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The notion of allomorphic corrections to S-matrix elements for semileptonic processes, which
by definition are absent in the lowest nontrivial order of perturbation theory, is introduced
and analyzed. The complete fourth-order allomorphic corrections to the leptonic weak currents
are calculated in an arbitrary gauge model of weak and electromagnetic interactions, treating
the strong interactions (assumed mediated purely by gauge vector gluons) to all orders. These
results are used to analyze the induced leptonic pseudoscalar current in charged-pion decay,
and it is shown that weak restrictions on particle masses suffice to preserve the V-4 structure
at the leptonic vertex to O(aGg). A preliminary discussion of the allomorphic corrections
to hadronic weak currents is presented in the context of neutral-kaon decay K '—uuh. It
is shown that in theories in which the kaon field dimensionality is two or less, the usual sup-
pression mechanisms involving charmed quarks probably do not suffice to remove induced
neutral, strangeness-changing currents in O(aGp).

INTRODUCTION

The structure of the higher -order corrections
to weak-interaction processes in perturbation
theory has been a long-standing problem of par-
ticle physics. The difficulties associated with the
study of such corrections in previous weak-inter-
action theories (e.g., the Fermi theory, or the
intermediate-vector -boson theory) arose directly
from the nonrenormalizable structure of the under-
lying field theory, so that no sensible, unambig-
uous treatment of the plethora of infinities arising
in higher order was possible. However, with the
discovery of spontaneously broken unified gauge
theories of weak and electromagnetic processes,’
and the subsequent proof of renormalizability of
such theories,? a systematic attack on the problem
of higher -order corrections has become possible.

In this regard, the study of higher-order correc-
tions to semileptonic processes seems most
fruitful at the present time. From an experimental
point of view, such processes offer a phenomeno-
logical variety which we do not find in the purely
leptonic processes. From a theoretical point of
view, semileptonic processes are considerably
simpler than the purely hadronic ones, primarily
for two reasons. First, in the semileptonic case,
we at least understand fully the structure of the
“leptonic end” of the diagrams, at which strong
corrections are absent. Second, in purely had-
ronic processes studied to fourth order, the prop-
agators of the weakly interacting bosons (gauge
particles, Higgs scalars) can appear both in the
same or in two separate independent loops, where-
as in semileptonic processes the fourth-order cor-
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rections involve at most one loop.

There is by now a considerable literature on the
subject of unified gauge models,® and in many
works the question of higher-order corrections to
semileptonic processes has come under scrutiny.
However, a study of these corrections in the con-
text of an arbitrary renormalizable gauge model,
and treating the strong interactions nonperturba-
tively using the tools of current algebra and the
Wilson operator-product expansion,* remains to
be done. As Weinberg has shown,® such a general
attack may be very useful not only in deriving gen-
eral formulas applicable to arbitrary gauge the-
ories of weak and electromagnetic interactions,
but also in deducing general constraints on the
strong-interaction field theory from such phenom-
enological information as the absence of O(a) vio-
lations of parity and strangeness in the strong in-
teractions.

In this paper we begin the model-independent
study of fourth-order corrections to semileptonic
processes. The “allomorphic” fourth-order cor-
rections to the leptonic weak currents are derived
and shown to be gauge-independent, unitary, and
finite. By “allomorphic” we mean, roughly speak-
ing (see below, Sec. I), those corrections which
cannot be absorbed into a renormalization of the
zeroth-order parameters of the theory. Our re-
sults are applied to a study of charged-pion de-
cay, and in this context it is shown that with only
fairly weak restrictions on the particle masses,
which in turn depend only slightly on the detailed
structure of the strong interactions, dangerous
pseudoscalar contributions to the leptonic cur-
rents are in fact absent to O(aGy) in general gauge
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models. We also present a preliminary (and in-
complete) discussion of the allomorphic correc-
tions to the hadronic weak currents, in the context
of neutral-kaon decay. Work on the general struc-
ture of the hadronic end allomorphic corrections
is in progress.

The order of presentation is as follows. In Sec.
I, we define the allomorphic corrections to lep-
tonic weak currents. In Sec. II the fourth-order
contribution to these corrections arising from the
tree diagrams (simple vector or Higgs-scalar ex-
change) are extracted. Section III contains a dis-
cussion of the one-loop diagrams involving two-
boson exchange between the leptonic and hadronic
ends of the diagram (“box” diagrams). The allo-
morphic corrections involving hadronic matrix
elements of the product of two (hadronic) currents
are shown to be separately gauge-independent,
unitary, and finite. In Sec. IV, the allomorphic
corrections contained in vertex corrections at the
leptonic end are extracted. In Sec. V, the contri-
butions exhibited in Secs. II-IV are combined and
all gauge-dependent terms, zero-mass Goldstone
poles, and infinities are shown to cancel from the
allomorphic contributions. Section VI summarizes
the results of the preceding and provides a simple
prescription for obtaining the correct answer. In
Sec. VII, we apply our results to a discussion of
charged-pion decay in general gauge theories.
Section VIII contains a preliminary discussion of
the other types of allomorphic corrections to
semileptonic processes, with particular emphasis
on the absence of neutral, strangeness-changing
to O(aGy) in the context of kaon decay. A summary
of our methods and results is presented in Section
IX. Finally, some useful auxiliary material is re-
legated to Appendixes A-C.

I. ALLOMORPHIC CORRECTIONS
TO LEPTONIC WEAK CURRENTS

In the following, we shall be concerned with the
calculation, to fourth order in the coupling con-
stant of the weak and electromagnetic interac-
tions, of a certain class of contributions to arbi-
trary semileptonic processes. By the latter, we
mean all processes involving a single lepton line,
and arbitrary incoming and outgoing hadrons. As
far as the weak and electromagnetic interactions
are concerned, the calculation will involve a com-
pletely general renormalizable, gauge-invariant
Lagrangian containing fermions, Higgs scalars,
and vector gauge mesons. We will assume, tem-
porarily, that the strong interactions are mediated
by vector gluons® and that there are no elementary
hadronic scalar fields. The consequences of re-
laxing this last assumption will be discussed in
Secs. VII and VIII.

Consider the structure of the matrix element
appearing between the lepton spinors in a general
contribution. In the tree approximation, this ma-
trix is a linear combination of Yukawa coupling
matrices (see Appendix A) I'; and the fermion-
gauge meson bare vertices ¢,y"¢,. In higher or-
der, we expect contributions of this type to re-
ceive infinite contributions arising from coupling-
constant renormalizations in the I';’s and {,’s.
Calculation of such higher-order contributions
would require a detailed, and complicated, re-
normalization program. Also, since such contri-
butions would usually be masked by the appearance
of similar terms in lowest order, the results
would be of limited physical interest.

On the other hand, higher-order contributions
to semileptonic processes involving corrections
to the leptonic vertices which canrofl be written as
a linear combination of I'; and £,7"{, are interest-
ing both physically and from a technical point of
view. Such contributions will henceforth be
termed “allomorphic” (with the implicit under-
standing, until Sec. VIII, that we are referring to
the leptonic end). They are analogous to the
higher-order corrections to natural zeroth-order
mass relations which have been much discussed
in the literature®—here, of course, we are con-
cerned with corrections to physical S-matrix ele-
ments, rather than propagators. Evidently, the
allomorphic corrections to any physical, on-mass-
shell S-matrix element must separately be gauge-
independent, free of unphysical singularities due
to zero-mass Goldstone poles (“unitary”), and
finite. Naively, one might expect that the renor-
malization counterterms would affect only non-
allomorphic contributions, and could be neglected.
It is a remarkable feature of non-Abelian gauge
theories that this is not, in fact, the case: Such
counterterms are essential to the proof of gauge
independence, unitarity, and finiteness. This
point is further explicated in Sec. II and Appendix
B, where we make the appropriate brief excursion
into renormalization theory. Finally, we expect
the allomorphic contributions to be of considerable
physical interest, since, by definition, they are
completely absent in the lowest nontrivial order
of perturbation theory.

II. TREE-GRAPH CONTRIBUTIONS; RENORMALIZATION
COUNTERTERMS

Since we are calculating to O(g*), any renormal-
ization counterterms to be included in the calcula-
tion of allomorphic contributions must appear as
insertions in tree graphs. We shall see that such
counterterms can give a gauge-dependent, allo-
morphic contribution—in the following, we show
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that the only counterterms relevant are the fermion
(i.e., lepton) mass and wave-function renormaliza-
tion. Before proceeding, the reader may find it
useful to review the summary of our notation and
conventions presented in Appendix A.

The effective unrenormalized Lagrangian’ for
generating the tree diagrams is evidently

£|é'cc = £quad(¢? ’ w l;“) + £strong
= Ti(Ey @ +m )y +Sidi +ja W (2.1)

Here Lguong contains only hadronic fields. The lep-
tonic and hadronic fermions will be distinguished
by subscripts [, 2 respectively. £quaa (¢, W&‘u) is
just the quadratic part of the unrenormalized Lag-
rangian involving the weakly interacting Higgs
scalars and gauge vector mesons. Unrenormalized
fields and currents are distinguished by the super-
script “u.” Here the currents

Si= -P“T';p*
==(@IT Wy +PRT¥%)
= (S +(Sh);
(2.2)
3% = =10y ™
== i@ Tt T+ PR EYuladR)

= Dop + U Wau

involve both leptonic and hadronic fermions.

The only renormalizations concerning us are
those that break the zeroth-order symmetries of
the theory. Coupling-constant renormalizations
(i.e., redefinitions of I';, ¢,) may be ignored, since
the only permissible redefinitions conserve the
zeroth-order relations prescribed by the gauge in-
variance of the theory. For example, suppose the
gauge group is simple and the leptons form a sin-
gle irreducible representation. Then the only al-
lowed renormalization of the f,’s is a redefinition
of the single coupling constant g buried in {,, or
in other words, an overall scalar multiplicative
renormalization. This clearly does not give rise
to an allomorphic contribution. Similarly, we
need not consider renormalizations of the Higgs
scalar or gauge vector propagators (cf. Sec. VIII).
However, mass and wave-function renormalization
of the leptons, if carried out (as we shall) in a
fully physical, on-mass-shell manner (So that all
radiative corvections to external lines cancel) will
give rise to gauge -dependent allomorphic contri-
butions, provided, as is usually the case, that
zeroth-order symmetry-breaking terms appear in
the fermion propagator at the one-loop level. To
derive the required counterterms, we therefore
need make only the following two renormaliza-
tions:
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m=my+0m,

¢I=ZZ-]/2w,;$ 221/251+22 * (2‘3)

To repeat: 6m and Z, (both of which are matrices
in the internal space of the leptons) are adjusted
so that all radiative corrections to external lines
cancel. In particular, &m includes the finite,
gauge -independent symmetry -breaking corrections
previously calculated by Weinberg.® The calcula-
tion of Z, is outlined in Appendix B.

Substituting (2.3) into (2.1), the effective Lagran-
gian for computing tree graphs becomes

Liree =L+ Ler , (2.4)
£R =£suong+£quad (¢:" Wl&u) —¢1(§¢¢+m)¢;

+ (S,I‘l )i(pi + (] :)auwi + (Sl)i¢i + (jl)auwi ’
(2.5)
Ler=-Wl2](6, 9 +m)+ (£, # +m)z, )y,

+ Wmll’ —izp—,(zggwy“ tc( + gw.yﬂ tazz)‘plwotu

-3, @0+ T2, )0, [to O(g®)] . (2.6)

Of course, we need never explicitly consider the
strong-interaction renormalizations —the appro-
priate counterterms are contained implicitly in
Lswong and matrix elements of strong Heisenberg
operators are understood to be finite, renormal-
ized quantities.

First, we show that the two tree graphs (Fig. 1)
arising from £; sum to a gauge-independent
O(g?) contribution, plus an O(g*) allomorphic,
gauge-dependent contribution. Since we are work-
ing to O(g*), we must regard the lepton spinors
in the amplitude to involve the physical mass ma-
trix m to O(g?)—the O(g?) asymmetric corrections
to the zeroth-order mass will, as we shall see,
give rise to the O(g*) gauge-dependent contribution
mentioned above, plus an implicit gauge -indepen-
dent allomorphic contribution, also of fourth or-
der.

A short calculation yields the following result
for the sum of vector and scalar exchange graphs

arising from £, to 0(g*):
qu
AqQ

|

P { fPe Pi{=e= P

FIG. 1. Tree-graph contributions to semileptonic
processes.

a; Q¢
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68 = —i(2m)' (TP Agys” (@K ibderi Upkyy "t U;
+a5@XS)r T, T, U,
@.7)
05§ =05 Gy + 65 K% (@.8)
88 geer = =@M 6( L P)i(q)a 6 8261 Usky¥ v ta Us
+88@XS)m T U]
(2.9)

where we have introduced the convenient abbrevia-
tions

8(P)=6(P;+q; -Pr-4qy),
(G&e=(F1iAOID, (Sp=(FIS (0D,
@as=Ewad®+1*) s,

AP(q)=(Laq® +MP) ™+ (8,2);(660); ((z)z"‘s .

Evidently, 0Sg%,is £-gauge-independent, as it
must be, for there are no renormalization counter-
terms available at O(g?) to absorb any uncancelled
¢ dependence. The allomorphic O(g*) contribution
is found to be of two forms. First, there is an
implicit allomorphic contribution which arises
from the replacement of the zeroth-order mass
matrix in the lepton spinors in (2.9) by the leptonic
mass matrix corrected to O(g?). If these cor-
rected spinors are expanded in terms of spinors

5Sg'ere = (277)"5(EP)<]'Z>N(11)&5[7,(Z;§¢7.,fe + §w'}’utszz)Ui

involving the zeroth-order mass matrix, then
(2.9) is clearly seen to implicitly involve O(g*)
allomorphic contributions.

The second, explicitly gauge-dependent, O(g*)
allomorphic contribution arising from the graphs
in Fig. 1 is

55;;,6&[) - i(zﬂ)‘lé(zp)(@a)\ )i(S‘ )FI[an BUI

Xy, [ta, v0m,]U; . (2.10)
Here
1 - -
lgles= = [Eq*+u®) " 0p = (Cwg® +1*) 48l

q
(2.11)

and dmy is the finite, £-independent O(g?) correc-
tion to the lepton mass matrix.® We need not be
concerned with its explicit form here, but merely
note that the only relevant parts of dm, in (2.10)
are the contributions from scalar and vector ex-
change [i.e., Z,(p) in Appendix B, Eq. (B4)]. The
momentum -independent contributions in Z, (arising
in part from tadpoles) involve linear combinations
of I'; matrices, and are hence not allomorphic.

Finally, we calculate the O(g*) allomorphic con-
tributions arising from the asymmetric renormal-
ization counterterms in £cr. Only the last two
terms in £cr are relevant (the first two are in-
volved only in radiative corrections on the ex-
ternal lepton legs), and we obtain simply

- @TYO(D PO ralala sTE Syt + £ 1522 U= iCTIO(T PXS, )iy AL @) T/EIT, 4 T 200,

= tree
=6$§§f(j)+6scr_(s) .

These contributions are clearly gauge-dependent.
As we shall see below, the gauge dependence in
(2.10) and (2.12) will eventually cancel against
gauge-dependent terms arising from one-loop dia-
grams.

(2.12)

III. ONE-LOOP CONTRIBUTIONS: “BOX” DIAGRAMS

At the one-loop level, there are four diagrams
involving two-boson exchange, as indicated in
Fig. 2. Their contributions are

FIG. 2. “Box” diagrams for a general semileptonic process.



Sbox = _i§(32P) f AL FLEWAY 5, (DAY 5 (g - 1)
XUy v* to A (g - DE,Y Pt U;,  (3.1)
585y = -o(z;P)J'dl F1a(DAY 500 = DAKD)
X OT,8% (g, - Dey"t, Uy, (3.2)
6583 = -6(P) J’ AL F5(DASDAY 15, - 1)
X O,y 1. A% (@ + DT U, ,  (3.3)
6853 = i6( 3 P) f AL F,,(DAS,()AL (g - 1)
xU,T,a% (g, =0T, U, , (3.4)

J

box
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where 6(3;P)=6(P,;+q;~P; -q;). The two-current
hadronic matrix elements Fg¢, F5, and F;, are
defined in Appendix A [Eq. (A18)].

The next step involves substituting the explicit
expressions for the propagators (A5) into (3.1)-
(3.4), using the relations prescribed by local
gauge invariance [in particular, Egs. (A3), (A10),
(A13), (A19), and (A20)], and segregating the re-
sulting contributions according to the structure of
the particular hadronic matrix element involved.
Recall that all contributions which merely amount
to a gauge-covariant renormalization of the lep-
ton-scalar and lepton-vector vertices are dropped.
This procedure yields the following terms:

(j) ‘<]e>FIc6555(ZP)fdl{ Uf[r Aw(Q/"l)gw'yvty +§w7ut7A (q;+l)rj]U(9 X) (q ""l)yé

+iU,1",A’” (g;- DTy Ui(eaA)J(eyMnlu[q -1] 75} Uas (3.5)

65825 =(S; >F,o(2p)fdz{zz,r,ﬁ(q,-z)r Uy(8A);(0, )08 0 );[g - Uy

+ ﬁf[rmAw (g =0T, +rqu (q; + 0T, ] U; (6,2 )m(gs)nAfj((I - l)}[l]ae . (3.6)

As there are other one-loop graphs leading to
contributions involving a single-current matrix
element at the hadronic end, we should not ex-
pect 6SP§¥ or 65¢%} to be gauge-independent. A
glance at (3.5) and (3.6) confirms this expectation.
However, two-current hadronic matrix elements
occur only in 8Sb* | so that their contributions
from the box graphs should be separately & -inde-
pendent. A detailed calculation confirms that the
requisite cancellations do indeed take place, and
we are left with

55k = ~id( T P) fle §(DDaylg - 1)ps

XUjgwyutyAw (q] - l)gw‘)/utﬁ U’is

r

6595 =~8(P) [l FtsMALDNG - D
X UAT ;8% (g5 - Deyy s

+EyYpta A (g + DT DU,
(3.8)

6585 =i0(DP) [ a5, WALDANG - D
X OT A% (g, -0T,U; . (3.9)

In addition to being explicitly £-independent, these
contributions are “unitary” —they involve propa-
gators with poles only at masses of physical par-
ticles. In particular, the ‘ gauge -independent,
umtary scalar propagator A ’;,(q) has no poles at

3.7 q*=0, corresponding to Goldstone bosons. We
— >~
// \\ y /. \\
Q-4 q-2\ Q-2 a1\ /G- q¢-d _/Qi-4 a4y
] q¢ Qi qf ; g Qi ; q¢

q q Tq Tq

vl v1 V1 %1

8S ww 3Sgw 3Swg 3S 49

FIG. 3. Vertex-type corrections (first variety) to semileptonic processes.
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conclude this section by noting that 65777, 65¢%,,
0S¢%%, are evidently finite.

IV. ONE-LOOP CONTRIBUTIONS: “VERTEX” DIAGRAMS

The remaining one-loop graphs giving rise to
allomorphic contributions are just the one-loop
radiative corrections to the lepton-scalar and lep-
ton-vector vertices. They fall into two classes:

J

those (Fig. 3) in which only lepton-scalar and lep-
ton-vector vertices appear (such terms will hence-
forth be designated by superscript VI), and those
(Fig. 4) in which there is a trilinear boson vertex
(designated by VII). At this point the analysis be-
comes somewhat technical—a summary of our re-
sults is presented in Sec. VI. Explicitly, the con-
tributions of the graphs of the first variety are
found to be

0S¥y =i<J'ZnAZ’uau(q)ﬁ(Z}P)fdlA;”paa(l)l_fféw"tyﬁ(q,-l)éw”tsAw(qi = 1)eyy°tsU; (4.1)
GSX'W=—i(ji)F,A:uB,,(q)G(Z}P)fdlAﬁ(l)ZZFiAw(q,—l){wy"tBAw(qi—l)I"jU,» , (4.2)
Sy =(S:)prA%3(@)8( D P) f dLAY s, (D Toy v 1, 8% (g = DT ;8% (g, = 1),y L U; (4.3)
8SYL, = ~(S, s A8, (q)6( 3 P) f dl a2, (1) T ,a% (g, - DT, A% (g, - T, U, . (4.4)

As before, the analysis proceeds by substituting
the explicit expressions for the propagators into
the above equations, and examining for cancella-
tions of £ -dependent terms, employing the arsenal
of relations exhibited in Appendix A. One finds a
number of such cancellations, but the final result
(as we should expect) is still gauge-dependent.
Once again, we segregate the contributions accord-
ing to the nature of the hadronic matrix element
involved. It is also convenient to separate out at

as-2

¢q
vl
85ii!ww
~ R qf:l’
@G N\ / QG Q \ 2 Qg
BYEERY
q fq
vl vl
st, 3Sawg

this stage some obviously gauge-independent con-
tributions. Thus, we write

8SVI =65y, +6SYl, +6SYL, +6SYL,

=0S% a1 + 08U}, oo+ 65 a1 +0S, 6p (4.5)

(the subscripts GI and GD refer to “gauge-inde-
pendent” and “gauge-dependent”, respectively).
One finds

q¢- 1
qi qs
DAV
q
i VI
Ss‘v’Mw 8Swwa
q¢-2 Q¢4
/. qf 9 \ 4 Qr
A ]
q-/ ! Q'Jkyll}
A
Eé;é ;
vl vl
3S spw 85 ggg

FIG. 4. Vertex-type corrections (second variety) to semileptonic processes.
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0S 2,11) Kei| =i<jg)Fl(q)a85(EP)fdl[ (l)yé ﬁfgw'}/utyAw (Qf - l)LwY“tBAu‘ (qi - l)§w7"t5 U;

—A%()T,T, A% (g, - Diyy tea¥(g; - DT, U] , (4.8)

655, .c1=¢S; >F,6(2P); &%@) f Al (Do Uty y*t,a% (g, - DT 8% (q; = DEyyuts Ui
-AL()T,T, A% (g, - 1)T;8%(g; - DT, U;]
+ (eak)i _(_(f])TaB fdl[(l)y 5U/ (gﬂ,?’utthAw (qi - l)gw'yuté - gw?’“tyAw (q, - l)!;w')’utat 5)U.-

= B8O U AT 8% (¢, — DT, =T &% (g, = DI U] % ,
(4.7)

65Y, op = —i<1'au>n(q)asﬁ(ZP)f alll], s ULgyyPt tats + EyyP eyt g% (g, = DT (65)),

= (0,0, A% (gs = DLy 1t U; (4.8)

8S Y%, op =<si>F,o(2P)f dl% -80@)UapsUAET g +1,T,8% (q; = DTH(60), = (6,A),T,8% (g, = DT ;25) U,
+lg)asllly s (6 T valty tats, vom]+ic, dtytaa% (g; - DT,L(05)),
= (6,0), T &% (g, - )ik ydtsts) U,
. (Eq";zuz)"gg (6.0,
XDy s T ALy v 1y 8% (g = Deyyytals = Ly  tytat (qs = DEyy,ts)U,

- A3 TAT, &% (g, - DIT, - Tt 58%g, - DT, U] ‘( . (4.9)

Next, we turn to the contributions arising from the second variety of vertex diagrams (Fig. 4). The cal-
culations are tedious, though straightforward; we merely summarize the results here. Taking the diagram
involving three internal vector propagators first:

5S¥hw = =i(E4)apCays 6L P) j Al{(g, By (@) = 40 @AY 510 (DAY oilg = IK 4 Der
X Uplyy” tg:a¥qy = DEyyP 'ty U
_(l“AZW,u,(l) - lvA:ua,u.(l))A‘y"“ 8y ,(q)Ag"7 g =1)
X Ga e Ugbyy ™t 8¥q, = Dy y*'ty 1 U
=)y A%l = D = (1= q)y Ad ool = DIAT5110(@) AT 1o(D)
X <jlé:>FI Ufgw')’p,ty'Aw(CIf - Z)Q'y“ 'ta,Ui}
=6Syiw; (s).c1+ OSWhw; (sy .00 +OSWwW: (iyuc1 + OSWWw: 4y GD > (4.10)

where, discarding as usual terms which merely renormalize the bare scalar and vector lepton vertices,
one finds

és\ygw; (s) ,Gl=i(gw)ascey6((1)5'7(989‘).‘(591-‘15(21))_[ dl(l)aa’(q - l)éy'Ufgwyuta'Aw(‘h - l)ézﬂ’uty U,

(4.11)
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6SWw: ¢s) b :i(gw)chBy6(08’)‘)i<si>F16(Z:P)f di{(g®-2q " Dlglgy(Dgalg =Dsy-
fogwy“ta,Aw(q,—l)gw'yu v Ui

(Doclt®la)aryla = Usy +ladoyla = Dsy + (@) gnyla - tsy]
XUgtydly: 8%gy - l)rk(e AU,

—ilg = Dsplla = 0Plglerfdllacr +lglsyDaar + @) sy [Haarl
X U [6,2),T;8%g, - Dty U

+[ lJaa - l)éy (q ((1 "l)[ JB’y *(t’[)a'y)
+q'l[q "l Sy’ ([l cxoz’ q)ﬂ’ Yy = (l)aa'[q]ti')’)]
% (6a:2);(0, AU, T; A¥g, = DT, U} (4.12)

6SWww: (s, 1= HEwasCay5(@)pry i b 6(33P)
xf Al (Doar(g = Doy TA20, 5y Lo AUg, = Diyyy by + 28, dlyr A%g, = DEyy ot
=28y Yty ANgy = Dty + (B8, 0),T ;8% (g, = DEyy o1y,
—iLyY yte A gy = (0, 1), TYU; , (4.13)
53\;9;';'»'; (jy,GD = i(g W)a BCay 6(q)6’7<j Z;>F16(ZP)
X | dt{i(1? =2q - D[l (g = Doy (8, 2),T,T,;8%g ;= Dy, oty U
q ao’\d sy \GagrA)jUpl j8°\Gy Syrurly U

+ l(qz - lz)(l)aa’[q - ”57 ’(97' ’A)le Ufgw'yy’tcz’Aw(Qf - l)FkUi

+ lv’(q z[lJaa’[q - ”6)” + [lJaa’(q - l)é}" + (l)cxcx’[q - lJzSy’)(ecx'A )j(gy' A)h

x U,T;a%qs - DT, U} . (4.14)
Again, in deriving (4.11)-(4.14), liberal use is 8Sywe = =i G4 e AY. @) &s{64, 0510),6( 5 P)
made of the relations imposed by local gauge in-
variance, especially Eqs. (A13) and (A19). fdlA — DA%t (D)

The graphs containing two internal vector lines

and a single internal scalar line give the explicit _ » v
contributions X Usyr” te:a%q, = DT, U; (4.17)

6S Y, =(S; >FI (§¢{9w B50) B(P) while those graphs involving two internal scalar
lines and a single internal vector line are found
to contribute

O-S}‘,/l(})d) :<jlé>i‘1 Avsyvau (q)(gdiea)ijé(zp)

XUy by A (g =D 5yy" 't Uy, x f dl(g = 2D%A,(g - DASD)
(4.15)

fdl Aaucx u' (Z)Aguﬂ'u'(q -1

XU,T, A%, - DT, U; | (4.18)
6SV W =-Z<]cx >F1Aa "urop (q)(gda{gay GB}A')J'G(E'P)
GSVHQS_Z(S >FI A:bk(q)(gd)eor)k.zé(zp)
< aennat g -0 x [ aieq - 198%, 5,085 - 0

X U;Tya%gy - Deyy”'ts U . (4.16) X Us,v'ter? (g, - 0T, U; (4.19)
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6SY8y =S ey AH(@)£404),6(P) 6SVI(S: W) = 5S VI 4 SV + OS Ve + OSH s

+6SYhe +0SY%y

f dilg + DFAY, 6 - DAL . o
= 55‘(’5‘)(?(';1 ) +68 ¥} .(’}D)

— v v
X UL ,a%gq, ~DEyy*ts U, . (4.20) +OSYIOW) 4 68 WG ¥ - (4.21)
Substantial cancellations of £ dependence occur Again, dropping all terms which are manifestly
between these two sets of contributions, so it is not allomorphic, we find after a somewhat tedious
convenient to define calculation

Gs‘(fjlg(?GIW) _<jg’>Fl(q)a’a6(Ep)
X f di{ -5 {84 03N) [ (Eolg = 1P+ MP) ™ (D) g0 Uslyy s ts:8%g, - DT, U;

=i(5 {00y O10);(Esl 2+ MP) 2 0(q = Dpar U Tu¥gy = Diynitsr Ui

+ 1,008 )11 [ A5 (DE ol = 1P + M)y = BRi(g = D(&ol2+ M), ] U, T gy - DT, U, }

(4.22)
S {80 =(Si)p G(Z)P)fdl{ (£6a% + M) (86100 B8IN);(Deer(@ = Dpsr Usly¥ 1o 8%g, = DEy vt s Uy
+(Coq® +M?)™, ;1058 6)50(g = Dpp AT, Ty A% g, - DEy H g U;
+(&0g® + M) ;i(0580);1 (D s A0(g = DT L,(d - Nt A¥gs - DTWU;
R2(q) (058 0);1(E sl +M?) y(q = Dppr UL ¥ gy - Dy dt s Ui
- 8%(@)*i(0524)11(E (g = P + M)y, (D g5 Ustydtsra¥g, - DT, U,

- (q)BB'(98€¢);z(95')\)i51?1(q = (ggl2+M?) ™, UL, A%g, = DT, ut, (4.23)

0SS%68) = e @) uO(ZP)

del{.—l(gca{eu’ 6at1);(Dasr i (q)-:)‘: )

XY (6,1 )y(6y 1), Uy byvuts A¥g, -, U

‘ 12+, v
~i(84 {04 O8tN)s(q - l)ﬂ,f,,—---——-r-f—l2 (6,1)e(64/ 1), U,TyA%gq = Diyyutsr Us

1, (0584 0.0),((85:0)[g — Ugp:A3;(1) = (05 M)lllgpr08(g = 1) UL pt¥g, - DT, U,

2)~1
+l#(9a§¢gﬂk)j((GB’A)m&?k(q )M)—LL(GB'MA%(D(&(‘I(_qlzal;“) BB')

X U,T,a%g, - DT, U } , (4.24)
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68 VIL®H) =(S, )pr6( 3 P)
xfdz {(sa{ea, ee}x),(z)w'(q-z)ﬁa,(—"—if——)—ﬂ—(e N8y M), U sty tara¥ay = Deynits: Uy
+ig = Dar | (9886 00 Mla]as A5 (N0 22 = [L]gar85,(@) (05 1))
(00500, (350 ST 0500, - B30 S 500,

X O T a%qy - DEydtor U
+ (D) g [(95&1, Gq)\);([CIjsa'Afj(q - D(0g:2); —lg - lJBB'A?j(fI)(Be'}\)n)

2 2 2 2\-1
(0000, (SOt 00 51 )0,0), - SLE 00 55 0,0,

XU, dtqr6¥ay - DT, U;

+[(052400), (Dl = o830 205, 1),
+(05208,0);(q = Doar[tssr AT (@)(04:2)a(65:1),,

+(0586);: A0 (DA% (@)lg - gsrl (g - D(65:2),

= (0564)1 AT (DEG2 +12) ™y, (1/g2)(0,1); (8 M), (g = Dgpr(B5:1),

+(0584),0A0(q = DAY (@) gpel* (g = D(B5N),,

—(0584),18%(q = D(EG+12)™yy (1/g2)(0,1),(8, ), (D) :(65:0),,

—(0584) ;A0 (@)AL (g - D[ gaq-UB4:1),

+(05860.2);(@)aar (6 M) A5,(Dlg = Uggr(65:1),

- (0584),1A%g)A%,(Dg - Ugag- (g - D(65:1),

—(0524)1A0, (DAY (g = Dlglasrg- U65:1);

— (858 0);180(q - DAY, (Dalssrq* (g = D(05.1);

- (0584):8%(q - l)(—gizili:liu—'(eyx)m(ey,A),(q)ﬂs,(es,x),] U,I',a%g, - DT, U; % .

(4.25)

Finally we investigate the contribution of the graph involving three internal scalar lines, given explicitly
by

OSY 4 = (S, prfi 1 a0 (T P) f dl A% (g)A8 (Dad(g - )T, T,a4g, - T, U

=650+ 0S¥he.0p (4.26)

where

8 o.c1 = ~(Si dpifir; (D P) f dl &%.(q)A% (DA, (g - ) T,T,a%q, - DT, U; (4.27)

65%40,6p =<Si>F16(EP)J‘ dl U;FjAw(‘If VA Gc(J "R? (Ba’)‘)i[q]aa’&fj’(l)&fk'(q -0
+[M2, 6 ] 'k'(eﬂ')‘)i[l] a'A (q)Akk'(q -0
+[M2, Gy]i'j'(ey'”h[q - l]yy'Aii'(q)A?j )
+(M20,050), (00 1);(05:0)la Jao [t 550 Agerlg = 1)
+(126,6,0);(060 M) 0y MalgJaerla - 2y, /AT ()
+(M?056,);(85:0);(6y M)l L gsrlg = 2],y Afi )} . (4.28)



10 ALLOMORPHIC CORRECTIONS

In deriving (4.27) and (4.28), we use the Glashow-
Weinberg relations (A14) to eliminate the trilinear
scalar coupling matrix f ;... from the gauge-de-
pendent terms. Note that 6S¥},.., is separately
gauge -independent, unitary, and finite.

V. GAUGE INDEPENDENCE, UNITARITY,
AND FINITENESS

We have already seen [Eqgs. (3.7)-(3.9)] that the
allomorphic contributions involving two-current
hadronic matrix elements arising from the box
graphs are separately gauge-independent, unitary,
and finite. In this section we verify that the same
is true of the contributions involving the matrix
elements (j )g;, (S pr-

First, consider the {-dependent terms involving
the hadronic matrix element of the weak vector
current, (jk)r;. We regroup these terms accord-
ing to the structure of the leptonic matrix element.
Thus

bo Vi VII
OSg;‘j(j>+65(j;(+6S(j),GD+6SWWW:()‘),GD
5
VIS W) =
+6SUMed=3"9.. (5.1)
=1

(i) g, consists of all terms in the sum (5.1) in
which the lepton propagator has been cancelled so
that the resulting leptonic matrix element is inde-
pendent of the loop momentum . Namely,

‘gl = G(EP)fdl(_iOau)Fl(q)aﬁ[l Jy&Uf gw'y“tytﬂt&Ui
+31(j au>F1(4)aB[l]75

XU, &y v*{t s, tytsh Uy) (5.2)
The first term in J, arises from 6&‘;’).@ [Eq. (4.8)]
and the second arises from 6S¢f(;, [Eq. (2.12)].
One readily sees that g, contains no allomorphic
contributions, thus providing us with our first
example of the role of renormalization counter-
terms in cancelling the gauge dependence of one-
loop allomorphic corrections.

(ii) J, is defined to contain all the terms involv-
ing the structure U,T'; A*(q, - )¢,y t,U;. After a
brief calculation employing the usual arsenal of
gauge-covariant interrelationships, we find the
gauge-independent result

TO SEMILEPTONIC PROCESSES 2629

32 = _i<j E’I>F1(A ’ gd:{gy» 95}%'7\)(9«’\)4(‘1)s'yﬁ(Z)P)

Do’ +
x [atg -y B 0,700, - Dyt U,
(5.3)
(iii) Similarly, we find for contributions of the

form U, ¢y, ty AYT,U;

8= =i )1 (X, £o16as 8y} 652)(6,2),(q)gr, 6(T P)

(g=1sy- -
XIdl _G;_ié)_g- Dear UfngV’ta’Aw(qf - l)I“J.U,. .
(5.4)

(iv) The contributions involving the leptonic ma-
trix element U,I‘iAw(q, ~)T,U; are found to sum to
the gauge-invariant result

34=<jlc;’>1~‘l(q)aa’(ea$ VDHB’\)ja(EP)
x [ aun,[(es A0sta -0 G2

" (g=Dgs |
- (0p’ A)nA?}(l)v:Tﬂ)f—J

xU,T;a%q; = DT, . (5.5)

(v) Finally, we are left with the gauge-invariant
part of 6SE, (;,

85=2MXJ r0(T P)(4) as

XUp(2; G Covuls +Cu¥olpZa,q Ui . (5.6)
The calculation of 2,  is discussed in Appendix B.
This concludes the proof of gauge invariance of
the allomorphic terms involving hadronic matrix

elements of the weak vector current. Next, we
show that such terms sum to a unitary, finite re-
sult. Summoning the explicitly gauge-invariant
contributions, which so far have patiently waited
in the wings, we obtain the complete contribution
involving {j%)r;:

GS‘j)-—ésd).Gl+6sw‘w{'w:<:‘>.6l *‘5s<;l>('Gf ) i: -
12
(5.7

The first two terms in (5.7) are readily seen to

separately satisfy unitarity since they involve only
the “unitary propagators” (k),s, A5 (k), from which
unphysical zero-mass Goldstone poles are absent:

0S¥y 61 =K Jeri(2) o80(35 P) f dl{(l)yaﬁwa‘/utyAw(‘If —Z)QwY,JtaAw(qi =DgyrutsU;

- 85T, T gy - Dy utsa¥a; - DT,

(5.8)
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GSw'w:u) \GI =i(Cw)aecBya(q)ary<jS5);,5(Z)P)
x fdl D aa(@=Dsy Tl 20, 67" o8 dy = DEynaly  +26 ot ANy = Dy, oty
= 20y% L 0BGy = D)E ity +3(6 o X);T;8%gy = Deyriity
—igwyv'ta’Aw(qf"l)(ey”\)krk}Ui . (5.9)
The last two terms in (5.7) combine to give a unitary result:
oS GY) + 2: ;=M j%)p1(9)asd (DPW AZ} ik uyut s+ Euvytaa,)Us
=2
+(j§:),.—,(q)aa'6(Z)P)fdl (= (& {0 065 1) 85 = D)D) Us€yruts a¥gy = )TRU,;

- (¢ {0 Bp1A), 550N 0 - Dap Ty = Dgyvuls U,

+20,(668 )80 (DA R (g = DT, Ty gy - DT,U,] (5.10)
The contributions (5.8), (5.9), and (5.10) taken the asymptotic behavior of the various integrands
separately involve ultraviolet divergences, which
are all logari.thmic. Nevertheless, 0S¢/ is fir‘1ite. 8SY, o1 = =K 3%er(9) us0( 3 P)
To see this, it is sufficient to replace the various
propagators in the loop integrals by their asymp- % dl CN-l T
s L& TscolyvalatsU,
totic limits as 1= oy L) Ty sUseelyndats
AYg, -1), a%q, - 1)~ ;—l: g7, +3(Co) "l Tay s, ' TWU,
L =4, , (5.12)
(l)aﬂy(q‘l)aﬂ-.(gw)-laﬂ l_z ’ (5-11)
1 GSYV%!W: 4y,.Gr1 Ca’yé(q)ﬁ'y<jg'>FI(£W)—18y’6(EP)
&jd;(l)y /Sﬁ(q =D~ (5¢) I dl -
j B2 Usgytory ity U;

Making the replacements (5.11), and using (B11)

to extract the divergent part of z,,; we find for =¥,, (5.13)
—
5SVIG.W) Ly -1 dl_= -1
0S¢5y .61 + =2<‘s‘i" 2K Il 2r1 (@) o (8 )1 (E ) ™ s G(Ep)f Bz UeTpry6y 7' U5
L al - - - = _ .
+% 3 0)r1(q) 080 (35 P) f 'Zl—z? Uf(zyta(éw) l'y YT +30,8,7 T, (S o) Lavuts) U
=¥, . (5.14)
—
In calculating 3, 3,, 3,, we have of course ignored There remain now only the contributions involving
all manifestly finite terms. The proof of finiteness the hadronic matrix element of the weak scalar cur-
is concluded by noting simply rent (S;)r;. We first prove, in complete analogy

to the preceding, that these contributions sum to
a gauge-invariant quantity. It is convenient to cal-
¥y +3€, +3€3=0 . (5.15) culate first the quantity



2 —5Q VI ] 5
8,=0S5 (5, gp +0SE%p+O0SEE (s,
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= -i(2")4(9ah)i(sc)né(ZP) (l;‘za—e Uf74[ta» 746mJUi - i(2m4(51>1r1(§ osqz *‘Mz)-lul_]f(zzf.cl T+ T2, W,

+(2M)X S )p (04 N); (‘(;)Tagﬁf(zg.cl Cudls +Eydtp2,, g WU,

+<Si>F[6(EP)

xf dl }(-Aﬁ(q)[l]ael_]f(n[tw v, 05 18%a; = Dy lts, v ym]+7,[t o vam)A¥ gy = Uy, [ts, v, ;) U,

+ [q]aB[l]y é(eak)iﬁf(ié wd[tyy tB]Aw(Qi - 1)74“6» 74m ] =Y 4[lyv qu] Aw(qf - l)ié M[ts, t&])Ui

N (6P +1®) e

pe (6aA)i@)ysU 67"ty A%y = v, lLs, ts)+cor*ts, t, 0% = DEyy it ) U,

(4% +p®)™!
- e

A glance at the bracketed terms in (5.16) shows
that the tree-graph counterterms have reduced the
leptonic matrix elements in the vertex graphs of
the type in Fig. 3 (involving three coupling matrice
between the spinors) to structures which appear in
the remaining one-loop contributions (namely,
those involving only fwo coupling matrices between
the lepton spinors). We are now in a position to
examine for cancellation of gauge-dependent quan-
tities. We define

s¢ b : SQVIL(®,W) Vil I N
8, +05 (5 +0SWw: () .GD+OS(S)(.GD +58¢¢¢.GD=§:°1"
=1

(5.17)

8, =4(5;)r1(6 58 ¢881);0(33 P)

%8 (6, A ASMTATANG =Dy [ts, v, Ti)+v,[ts, v, Tala%g, - DT)) U.-} . (5.16)

r

(i) In 8, we group all terms involving a leptonic
matrix element of the form U §,v" +A%q, - 1)
XLyvutyU; . A straightforward calculation yields
the gauge-invariant result

8, =—u(S;)r1(¢w)asCay (BaN); %ﬂil'l (S P)

xf di(q® = 2q D)(1) oo (@ =)y

XUy yv¥t o UGy = DEyn,ty Uy . (5.18)

(ii) Next, we group terms involving the structure
Uscydt w0% gy - )TWU; . The result is again gauge-
independent:

xfdz(z)m,ﬁfgw,ﬂa,ﬂ(q,_z)rkUi{(ee,l\),&g(q)@(;—_”l-%f—'_(eﬂ,x)i&,g;(q-z)%gﬂ'% : (5.19)
(iii) Similarly, we find
53§i<5i>171(9a£ ®6B'\)1'6(Z>P)
xf dl(q—l)wﬂfl"kAw(qf—l)gwdta,U‘-%(Gﬂlk)k&?}(q)-(—l%g—y—(eﬂl)\),.&,?}(l)(—q??e—ﬂ—'} . (5.20)

(iv) The terms involving leptonic matrix elements of the form U,T,A%(g, - )T, U; are depressingly com-
plicated; nevertheless, after much algebraic manipulation, we find the remarkably simple, and gauge-

invariant, result:

5, =(S0ri0(ZP) [ T, T,8%4; = DT 0, at6M (00 N (@, Y6, 0,850 =D

+ (qq)zae"" (1)71’(97"\)"‘&’3(‘1 -

» a8 88,036, (=D |
- g"%2&!—'(95' A)i((gﬂ)kl&::l(l) +(6B)ml&:;(q -1y % . (5.21)

(v) Finally, we are left with the gauge-invariant part of 8,
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85 = —i(ZH)"(Si)F, G(EP) ((ea’\')i ('iq)?qgl—jf yq[tB: 746”’ ]Ui +(§ d>q2 +M2)—lijﬁf(2;.cl Fj + rizz.c,l )Ui)

—

Q) aB

+ @M )p O (D PO s

Tp(EY cruflts +Eodlazy, Ui .

(5.22)

Having verified the gauge independence of these contributions, and hence of the entire O(g*) allomorphic
corrections, we now turn to the question of unitarity and finiteness of the terms involving (S;) ;. Adding
in the explicitly gauge-invariant contributions, the entire contribution of this form is given by

(S)_ VII( ¢, VIl
88 - 6S<Vsl>.<:| +6$¥"b‘VW:<S>.G[ +55(s).¢61w +0S

66,61 T

3,
=1

(5.23)

After some algebra, we find that the unphysical zero-mass Goldstone poles in the separate terms in
(5.23) cancel exactly, and we are left with the following manifestly gauge-invariant, unitary expression

for 655

657 =(S,) 5y G(EP);- i @2nYA8 (O, (B Ty + T, 25,61V,

+fdl[ AL (@D(DapTr by v tad? (g, - DT, A% (g = 1)Ey vt 5T,

- A2,()T, T, A% (g, - 1)T; A% (g, - )T, U;)
+2(2 405600); A% (@) (Daar (4= Dggr Tty  tor A%a = Dy vut 5 Uy
+2i (068 )33 AY (@((g = Daar AZDT; Ty A% (g, -1y Mt o Uy
+(Daar 8% (g = DT gy dtor A% (g = DT, U;)
—Firgn BG (@)AS (DAL (g- )T, T, 4% (g, - DI, U,
= (8 mi Uy Ty 8% (g = DT Uy ((8ar M), (@)aerr Ay (g = D)AS, (1)

+(80£' A.)j (l)aa' &yﬁ (q - l)&?m(q)

+ (000 N (@ = Daor Ay (z)A”?m(q))]f . (5.24)

We conclude this section by noting that the allomorphic component of (5.24) is in fact finite. The diver-
gent terms in (5.24) involve (asymptotically as I - =) leptonic matrix elements with the structure

U, T, U; = Uy (aley) " asT tat g +ally) "ol al gy +0(£ ) ™0 Ty &y 'Taly, 7T

+b(§ d>)-1‘“ I", gw _1fk gw -lr.i + C(gw)-laefarf t 8 +d(§ d’)—lkt T Ew -lfj §w —11-‘1) U! .

However, 6I'; merely constitutes a gauge-covari-
ant renormalization of T';. In fact, using (A3),
(A4), and (A13), one can readily show that oI, sat-
isfies exactly the same zeroth-order constraints
as I'y:

7’4[ Loy ')’46rj] = (eq)hj T,
or, " =sr,.

(5.26)
(5.27)

V1. SUMMARY OF RESULTS

Before proceeding to the more detailed study and
applications of our results, it may be useful to
provide a simple prescription for generating the
correct answer. The fourth-order (leptonic) allo-

(5.25)

r

morphic contributions have been seen to arise
from basically three sources:

(a) One source is the “implicit” allomorphic cor-
rection obtained by using the lepton mass matrix
corrected to O(g?) in the tree-graph contribution
(2.9). In other words, the leptonic spinors appear-
ing in (2.9) must be defined with leptonic masses
including any one-loop corrections to zeroth-order
symmetries. These corrections have already been
calculated in general models by Weinberg® (see
also Appendix B).

(b) Another source is a contribution arising from
the asymmetric wave-function renormalization of
the leptons in a physical, on-mass-shell renor-
malization scheme:



10 ALLOMORPHIC CORRECTIONS TO SEMILEPTONIC PROCESSES 2633

GSCI‘ = (2")4<jg(>}:‘j‘ (q)aBG(EP)Uf (Z.;,Glgw')’yt B +§w7’ytﬂzz ,GI)UI
-i(2mMX S pr AS@( T PYU, (2] 6 Ty + T2, 61U, - (6.1)

Here (q)y4, &f} (¢) are basically the gauge vector
and Higgs-scalar propagators in a “generalized
Feynman gauge” characterized by the replacement
g - gw :

(@as =y a®+ 1) ap,
; (@) (6.2)
A (g) =t g2 +MP)™, +q—;"EE BoA); (6a0),; .

Z, ¢ is the gauge-independent wave-function re-
normalization constant introduced in Sec. II. The
logarithmically divergent part of z, ; is explicitly
calculated in Appendix B.

(c) A third source is a contribution obtained
simply by evaluating the one-loop graphs depicted
in Figs. 2, 3, and 4 in the generalized Feynman
gauge (6.2). This contribution may be expressed
as

58 gne 1oop = 0™ + 68V +65) — 68, (6.3)
where

6SP% = 5S35, + 6545, + 65 Is%) (6.4)
with S5}y, S¢rxy, Sésa» given in (3.7)-(3.9), and

6547 = 65177+ 68’ + 65577, (6.5)

where 68‘;‘"2 ,3 are given as the right-hand sides of
equations (5.8)-(5.10), respectively. Finally, 55‘S
is given explicitly in (5.24). S, ., i clearly
gauge-independent and unitary, since £ dependence
and unphysical Goldstone poles are both absent
from the propagators (6.2). However, as pointed
out in Sec. V, &S, ,, Still contains infinite allo-
morphic terms, which have been shown to cancel
exactly against similar terms in 6S.;.

The enormous utility of the general £-gauge cal-
culation presented above is emphasized by the ap-
pearance of the contribution (6.1). We are auto-
matically alerted to the necessity for including
any missing terms (provided, of course, these are
themselves gauge-dependent) by the failure of all
¢-dependent terms to cancel. The cancellation of
zero-mass Goldstone poles from among the various
contributions provides yet another useful check on
the calculation.

Our results may be obtained, therefore, by
writing down, in the generalized Feynman gauge,
all terms which could lead to allomorphic correc-
tions. Of course, we could use any other gauge,
but the unitarity of the result is most clearly mani-
fest in this gauge, which seems to appear “magi-
cally” at the end of the calculations.

If one adds, for example, elementary hadronic
scalars to the theory, then there may be additional
terms in the interaction Lagrangian leading to ad-
ditional contributions—the new scalar fields may,
for example, contribute to the weak currents.
However, the contributions we have calculated
will still be present, and since the asymptotic be-
havior of two-current hadronic matrix elements is
very sensitive to the presence of elementary
strongly interacting scalar fields,® they can be
used to test for the possibility of inconsistency of
theories containing such fields with the phenom-
enological data. Such a test will be the major ob-
ject of Secs. VII and VIII.

VII. INDUCED PSEUDOSCALAR EFFECTS:
CHARGED-PION DECAY

As an illustrative application of the general re-
sults derived above for the leptonic end allomor-
phic corrections, we investigate the general na-
ture of the constraints placed on possible gauge
theories of weak and electromagnetic interactions
by the charged-pion-decay branching ratio I', ,,, /
I',..,- This quantity, as a result of the very
small mass of the electron, is extremely sensitive
to admixtures of pseudoscalar interactions in the
lowest-order V- A leptonic currents. In fact, one
easily sees that an effective pseudoscalar current
of O(aGp) would lead to a correction of O(1) to the
branching ratio. The phenomenal agreement of the
V - A theory with experiment [up to inevitable cor-
rections of O(a) to the branching ratio, partially
electromagnetic in origin] then requires the elimi-
nation of any induced leptonic pseudoscalar current
in O(aGp).

The constraints derived will depend slightly on
the assumed theory of strong interactions. Never-
theless, it will be seen that gauge theories tend
readily to preserve the lowest-order V - A struc-
ture of the leptonic weak currents, given only some
very loose and plausible restrictions on particle
masses. Even the presence in the theory of an
elementary pion does not lead to insuperable diffi-
culties—it will be seen that an additional constraint
on vector-meson masses suffices to make such
theories “safe.” It may be mentioned here that the
situation is quite different in the case of the had-
ronic end allomorphic corrections, a preliminary
discussion of which is presented in the following
section. Such corrections are apparently much
more sensitive to the presence in the theory of ele-
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mentary, strongly interacting scalar fields.

Before proceeding, we note that dangerous
pseudoscalar effects are assumed already absent
in lowest order; either by virtue of the structure
of Yukawa couplings [e.g., in simple theories such
as the original Weinberg model,® or the Georgi-
Glashow O(3) model,® the charged Higgs scalars
are unphysical] or by removing all physical scalars
to very high mass.

The contributions involving the single-current
hadronic matrix elements (j5)z;,(S;)p; are dis-
cussed in detail in Appendix C. The condition for
effective pseudoscalar contributions to pion decay
of O(aG,) to arise in 65"’ is found there to be

mg =my? . (7.1)

Here m, is a typical (heavy) lepton mass, corre-
sponding to a particle with which the electron
mixes, and g is a typical lepton momentum. In
theories in which the electron mixes neither with
the muon nor with some other heavy lepton, m,
must be taken as the electron mass in (7.1) in
estimating the induced pseudoscalar effect in 7~
—e7D,, which leads to an O(a) correction to the
branching ratio. But theories containing such mix-
ing effects are interesting from the point of view
of computing the electron mass,® and (7.1) shows
that they lead to no dangerous terms in 6847, In
fact, (7.1) implies (with ¢ =0.1 GeV for pion decay)
dangerous contributions only when m; = 10* GeV, if
we take m, 2 30 GeV.

The story is rather similar for the 6S‘’ contri-
butions. Here (taking for definiteness m, s m,
<my, with ma typical Higgs-scalar mass) the
leading induced pseudoscalar contribution becomes
0(aGjy) when

m, my, =m, (7.2)

for theories in which the pion couples to a charged
physical Higgs scalar, and [cf. Eq. (C18)] when

m,*m, =mim,> (7.27)
otherwise. In any case, theories in which both the
leptonic and hadronic fermions are considerably
less massive than the weakly interacting scalar
and vector particles are automatically “safe.”

We will now study the contributions involving
hadronic matrix elements of the product of two
currents—these arise from the “box’” diagrams of
Fig. 2. To even estimate the magnitude of the in-
duced leptonic pseudoscalar current here, we need
to make some assumption concerning the strong
interactions. We will consider three imaginable
situations:

(i) The pion is elementary (or couples to an ele-
mentary field, which amounts to the same thing).
This statement, of course, only has an objective

meaning if anomalous dimensions are small (less
than unity, say), as we shall assume.

(ii) The pion, although not itself elementary, has
the quantum numbers of a bound state of two ele-
mentary hadronic scalars.

(iii) The operator (constructed solely from had-
ronic fields) of leas! dimension coupling the pion
to the vacuum is yy.). A sufficient, though not
necessary, condition for this situation to obtain is
simply that the theory contains no elementary had-
ronic scalars.

It will be assumed in the following that there are
no superheavy fermions and that the Higgs and
gauge mesons are of comparable mass. Also, con-
tributions in which photons participate lead only to
an O(a) correction to the branching ratio (photons
do not mix the electron with either the muon or
some other heavy lepton) and may be ignored. As
a result, the only diagram which can conceivably
lead to an O(aGy) allomorphic effect' is the two-
vector-exchange one [ cf. Eq. (3.7)]:

65(,y==i6( 5 P) [l FA(1W4, (@ Djs

XUpyyt ,A%(g;— Ly, t U,
(7.3)

where the prime on (1)4,, (¢ - 1), indicates that
these propagators are projected onto the subspace
of massive mesons (§¢ , £ 4 Ly are assumed unity
for simplicity). We may immediately conclude that
models without massive neutral currents |e.g.,
the Georgi-Glashow O(3) model] are automatically
safe [ subject only to the constraints implied by
(7.1) and (7.2)], since in such models 6S¢,;, gen-
erates only AQ =0,+2 currents corresponding to
W*W=,W*W*, W~W" exchange. For the rest of
this section, we will therefore assume that we are
dealing with models which do contain heavy neutral
gauge mesons.

The effective pseudoscalar contribution to 8S(;;,
is of order

1 1
85¢5 amlfdl imz2 (g 1P +my’

1
@, 1F 2 en muTail),

(7.4)

where kg ,, is some dimensionless tensor of or-
der unity. If Fh%(1) is asymptotically constant as
I—- (in the deep Euclidean sense), 6S(,;,~ aGp,
whereas if $5%(1)<0(1/1) in this limit, 6S(,;,

~G g%, since both factors of m,? serve to suppress
the contribution (recall that 6S¢;;, is by definition
a purely weak contribution). We will now employ
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the Wilson operator product expansion*'® (OPE) to
analyze the asymptotic behavior of F4%(1) in the
three situations envisaged above.

(i) If the pion couples to elementary scalar field

field(s) ®,, the leading term in the OPE for F4%(/)

1S
Fhs1)~ gt il
a8 amy( axg,,(1%)g +bag,, (1%) IE

x(0]@(0) [ . (7.5)

Here m, is a typical quark mass and aaa_,(lz),
bap ,(1?) are dimensionless coefficient functions

which, in the spirit of our assumption of smallness

of anomalous dimensions, will be assumed to be
asymptotically constant. The factor of m, arises
because all the couplings in the hadronic part of
the Lagrangian which are not invariant under
Y=y, &,~- &, (such as the quark-mass terms,
and trilinear couplings in the hadronic scalars)
involve such a factor. In the symmetric limit in
which such couplings vanish, the single scalar
(0|@X(0)|m) contributions to the OPE also must
disappear, since the currents j} are even under
the transformation cited above, while ®¥ is odd.

Inserting (7.5) into (7.4), we find a contribution
of order

5Sfjj)~az—um "2‘ (0,‘I>R|7T> (76)
my
Fhy(1)~ /o (a.(12) 2L gbv N 2
aB a\ ¥\ Gasp )lzg +be (1 )l_z'gp‘baa(l )

The scalar, tensor, and pseudoscalar contribu-
tions [by a chirality argument analogous to that
given in (i) above] involve an extra factor of m,,

reducing the asymptotic behavior to 0(1/12), rather
than O(1,/1%) as above. Since only vector or axial-

vector currents are involved in (7.8) [both in
Fhi(l) and on the right-hand side], there are in
fact no anomalous dimensions associated with any
of the coefficient functions a, g, bop, Cags dug-
These are rigorously constant'! as 12 =w. Insert-
ing (7.8) into (7.4), we find

m —
0545~ o’ (Z’t Wzl)z (O gysy|m

~Gg2qm 0| pysy|m). (7.9)

This contribution is of similar magnitude to those
arising in 8S%?  and is already quite small enough
without any additional assumption of superheavy
gauge mesons.

v 11Vl 1°
l—zg‘; +Ca5(lz)T2)2£ +€* uap daa(l2)l_2>'yp¢
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From (7.6) one sees that theories in which (a) the
pion is elementary, (b) there exist heavy neutral
mesons, and (c) the electron mixes with the muon
or some other massive lepton (m, zmu) potentially
generate an unacceptably large induced leptonic
pseudoscalar effect of O(aG;) in pion decay. How-
ever, we immediately see from (7.6) that this prob-
lem is cured simply by introducing a superstrong
symmetry breaking in the vector-meson mass
matrix so that the gauge mesons responsible for the
mixing are removed to the superheavy regime
(m,, > mass of meson mediating AS=0, AQ=1
weak current).

(ii) If the pion is a bound state of two elementary
hadronic scalars, the situation is similar to the
above. Now one finds

lll v
322(1)"'“(‘1046,1:(12)8’“”+baﬂ.u(12) lzl )

x (0| XM L(0)82(0)|m), (7.7)

so that F5%(1) is still asymptotically constant and
the same conclusions obtain as in (i).

(iii) If there are no elementary hadronic scalars,
or more generally, if the lowest-dimensionality
operator linking the single pion state to the vacu-
um is Pys¥, the asymptotic behavior of FL4(1) is
given by

z .y

(7.8)

To summarize, the presence of elementary had-
ronic fields coupled to the pion (either linearly or
quadratically) places additional, but fairly weak,
constraints on the structure of the weak interac-
tions. Clearly, in a wide range of gauge theories,
the lowest order V - A structure of the leptonic
weak currents is preserved to at least O(aGy), ir-
respective of the structure of the strong interac-
tions.

VIII. HADRONIC ALLOMORPHIC CORRECTIONS:
NEUTRAL-KAON DECAY

The fourth-order allomorphic corrections to
general semileptonic processes may conveniently
be placed in three categories. First, there are
the leptonic end allomorphic corrections, which
are obtained by computing that part of the cor-
rected leptonic vertex which does not arise from
insertions of the “lowest-order” currents j%, S;.
The general theory of such corrections has been
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presented in Secs. I-VI.

Second, there are the contributions which arise
from corrections to the intermediate vector or
scalar meson propagators. These corrections
(to fourth order) evidently leave the zeroth-order
structure at both the leptonic and hadronic vertices
unaltered. The allomorphic part of such contribu-
tions is obtained by computing the one-loop correc-
tions to the vector and scalar propagators, ignor-
ing terms which can be absorbed in a redefinition
of the zeroth-order parameters of the theory.

Note that (if we imagine all the Higgs-scalar par-
ticles made sufficiently massive) such contribu-
tions need not be considered in calculating induced
leptonic pseudoscalar corrections. We will not
consider further such “propagator allomorphic”
effects.

Finally, there are the hadronic end allomorphic
corrections—these are just the corrections to the
hadronic matrix element which cannot be written as
a linear combination of the lowest-order matrix el-
ements (F|jk|I), of (F|S,|I) of the hadronic weak
currents. Asa specific example, one frequently
constructs theories in which, for particular ha-
dronic states |I), | F), and some specific hadronic
currentj!, (F|jhI) vanishes exactly, to all orders
in the strong interactions (see below). Any non-
vanishing value (in higher order of the weak inter-
actions) for the coupling of the gauge meson as-
sociated with j{ to the states |I), | F) would then
correspond to a hadronic allomorphic correction.

The complete discussion of the hadronic end
allomorphic corrections will be presented in a
future publication. In the following, we analyze
the hadronic end allomorphic terms arising from
the “box” diagrams solely. The particular ha-
dronic allomorphic terms to be examined are
those corresponding to the appearance of neutral
strangeness-changing currents (AQ =0, AS=1)
to O(aGpy) in neutral-kaon decay. The decay
K, - u"u" is suppressed relative to K* - p*v, by
a factor <10°8~0(a*). Consequently, neutral
strangeness-changing currents are absent to
O(aGy), although they may occur to O( ¢2Gp)
(compare pion decay). Of course, unless some
specific suppression mechanism is operative,
one expects to find such contributions. We will
therefore be concerned with the general circum-
stances under which such a suppression mechanism
can be successful. In particular, we will confine
our attention to the mechanism suggested by
Glashow et al.'? (henceforth referred to as GIM),
and, as mentioned above, we will only investigate
the neutral strangeness-changing currents gener-
ated in the two-boson exchange diagrams, ignoring
weak corrections to the strong vertex. It will
appear that the GIM mechanism is probably insuf-

ficient in theories in which the kaon field dimen-
sionality is two or less, but suffices to remove
dangerous contributions from the two-boson ex-
change graphs for a kaon field of dimensionality
three (“fermion-antifermion bound state”). The
failure appears unavoidable in theories in which
the kaon is regarded as elementary.

The GIM mechanism is implemented by intro-
ducing an additional quark (denoted ®’) in such a
way that whenever the strong interactions are ex-
actly invariant under an O(2) symmetry between
the ®’ quark and the usual proton quark @, then
® and ®’ may be redefined in such a way as to
effectively eliminate the Cabibbo angle. The re-
sult is the vanishing of the neutral two-current
matrix element between states of nonequal strange-
ness, to all orders. Since the additional quantum
number associated with the new quark ®’ has not
been detected experimentally, it is extremely
likely that @ and ®’ differ considerably in mass,
if indeed the latter exists. As a result we expect
that the two-current hadronic matrix element
{0]jhq-+1 (x)j'Ag= -1 (0)|K,) no longer vanishes, but
will be proportional to Am, = me' —me. The ex-
traction of a factor of the quark mass difference
lowers the asymptotic behavior of the Fourier
transform of the above matrix element. Our task
is to examine the circumstances under which such
a suppression of asymptotic behavior suffices to
remove the specter of an induced neutral strange-
ness-changing current of O(aGy).

In analogy to our study of pion decay, we con-
sider three possible situations:

(i) The kaon is elementary. Assuming as usual
that the effects of scalar exchange are minimized
by making the Higgs mesons massive n4~m,) and
avoiding superheavy fermions, only the two-
vector exchange diagram can conceivably yield an
O (aGg) contribution. Application of the OPE
yields, in analogy to (7.5),

. MY
FhE (D)~ aAmq<a ag, p (PN + bas',(lz)lT>

X (0] ®2(0)| K2) 8.1)

so the purely weak contribution arising from
W*W~ exchange is too large:

8S¢,;)~ aGpqyAm, (g,~kaon momentum).

(8.2)

(ii) In theories in which the kaon behaves like a
bound state of two elementary scalar fields, the
GIM mechanism succeeds in suppressing those
contributions in which the weak currents hook
onto fermions. The OPE yields in this case
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mAm Y
Fhn()~ TR (Me, W)+ bog, 12) 12>

X (0| X &F (0)eF (0) K3 ),

and the suppression of asymptotic behavior leads
to an O(G®) contribution. However, there are
still contributions in which the weak currents hook
onto a scalar line. Since theories with elementary
hadronic scalars may violate® natural conserva-
tion of strangeness in the sfrong interactions

(i.e., apart from ad hoc choices of the parameters
in the Lagrangian) there is the danger of O(a?)

and O(aGg) contributions arising both from purely
weak and from electromagnetic effects, as indi-
cated in Fig. 5.

(iii) Finally, we consider theories in which the
kaon behaves effectively as a fermion-antifermion
bound state. Consider for definiteness a theory
in which the strong interactions are mediated by
gauge vector gluons, and in which the gauge
symmetry of the strong interactions commutes
with that of the weak interactions (“colored quark”
model). Contributions involving photon exchange
are suppressed beyond O(a®Gg) in such theories,
as such contributions necessarily involve a neutral,
strangeness-changing weak interaction followed
by (two-) photon exchange.

Finally, we note that the lowest operator in the
OPE for §'5(1) is Xy, so that §45 (1) is asympto-
tically of order am,/I?>. Both factors of vector
meson mass serve to suppress the purely weak
contribution, and 8S¢,;, is now of O(Gz?).

Of course, one must also investigate the hadronic
allomorphic corrections to the strong vertex, as
these might conceivably lead to unsuppressed
O(aGp) neutral strangeness-changing effects.
Work on this problem is in progress. However,
it seems clear that, unless some special addition-
al suppression mechanism is at work, the sugges-
tion of Glashow et al. does not suffice to remove
induced AS=1, AQ = 0 currents to O(aGy) in
theories in which the dimensionality of the kaon
is two or less.

IX. SUMMARY AND CONCLUSIONS

In this paper we have presented what may be re-
garded as the first step in the formulation of a
general theory of higher-order corrections to
semileptonic processes, namely, the evaluation
of fourth-order allomorphic corrections to the
leptonic matrix element. We also discussed brief-
ly the other types of allomorphic corrections
(“intermediate propagator” and “hadronic end”),

a complete treatment of which is reserved for a
future publication.
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FIG. 5. Contributions to kaon decay in type (ii) the-
ories.

The general machinery developed was used to
investigate the conditions for the absence of (a) an
induced leptonic pseudoscalar current to O(aGpg)
in charged-pion decay, and (b) an induced neutral
strangeness -changing current to O(@Gg) in neutral -
kaon decay. Here, the use of the Wilson operator
product expansion was crucial in allowing us to
derive rigorous and general order-of-magnitude
estimates for the various contributions. The basic
conclusion seems to be that the presence of ele-
mentary hadronic scalars, although possibly plac-
ing additional (and plausible) constraints on the
masses of the weak gauge vector and Higgs me-
sons, does not necessarily lead to an induced
O(aGjy) pseudoscalar contribution to pion decay.
Theories without elementary hadronic scalars
preserve the lowest-order V- A structure of the
leptonic weak interactions with only very weak
restrictions on particle masses. On the other hand,
the absence of neutral strangeness-changing cur-
rents to O(aGyg), as ensured by the Glashow-
Iliopoulos-Maiani mechanism, seems to depend
crucially on the usual interpretation of the pseudo-
scalar mesons as fermion-antifermion bound
states.

A detailed application of the formalism developed
above will perhaps have to wait until a greater
variety of phenomenological information becomes
available, especially concerning the as-yet-unseen
weakly interacting Higgs-scalar particles and
heavy vector bosons (which presently must be
admitted to exist in a quasimythical realm). How-
ever, it is clear from the discussion above that
many theoretical constraints of a general nature
can probably be obtained from a consideration
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of the phenomenological information already at
our disposal.
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APPENDIX A: NOTATION, CONVENTIONS,
AND OTHER PRELIMINARIES

As in Ref. 5, our metric and Dirac conventions
are

£

—3E(0, Wh)(8,WY) +(1/28)(C 30 M)y (£ 66uN); by D5 =0, wik o ay —(1/8)p

where ¢, W,,, ¢;, w, represent the fermion, weak
gauge vector, shifted scalar, and ghost fields,
respectively. The usual constraints of Hermiticity
and gauge and Lorentz invariance imply the follow-
ing relations:

(ews Ta)=[&ys ta]=[E s 6,1=0, (A3)

where 7., t,, 6, generate the weak gauge group
in the adjoint, fermion, and scalar representa-
tions, respectively. For any matrix X, )?EnXx,.

to=to,

97; =6, =—6%, (A4)
To T =T To+T_

§w"§¢u Sw=Cw=Cw, §¢‘§¢'§¢'

The matrices t,, ¢, may contain y;’s, but we
assume that the zeroth-order mass matrix m
has been diagonalized to remove v;’s

The propagators are found to be [with u2, 4
= (N, L0, 0]

A (D=8 Wap+ 1,1,[ Las,
AG(1)=(g4l2+M?)7Y,

¢ 2 (B 1)l 5 (60), @p2),,  (45)
AV (1) =GLyl +m)t,
AL (D=8 (E1%+ p®) 'ap

where (I)y s, [1].p are defined as follows:

quad ‘_4(8;1 av auWau)(gW)aB(a“W"—a Wu)-2(€d>)ijau¢l 3”4)! 2“- aﬂ

w=—1=-g,; (i=1,2,3),
{urrvt=28, (,v=0,1,2,3),
Ya==1Y0 Y5=V1Y27V3Va)
747‘{,)41:—}/“.

We deal throughout with a general model of the
type espoused by Weinberg,® containing weakly
interacting fermions, scalars, and vector gauge
particles, and strongly interacting vector gluons.
The strong and weak gauge groups are assumed
to commute.

Leaving out the strong gluon kinetic terms (ir-
relevant as we work throughout in a “strong
Heisenberg” representation), the quadratic part
of the Lagrangian is (after shift)

e Wh— P&, § + mp—3M?; ¢, &,

S pwiwg, (A2)

T

(Dap=(Ewl®+ 17 '

Lz((glz‘*ﬂ-z)-lae"(l)ae) . (46)

[l]aBE 1

It is also convenient to define a “gauge-indepen-
dent, unitary” scalar propagator

+‘§Z (6a0);(650),

A G (D) -[1]ap(6a 1) (66)),
{(§¢12+M2 H]”
=Tr[(gpl®+ p®) g (D)7'Q,,]. (AT)

In the last identity, II is the projection operator
onto the subspace of physical, massive scalars:

;=04 +(1*) 706 M) (£ 0pN);
(QU )O(B = (eax)l(e BA)I .

In our calculations, we use fermion spinors
normalized, for free fields y, by

O|d(x)|g;)=e*"*U,(q;),
<qf IE(X) |0) =U, ((I;)e_“'f ox

(suppressing spin and internal labels) for initial
and final fermion states. [These spinors contain
factors of (27)~3/2 (m/E)'/?¢,~'/* relative to con-
ventionally normalized spinors.] The Dirac
equation in momentum space is

Uf (qf)(i€w4;+m)=(i£wdg +m)U;(q;)=0. (A10)

The weak interaction Lagrangian is given by

PY

AL (1) =(gql? +M?) 7Y,

i

(A8)
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£‘ivr;l= é(gw)aﬂc BY ﬁ(au Wav "auWuu )W L‘;W%“%(gw)aﬁca Y 5CBe ,,WJW?,W%W% ‘i(€¢6a )lj(au ¢{)¢ng —(96§¢6a7\)i¢lwctu W%

, 1 1
—-%(9550590()“(;),(:), WL';WB“ - 'é",'fuh D190, — "'ﬁfuu‘biﬁpﬁph (o "3;1“’&‘( CaBy“’BWFy

1 .
- g wiw (068 ¢0uA) Py +]ngau +S5;¢,,

where the vector and scalar currents linking the
fermion and boson systems are

Jeuw (0)= =19(X) 8y %, £,
_ (A12)
Sy (x) = =P(x)Tyy(x) .

Finally, as shown by Weinberg,? local gauge
invariance leads to the bevy of relations (all of
which will be crucial for verifying the £ indepen-
dence of our results)

[tou 741-}] = (ecx )(j'}’qu s

(A13)
(£, vaml = (6,0 %I ;
fuh(ea)‘)i=[6mM2]u s
Siin (62)(60); = =(M?6,6g)0), , (A14)

fuk (9a7\)¢(937\)j(977t)k =0.

Finally, we summarize the current-algebraic
results which we shall need. Here it will be as-
sumed that the strong interactions are mediated
purely by gauge vector gluons. It is then at least
plausible that Schwinger terms in the time-space
canonical commutation relations (CCR’s) are ¢
numbers and may be dropped in computing S-ma-
trix elements. Finally, to ensure renormaliz-
ability, we must insist on the cancellation of tri-
angle anomalies. The relevant CCR’s are then®

(3G, £),55%F, t)) = =i60°&=F)casyi ¥ &, £)

+ c-number Schwinger
terms, (A15)

[5G, £),8,F, )] =8E=7)(6,);S; X, ). (A16)

Also, the equations of motion (in the strong Heisen-

berg representation) imply
0,76 (%) = =i (6,2); Sy (x) . (A17)
Let |I), |F) be arbitrary hadron states of total

four-momentum P;, P, respectively. We define
(all fields in strong Heisenberg representation)

(A11)

(G&)er =(Fj5O1),
(Si)r =(F[5,(0)]1),

F43(1)= [ dxe™ (| T{j4 (050} 1),
T ()= [ dve*(FIT{s,(0j4(O)} 1), (a18)
55,(1)5fdxe'”’(FlT{jg(x)s,(o)} 1),

ﬂf”(l)ifdxe'”"(FlT{S,(x)S,(O)} I .
Using (A15)-(A17) one obtains (g=F, -P;)
4,38 2 pr == (60); (S gy (A19)
1y F55(1) = =(casy (i 3 )m +(6,0); F15(1)),
(@=1)y FEL(D) = Cagy( G50 pr —(650) FE4(D),
(g=1), Fho (1) == (64 )35 (S; ) ks
=(6,N); F;4(g-1), (420)
1, (g=1), FES(D) = Copy L, (G40 pr =i (6,650 ,(S; ) s
+(6, M), (6g0); Fy; (1) 5
Foa()=F%(q-1),
Fh (1) =84, (g-1), (A21)
Fi,;(1)=5,,(g-1).

APPENDIX B: RENORMALIZATION
OF THE FERMION PROPAGATOR

In this appendix, we discuss the fermion (i.e.,
lepton) wave-function renormalization in a com-
pletely physical, on-mass-shell renormalization
scheme defined by the absence of external-fer-
mion-leg radiative corrections. In other words
if Z,}%2=1 +z, is the wave-function renormalization
matrix for the fermions, dm is the mass counter-
term, and Z(p) is the fermion self-energy (all
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computed to one loop), we choose 2z, and ém by
requiring

‘]D.‘Lr;l'm(Z(P) + 5m-(i§uﬂ +m )Zg‘ 2;<i§wﬁ +m))
xU(py)=0. (B1)

On general grounds the self-energy Z(p) can be
shown to take the form
Z(p)=AT(p*) i, #+m)
+(ic, #+m)A(P?) + B(P?), (B2)
where A(p?) and B(p?), in Dirac space, involve
the identity and possibly y.
Repeating Weinberg’s calculation of Ref. 8, but

J

Zg(P)EW

being careful to keep terms involving (g, # +m)
on the extreme right or left, we find that the self-
energy can be written as follows:

(P)=Z,(P) + Z,(p) + Z4(P) (B3)
%(0)= oy [ AU 18 (0 = DEwrtoDas

- T,a%p-DT;A%(D), (B4)

2 9V,
Zalp)= T M 72, 50

i l)a
2(2’.‘,)474”5) 0074 fdl B, (BS)

))(igwﬂ +m) fdl[l]as(élate +L AP = Dyylls,y.am)

+fdl[l]a5(%l—ﬂt.a+yq[~,4m,ls]Aw(p— DENGE . B +m)t . (B6)

Z,(p) arises basically from vector and scalar
emission-reabsorption diagrams, and is separate-
ly gauge-independent. It is momentum-dependent
and hence will be involved in the calculation of
Z,. In the following, we will denote the contribu-
tion of Z,(p) to the wave-function renormalization
by 2, G- Z,(p) is, of course, momentum-inde-
pendent, and contributes solely to mass renormal-
ization. In calculating Z,(p), a term has been
neglected involving factors of (i{,# +m) on both
the right and left: Such a term is evidently, from
(B1), irrelevant to the determination of either
dm or z,. Z,(p) is clearly gauge-dependent; its
contribution to z, can be directly read off from
(B6) as

i
ZZ,GD‘(zn)djdl[l]aB
X(zlolg+t A (D7 = Dyyltg, yam]).
(B7)

J

igy PAG(P?) =

T

The “p” in (B7) is to be interpreted as the mo-
mentum of the spinor on which z,, acts. To
justify (BT), we note that

1 'y
lm s (e

+(igy,p+m)z
— AT (PP B +m) = (iL B +m)A(PD)}
xU(p;)=0 (B8)

is satisfied automatically for any given A(p?) by
defining

ZU(pi)EA(P.'Z)U(p{)- (B9)
Finally, it remains to calculate z,;, . Writing
El(f)) =(igyp +m )JA G (D7)
+AL(P)igy# +m)+ Bai (p?) (B10)

a short calculation yields

@n )4fdll§¢ ($= DAt oD(p = Dig(Das+3TiD(p - DTLALD], (B11)

BGl(p2)=2(2’;nyfdl{4ia(mD(p D +DT(p=1m)tg(l)ys— T enD(p = 1) + DT (p - DmIT}AL(D)}

_AI}I (P*Im = mA g (P?),

where we have introduced a modified Yukawa cou-
pling matrix T',=¢, 'T, and a denominator matrix
D(p-D=(p-1P+%,'mg, 'm)™ . The gauge-
invariant wave-function renormalization thus

(B12)

-
arises from two sources:
2,615 22p + 20 - (B13)

From (B8), (B9), and (B10) the logarithmically
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divergent contribution to 2, is given directly as
2, p=Ag(“P?). (B14)

In the evaluation of A, (p?) it is convenient’® to
diagonalize the boson mass matrices. Introducing
the appropriate transformation matrices

f(ﬁz)aﬁ = Z f(an)Canc Bn

_ — B15)
f?)= Zf(MNZ)OiNOJN ’ (
N

J

TO SEMILEPTONIC PROCESSES 2641

with
B2 gy ™ty T = (1)
M?2= §0-1/2M?‘§¢'”2 = (MZ)T

and using the explicitly unitary form (A7) for
A%,(), we may recast (B11) in the following form:

i!MAGI(PZ)=(—2:';—);fdli§¢(ﬂ—l)%Zt,,D(P—l)t,,(lz+E,,2)"+§ > TyD(p- DT, (12 +M )™
n N.FN*O

~5 3 B tayam]D(0 - DT

n, f, =0

where
tn Ecan(g“’-l/z)aﬂts )
Iy= OiN(§¢_1/2)ijF;" .

1 |
0y Y4 ]W ( (B16)
(B17)
(B18)

(B16) will be evaluated using the dimensional cutoff of 't Hooft and Veltman.}* The calculation yields the

following Feynman parameter integral for z, ,:

T</20(2 -

Z2D= " ""‘W‘E’Q’/:dx(l —x))$ Z LD x(1 = x) +xm? + (1 = x)E,2) /272,

+3 Z Ty(“p?’x(1 = x) +x72 + (1 = )M ,2)</272T,,

N My =0

-3 Z Zw_l[t,.,')‘.;m ](u 20y (1 = x) + X7 +(1 = x)p—"z)x/z -2 zw-l[tm,qu]

n, |, #0

where k is the continued dimensionality of the
Feynman integral in (B16), and m*=Z, 'm¢, " 'm.

2, arises from the on-mass-shell derivative of
Bgi($?). The electromagnetic contribution can be
directly calculated in the usual way, as the charge
generator commutes with the fermion mass ma-
trix. However, the calculation of the nonelectro-
magnetic contribution, zz”}, for a general gauge
theory is complicated by the noncommutativity of
the various matrices involved. This computation
is best performed in the context of specific mod-
els. We merely note here that the contribution of
z, r to the allomorphic S-matrix component is
separately gauge-independent, unitary, and fi-
nite—the last property following from the fact
that z,r arises as a momentum derivative of the
logarithmically divergent Bg;(p?). Finally, the
following order of magnitude estimate holds for
the nonelectromagnetic part of z,, (m,,m 4 are
typical lepton and Higgs-scalar masses, respec-
tively):

11
2‘7

=

n

(B19)

4
z;;~o(max<cFm,2,cF?n‘—z)). (B20)
[

In particular, for m,®>s m 4, there can be no
O(a) purely weak contributions to z,r, as there
certainly are to 2, p.

APPENDIX C: EVALUATION OF 85’ 55%

In this appendix, we reduce the allomorphic con-
tributions involving single-current hadronic ma-
trix elements to integrals over Feynman parame-
ters, at which juncture model-dependent specifica-
tions and approximations are most conveniently
applied. We define

659 +86597 = 6(S PN 5 pr (@)asT s
+( 5¢>F1 ‘A\g (q)S,
+(8 1 (82) (@) 58 5) -
(C1)
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Our object will be to calculate J,4,, 8,,8,. We will
assume, for algebraic simplicity, that the invari-
ant matrices £,=¢4={y=1, and that (with no loss
of generality) any y, factors in the fermion mass
matrix have been removed by redefining the fer-
mion fields.

It is very convenient to work in a representation
in which the various mass matrices are diagonal:

f(ﬂ-z)cxﬁ = }:f(“nz)cotucﬂn ’
F2y,, = ;f(szz)OmOm, (C2)

f(mz)pq = ;f(mi{zmplfq‘ltl( ’

with u®, M2, and m? the vector, Higgs-scalar, and

)

fermion squared-mass matrices, respectively.
The external spinors correspond to eigenstates
of fermion mass, so

(U, =Upruulqy), mepUpp=mUy;,

(-U_f)p = a(qf)‘u:i‘ ’
Matrix elements involving antileptons can, of
course, be obtained immediately from crossing
relations. We will also need the various coupling
matrices in this representation:

(C3)
My WUpp =MW 5.

tnECctntou T(!EcuTta‘u’ TnE‘u*tn‘uv (C4)

Ty=0,,T,, x,=u'ru, xy=u'r,u.

The calculation is best performed using a dimen-
sional cutoff'*: Particularly useful are the formu-
las

[I,IH,I#U]Edel[l, l“, lulu](lz+m°2)-l((ql_ l)2+m12)—1((q2__ l)2+m22)-1

1 xy
=11|.K/2f dxlf dxzp(xly xz; qlv qz;movmumz)’(/z—a
[] (]

X[I(3 = 3k), T(3 = 3x)((x; = x,)q¥ + (1 - x,)gb) ,

where D(x,x,; 4,4,; m ,m ,m,) is the denominator function

F(3 - %K)(()q - xz)q’; + (1 - xl)q;‘)((xl - Xz)qi’ + (1 - X;)ng)

+I(2 - 36)38 " ' Dlxy, %3 Gy, @o; Mo, M, m,)], (C5)

D(xn X235 41y 2y Mo, M, mz) = xzmoz +(x1_ xz)(qlz +m12)+(1 - xl)(qzz +m22) - ((xz - xl)ql +(x1 - I)Q2)2 . (CS)

The calculation is straightforward—in stating
the results we employ a summation convention on
repeated indices, modified by the instruction to
sum only over massive vector mesons u,# 0 when-
ever factors of (,%)”! appear; similarly, the sums
involving definite-mass Higgs mesons omit the un-
physical Goldstone particles. Note also that the
mass scale employed in defining the arguments of
logarithms is arbitrary, since the logarithmic in-
finities in 6S‘S? +65*7’ | as shown in Sec. V, are
not allomorphic. We find

(J)gp = %ﬂzf

0o

f

Jap =(J1)eu +(J2)ﬂp +(J3)ﬁu +(J4)ep . (C7

First, the explicitly finite contribution from wave-
function renormalization is given by (cf. Appendix
B)
(JI)B‘_L = (277)4Uf (z.;,pgw}’pt gt gw')’y t ﬁzz,F)U¢ .
(C8)

The other contributions are

ax(1- x)ﬁ(qf))‘27“(7,.)N(T,,Tg);,ln(qux(l - x)+xmy?+ (1= x)u,?)

+27u(757,, )FJ(T,. ),n ln(q, 2x(1 - x) +xm12 +(1- x)#nz)

+(XN)FJ7';¢(XNTB)11 In( q,zx(l - x)+xmy?+ (1 - XM \7)

+yu(T B-X-N)FJ(XN)JI In(q2x(1 = x) +xm;? + (1 - x)M,7?)

2O BNy (0,7 ) e I 2L = ) 2 (L= ), 2)

Ko

+}/u(Tﬂi{)FJ(Xj ).uln(qg 2x(1 - x) +me2 +(1- x)l-‘-,,z)] : u(Q; ),

(C9)
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1 %y r
(Ja)ﬂu :'ﬂzf dx1f dxzﬁ(qf)‘ 21nD(x,, Xosdysqys Hy 9mJ)mL)Yp(TH )F,;(TB)JL(T,, Vi1
o 0 -

+ 2iC5’ﬁa’ Cs’n Cé’m lnD(xU Xos g, 45 Uy, My, I“LM)(’FH )ny# (T’")-’l

+1nD(x,, X23495,4, ;MN’mJ’mL)(XN)FJ’yy.(‘FB)JL(XN)L[

(6,2), (6,A), -
- lnD(-xu X345 ,4; 5 Lp My my) J z (Xx )FJYu(TB)JL(Xz Yot

- InD(x,, x,; 4, (I;MmmJ,Mp)(OTeeo)pN(XN)FJYu(XP)n
(6,2,
- InD(x,, Koy 4y, O My,my, Uy )(0T959,.,7\)N U2 (XN)FJYp(Xx )or
n

(6,1
+1nD(xu Xoy sy 45 Uy ,m,,MP)(OTGBB,,)\)p m z)k (Xk )F.ﬁ’p(Xp)u

n
(6,2),(6,0),
+InD(x,, %555 1 45 Hon s Mg, ) SLITe 05050, M)(xe )£ (Xs ),-,111(4,)

Ky :uﬁ
(C10)
[in (C10), O refers to the transpose of the orthogonal matrix 0],

()= 7° foldxlf:ldxzu(q,);—ZD(x,,xz;q,,q.;u,,,mJ,mL)"(?.)F,
X[(Hay,9,) =Dy, @ay,a,)T6) s +2imy(T5) (g, - Qulay, q,)
=2i(Tg);pmQu(dy, ) = yum (T )y m, (7)),
—4cprps Cpry Cor mD(xy, %2395, G5 lp My, Bm) TNy, - Qulgy, a7 ) rs
x(i@gy, q;) +2m)(T,)
+D(xy, %5395, 44 s Myymy,my) (X p (=i @ay, 4;) +m ) v, (To) 4

X[-i(@ay,q,) =) +my ] (xx)1s

-1(6,2) (6,0), .
-D(xl,xz;q;,qi;u,.,m;,m;,) l( 1’:(2 ) (Xk)p,r(—1Q(q;,q;)*’m.r)'}’u('re)n,

n

X[ =i (Qgy,q,)-d)+m ] (x; )zr

+2iD(x1, X234y Q;Mmm;,Mp)_l(OTeao)pu(fIf“ - Qu(qf ,q) (X}v)p.r
x(-ida;, q)+m;)(Xp)ss

+24 D(xy, %53 45, My,m,, #n)-l(OTga 9")\)”(7»’-:2) (?f“ - Qy(Qf ’ q))(XN)FJ
X(=ieq,,q) +m;) (x;)s;

. - B A
=28 D(xy, %3 Qg » @ b, My, Mp) l(oTeﬂe,,x)p—"——(u z)k(q,u -Qu(q, D) (xe)ps
n

X(-i Q(lIf 2 @) +m ;) (Xp) st

) _ (6, 0), (6,1
=2 D(xy, %3 G5, 45 n sy, Mp) (1, 6, 959»)—”;;2%‘(‘—%'2‘(4;,, = Qu(gy, D) xa)rs
4

(=i @ay,q)+m;) (x; )ss
+Cpy5CynCosp DXy, X330y , @5 Mgy p) ™
X[24(7 ) p (=i @qy, @)+m )y y(Ty) s p = 29, (7)) p (=i Way , @) +m, ) 4(T,) o4
+1(6,0); (x; ) r sl =i gy, @) +m ) v (7,) 4,
=iy (7)) ps(=i @y, @) +m ) (0, 1)8 (Xp) i1 ]
+({ 65, 0, M)y D(xy, 235 G5, G5 g, M)y (T p s (=i gy, @) +my) (X)) 1
+({ 85,0 ININD(xy, %344, 95 14 My MY (X s (=1 a4, )+ m ) v, (7)) gy %“(‘11)'
(C11)



2644 A. DUNCAN 10

In (C11) we have defined the four-vector quantity 8, =(8,),+(8,), +(8;), +(8,), . (C13)
Qxy, %34y, @) =4,(1 = x, + x,) +g,(x, = 1) Again, we first have the contributions arising from
the convergent part of the wave-function renormal-
EQ(qU qz) . (C 12) ization:
=i 17, (21
We proceed similarly with the contributions in- (8.)y=~2 @2m)*Ty (2} Ty + T2, PV, - (C14)

volving the hadronic matrix element (S,)z,, namely Next, the terms from 6S.; yield

J

(é’>z),~=—:§:i1r2f1 dx(1 - x)a(q,)
0

X‘zz(ﬂ Vrs(TaX; ) InCg, 2x(1 = x) + xm 2 + (1 = %), %)

+2(Xj Th )FJ(T")J[ ln(fh 2x(1 - x) +xm12 +(1- x)ﬂnz)
+(XN)FJ'(5('NXJ Vot ln(qux(l - x)+axm2+ (1~ X)M,7)
+ (X, iN)FJ(XN)J’lln(q(Zx(l -x) +me2 +(1- X)M?)

L AL (26 s [ Xg ) prlxe) sr InC g, 22(1 = x) + xm 2 + (1 = X, 2)

+ (X ) rs(Xa X ) rrIn( g, 2x(1 = %) + xm,? + (1 - x)unz)]%u(q,), (C15)

while the remaining logarithmic terms are

. 1 X, ‘ -
(8;),=2i szfo dx, fo dx, "7(‘11)‘]4 InD(xy, %5, Q45 thp, ™ oM e (X ) o (To)s
- InD(x,, X33 45,4, ;MN’mJ!mL)(XN)F.I(ij Yor(Xw)es

+1nD(x;,, Xo34y,qy 5 Ky ,m.r,mL)Q"ﬁ‘f'(g‘A—)‘ (xe )FJ(ij )JL(X] )“‘t-u((h ) (C16)

n

[here again, the (uniform) mass scale used to define the logarithms is arbitrary, as far as the allomorphic
contributions are concerned],

1 Xy »
(84)1=i7r2_[ dxlf dxzﬁ(‘If){D(xu X253 qf549y5 Ky ,m,,mL)'l(T,, Ves
o 0

x[-4Q(q,,4,)(Q(ay,a;) - OV (X; Vs +4my(X, ) s my
+2i gy, @ WX srmy +2im (X, ) r 1 (Day, 0) - D ](T,)1;
= D(xy, %3 45, 44 My,my,mp) (XN ps (=i gy, q,) +mp) (x,)sr
x[i(d - &gy, aN+my ] (xp)1s

-1(6,1),(6,2) .
+D(xy, %555,y 5 oy, My my) 1—“——"——4‘—1“ L () ps (=i ay, q,) +my) (x;) gy

n

X[i(f— Q(q, y 4y ))"‘mz.] (Xl )LI
+4(0p 9" A)j D(xu X235 qf » 4,5 Hp ’"1.” “’P)-l(f" )FJ(IQ(qf ’ Q)+2m")(‘r’)'”
+2i (9;. O)HVD(xU X254y, Q;Mﬁh my, ‘-"n)-l(XN)FJ(—iQ(qf ’q) + ml) 4(7")"1

-2 (Gn)jl(_eL)%e_sz_)LD(xn Xoy gy qs Hp My, [y ) xe ) ps( =i Q(qf ,4q) +m,)4(‘r,,)”

i

+2¢ (GnO),ND(xl, Xo3 9y, 45 Uy ,m,,MN)'lj(T" Yrs(—i Q(q/ ,4)+mp) (Xy) s

Op M) (GpA)y m
. . . -
- zl(on)]k ( L )u(z’ )k D(xly xzs q/y q9 IJ'nv 7 “p) 14(7")}-‘1
14

x(-1 Q(Q; » @) +my) (Xat ) gy
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~fiit OI'NOkPD(xh X25 45 » q;MNmevMP)-l(XN)FJ( - Q(‘I; ,4q) +my) (Xp)n
(6,0)i7 (6,0);
2

n

x(-i gy, q) +m;)(xp)ss

+f;i'2Orp D(xl, X33 45, 9, “'"’m.lyMP)-‘(Xi')FJ

(6p2)5 (0pX) ] ) -
+fi4.O040n 2 :Lz’ D(xlixz’vaquNsmlv U«,) 1(X~)p.r

»

x(-i@q;,q) +m;) (xar ) gy

(8,1)1/(8,A);54(6pA)5 (BpA)r
Holly®

X(~i Q(qf yq) +my) (Xe) g1

= fisn D(xy, %55 Gy 5 @5 My, ) Xy ) ps

- (OTB,.A)”(B,.O)jpD(xuxz; qsy 45 Ky ,m.hMp)-l(Xn)pJ(_iQ(qf , q) +mJ)(XP"11

(p2)s (Bp\)y . ) -
+(OT0nA)N(6n)jk 2 )L( 2 )k D(xlv X35 qf9q1 My imlv “p) l(XN)FJ
?
X(-i gy, q) +m;) (xp) sy
~(0T8,M)p(8,0); 4 D(x,y %3365 , @3 My, my, 11,) " (xa) psl =i B2y, @) +m ) (Xp) s,

(6,1);:(6, 1)y -
+(OT9,7\)P(6p )N' —n—)""%"")_JD(xn Xosdysqs oy, My, Hp) l(Xj )FJ
n

x("iQ(‘If’Q) +m.r)(Xp)11%u(‘h)- (C17)

Finally, we find for 8,
1 Xl
8y =—~i 172] dxxf dx, (g, ){(OroaO)NPD(xU %33 4y » @3 My, g, Mp) " (X W) p (=i &ay, @) +my) (Xp) o1
0 0

(6,12);(6,1)i- . . -
- (90(0)1'1’ 02 . D(xl, X2345,4; Ly ,m.nMp) 1()(,'-)F.l

n

x(~-i gy, q)+m;) (xp)ss

OpA)p (6p )y

. . -

"(OTeoz)Nk'( 2 ),;J.(pz ) D(xl’xzyqj9q’MN9mh IJ'p) 1(XN)FJ
x(-iQqs, q) +m;) (X)) g1

. (6,1)5(6,0);7 (8p\)5 (6p M)y (

Bc)yrn r D(Xyy Xo3 Qg 5 @5 s Mgy 1) (X Vps

I-‘-,.zl-‘-pz
x(=i gy, 9)+m,) (xs ),,t ug,). (C18)
In estimating the magnitudes of the above con- m,, ~typical (massive) gauge vector mass,

tributions, one may use (with some care) the fol-

m,~typical Higgs-scalar mass.
lowing relations: ¢~ typ geg

~ o ~ My Using (C19) and (C20), together with the estimate
Xi, I'y~e , (S, >Fl e ’
my my (ignoring logarithms), valid for any reasonably
Tarta~e, (GB)pr~e, (C19) continuous f(x,, x,),
Fim~e mg . %
HE Tmy, fo dxlfo dx, f (x,, 2)D(xy, %3 41, Qs 0,y 1M ,) ™

where

. ~(max(q?,q,° ¢, ¢.°,my,m*,m;?) ™", (C21)
m, ~typical lepton mass,

m, ~typical hadronic fermion (quark) mass, one easily obtains the conditions (7.1), (7.2) for
(C20) O(aG p) pseudoscalar contributions in pion decay.



2646 A. DUNCAN 10

*This work is supported in part through funds provided
by the Atomic Energy Commission under Contract No.
AT(11-1)-3069.

!S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967). Also
A. Salam, Elementary Pavticle Physics: Relativistic
Groups and Analyticity (Nobel Symposium No. §),
edited by N. Svartholm (Almqvist and Wiksell, Stock-
holm, 1968), p. 367.

%G. ’t Hooft, Nucl. Phys. B33, 173 (1971); B. W. Lee,
Phys. Rev. D 5, 823 (1972); B. W. Lee and J. Zinn-
Justin, dbid. 5, 3121 (1972); 5, 3137 (1972); 8, 4654 (E)
(1974); 5, 3155 (1972).

3References to earlier literature may be found in the
recent review articles of S. Weinberg, in proceedings
of the Second International Conference on Elementary
Particle Physics, Aix-en-Provence, 1973 [J. Phys.
(Paris) Suppl. 34, Cl-45 (1973)]; Rev. Mod. Phys. 46,
255 (1974).

‘K. Wilson, Phys. Rev. 179, 1499 (1969).

’S. Weinberg, Phys. Rev. D 8, 605 (1973). See also
S. Weinberg, ibid. 8, 4482 (1973).

6S. Weinberg, Phys. Rev. Lett. 29, 388 (1972); 29, 1698
(1972); H. Georgi and S. L. Glashow, Phys. Rev. D §,
2977 (1972); 7, 2457 (1973).

"We are using a “renormalized interaction representa-

tion”—see P. T. Matthews and A. Salam, Phys. Rev.
94, 185 (1954).

’S. Weinberg, Phys. Rev. D 7, 2887 (1973); H. Georgi
and S. L. Glashow, Phys. Rev. Lett. 28, 1494 (1972).

°H. Georgi and S. L. Glashow, Phys. Rev. D6, 2977
(1972); 7, 2457 (1973).

10 type (i) theories there may appear to be the possi-
bility of an O(@?) contribution from 6S¢;s)- This is not,
however, allomorphic, involving a linear combination
of Yukawa coupling matrices at the leptonic end. Never-
theless, such a term might conceivably lead to diffi-
culties in theories in which the absence of pseudoscalar
effects in tree approximation is enforced by constraints
on Higgs meson masses.

Un asymptotically free theories, those coefficients
which vanish in strong Born approximation [namely
Cp(1H] will of course vanish logarithmically in the
asymptotic limit I —<,

125, 1. Glashow, J. Iliopoulis, and L. Maiani, Phys. Rev.
D 2, 1285 (1970).

134, Duncan and P. Schattner, Phys. Rev. D17, 1861
(1973); S. Weinberg, ibid. 7, 2887 (1973).

1G. ’t Hooft and M. Veltman, Nucl. Phys. B44, 189
(1972).



