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The quantization of vector fields with the use of an indefinite metric is examined. It is
shown that a transformation of vector-field couplings in such a formalism will in general
preserve the unitarity of the scattering operator for physical processes. Moreover, explicit
calculations for a specific process seem to indicate that the coupling transformation does
not affect even the renormalization constants.

I. INTRODUCTION

It was first shown' by one of us that the vector
field can be quantized with the introduction of a
scalar ghost field and the use of an indefinite met-
ric. This formalism has been used by many au-
thors, ' and it has become even more popular' be-
cause of the recent interest in the formulation of
renormalizable theories of weak interactions. The
aim of this paper is to examine the role of the
transformation of couplings in the ghost-field for-
malism, and we shall specifically investigate the
following two problems:

1. It is of vital importance to find out whether
a transformation of couplings in the ghost-field
formalism will destroy the unitarity of the scat-
tering operator for physical processes. We shall
show that the unitarity of the scattering operator
is indeed preserved even when the transformations
involve field derivatives. In order to establish
this fact, we shall provide a general proof, and
then apply our reasoning to the ghost-field formal-
ism for the nonlinear isotriplet vector field.

2. It would be interesting to clarify whether a
transformation of the vector-field couplings affects
the renormalization constants. For this purpose,
we shall consider the special case of the coupling
of neutral vector mesons with nucleons, where
there seems to persist some doubt" as to whether
the transforming away of the scalar field will
affect the divergent renormalization constants.
We shall show by explicit calculation of the fourth-
order nucleon-nucleon scattering matrix elements
that the scalar field does not make any contribu-
tion even to the renormalization constants.

Vfe shall denote the space-time coordinates as x„
= (x„x„x„ixo), and take c = 5 = 1.

II. EFFECT OF LAGRANGIAN TRANSFORMATION

ON SUPPLEMENTARY CONDITION

In the ghost-field formalism' for vector parti-
cles, a supplementary condition is imposed on

which yields the field equations

BI BL
au'"' a (a u'"') (2.2)

for x = 1,2, . . . , n. Let us apply to the Lagrangian
density (2.1) the transformation

u~")- u~")

where the i(" are of the form

(2.3)

u(r) u(r) yf(r) (u(1) u(n) a u(1) a u(n))r''') r p t ' u p

(2.4)
and the f" vanish for vanishing values of the cou-
pling constants. Then, (2.1) is transformed as

L=1,(u' u~ au' au~&) (2.5)

and by expressing the variation

dx5L

in terms of the 5u ", we arrive at the field equa-
tions

BJ Bj
au("& ~ a(a u("&)

—B =0. (2.6)

The above result shows that a transformation
of the Lagrangian density is equivalent to the ap-
plication of the same transformation to the field
equations. Moreover, since the consistency of
the supplementary condition in the ghost-field
formalism is a direct consequence of the field
equations, it follows that this consistency can be
maintained if the transformation of the Lagrangian

vectors representing the physical states of the
system, and the consistency of the supplementary
condition ensures the unitarity of the scattering
operator for physical processes. We shall in-
ve stigate how the Lagrangian transformation affe cts
the supplementary condition.

Consider a system of interacting fields with the
Lagrangian density
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density is accompanied by the application of the
same transformation to the supplementary condi-
tion.

III. SELF-INTERACTING ISOTRIPLET VECTOR FIELD

Although the argument presented in Sec. II is
quite general, it would be useful to illustrate by
direct calculations that it is possible to maintain
the consistency of the supplementary condition
under a Lagrangian transformation. For this pur-
pose, we shall consider the nonlinear isotriplet
vector field with the Lagrangian density

L = ——,'(a„p„—a, p„)' ——,'m'p„'

1
p =a+ —Bb

m (3.3)

and impose on the physical states of the system
the supplementary condition

(B~i„+mb)'4 = 0, (3.4)

(8' —m')ap = j„,
(3.5)

so that

where the superscript + denotes the positive-
frequency part. Since the coupling terms in (3.2)
involve the fields a„and b only in the combination
(3.3), the resulting field equations are of the form

—2g(app —8 P ) ~ (P xP, )
(8' —m')(B„a„+mb) = 0, (3.6)

—~g Pp Pu
'+ 48(Pp ' P'v) (3.1)

L = ,'(B„a„-)'-—,'m'a„'———,'(B„b)' ——,'m'b'

which can be obtained either by using the broken
Yang-Mills symmetrye or by requiring the source
function in the isotriplet vector-field equation to
have a vanishing divergence. '

According to the ghost-field formalism, ' we re-
place the conventional form of the Lagrangian
density (3.1) by

a~ ap+ j~~

with

(3.7)

i~ = —(a~ x b) + (B„bx b)

which establishes the consistency of the supple-
mentary condition (3.4).

An interesting transformation' of the isotriplet
vector field is given by

—pg(ap pq — pp~)
' (+ X pp)

+, , (a„xb)xb+, , (B„bxb)xb+ O(g'),2!m' lm

(3.8)

(3.2) which transforms the Lagrangian density (3.2)
into

L = —~(aqi, ) —2m a~ —2(a~b) —2m b —g(a~i„' a~ xa„+ 2 aq ~bBxb) ——B~aq ~ a, xa„b- 28„a„~8 bxb

2
——,'g'(a„'ap' —a„ap a~ i,) — (a„a„bb' ,—a„~ ba„b b)3'

, (B„i, ~ ba„a„b—B„a„~B,ba.„~ b+ a.„~ a,„a„b B,b —a,„~a„ba,„~B,b+ —,'B„b „bb'- —.
' „b ba„b b)2m'

2
——,(a„a,baqb B,b —a„aqba, b B,b+ B„a„ba„b a, b ——,B„a, ~ 8,58„b bm'

-2Bpa. .epbb. B,b+ 3Bpap B,bb, b- b

—38&a~ ba„b B,b+ —,'b'B„a& 8'b ——,'8&a~ bb 8'b+ —,a„ba&b 8'b —Pa„a„bb 8'b)

2

4(ba b 8 b —O'8 bb'8 b)+O(g ), (3.9)
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BE BL
B a~

" B(a„ap)

BL BL Bl
Bb' ~ a(a„b') ~ ' a(a„a, b')

(3.10)

where we have dropped some four-divergences to
convert all second-order derivatives into B'.

The field equations for a& and b can be obtained
up to g' terms by substituting (3.9) into

(a)
q

(b) (c)

After evaluating (3.10) and carrying out simplifica-
tion and rearrangement of terms, we find that it
is possible to express the field equations in the
form

(a' —m')(ap + f„) = j„,
1(a' —m')b = ——

Bq jp,m

so that

(3.11)

pC

(i)

FIG. 1. Fourth-order nucleon-nucleon scattering.

(Bqa~ + mb+ aqfq)'4 = 0. (3.13)

In the absence of interaction, (3.13) is of course
equivalent to (3.4). Therefore, as explained in
Ref. 1, the supplementary condition allows only
the transverse and longitudinal vector particles
to exist in the initial and final states in scattering
processes.

IV. INTERACTION OF NEUTRAL VECTOR MESONS

WITH NUCLEONS

In order to examine the effect of the transforma-
tion of vector-meson couplings on renormalization
constants, we shall consider an interacting system
of neutral vector mesons and nucleons with the
Lagrangian density

I = —2(a~a ) —2m a~ —g(a~b) —2m b

—gr&a„) Mpp+i@(a-„+ m 'B„b)pr&p,

(4.1)

where the use of the ghost-field formalism for
neutral vector mesons requires the supplementary
condition

(a' —m')(B& a& + mb+ a„f&) = 0,
which ensures the consistency of the supplementary
condition

(B&a& + mb)'q = 0. (4.2)

e(irlm) s
y (4.3)

We shall, however, use the Lagrangian density in
the form (4.1), and explicitly calculate the matrix
elements for the fourth-order nucleon-nucleon
scattering to determine the effect of the 6-field
coupling.

The interaction diagrams for the process under
consideration are shown in Fig. 1, where the un-
broken lines represent the nucleons. The contri-
bution of each diagram consists of the pure a„
terms, the pure b terms, and the mixed terms.
%hen the pure a„ terms are dropped but all other
terms are retained, the contributions of various
diagrams can be simplified and put in the form'

1 1
Sg SQ Sg Sg pSe /Sf p

(4 4)

SA = —S

where

It is well known that the b-field coupling in (4.1)
can be made to vanish by means of the transforma-
tion

, 0 (q')r„0'(q)0 (p')r„g'(p)=2m"(P'' P '
(p p)~, m~ e'+rN'

2m'o, „+(b„+ q„qu)(b. + p, p
~ = (g'/m')~(p+ q-p' —q')0 (q')r„p'(q)g (p')r. 0 (p)

(4.5)
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It follows from (4.4) that

S, + S~ + S, + Sq + S, + S~ + S~ + S„+S) = 0,
(4.6)

so that the total scattering contribution involving
the b-field coupling vanishes. It is especially
interesting to note that the so-called wave function

renormalization terms in S„S„S„andS„are ex-
actly canceled by the vertex renormalization terms
in S, and S&.

Thus, despite earlier misgivings, "we have
demonstrated by explicit calculations for a specif-
ic process that a transformation of the Lagrangian
density (4.1) does not affect even the renormaliza-
tion constants.
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The Higgs model for the interaction of vector and scalar fields is treated by means of the
ghost-field formalism, which preserves the unitarity of the scattering operator as well as
simplifies the renormalization procedure. Our ghost-field formalism has some similarity
to the R

&
formalism with $ =1, but it does not require the introduction of the so-called

gauge-compensating terms. Applications to the second-order self-energy of a scalar particle
and to the fourth-order scattering of vector particles are discussed.

I. INTRODUCTION

Although the ghost-field formalism for vector
fields involves the use of an indefinite metric, it
is possible to carry out transformation of the La-
grangian density in such a formalism without de-
stroying the unitary property of the scattering
operator. ' This fact is of great importance from
a practical point of view, because we shall show
that it enables us to develop a formalism for vec-
tor fields which preserves the unitarity of the
scattering operator as well as simplifies the re-
normalization procedure. We shall make use of
only the familiar techniques of quantum field the-
ory. Moreover, since the unitarity of the scat-
tering operator is ensured in our formalism by
the consistency of the supplementary condition, it
will not be necessary to introduce either any gauge-

compensating terms or an arbitrary gauge param-
eter. '

We shall here consider the simple Higgs model, '
which is sufficient to bring out the essential fea-
tures of our treatment. In order to clarify the
relationship of our work with that of the earlier
authors, "we shall also investigate the second-
order self-energy of a scalar particle and the
fourth-order scattering of two vector particles.
Applications to more complex systems of physical
interest will be described in subsequent papers.

II. GHOST-FIELD FORMALISM FOR THE HIGGS MODEL

The Lagrangian density for the Higgs model can
be expressed in the conventional form as'


