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A "Cabbibo" theory for leptons and the neutrino masses

Shalom Eliezer* and Douglas A. Ross
Physics Department, Imperial College, London SR"7, England

{Received 24 June 1974)

We suggest a complete analogy between the lepton current and the Cabibbo theory for had-
ronic weak interactions. Both neutrinos couple to both the muon and the electron, so at least
one of the neutrinos is required to be massive. The two neutrinos have the same type of inter-
actions and are distinguishable only by their masses, like the muon and the electrons. In this
theory muon number {or electron number) may be violated. All possible types of such pro-
cesses are considered. In particular p ep and the decay of the more massive neutrino,

&~p, are calculated in detail. We find a lifetime for v& larger than 1.5x 10 sec.

I. INTRODUCTION

(cos8 sin8 (X)
(-sin8 cos8 i, A. )

where (9 is the Cabibbo angle, so that the weak
current couples the proton quark to Bt [and in
SU(4) theories the charmed quark, 6", couples to
A.]. However, when an analogous lepton multiplet
is constructed there is no such rotation.

In this paper we postulate a complete analogy
with the hadrons in which the electrons and muon
couple to &, and &„, respectively, where

(v,i (cos8 sin8i (v, i
(v„) i-sin8 cos8f (v„)

(1.2)

The weak leptonic charged current is therefore
given by

Z'„=ey —,'(I y')v, +Py-" .'(1-y )v-„, (1.3)

and this current occurs in the Lagrangian in the
form

2 =gJ'„W" +H.c.+' ' ', (1.4)

where W" is the charged intermediate vector bo-
son. &, and &„are defined to be eigenstates of
the mass operator. But if &, and &„have equal
mass, then &, and &„are also eigenstates with
equal mass. In this case the only physical way of
distinguishing between orthogonal combinations of

Previous attempts at constructing an analogy
between the weak interactions of quarks and lep-
tons' have been disturbed by the problem that
whereas proton quarks couple to a combination of
neutron and ~ quarks, electrons and muons each
couple only to one particle (their respective neu-
trino). Usually a multiplet of quarks is constructed
containing X and ~ quarks, which are related to
the physical Z and ~ quarks by the Cabibbo rota-
tion'

the neutrinos is by picking out the particular or-
thogonal combinations &, and &„which couple to
the electron and muon, respectively, so that &,

and &„have no physical significance. Equation
(1.2) is only meaningful if the neutrinos have dif-
ferent mass (i.e. , they cannot both be massless),
so any Physically measurable consequence of this
Postulate must be ProPortional to the mass dif
ference m,„—m, ,

In this scheme [Eqs. (1.2)—(1.4)] there is only
one conserved additive lepton number, L,

L=L, +L~,

where L, =+1 for e~ Le= 1 for ~
~ e~ and

L, =0 for p, p.', &&, &&. Similarly L& =+1 for
p, , &„, L„=-1 for p,', &„, and L „=0 for
e, e', v, , v, . However, the muon number (L&)
and the electron number (L,) are not separately
conserved.

The experimental status of the neutrino masses
is not very good, so that we have only upper limits
for them':

m, -60 eV, m„1.2 MeV .

From this we see that although the assumption
that the neutrinos have mass is not inconsistent
with the experimental data, the possible masses
are very small, so that the muon- (or electron-)
number-violating processes have amplitudes which
are much smaller than tan&.

In Sec. II we calculate the decay process p. -e
+ y, and by comparison with experiment4 this gives
a limit on the mass difference between the neu-
trinos. This process is chosen since it gives the
lowest limit on this mass difference. Estimates
are made for the processes p. —3e; p, + Z- e + Z,
where Z is a nucleus; and g e -p. e'. In Sec. III
we consider the decay of the more massive neu-
trino into the lighter neutrino and a photon. We
get a lifetime of greater than 10 sec (depending
on the neutrino masses), so electromagnetic neu-
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trino decay should be observable. Other experi-
mental consequences are considered in Sec. IV.
Section V presents a summary and conclusion.

II. p, -+ey AND RELATED PROCESSES

In the usual V-A theory with two massless neu-
trinos p,- ey is strictly forbidden since the electron
number and muon number are separately con-
served. In a theory with one neutrino the ratio
1(p.-ey)/I'(p, -evv) has been estimated and found to
be four orders of magnitude larger than the ex-
perimental limit, '

The diagrams contributing to the amplitude for
p, - ey in our theory are shown in Fig. 1. It can
be seen that these lowest-order contributions are
one-loop diagrams. Furthermore, in each dia-
gram [(a), (b), and (c)] both types of neutrino
arise. The couplings of these neutrinos to the
electron and the muon, given by E&p. (1.2)-(1.4),
are such that the leading-order contributions from
these diagrams cancel. We assume that the photon
A„and the intermediate vector boson 8'„are gauge
bosons, so the electromagnetic Hamiltonian may
be written

H, = eA" (ey „e+Py„i")+e[(B„A„—B,A„)W+W"

22 10-'
I'(p, -euv) (2.1)

+(BqW„—B,WN)A"W'+(BqW,'—B„W~)W"A'] .
(2.2)

Since we are using a renormalizable (but nevertheless model-independent) theory, and since the leading
terms cancel, the remaining parts are finite and proportional to the neutrino mass difference. We neglect
the effect of any interaction of leptons with Goldstone bosons since their coupling to leptons is of order
G~' 'm, and therefore negligible. ' The contribution from diagram 1(a) is given by

d'0
p

1-y' 1 p
1-y' 1

M, =eg'sin~cos, e"
( ), e y 2 ~ y

V~

1
(p-q-a)'-M, ' ( ' ™) '

(2.3)
where e" is the polarization vector of the photon, and j and q are the momenta of the muon and photon,
respectively. Assuming that the intermediate-vector-boson mass M~ is much larger than the lepton
masses this gives

(2.4)

where Gz ——g2/(2v 2M. ').
Similarly,

(2.5)

The contribution from diagram 1(c) is given by

d4u
M =e 'gsi &noc8se" [(e ~(/+2'-P)@"-,'(1 —y')~p)C (2m)4

+(eely'ky'4(1 —y') lV)(e —2p —2 )"+(elm'l(d+P —k) 2(1 —y') I) )]

x((P™„)[(P-k)'-M. '][(P—I —p)'-M. 'j] '-(m„™,) . (2.6)

(a)

FIG. 1. Diagrams contributing in lowest order to the process p ey.
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Making the same approximation as in E(ls. (2.4)
and (2.5) this gives

-32
M, = ~, eGzsin& cosg(m, '-m„')

242 7 p e

(2.V)

The total matrix element adding E(ls. (2.4), (2.5),
and (2.V) is

M = eG~sin8 cos 6(m „'—m „')
7r2 P e

x e "(e~y"-,'(I —y')
~
p.) . (2.8)

FIG. 2. Diagrams contributing in lowest order to the
px'ocess v

p pe~.

This S-matrix element is squared and summed
over spins, giving the decay rate (neglecting m, '/
m„)

I'(p-ey) = —,G~'sin'8 ocs'Hm„(m, „'-m„')',

(2.9)

Consequently we find that the branching ratios

I'(p-3e) o(V,-+Z-e +Z)
I'(p-evv) o(p. +Z- vy ~ ~ ~ )

and

are of order o.'times the branching ratio I'(V,- ey)/
I"(p,- evv) (i.e., &10 "). This is well within the
experimental limit, '

where

2

4n'
'

and

1.3 10-'
I'(p, - evv)

From the known decay rate for p,- ev, v„(Ref. 6)
we get

2 m 2 2('(g-ey) (92' (~, —~„
sin26) cos26) .

I'(V,- e vv) m m

(2.10)

Comparing this with the experimental upper limit
(2.1) and using sin6(=0. 2 (the Cabibbo angle), '

&22 10
(x(p, yZ v+''')

We end this section by noting that the process
p, '+ e - p. + e' can be calculated by squaring the
amplitude for p. - e +y so that the cross section
is extremely small:

o(p +e 0 +e )&104&
o(V +e -L4 +e )

m. '-m. '
~6x&0 4.

m
p

(2.11) III. THE DECAY OF TIIE NEUTRINO

If m,„»m „, then we obtain an upper limit for the
mass of &~

(2.12)m„„&2.6 MeV .
This is consistent with the experimental limit
(1.6). However, by substituting the experimental
upper limit for the mass of the muon-type neu-
trino, we predict the ratio

F(P' ey) & 10 -9
I'(V, - evv)

(2.13)

The processes p, - e e 8' and p. +Z- 8 + Z are
related to the decay amplitude for p, - ey by attach-
ing an electromagnetic current to the photon, e.g. ,

e +y(virtual)-e +e +e

Since the neutrinos are of different mass and
both neutrinos interact with the electron and the
muon, we expect that the more massive neutrino
will decay into the lighter neutrino plus other de-
cay products. The most probable decay mode is

Vp~ V~ +P

although with the present experimental limit for
the mass of &„ the decay mode &„-&, +8'+e is
not excluded. If there exist other light particles
(e.g. , a real Goldstone boson) then there may be
other possible modes of decay.

The diagrams contributing in lowest order to the
amplitude for the decay of E(I. (3.1) are shown in
Fig. 2. Again we see that these are one-loop dia-
grams. The contribution from diagram 2(a) is

~,= -eg2sin& cos6) e
(2Q' '

~

2 p —(t(I —m„p —(f' —g-m„2 " P -M~' (m„-m, )

(3.2)
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where &" is the polarization vector of the photon and P" and q" are the momenta of v& and the photon, re-
spectively. Using the approximation M~» lepton masses this gives

M 2 1 5

M,=,eG»sin&cos8(m„'-m, ') ln, -1 e" v, y" v
v m

(3.3)

Diagram 2(b) is similar to diagram 1(c), but with
11(e) and v„(v, ) interchanged. Therefore its con-
tribution is, in analogy with Eq. (2.7), +n- g (or e) +P, (4.1)

-3i
M, =

2 eG»sin8 cos8(m ~' —m, ')
2V' 2 7P

x~ &v. ly 2(1-y')lv„& . (3.4)

where v& is the combination v&cos~ —v, sin6.
Since we do not detect which neutrino occurs in this
two-stage process roe must add the amp/itudes

Addings Eqs. (3.3) and (3.4) to find the total matrix
element, squaring, and summing over spins we
get for the decay rate

nG~2I (v„- v,y) =
&

sin'8 cos'8 [5+in(M~'/m„')]'

and

1l ~ P. + v~

+n-11 (or e) +P

+n- p (or e) +P,
(3.5)

nZ 2 m 2

I (v - v y) = 0.6 x 10 18
e ~

Vp

(3.6)

2 2
mv -mv~

x(m '-m ')-
p e

Pp

In this case, the factor (m, ' —m, , ') arises from
the available phase space and not directly from
the amplitude. Taking M~ = 50 GeV, ' sin6) =0.2,
this expression gives

rather than adding the probabilities. It is for this
reason that the muon-number-violating amplitude
in the process (4.1) is proportional to the neutrino
mass difference. For simplicity (and since the
estimated result does not alter our previous cal-
culation) we perform only an order-of-magnitude
estimate of such a process, and estimate

(ev+n-e p+), (mv„' —m, , ')'

For the experimental upper limit on m„and m,
P ~e

this gives a lifetime of about E„„sec, where E,
is the energy of the neutrino in GeV. For ex-
ample, for neutrinos coming from pion decay,
E, =25 MeV, we expect a lifetime

&=0.025 sec .
For less energetic neutrinos such events should
be observable in the laboratory. Such events would
be detected by the occurrence of photons along the
predicted neutrino pa, th.

IV. OTHER EXPERIMENTAL CONSEQUENCES

In this section we consider processes involving
neutrinos in which muon number is violated. A
typical process would be v„+n- e+P. However,
in order to compare it with the existing experi-
mental upper limit, we must consider the mecha-
nism from which the neutrino was created. This
is usually the process r -pv„. But in our scheme,
the decay» gv, has a branching ratio [compared
with I'(n'- gv„)] of tan'8. However, we distinguish
between the two neutrinos by observing their inter-
action with hadrons and seeing whether a muon or
an electron is produced. Thus, what one is really
observing is the process

o(v„+e- v, +e) =tan 8,o(v, +e-v, +e) (4.3)

neglecting the possible contribution of neutral
currents. However, since the neutrino produced
in pion (or kaon) decay cannot be identified we
estimate the measured branching ratio as in Eq.
(4.2), which is negligible compared with the pos-
sible neutral-current contribution. '

Finally we consider the process Al'. - p, e .
This process should be compared with K~- p.'p, ,
which is a second-order weak process. In theories
involving a charmed quark 6", the amplitude for
X», p p, ls of order Gp. (mei -'m(p )m», where
m+. , m and m~ are the masses of the charmed
quark, proton quark, and kaon, respectively. In
this ease the amplitude for KL, p.'e is of order
Gz'(me —m&)(m„—m,,)m»'sin8cos8 so we get a

where v, is the neutrino which comes from pion
decay. This is well within the experimental limit. "

Another interesting process which has been re-
cently discussed in relation to neutral currents is
v„+e- v„+e. In our scheme this can proceed
through the charged weak currents with muon-
number violation. As discussed above, if it were
possible to identify the neutrino before its inter-
action, we would get a branching ratio
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branching ratio

I'(It~- p, 'e ) m„—m„ sin Ocos 6) .I'(K~-p, p. ) ms. —m~

(4.4)

From rn& -5 GeV, rn+-1 GeV, and m„—m, ,&1
MeV, this branching ratio is smaller than 10 '
and is therefore negligible.

V. SUMMARY AND CONCLUSION

We suggest a scheme in which, in analogy with
the Cabibbo theory for hadronic weak interactions,
the electron (and muon) couple to a linear combi-
nation of two neutrinos, given by a mixing angle
L9, the Cabibbo angle. In order that this should be
meaningful the two neutrinos had to have different
masses so that both of them could no longer be
massless. This leptonic interaction is described
by Eqs. (1.2)-(1.4). In this scheme there is only
one conserved additive lepton number, and muon
number (or electron number) may be violated.
This violation is proportional to sin6) and to the
neutrino mass difference.

The decay p, - ey was calculated in detail, since
the experimental limit gave the lowest upper
bound for the mass of the muon-type neutrino,
which was still found to be larger than the experi-
mental upper limit. A new feature of this theory,
which is of major importance, is the allowed de-
cay of the more massive neutrino into the lighter
neutrino and a photon. This process was calculated

in Sec. III. We find a lifetime

'Tp ~ 1.5 && 10 ' sec .

This decay might be experimentally detectable.
Other processes in which muon (or electron)

number is violated have been discussed. Although
one might expect that the branching ratio of
muon-number-violating to muon-number-con-
serving processes, such as

o(v„+n-e+P)
v(v„+n- p. +P)

to be tan" 8, one has to be aware of the preparation
of the initial state in this interaction. If the neu-
trinos come from pion decay then both electron-
and muon-type neutrinos occur and if one does
not measure the mass of the outcoming neutrino
one must add the amplitudes (rather than proba-
bilities). This procedure gives a result which is
proportional to the neutrino mass difference. If
it were possible to devise more sensitive experi-
ments in which the neutrino mass is measured,
then one would be able to identify the neutrino,
and in this case the branching ratio A, would be
tan 6.

We conclude by observing that this theory gives
a complete analogy between hadronic and leptonic
weak interactions. Furthermore, the two types
of neutrinos, v„and v, , have the same interac-
tions but are distinguished only by their masses
in the same way as are the muon and the electron.
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