) (c) (d)

;‘ e Q

(e) (f) (9)

3 O O

(h) (i) (i)

(k) ()

FIG. 1. Second-order self-energy of the scalar particle.
The fields A, X, and ¢ are represented by wavy, broken,

and unbroken lines, respectively. The last two diagrams
with dotted lines, which arise from gauge-compensating
terms, should be ignored in our ghost-field formalism
but included in the R, formalism.

Thus, by applying a transformation of the form
(3.1) to the Lagrangian density, we can always
cancel first-order coupling terms involving 8%6.
After this cancellation, another transformation of
the form

0—60+g%u, (3.3)

can be applied to eliminate second-order coupling
terms involving 8269, and so on. This procedure
will yield a useful transformation of coupling terms
whenever derivatives can be converted into 8% by
dropping four-divergences.

In the Lagrangian density given by (2.3) and (2.2),
the first-order coupling term with two derivatives
is

_:T(p(au 0)?,

which can be converted, by dropping four-diver -
gences, into

1 1
2 00920 — 22
)\9¢ 6 2)\68(1),

and canceled by subjecting the Lagrangian density
(2.3) to the transformation

9*9-%%,
(3.4)

1 ..
¢>-—¢+2A9 .

Then, the second-order coupling terms with two
derivatives in the transformed Lagrangian density
are expressible, after dropping four-divergences,
as

1 1
;2_(%93_ 9¢2)82€+§X§92¢82¢’

which can be eliminated by applying the transfor-
mation

}:’.’.ﬁi:{ ><>{i

(d) (e) (f)

FIG. 2. Residual divergences in the fourth-order
scattering of vector particles.
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9-—9—%(%93- 0¢?),
(3.5)

b= 6=530%.

The successive transformations (3.4) and (3.5) are
equivalent to the single transformation

1 1,; 5 1
9*0—;9(]&—?(59 _6¢2)+0<F> ,
(3.6)

1 1
-~ q>+—92 2A292¢+O<F>’

]

which agrees with (2.7) on identifying the trans-
formed 0 and ¢ with y and ¢, respectively.

IV. SELF-ENERGY OF SCALAR PARTICLE

The formalism described in Sec. II resembles
the R, formalism® with £=1, but we do not find it
necessary to introduce the gauge-compensating
terms or demonstrate the £ independence of results
of physical interest. Since the absence of gauge-
compensating terms in our formalism might seem
surprising, we shall calculate the second-order
self-energy of a scalar particle by our ghost-field
formalism as well as by the R, ., formalism, and
establish the equivalence of the two results.

The self-energy diagrams are shown in Fig. 1.
For the present purpose, (2.15) can be reduced to

Her =gmA, %Y +2 gA, 0, x +g(u?/2m —m)x % + (gu?/2mW® +5 g 2A 297 + g2 (2 /4m® + H)x 2¢* + (g 22 /8m2)y*

(4.1)

where we have dropped a four-divergence as well as ignored terms that do not contribute here. With the
use of (4.1), the contribution of the scattering operator for diagrams « to j in Fig. 1 is found to be

S48 st 18D =g25(p—p Y (p)y*(p)

9u?/2m? 6+u2/m? 3u%/m?

6m?2+ut/2m? - 22
% fdk[(k2 +m®)[(k = p) +m?] *

B (k-pP+ut]

k2+m2 +k2+ Z:I’ (4'2)

where p is the propagation four-vector of the scalar particle.
On the other hand, according to the R, formalism, the effective interaction energy density for the

Higgs model is”

Hyr=gmA2p— g A, (x 8,0 - 9,x) +(gu®/2m)p(x® +°) +3 24,2 (x> +37) + (g2u?/8m?)(x +§?F + gmypC*C,

(4.3)

where C is a complex scalar Fermi field of mass m appearing only in closed loops, where its contribution

is determined by the contraction

Clx)" Cx(x") = —iA(m; x-x').
We then obtain for the diagrams a to j

§‘(lz)+§$’2)+ . +§§2)=g26(1) -p W ("W (p)

(4.4)

9ut/2m? 9+;12/m2

fdk[ Tm?+ ut/2m? + 2p®

E+m[(k-pr+m?] C+ 2N k-pY+i2]

+3u2/m:] (4.5)

k2+m2 k2+li

while for the diagrams % and [ involving the gauge-compensating terms

5i2+5=—g26(p - p"y=(p)*(p) fdk[(k2

so that the total contribution is

SE+5 e 451 =g%0(p - p N (6N (p)

3
+m2)[(k--p)2+rr12]+ k2+m2} ’ (4.6)

9ut/2m?

6m? + u*/2m? +2p?
/ dk[(kumz)[(k—p)um 7

Bri2e-pr+ 2] KBrm® R+

6+ 2 /m? 3;1.2/m2] ) 4.7)
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For a free scalar particle, in view of the rela-
tion p?=—pu2, the results (4.2) and (4.7) become
identical. Note that this equivalence holds only
after the contribution of the gauge-compensating
terms is taken into account in the R, , formalism,
while no such terms appear in our formalism.

V. SCATTERING OF VECTOR PARTICLES

As another application of our formalism, we
shall consider the renormalization of the fourth-
order scattering of two vector particles,® whose
propagation four-vectors are p and ¢ in the initial
state and p’ and ¢’ in the final state. There is only
one second-order interaction diagram for this
scattering process, which represents § exchange
and arises from the coupling term gmA,?) in
(2.15). There are, of course, many fourth-order
interaction diagrams, but they can be divided into
two categories. The diagrams belonging to the
first category can be obtained by the insertion of
self-energy and vertex parts in every possible
way in the second-order diagram, and it can be
J

readily shown by power-counting arguments that
all divergences in such diagrams can be removed
by renormalization of the masses m and p and the
coupling constant g. The second category contains
diagrams that cannot be obtained by the above pro-
cedure, and the divergent diagrams belonging to
this category are shown in Fig. 2, where it is
understood that the propagation four-vectors p, ¢,
p’, and g’ are to be associated with the external
lines in every possible way. It only remains to be
shown that the residual divergences in these dia-
grams are mutually canceled.

The contributions to the diagrams in Fig. 2 arise
only from the coupling terms

-gAp(XapZP - wau)() +%g2Ap2(X2 +¢2)

in (2.15), and since they are only logarithmically
divergent, the divergences can be isolated without
regularization by setting all external propagation
four-vectors equal to zero, and the calculations
can be further simplified by dropping all masses.

Then, the divergent parts of the contributions of
these diagrams are expressible as

S(4)_s(4)_48g 6(p+q p'—q’)A ({)')A (q')A (j))A (q)fdk_kiﬂk_ukik_ (5.1)

S50 =5=_8g%(p+q-p' - q)A7(p)A;(¢NAL(p)A}(q)

dek 6pykak3 +0,8Ruky +5pak.,k5+6"kaka+6y5kyka+5yockpke

k6

S{0=5(0 =2g%0(p+q - b~ 1A (P)A; (@A P)AKa) [

and since

fdkkuk fk?) =15, fdksz(kz

fdkkuk,,kaksf(kz) =g§(6“v6a5+Gua6y5+6”6ya)fdkk4f(k2),

it follows that

SiP+8(9 450450+ 500 1 5W<0,

(5.2)

’
5“u5aﬂ+6k;14a6v5+5p35yo( , (5.3)
(5.4)
(5.5)

Our calculations again are no more difficult than those in the R, formalism with £=1, and the use of our
formalism automatically ensures the unitarity of the scattering operator.

*Work supported in part by the U. S. Atomic Energy
Commission under Contract No. AT(11-1)-2302.
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This paper is concerned with the infrared structure of Johnson-Baker-Willey finite quantum
electrodynamics. In this theory the insertion of iy, the composite mass operator, into the electron
propagator satisfies a homogeneous Bethe-Salpeter equation whose solution is conformally invariant at
short distances with an anomalous dimension, g ,(a). To determine whether the theory is forced to
actually choose a nontrivial solution to this homogeneous equation we calculate the effective potential,
V(<$¢>), using the dressed scalar vertex as input. We find that the infrared divergences of the theory
cause the effective potential to develop a degenerate minimum away from the origin in classical field
space. Thus dynamical s symmetry breaking takes place with the electron acquiring a mass
m ~ (. It is thought that this may be a general mechanism for generating masses in an otherwise

conformal-invariant theory.

I. INTRODUCTION

This paper is concerned with the possibility
that dynamical y, symmetry breaking is the agency
for introducing a scale into particle physics. In
discussing theories in which all of the mass is
to be dynamical we must start off with an under-
lying massless theory with dimensionless cou-
plings. Such theories will exhibit conformal in-
variance with anomalous dimensions at short
distances provided there is a renormalization-
groupfixed point.!"® Werestrict ourselves to such
theories only in this paper. These theories are
generally regarded as being off-shell theories
only without a sensible mass-shell limit. Thus the
good ultraviolet limit is accompanied by a bad
infrared limit. In perturbation theory we avoid
but do not solve the infrared problem by renormal-
izing off the mass shell. Eventually, however, we
have to sum the perturbation series and go to the
mass shell, at which point we then have to face
the infrared problem. The main point of this
paper is that this infrared problem is then solved
by dynamical 3, symmetry breaking, so that the
fermions in the theory acquire masses by trans-
lating to the new vacuum. In this approach Wil-
son’s skeleton theory* will be an exactly conform-
al-invariant renormalizable theory with either
anomalous or canonical dimensions at short dis-
tances, depending on whether the ultraviolet-stable
fixed point is nontrivial or at the origin; and all

of the breaking of conformal invariance is achieved
through the v, degeneracy of the vacuum with no
soft operators (or dilatons) being needed in the
theory. This is the realization of an idea we sug-
gested in a recent publication.’

The theory we analyze in detail in this paper is
Johnson-Baker-Willey quantum electrodynamics®~!
(finite QED) which possesses an explicit dynam-
ical-symmetry-breaking solution. These authors
have considered the Bethe-Salpeter equation (see
Fig. 1)

d*k

mTs(p, p,0)=myZ, + | ok Ty (s, B, ONS()

x K(p, k, 0)iS(k) (1)

for the insertion of the renormalized scalar op-
erator, §=3y, carrying zero momentum into the
electron propagator. In the generalized Landau
gauge where Z, is finite the electron propagator
is canonical and the above equation admits of a
solution

- __p2 Yela)/2
T (p,5,00=Clawm( L ) (2)
for asymptotic p.'* Thus if y,, the anomalous
dimension of 6, is negative the theory has a zero
bare mass m, (in the limit of infinite cutoff).®
Equation (1) then becomes a homogeneous boot-
strap equation for the renormalized mass operator
and admits of a nonvanishing physical mass. This



