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Second quantization in the Kerr metric
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The second quantization of scalar and neutrino fields in the Kerr metric is discussed, and an
instability to spontaneous emission is found in the scalar and neutrino cases. The dependence of these
results on assumptions about the vacuum state is discussed, as is the semiclassical origin of this
creation.

Of interest recently has been the problem of
defining a consistent second quantization procedure
on a given nonflat spacetime. ' ' One of the key
difficulties in any such procedure is the physical
interpretation of such a procedure, or in other
words, of interpreting the results in terms of
particles or antiparticles. In the case of a time-
varying background spacetime, one does not ex-
pect the concept of a single particle to be an in-
variant concept; the changing background gravita-
tional field could be expected to create particles.
Such could be the case even in a stationary gravi-
tational field. We know that a stationary electro-
magnetic field will, if strong enough, produce
(charged) particles out of the vacuum. Similarly,
a stationary gravitational field might be expected
to produce particles out of the vacuum.

Furthermore, we know from quantum electro-
dynamics that a background charge distribution
can polarize the vacuum, leading to nonzero
"vacuum" expectation values. One could expect
a gravitational field to also induce vacuum polar-
ization effects, ' leading to nonzero "vacuum" ex-
pectation values. In particular, renormalization
by normal ordering is no longer a valid procedure,
as it is equivalent to the assumption that all field
expectation values in the vacuum state are zero.
We wish to calculate exactly these vacuum expec-
tation values. Any renormalization procedure in
general relativity must be covariant, and be based
on physical assumptions (rather than just a desire
to make various quantities finite). jn homogeneous
cosmologies Parker and Fulling' and Zel'dovich
and Starobinski~' have defined a procedure for
renormalizing the energy-momentum tensor. The
physical assumptions leading to their results are,
however, obscure to this author.

We will therefore make no attempt at renormal-
ization, instead examining quantities which give
already finite results. In particular we shall ex-
amine the vacuum expectation value of the radial
flow of energy and angular momentum in the Kerr
vacuum for massless scalar and neutrino field.

The third section will discuss the limitation of
our procedure, especially in light of the difficulty
in defining a physically reasonable vacuum state.

I. NULL SCALAR FIELDS

The formal second quantization of the scalar
field has been done in many places before (e.g. ,
Fulling' ), and we will just sketch the procedure.

The scalar Lagrangian is given by

4-g C*„e,g~'--,'Re*C', C'x,
xp = const

where R is the Ricci scalar g "R
(This Lagrangian is the conformal Lagrangian. '

Our results would be essentially the same if the
term proportional to A were omitted. )

The momenta r, n'* conjugate to the fields C, 4*
are defined by

52
r(s c /sx')

The Hamiltonian is

84 8@*X= n +a* d'x —Z
gXO g 0

gok gOA'
—m —4 —z*—4*

g goo goo, & gpp

god gpl
+4-g „C,—„4*,-g"4,C*, +—,AC'C d'x.

Hamilton's equations become

~xo oo oo 2,tS

—(4-gg" e*,),——,
' ate*,
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plus the complex conjugate of these. These are
equivalent to the second-order differential equa-
tion for C

(4 „g~").„+-,'RC =0. (1.5)

Defining the state functional V(4) = (,„)we can
define an inner product

(V(C', ), V(C.)) =- (4 „4'.)
(m, C, —Cgw,*)d'x

= 2S V'-gg " C}2*
~ C, —4 2*4, ~ d X.

(1.6)

The Hamiltonian operator defined via (1.4) by

. &V
HV=i

Bx
(1 7)

Jq =2i(4)~„C)—4*4 „).
If 4 is a solution to (1.5), then

(e, c)= f 0-gJ'd'x.
x = const

(1.8a)

(1.8b)

The energy-momentum tensor is defined as'

6I
pv g+pv

—2(4*4) ~.~+4)4*~., )

—g(R q, —, gq, R)4)*C—)],

can be shown to be Hermitian with respect to this
inner product (1.6).

The symmetry of (1.1) under the multiplication
4 by e'~ and 4* by e '8 leads by Noether's theorem
to the conserved current,

By definition, the Lie derivative of the metric
with respect to these two vectors is zero.
Noether's theorem now gives the conserved cur-
rents

S)'=-,'g)'"[4+„Z, 4+(Z, ,C+)4 „]
—g (4 *,4 '-—', R 4*4),

S)'=-,'g)'"[4+, Z, , 4+(Z, 4+)4, ]
—(I'(4+, 4 )'+ ,'RC—+4).

(These are obtained by taking the Lie derivative
of the Lagrangian density, and using the Euler-
Lagrange equations to eliminate terms containing
M/54) and 5Z/54)*. )

From the energy-momentum tensor (1.9) we
obtain an additional set of conserved currents:

(1.12)

The two currents S" and 8" will differ by a diver-
gence of a twoform, namely

S))~
[)I Pg~l ~(4+)4) + 4) 4)g) ]

(1.14a)Z
g p cp = —g(d (p .

t

By (1.2) and (1.7), and noting that in Boyer-
Lindquist coordinates a

&
) y = 8 ((()/s t, this equation
t

becomes

(We use R„,=O, and square bracket superscripts
indicate antisymmetrization. )

The Killing vector $," is timelike far from the
black hole. However, near the black hole
[r&M+(M' —a'cos'8)"'] this Killing vecto~ be-
comes spacelike. On the other hand, we find that
near the black hole, ($,"+(d„)&)is timelike but
becomes spacelike as r ~, [u&-„=a/2Mr. , r,
=M+(M a ) ]

We will define our normal modes by the require-
ment that

I= Zdx . 1.9
Hv(y) = (() V(y) . (1.14b)

T„,is trace-free, symmetric, and divergence-
free.

We now specialize to the Kerr metric, which,
in Boyer-Lindquist coordinates, ' is

2g
ds ' = ——dr' —Zd 9' — [adt —(r'+ a')d Q]'

Z

(This holds only because in this coordinate system
the metric is time-independent. ) The normal
modes are here the eigenmodes of the operator
H. Given two normal modes, y„y„we find

(V(p ) Ifv(9.))=(&v(p ) V(V ))

+ (dt —ad/)', —

z= r' —2Mr + a', Z = r'+ a' eos'0. (1.10)

This metric has two Killing vectors, given by

t t s

(we here use t, (t) as indices rather than as coor-
dinate values).

((u, —(u,*)( V(y, ), V(y, )) = 0,
i.e., the inner product is zero unless co, = ~2*. As
the inner product is not positive definite, we can-
not therefore conclude that + must be real. In
particular, it is possible that there exist (bounded)
solutions to (1.14b) with Im(~) & 0, corresponding
to unstable growing modes. Such modes would
have to have zero norm under our inner product.
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No analytic proof exists at present that such un-
stable modes are impossible in the Kerr metric
(except for the axisymmetric ease). Detweiler
and Ipser' have done a computer search, however,
and have found no such unstable modes for any
value of a. Vfe shall hereafter assume this result.
(A similar result for electromagnetic and gravita-
tional perturbations has been found by Press and
Teukolsky" and Hawking. ")

Since the two Killing vectors commute, we can
simultaneously define angular modes by

Z
&

&y = -imp (m integer) .

Equation (1.5) now becomes a completely separable
equation. " Letting

y(v, m, x) =R(r)$(8)e ' e ' ',
we find

1 d d &u(r'+a')+am ' k'
~dr & (1.15)

1 m—sin8 —+ &ua sin8+ . S(8) =k'$(8) .
sin6 d8 d8 sin8

k' is a separation constant, a function of co, m,
and some positive integer, determined by the re-
quirement that S(8) be regular at 8=0, v.

$(8) is in fact just a spheroidal" harmonic which
we normalize so that S(8) is real and

Upon defining a new radial parameter r" by

&' r +0
dr

the radial equation becomes

1 d» d
, = r'+a')=r'+a' dr " dr

am ' O'L
+ co+ ., —,, R r" =0. 1.16r'+a' r'+a' '

This equation has two linearly independent solu-
tions, which we choose to be defined asymptotical-
ly by

1 t e ' "+A, (&umk)e'
[2v&o(r'+a')]"' [ B,(&u, m, k)e '

1 [ B (&u, m, k)e'
[2m~(r'+a')]"' (e' "+A ((umk)e '

r-~
OO

&u = ~+mrs„. (1.17)

The R, solution represents a wave originating
at infinity, with no component coming out of the
black hole, whereas 8 is a solution originating
purely from out of the black hole. Another way
of phrasing this is that at the horizon R, is purely
ingoing [as can be seen by making a wave packet,

and realizing that the velocity of this wave packet
near the black hole is given by -89/S~, or by
noticing that R, is regular on the future horizon
(see Misner'4)], whereas R is purely outgoing
at infinity.

If R„R, are solutions of (1.15), then

P

(r' + a')'" = (r' + a')"'R, (r) R,(r) — (r' +a')"—'R„,(r) R,(r) = 0 . (1.18)

""JB /' (1.19a)

4P +m Q)~

(&u +m ~„)B,A* = -~B*A, ,

(1.19b)

(1.19c)

Using this and noting that if R is a solution then
so is its complex conjugate R*, we find

(&u+m~„)B+= &uB (1.19d)

Equation (1.19a) implies that if ~(~+mrs„) & 0,
~A, ~'&1. In other words, the amplitude of the
reflected wave is larger than that of the incident
wave. This is the phenomenon of superradiance,
first noticed by Misner" and by Zeldovich" and
discussed by Bekenstein, "Press and Teukolsky, "
and others.
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Defining A. =+, —,

(+1, (A. =+, (o &0) or (y= —,(g &0)
«cu, m, A. = 1.20—1, otherwise

y (&u, m, k, X, x)=e ' 'e ' ~S(~, m, k, 6)R(X,&o, m, k, r)

we find that

( y((o, m, k, X), cp((o', m', k', x')) = «((o, m, x)5((o —(o')

x 5 fft'6~~'Gag

(1.21)

[the 5(&u —&u') term arises formally from the
Hermiticity of H, while the «(~, m, X)5„« term is
determined by examining the norm for wave pack-
ets in the limit as t--~].

%e now formally second quantize this scalar
field. The fields C(x), II(x) become operators, the
complex conjugation being replaced by Hermitian
conjugation. C(x), II(x) obey the commutation re-
lations (with x'= y')

[C(x), C (y)]=[II(x),II (y)]=[C(x),II (y)]=0,
(1.22)

g(0I Sz-I 0)dMQ.
&, t const

(1.26)

The field C can be expanded in normal modes and
creation and annihilation operators:

and investigate the properties of this state.
Using Eq. (1.12b) we define an energy-current

operator,

eg(x)=-,'g~'g(fC'„, e,]+fe'„C „]
—-'g.,(C'... C", )—HC', C .,]
—gC ',.„e]); (1.25)

(, ) indicates the anticommutator. This factor
ordering is chosen so as to make the equations
symmetric in C and 4 . Had we chosen the com-
mutator, 6E" would have been a trivial infinite
constant.

Now examine the vacuum expectation value of
this current. The time component will in general
be infinite (just as in flat spacetime). We will,
however, examine the component (Ol 8e I 0) which,
far from the black hole, will represent an energy
flow out of the black hole. In particular, the total
energy gain by of the black hole is

[C(x), II(y)]=ib"'(x, y),

and similarly for the Hermitian conjugates.
5~'~(x, y) is the three dimensional Dirac 5 function

f 5'(x, y )f ( y) d'y =f (x) .
xp= y = const

C(x) = g d~ g [a((o, m, k) y((o, m, k, x, x)
( cumX) &p

+b (&u, m, k, X)

xrp(-(u; -m, k, Z, x)].
(1.2'I)

These relations are consistent with the equations
of motion (1.4) (see Fulling' ).

Annihilation operators are defined by

a(&u, m, a, k)=(C, qr(&u, m, X, k)), «(&u, m, X) &0

(1.23a)

b (&u, m, X, k) = (C, y(-v, -m, X, k)), «(&u, m, X) &0.

(1.23b)

Using (1.22) and (1.21) we find that these obey the
commutation relation

Substituting into (1.25) and using (1.24), the nor-
malization of the angular functions, and the as-
ymptotic form of the normal modes (1.1'l), we
find dE, IA, (&u, k, m)l' —1

IR (~, k, m)l'
2&

I &@+mme I

(1.28a)

From (1.19) the integrand is zero unless
(d((d+m(de) & 0:

[a(v, m, X, k), a (u', m', X', k')]= 6(v —(u')bq&, 5

(1.24)
[b(, m, X, k), bt(&u', m', Z', k')]= 5((u —ar')6~„5 .5«, .

dE
dt & (~, ~~) (p

d~ l~l Q [I —IA. (~, m, k)l']

(1.28b)

Had we defined a or b differently in (1.23) [i.e.,
defined a by (1.23a) for Id &0 rather than «(&u, m, X)
& 0], we would have found the wrong commutation
relations here for a, a . The normalization of the
normal modes leads us naturally to this definition
for the creation and annihilation operators.

We can now define the "vacuum" state I0) by
the requirement that al 0) = b

I 0) =0 for all a, b,

This is a negative quantity, indicating a constant
outflow of energy from the black hole.

A detailed examination of the radial equation
shows that for the superradiant waves, (~+m&ue)co
&0, there always exists a potential barrier with
height ~k' implying that 1 —IA, I'-0(e ) for
some o. As k& Im/2I for the superradiant waves,
the integral (1.28) will converge. The dominant
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contribution to the energy flow will come from
the low-order modes (&u-m„, m -1). The integral
will therefore be of order ~„'.

A similar calculation for the radial flow of angu-
lar momentum gives

Using the definition of Sz (1.25) and the expansion
of 4 in normal modes [E(l. (1.2'I)], the first term
becomes

~(l 8"
( nholrp(~, m, t(d~)ded(

dL 1

dt
drum — 1 — A+ ',

) &p

(1.29)

(u[l —
I
A, (&u, m, k)1']I o.(cu)1'd(u,

(1.32)

which will give a result of order ++~. The angular
momentum of the black hole is -Ma. This term
therefore represents a decrease in the absolute
value of the angular momentum of the black hole.

The area of the black hole, A., is equal to

8m[M'+ (M' —M'a')"'] =4((a/&u„=4((1/Mv„

(see Ref. 1V). The half-life of the black hole for
radiating away its angular momentum is there-
fore of order MA. . As the age of the universe is
only -10" (=10"years), ' MA must be -10" or
M-10" (-10"g) (see Ref. 19) for this process to
be significant on time scales of the age of the
universe. Any astrophysical black hole is much
larger than this (M-10" g), indicating that this
quantum instability would have a negligible effect.
However, for the tiny black holes postulated by
Hawking, " this effect could be significant, and
such small black holes would probably not be
spinning.

Let us now examine the energy and angular mo-
mentum current for a single particle sent into
the black hole from infinity. The state corre-
sponding to this particle (which we will assume
has a fixed value of m and of k; see Ref. 20) is

where Sz (cp} is defined by E(ls. (1.12) and (1.9),
i.e., this term is just the current one would as-
sociate with a nonquantized field

f a(u)y(&u, m, k)d(u. The total energy carried into
the black hole by this particle is

Q'~ = —,i(C q, 4) —(C, C q). (1.34)

The net charge carried into the black hole by the
state P is given by

g(PI &-'
I P) d ~d4

dQ

dE', dE
~[1 —IA. (~, m, k) I']I o(~) I'd~.

dt )p& dt ip&

(1.33}

Xf o.(&u) is appreciable only for &u such that
u(&u +m &uz) (0, this expression will be negative,
i.e., this state will cause a net decrease in energy
of the black hole. IIf we had chosen an antiparticle
state fP(&u)b~(&umk)10) instead, the same results
would have been obtained. ]

We can define a charge current vector operator:

&p

d~ o. (&u) a~ (~, m, k)10)

where

=- I'(m, k)10), (1.30)
We find

+ &o13 "I 0))dods. (1.35)

I o.(~) i' 'd~ =1.

The energy current into the black hole in this
state is given by

4 —g(013 10)d8dg
dQ
dt

1 —
I A, (~, m, k)1'

~-g && I% II)d8dl
dt Ip&

~g ((01 [m, 8,"]5'
I o)

+(01&;[m, m'] 10))dods

u'-g (01 [[5,Ss], 5 ] 10)d &dP ——
I Ip&

(1.31)

(1.38)

But from the structure of the radial equation
(1.15), A, ((u, m, k) =A., (—&u, —m, k), B ((u, m, k)
=B (—&u, -m, k), and this integral is zero. [In
fact, because of the reality of Eg. (1.5) the vacuum
expectation value of the current can be shown to
be zero everywhere. ] The first term in (1.35}be-
comes
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dc' d(d d d
o.*((u)o.((u') dt}dg —(p*((u, m, k) y((o', m, k) —y*((u, m, k) —y((u', m, k) (1.3't)

The net charge carried down the black hole by this
particle is

b,Q = d—tdQ
dt

d~ I o'(~) I

'
[

I

[1 IA, (~, m, k) I
'].

4)~0 I
(d

(1.38)

If o.'(e) is again dominant only in the superradiant
modes, this charge current will represent a net
charge flow out of the black holes. Had we used
a state of the form fde P(&u) b (v, m, k) I 0), we

would have found

~q = d~l}3(~) I

' [1 —IA, (-~, -m, k) I'],
Q)~0 (d

(1.39)

i.e., if }3(~)= o. (&u) this would have been just the
negative of (1.38). (The particles whose creation
operators are b carry opposite charge to those
with creation operator a .)

The total charge q of one of these solutions is

g(P I
J'I P& d-'x =+I

operators in a similar manner to the "in" opera-
tors already defined. The basic "out" normal
modes are now defined by their behavior at future
infinity and at the future horizon. Positive fre-
quency is defined for the outgoing states (no flow
into the future horizon) by demanding that they
behave as e ' '(e' ' +A, e ' "

) near infinity
with co &0. Similarly, the ingoing positive fre-
quency states (no flow out to infinity) behave as
e' '(e ' " +A e'' "

) near the horizon with 9 &0.
Expanding C in these normal modes will give the
associated "out" creation and annihilation opera-
tors. The "in" vacuum

I 0) will not be annihilated

by the "out" annihilation operators, but will rather
correspond to a coherent superposition of "out"
particle states. This can be interpreted as parti-
cle creation by the black hole.

The second quantization procedure for electro-
magnetic and gravitational perturbations will
probably differ very little from those for scalar
waves except for the additional problem of gauge.
In both, an inner product for solutions of the field
equations is defined [i.e., the generalizations of

(1.6); see Ref. 21]. For the electromagnetic equa-
tions, with two solutions for the vector potential,

for the states
I P) = f o. (&u) a (u&, m, k) I 0) and q = -1

for IP)= fP(v)b (v, m, k)l 0).
Sending a positively charged particle into the

black hole in a superradiant mode decreases the
charge of the black hole.

One can define "out" creation and annihilation

( A, , ,A) =i 0-gg (Aq A2(~
=const

—A,*(„,}A', ) d'x. (1.40)

For gravitational perturbations h»„h», of the
background metric g„„ the inner product is

(h&& h2) = 4 gg' [k&* (2k2&~. 8
—k2 &}}.~ + 2g&}}k~y.p) —k2 (2k&~~, ~

—k& n8. ~
+ zg(z8kzy. ~)]d x

&

k„,=h~, —~zg~, h (1 41)

Both the electromagnetic and the gravitational
inner products are gauge-independent in source-
free spacetimes, i.e.,

(A, q+ q}},A, „)=(A,„,A, ~),

lpV t(p;I/}0 2(Xt}) ( IQUI h2RB)

(parentheses in subscript denote symmetrization).
The normalization of the normal modes will

again indicate a natural definition of creation and

annihilation operators. Both fields also super-
radiate, which will lead to particle creation and

an energy flow out to infinity.
From where does this particle creation arise?

In the case of a static electromagnetic field, the
positive and negative virtual charges in the vacuum
can be thought of as being pulled apart by the
electrostatic field. But for particles in the gravi-
tational field, all masses are attracted by a grav-
itational field. In the case of the Kerr metric,
however, there is a strong gravitational spin-
orbit coupling between the orbiting particles and

the spin of the black hole. Near the black hole,
this spin orbit coupling becomes strong enough to
create negative energy (as seen from infinity)
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orbits (see, for example, Carter" ). It is the
possibility of decay into such orbits that leads to
particle creation in the Kerr metric.

We shall now proceed to investigate neutrinos in
the Kerr metric. As has been pointed out by the
author, "neutrinos do not superradiate, and the
stress-energy tensor can have negative energy
within the ergosphere. We will show, however,
that particle creation can still occur, and that the
"negative energy" has a simple interpretation in
hole theory.

II. NEUTRINOS

We proceed as for the scalar fields. The neutri-
no Lagrangian is given by

These equations can be summarized by the Euler-
Lagrange equation from (2.1):

r"v„y=O, (v„g)r" =0. (2.7a)

It is known that neutrinos are purely "left-
handed, ""a condition which can be expressed by
an additional constraint:

(1+iy')/=0,
(2.7b)

For any two solutions of Eqs. (2.7), the current

(2 8)

is conserved (i.e., divergence-free) and defines
an inner product on the solutions

gran-y" V &gd x.
o=const

(2.1) (44)=f / g/tr 4d"-
xo=const

(2.9)

y y +y y" =28" ~ (2.2)

The Dirac matrices, y", obey the relationships The energy-momentum tensor is given by Brill
and Wheeler" as

The operators V'„are the spinor covariant deriv-
atives (Bargmann, "Brill and Wheeler" ) with
spinor affine connections t „such that

Bg
u p gguv

'i [~r/u )~ ( (u~)r )~] (2.10)

8 a
VA=, t

&+&I'/

yu I. yu+yut 0

g is defined as

[the parentheses (p. )/) about the indices indicate
symmetrization].

Specializing to the Kerr metric (1.10) we choose
our y matrices so that

t y' +g -o g sjnO
Y (~~)y/2 Y + ~&/2 Y

where n obeys

ny"-yu a=0 (2.3)
a, 1

Y (g~)1/2 Y gl/2 ~ gy
(2.11)

and

Q u+t uA —cvI u=0.
We will further assume that Im(Tri'~) = A. ~. By
an appropriate choice of spinor basis (or rather
by an appropriate transformation g-SP, 7t/- gS ',
y&-Sy "S ', etc. ) we can choose I'" such that
Trru =0.

The momentum conjugate to the field $ is

-3 e 1
gl/2 y

/1 O, I/Oy'= Y

(0 -1 ( —a'; 0~

where v& are the Pauli matrices.
The Killing vectors again give (by Noether's

theorem) two conserved currents:

5Z
5(ag/ax')

The Hamiltonian becomes

X= [ v(r, +y'y'v-, y)]d'x,

and Hamilton's equations become

de o 0 o
8xo ' Bx

= —))I' —,(vyy ) —ayy I',

(2.4)

(2.5)

(2.5a)

(2.5b)

S~~ =i py" 2, I'&+ comp. conj. ,

Sl, =i$y "&, g+/cpo. mconj.

[As spinors are not directly geometrical objects,
there is a degree of arbitrariness in defining a
Lie derivative for them. The y matrices define
a correspondence between spinors and tensors.
There exist essentially two separate ways of
obtaining a co-spinor from a spinor /I/, i.e. ,
the Dirac adjoint, and g= g'C (where C obeys
C'=-C, (Cy")'=-Cr/r") "Ifwe n.ow demand that
the Lie derivatives of the matrices C and n be
zero, that the Lie derivative be defined covariant-
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ly, and that for a Killing vector &&y" =0, we
obtain

y+ ~ rl )r)))ly(

~gr" =ar ("$",. +$ .
,
")

(2.13)

=~i[7))r"(C,v, )(I)+(f)(gr, )v"p)+comp conj. . ,

(2.14)

and similarly for Sg. The currents in (2.12) and
(2.14) differ by an absolute divergence

S"—S"= ,'i(7r-r"r !phd), (2.15)

The normal mode solutions are defined by

&, I(y(&u) = -i&a((()(&0) .
These normal modes with real & form a com-
plete set of solutions for the neutrino equations
in the Kerr metric. Defining the operator

(2.16)

H=i[-I' +(r ) r'V, ],
we find that for the normal modes [by (2.18),
(2.15), (2.7)]

Hg= &ug.

(2.17)

The inner product (2.9) is positive definite in the
Kerr metric" and the operator II is Hermitian
with respect to this inner product,

This corresponds to a generalization of the naive
procedure where the Lie derivative of a spinor
in a coordinate system tied to the Killing vector
is just the ordinary coordinate derivative. ]

The Killing vectors also give us conserved cur-
rents via the energy-momentum tensor

S )-(T)(

(g„g,)=0, i.e., no unstable modes exist for
neutrinos.

For these normal mode solutions, ~& is just
The energy current calculated from the

energy-momentum tensor ~~ has an additional
term given by (2.17). This extra term seems to
correspond to an internal energy density for the
particle, which could be interpreted as a sort
of internal Zitterbewegung energy for the particle.

Again, we also define the angular modes by

(2.18)+
g PQ = -Emcee .

Using (2.18), (2.16), (2.17), (2.11), and (2.7)
we find" that the normal mode solution for the
neutrino equations are separable. Setting

iut e™q
[4sin'8(r + ia cos 8)]"'
(R,(r) S,(8) )
(R,(r) S,(8) j

(2.19)

(
—+~a sin6)+ . Sy 6) kS2
d m

sin 6)

(
d m——&()a sin8 — . S,(8) = —kS,(8) .
d0 sin8

(2.21)

The angular functions are normalized so the S,(8)
is real and (for any tu, m, k)

it can be shown that the angular and radial func-
tions obey the equations

d k———[v(r'+a') +ma] R,(r) = „,R,(r),df'
(2.20)

k—+ —[&u(r'+a') +ma] R,(r) = „,R,(r),
dy'

( , ldd) ((tH(ld" ) = ' -f & dilr((d x-', '
t =const

d, '(d)dd = fd, '(d)dd =
d

(2.22a)

—i 4—g —4-g y' d'x
Bt

=0

as the inner product is independent of t [by the
conservation of (2.8)] and )(' —gr' is independent
of time.

This implies (((),*—&u, )(g„(j),) =0, from which we

must have ((),*= (d), for (,= g, ; and for (d, w (d)„

The equality of these two integrals follows from
Eq. (2.21) which implies S,(-8) = +S,(8), S,(-8)
= +S,(8). This also implies

S,(8)S,(8)d8 =0. (2.22b)

The two linearly independent solutions to (2.20)
are defined by

1 (A, ((d, m, k)e' ', e ' ),(R,'(r)&R,+(r)) - ~ x
(0

'
( k),&~+m~„&r'-)

( ( ) ( ))
1 (B ((d, m, k)e' ",0),

(ef(ru m(d&)+r ~ ((d m k) -i( +m(d(d&)r)
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B*(~,m, k) = B,(&u, m, -k) . (2.24)

Furthermore, using (2.22) and (2.23) we find that

(y(X, (o, m, k), y(}(.', (u', m ', k')) = 5 5,5„,5) ~. .
(2.25)

We now show that a normal mode solution can
have positive energy density near infinity and
negative energy density (in an orthonormal frame)
near the black hole. The energy density with
respect to some timelike vector n" is given by
T„,n"n'. Choose the vector n„= 7'„t. This vector
is timelike everywhere [in the Kerr metric g"
= (r'+ a'}'/b, Z —a' sin'8/Z & 0 everywhere outside
the horizon]. In a X =+ normal mode solution with
~ &0, one finds that near infinity

Again the + solutions represent particles originat-
ing from infinity, whereas the —solutions rep-
resent particles originating from the past horizon
of the black hole. (The boundary conditions at
the horizon are chosen so that a wave packet made
of the + solutions has a velocity into the black
hole near the horizon. )

For two solutions to Eq. (2.20), (R„R,) and

(R„R,), the quantities R,R, —RQ, and R,*R,+R,*R,
are independent of r. We thus find

1 —IA, (~, m, k)l'= IB,(~,m, k)l',

A (a, m, k)B, (&u, m, k) =A, (&u, m, k)B (e, m, k),

(a, b)=(a, b[=0 for all a, b.

The vacuum state is now defined by

a I 0) = b I 0) = 0 for all a, b .

Note that for neutrinos, no special choice of an-
nihilation operators is forced on us. We can
equally well call what in terms of this vacuum is
a one-particle state [i.e., a'(&u, m, k, X) I 0) ] our
new vacuum state, and redefine our annihilation
operators so that for this particular state a =a,
while maintaining all the rest of the annihilation
operators.

We have chosen our vacuum to correspond to
our choice for the scalar vacuum —namely, Bn

observer near the past horizon will see no parti-
cles coming out of the past horizon of the black
hole (i.e. , for him, all states with negative fre-
quency, u&+m~„&0 are filled). This state is also
in some sense a minimum in energy (i.e. , the
energy flowing out of the black hole is minimal in
the I 0) state when compared to any other state of
the form a, a, a„b, b, b Io)).

We investigate the energy and angular momen-
turn flow through a surface near infinity. The
energy-momentum tensor operator is defined by

T„„=2i4, (y&„V,~4')]+Herm. conj. (2.30)

([, ] is the commutator).
The net inflow of energy and angular momentum

through a surface r = const as x- ~ is given by

ur[$, '(8}+IA, I
's, '(8)]

27T(AZ) Sln8

Near the horizon, on the other hand,

(2.25a) v'-g $,"(ol T„"I0)d8dg,

v-g ]~~(ol T„"I0)d8dy.dL
(2.31)

which is negative if ~+m~~ &0.
To quantize the neutrino fields, impose the

canonical a.nticommutation relations (with x = y )

Expand the fields in terms of the creation and an-
nihilation operators (2.28)

~(~(= Z f ~~ +(,(~m»l('(~, ~, (., ~, )
K( tom X)&0

ol

(11(x),e(y)] = ib( ~(x, y} (2.27a)
+b (ar, m, k, a, )

xq&(-ur, -m, k, x)].

4-g(4(x)y'(x), 4(y)] = 5 '&(x, y) .
Define

(2.27b)
Equations (2.31) become [using (2.23)]

d~ (u Q [(((&u,m, + )( I A, (~, m, k) I
'- 1)

dE 1

m&

a(X, e, m, k) = ( y(A. , &u, m, k), g); (((+,m, g) & 0

(2.23)
b (}(~»m,k) =(0(&, &,m, k), 4); ~(~, m, A)&0.

From (2.27) and (2.25) we find"

(a(a, &u, m, k), at(Z', ~', m ', k')] = 5», 5

(2.29)

and similarly for b, b . Furthermore we find

+ (((~,m, —} I
B (~,m, k) I

'],
(2.32)

d&u pm[~(u&, m, +)(IA, (~mk)l' 1)
dL 1
dt 2m

mk

+x(&,m, -)I B (urmk)l'J.

1«(&,m, +)(((&,m, -)=+1, the integrands are
zero [by (2.24)]. However, when'(u&, m, +)(('(v, m, -)
= -1 [which corresponds to ~(&u+m &u„}& 0 by the
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definition of v(&u, m, A.) in (1.20)] they do not cancel
and the integrals become

dE 4
2' ~(( + ( )go,

d &u &u g ( i A, (&u, m, k) i

' —1) .

(2.33)

This expression is negative, indicating an energy
f lorn out of the black hole. Similarly, there exists
a corresponding flow of angular momentum out of
the black hole:

III. CRITIQUE

Ne will now make explicit the assumptions which

have led to our results, and indicate possible
problems with these assumptions.

The basic assumption we have made is in the
manner in which we have defined our vacuum
state

~ 0). For the X =+ states, we are fairly
confident of our procedure and definition of crea-
tion and annihilation operators. These states rep-
resent particles coming from infinity mhere space-
time becomes flat. The procedure we have fol-
lowed for these states corresponds to the defini-
tion of the vacuum in elementary particle theory. "

However, we are much more uncertain about
our procedure for the A. = —states, states originat-
ing in the black hole itself. %e have demanded that

dt 2m~f
ur( or+ me@~) &o

Our conclusions are very similar to those for
the scalar case. There mill be a net spin down of
the black hole on a time period of order 1/M' be-
cause of neutrino emission.

The result in Eq. (2.26) can now be interpreted.
Near the black hole, we find a net flow of neutrinos
and antineutrinos with &u(&u+mu„) &0 into the black
hole. If we send in a neutrino mhose frequency is
such that cu+m~„&0 toward the black hole, we
find that a part of this flux is suppressed. To the
observer near the horizon, this neutrino looks
like the absence of an antineutrino (i.e. , the filling
of a hole in the Dirac sea). The fact that the ener-
gy density is negative (with respect to the original

~ 0) state) is not surprising (i.e. , a state with no
antineutrino has less energy than one with an
antineutrino in it).

The absence of superradiance in neutrinos can-
not be used to violate the area theorems of
Hawking. " The spontaneous excitation of neutrinos
in the vacuum state serves to constantly increase
the area of the black hole. Because of the ex-
clusion principle, one can at best suppress this
constant area increase (this possibility was sug-
gested by Feynman").

an observer near the black hole see no particles
coming out of the black hole. On the other hand,
the region behind the past horizon is highly dy-
namic, and includes a naked singul. arity. Our
assumption about the definition of creation and

annihilation operators [Eqs. (1.23) and (2.28)] is
a very special assumption about the fields in the
dynamic region. " Furthermore, work by Full-
ing"" and the author" on Fock representations
of scalar particles and neutrinos in accelerated
coordinates in flat spacetime indicates that me

have here also made a very special assumption
about the representation of the field operators.
(This question is further discussed in a paper
under preparation in which a different state from
that given here is suggested as the vacuum state. )

Furthermore, our transition from Eqs. (1.27),
or (2.32) to (1.28), or (2.33) has performed the
summation in a very special way, namely, me

have summed first over A. , and then over the re-
maining variables ~, m, k. As this summation is
formally indefinite [like the sum P",(-1)"], the
result one obtains depends critically on the order
of summation.

A realistic black hole would be expected to have
been formed in the collapse of some matter distri-
bution. For such a black hole, the past horizon
(plus the naked singularity) does not exist. Fur-
thermore, all particle states must originate at
infinity. Consider now some material body,
assumed to be stationary before some time t=0.
Before its collapse, any wave packet state orig-
inating at infinity must eventually return to infinity
(the matter does not absorb the wave packet).
During the collapse process, however, the mave

packets inside the body may eventually reemerged
during the collapse, but will be very strongly red-
shifted by the increasing gravitational field; i.e. ,
their energy will be very much reduced. Further-
more, states originating at infinity could now

disappear through the future horizon of the black
hole. If one calculates mode by mode, one finds
that the energy current through a surface near
infinity becomes infinite in the vacuum state.

The formal sign of this infinity is different in
the case of bosons and fermions. Naively, the
zero-point oscillations for bosons have infinite
positive energy, mhereas the filled negative energy
sea for fermions will have an infinite negative
energy. The black hole will gain an infinite amount

of energy from bosons and lose an infinite amount
due to fermions per united time.

To make any physical sense these infinities must
somehom be renormalized. The question is wheth-
er a physically reasonable renormalization pro-
cedure will indicate particle creation by the field
of a collapsing star. Hamking" has recently ex-
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amined this question and has come to the conclu-
sion that such a star will lose energy at an as-
ymptotic rate proportional to M ', where M is
its mass. He, however, also does not treat the
problems of renormalization except at infinity.

The most naive method of renormalization would
be to normal order the energy-momentum tensor.
This is unsatisfactory as it simply assumes that
vacuum fluctuations will have no observable grav-
itational effects.

Alternately, one can argue that when the energy
of a photon, etc. becomes high enough (E-1 in
units with G = c = h = 1), quantum gravitational
cutoffs will come into play. This energy is, how-
ever, -10"MeV, leading to a vacuum energy
density of -10"' MeV/cm' (Planck density) which
is of no help.

Another possibility is to use the fact that the
expectation values for fermions and bosons differ
in the sign of their infinities to cancel each other.
For massless particles the four massless fer-
mions (electron and muon neutrino and antineu-
trino) could cancel the four states (two helicity
states for each of photons and gravitons) of bo-
sons. Where the massive particles fit in would
be a rather serious problem to this viewpoint.

As yet no acceptable renormalization procedure,

to my knowledge, has been found. However the
problem of renormalizing the energy-momentum
tensor is finally solved, some features of the
present investigation would probably still remain.
One would expect that in a stationary metric such
as the Kerr metric, quantum vacuum instabilities
could arise, leading to a spin down of the black
hole. Again these effects would probably be signifi-
cant only for small black holes (but still appreciab-
ly larger than the Planck mass black holes, i.e. ,
10 ' g). The ultimate resolution may be possible
only when some theory is found in which both quan-
tum mechanics and the principles of general rela-
tivity can be united.
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