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We give ten criteria for composite models of leptons, and present two models which satisfy a number
of these criteria. Both models use three triplets of leptonic analogs of quarks which we call
"leptoquarks"; the first model uses fractionally charged leptoquarks and the second model uses integrally
charged ones. In the second model, leptoquarks and quarks could be identical and there is a possibility
of unifying the description of leptonic and hadronic phenomena. Both models assign leptons to
nonsinglet representations of SU(3)". A plausible SU(3)" mass formula allows the known leptons to be
less massive than baryons if leptoquarks and quarks are identical.

I. INTRODUCTION

The quark model' provides a picture of hadrons
in which the algebras relevant to hadron symme-
tries can be abstracted from the commutation re-
lations of bilinear expressions in quark fields, and
the hadron states are composites of fundamental
quark q and antiquark q constituents: baryons
-(qqq) and mesons -(qq). For several reasons,
especially the fact that the ground-state super-
multiplet of the baryons is the symmetric 56 of
SU(6),' it was suggested that quarks obey para-
statistics of order three. ' If the Green compo-
nents4 of the parafermion quark fields are con-
sidered independent and are Klein-transformed, '
the parafermion quark model is exhibited' as a
special case of the three-triplet model with three
identical fermion quark triplets, which was later
named the "color" model. ' Another version of the
three-triplet model allows the fundamental objects
to have integral charge. ' The three-triplet model
has the static classification group SU(18).' Nambu
and Han have discussed the relation between dif-
ferent three-triplet models and the paraquark
model. '

The plethora of hadron states all falling into the
1, 8, or 10 of SU(3) provides strong motivation and

support for the quark model of hadrons, both be-
cause of the economy of the quark-field expres-
sions for currents compared to those using known
hadron fields, and because of the success of the
constituent quark model for hadron states. Pending
the discovery of more leptons, this motivation is
absent for a composite model of leptons. Nonethe-
less, there are motivations to consider such a
model: If quarks are fractionally charged, as in
the color model, the notion that all fundamental
particles should have fractional charge provides
some motivation for composite models of lep-
tons"'"; such models also give a scheme in which

none of the presently known particles, except the
photon, are elementary, and both hadrons and
leptons are composed of more basic objects. Such
models allow the similarity between hadron and
lepton algebras to be associated with similar (or
perhaps identical) sets of presently unobserved
fundamental fields. The SU(3)" degree of freedom,
in particular the nonsinglet representations, which
are usually superfluous, can be used to describe
properties of leptons, such as the difference be-
tween the (e, v, ) and (p, , u„) pairs. The suggested
interpretation of the surprisingly large and con-
stant cross section for electron-positron annihila-
tion to hadrons as being due to extended structure
of the electron and the suggestion that leptons
should have a two-component scattering amplitude
analogous to that of hadrons"'" also motivates
consideration of such models. To the extent that
gauge models introduce new leptons, they signal
increasing usefulness of composite models of
leptons. %'e suggest requirements for such models
and give two examples of models satisfying some
of these requirements.

A composite model of leptons should satisfy the
following requirements: It should predict (1) the
chiral algebra of lepton charges, (2} muon-elec-
tron universality, (3) separate conservation of
muon and electron number, (4) that odd-half-in-
tegral (integral) spin particles have odd (even}
values of lepton or baryon number, " (5) lepton
magnetic moments, (6) G„and G„ for weak lepton
currents, (7) massless, two-component neutrinos,
(8) mass relations for leptons, and the low mass
of the known leptons, (9) lepton-hadron universal-
ity, and (10) absence of strong lepton interactions
at low energy.

The chiral algebra of lepton charges" can be
expressed in terms of currents bilinear in known
lepton fields, using
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A'= d'xe p, v, „, A =A'

A~ =2 d'x e~e —g~p. +v~v, —v~v„

Aoi = d'x(etc+ p,tp, +vtv, +vtv„)i

as generators of U(2}i, and

Ae = d' x(e'g)„, Ae = (Ae)',

(la)

(lb)

(1c)

(2a)

We suggest that the word "quark" be reserved for
a real or fictitious fundamental field or particle
for hadron physics, and suggest the word "lepto-
quark" as the leptonic analog of quark.

Requirement (4} is automatically satisfied in any
composite model in which leptons and baryons are
composed of spin--,' constituents by proper nonzero
choice of lepton number for leptoquarks and baryon
number for quarks.

We discuss the remaining requirements, which
are model-dependent, below.

A ~ = g d'x e~ e —p,t p, R, (2b)

A'„= d'x e~e+ p.'tg „ (2c)

as generators of U(2)„, where

(ete)i = et-,'(1+y, )e,

(etc)„=et-,'(I —y, )e,

etc. These generators commute with the weak,
electromagnetic, and lepton number currents

j(-) j(+)f
P

j'„"= (v,y„e+v„y„g)L,,

j'„=-(ey„e + py„p), , .

j& —ep&e+ jL+& p. + ver&ve+v pppvp

(3)

(4)

(5)

(6)

II. FRACTIONALLY CHARGED LEPTOQUARK MODEL

Consider a three-triplet model of fractionally
charged leptoquarks. We label the leptoquarks in
the static limit by A =1, 2, 3, or O', X, ~, the usual
SU(3) index, a =1, 2, or t, i, the SU(2)~ spin index,
and i =1, 2, 3, the SU(3}"or color index. We con-
sider a static leptoquark as belonging to the funda. —

mental representation of the group SU(18) which
reduces to SU(6) x SU(3)", with SU(6) reducing to
SU(3) x SU(2)e. The static leptoquarks correspond
to the constituent point of view in our model, and
transform as (3, 2, 3) under SU(3)xSU(2)e &&SU(3)".

We label relativistic Dirac leptoquark fields in
a similar way, except that the Dirac index, which
we omit, replaces the SU(2)e index. If we assume
that the SU(3) leptonic vector and axial charges are
diagonal in SU(3)", then the chiral SU(3)xSU(3)
charge algebra requires the vector charges to be
SU(3)" singlets:

This commutativity implies requirements (2} and

(3) above. The current-current theory of weak
interactions of leptons and the quantum electro-
dynamics of leptons are U(2)ix U(2)„-invariant up
to mass terms (this caveat can presumably be re-
moved by generating masses by spontaneous sym-
metry breaking). The currents j'„", jv, and j„
provide a U(2)ixU(l)e algebra with generators

II = d x v@te+v~p I, II = Il

1.„=-2 Z' d'x, o. =0, 1, . . . , 8, X, = (-', }'i'I,

where

and the axial charges to have the form

I go5dx a=0 1 8

(8b)

(8a)

I'=-,' d'x v~v, —e~e+ v~v„—p~ p. (7b}

Ii=AI, ('lc)

(7d)

These lepton algebras can be realized in a com-
posite model of leptons in terms of leptonic analogs
of quark fields, just as hadron algebras can be
realized in terms of quark fields, and the first
three requirements above can be satisfied in a
natural way, as we will illustrate in detail for
specific models bel, ow. Since quarks were intro-
duced specifically to deal with hadrons, the ex-
pression "leptonic analog quark" seems clumsy.

2"„'= l„(y"y, q'(A. )" Ie' (Qb)

(10)816 = (56, 1}+(70, 8)+ (20, 10).

The magnetic moments of the spin--,' bound states
in the (56, 1) and the (20, 10) were studied in con-

and q is diagonal with elements +1. We assume
that, in first approximation, these charges gen-
erate groups identical to the constituent groups
mentioned above.

The ~-wave bound states of three Fermi lepto-
quarks belong to the antisymmetric representation
816 of SU(18). Under SU(18}-SU(6}xSU(3)",
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ll '» =
~3 l(P,'n,' P,'n,'-P-,' (,')P,'&, (11a)

le'» =
~3 l(P,','+ p,',' —I(', ,')I(,'), (11b)

lv„» = ~ l(p,(sI, pIs,(- p,(n()n,'&,

and the co"responding electron-type lepton states
differ from the above by having SU(3") 1 indices
replaced by 2's. The magnetic moments of the
leptons are computed in the same may as in the
quark model for hadrons:

(11c)

where

I(( (q((,) lt,ek
2M~c

(12a)

nection with SU(6) symmetry" ";bound states in

these representations which are eigenstates of
isospin and hypercharge cannot be identified with
the known leptons because in both cases the neutral
particles have nonvanishing magnetic moments.
For this reason, me assign the knomn leptons to
the ( VG, 6}. In particular, we place the (p,', v„)
and (e', v, ) doublets in I =-,', I'=1, SU(3) octets in
two different SU(6) 70's associated with the P' =0,
I"=1, Q" =+1 (i.e., Z"') states in the SU(3)" octet
with spin —,'. For concreteness, we assume (e', v, )
are in the 10 associated with F", and (l(', v„) are
in the 70 associated with Z"'.

We nom show that these assignments, together
with the freedom allowed for the SU(3)" structure
of the axial charges, satisfy our first four criteria.
The known muon-type lepton states are

G&(l ) = (u'tl(i. e.)lv„»,
where

(I„((,) = l~t, ((I,)e"(o„);q,
' le",

(13a)

(13b)

with (I, ) and (o, ) the usual isospin- and spin-
raising operators, and q as defined above. The
result is

G, (u) = o (2(l, ' (),')—
A similar calculation for (e", v, ) gives

(13c)

binding limit, the electrodynamics of the composite
leptons, including radiative corrections, will be
pointlike.

A careful calculation of the effects of composite-
ness upon the properties of the electron involves
dynamical problems which me do not mant to deal
with in this article. For scalar binding of Dirac
particles in a potential, the effective mass of the
bound particle enters the formula for the magnetic
moment of the bound state in the way me assumed
above. " Following a suggestion of Schnitzer that
gauge theories of leptons Beggeize with a tra-
jectory of slope G,"we take G~' '-6&&10 "cm
as a characteristic length associated with com-
posite lepton structure. Since quantum electro-
dynamics has been checked experimentally only
for distances greater than the order of 10 "cm,
me expect composite structure on the scale of
G~' ' not to cause immediate conflict mith our
present empirical knowledge of quantum electro-
dynamics. "

Since the leptons are I =-,' doublets, G~ =1. We
calculate G„(g) for (((', v„) as in the quark model:

(0& ) = ig, ( q (((o ) oi (12b)
Gg(e) =

o (2t},' n,')-
ek

Pi+ =3
2M =2 =~Dirac' 8

rpl )C

g —, =0,
(12c)

with q diagonal with elements (-'„--,', --,'}, and ((,
the usual Pauli matrix. The result is

The requirement that both G„'s are unity fixes
g 1 TJ2 T/3' = 1 . With this choice of axial -vector
currents, (e, v, ) and (l(, v„) are each the sum of a
left-handed doublet and a right-handed singlet
under the U(2)~x U(1)s whose generators, equiva-
lent to the I's of Sec. I, are given by

provided me assume that the effective mass of a
leptoquark in a lepton composed of three lepto-
quarks is -', the mass of the lepton. " Using these
values of l(, and the SU(3} formula

lg = iL((o+L(+y (oIo = (IL )

Ii Lo+Loo Ioi 6 lo(Lo+Loo)

Io 6(/o(L Lo)

(14a)

(14b)

(14c)
u = oQ+l~lU(U+1) --'Q'--'. ~,"'j

valid in each octet, we find n = p, D„„and p =0, so
that all particles in these octets have pointlike
magnetic moments.

From the point of view of this model, Dirac's
prediction of the magnetic moment of the electron
in a theory in which the electron is a point particle
is correct only because of the strong binding and
the specific form of the composite structure of
the electron. We speculate that in the strong-

A,„L„,( +L„, A— =(A ),
A' =L" +L"' A' =6(I'(L" +L'")IoR 3 3 y I, ,g 0 0

(15a)

(15b)

Since G~ =G„=1, our model allows two-component
neutrinos, but does not predict them.

Our model has muon-electron universality, ne-
glecting masses as usual, since the vector and
axial-vector currents are invariant under the
U(2)i&& U(2)„whose generators, equivalent to the
A's of Sec. I, are given by
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where

(16a)

g«~»i = I &
Z i»I(~*)i I i

A a j A

r'~" =~" or y"~, (2Ob}

g«v I +g (g )i IAi (16b) where the asterisk stands for complex conjugate.
The electromagnetic current is

.l «m &( 3+oI ~ 3 (8 3+ii/ ~'3)8)& (21)

g«P5 I yPy (P )i Aif (17b)

In other words, the (li,",v„) and (e', v, ) differ only
in having the SU(3)" structure 113 or 223, and all
currents have the SU(2}z' singlet structure Tl + 22.
Provided, as we assume, all observables are
diagonal in SU(3)", muon and electron number
will be separately conserved. The electromagnetic
and weak interaction Lagrangians for leptons can
be written as

0 1 1«i 6'2 6'3

-1
0 0

oo)
(22 }

The weak charge-raising and lowering currents
are

and the electric charge is @=) j, d'x. Note that
the SU(3)" currents contribute only to j „" . With
this choice of Q, the electric charges of the lepto-
quarks are

Cln
CCI eZ )+ (+f3)8A

(18) ~ (~) ). k i2 1& i2 ' (23)

where 4„and 5'„are the electromagnetic potential
and 8'-meson field.

We have now completed our discussion showing
that this model satisfies the first six of the re-
quirements we listed in Sec. I. Although it is pos-
sible to write down a two-body mass operator which
lowers the known leptons relative to all other states
in the (70, 8),

if =a[-,'C,"& ' —I"(I"+1)+-,' 1'"']

+ b[1 —Q"'] + c[J(/+1) ——,']
+d[e —(e+ ,')y+I(I +1)-——,

' y'],
with a, b, c, and d large and positive, and e posi-
tive, we do not consider this as satisfying our
eighth requirement.

To allow the possibility that leptoquarks and
quarks are identical, and because the lepton mag-
netic moments in the singlet would be incorrect,
we reserve the SU(3)" singlet for baryons, and as-
sign the known leptons to 8-wave three-leptoquark
states a.s follows:

le-&,' = ~4,'~,'2),
~

v„t', = ~Z,'4),';,
! ~ 1)=][6",X, X, ~,

(v„i) = (Z, z, z, j.
These states belong to U", =~2 states in the SU(3)"
10*, to I=-,', y=-1 states in SU(3) 8's, and have
spin —,'. The magnetic moments, calculated as be-
fore, are

III. INTEGRALLY CHARGED LEPTOQUARK MODEL eA

~c
(25)

Consider a three-triplet model of integrally
charged Fermi leptoquarks. We label the lepto-
quarks as in Sec. II, except that now the static
leptoc(uarks transform as (3, 2, 3*)under SU(3)
xSU(2)~ xSU(3)". We label the relativistic Dirac
fields l „, where A is the SU(3) index and '' is the
SU(3)" index, and suppress the Dirac indices. The
SU(3) currents now are"

(20a}

where I'""=y" or y" y, for vector or axial-vector
currents. Both vector and axial charges, which
are space integrals of 2'„'", are SU(3)" singlets,
and we assume these charges generate the corre-
sponding static constituent groups. The SU(3}"
currents are

5Il, =Li-~'+L» 2 Ii = L3-'L'

I' = 6"'(L + L') I' = 6'"(L —L') .

(26a)

(26b}

Again neglecting masses, this model has p, -e uni-
versality, since the SU(3) currents are invariant
under SU(3)" transformations. The U(2)~ xU(2)z
group which transforms between e and p. states
has generators

where M~ is the leptoquark mass. The A. lepto-
quarks in these states play the role of a neutral
core and do not contribute to matrix elements of
j &"„„ thus G„=G„=1, and (e, v, ) are again each
the sum of a left-handed doublet and a right-handed
singl. et under the U(2)~ xU(1)R whose generators
are
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s=L 6, /7+L„;~, A~ R
—(A/, s)t,

2(L3-+ Ls") + -,'M3 (L,"x LB "),
AQ 61/2(L v + L rr 5)

l

(27a)

(27b)

(27c )

Now the e and p states differ only in having SU(3)"
structure 222 or 333. Since we take all observ-
ables diagonal in SU(3)", electron and muon num-

ber are separately conserved. The electromagnet-
ic and weak Lagrangians are

Re(~8+/1/ ~3/8 ~3 ~(1/ &'& )8) (28a)

and

(28b)

So far, we have shown that this model satisfies
requirements (1), (2), (3), (4), and (6) above.

We give a two-body mass formula which lowers
the known leptons relative to other states in the

(~20 10 ), again without considering this formula
as satisfying requirement (8}:

M =a[7 —(U",)'j+1 (1+1),
with a and b large and positive.

(29}

IV. PREDKTIONS FOR HEAVY LEPTON STATES

Both of these leptoquark models have many pos-
sible lepton states, while, to date, only four lep-
tons and their antipa. rticles are known. Many

properties of heavy leptons in such models are
model-dependent; here we wish to comment on

two features common to both models which may be

of a more general character.
We satisfied re/luirement (6), C;„=t v=1, by

assigning the known leptons to doublet represen-
tations of SU(2)~x U(1)„ for which there is no

leakage for a weak current between the observed
lepton states. Thus, as a one-W'-exchange pro-
cess, the usual production reactions p, h - l*X
and v„h - l*X are forbidden, where l* is a
heavy lepton state. Charged l*'s can, of course,
be produced by e'e -T* l* and by pp - l* l *X,
both electromagnetic interactions, and the neu-
tral l*'s produced similarly by a virtual Z'- l* l*.
Thus single heavy-lepton production is prohibited
in lowest order, and only C'higher-threshold) pair
production of charged heavy leptons is allowed in

lowest order. These features may be relevant to
the failure to detect heavy leptons up to now.

For both our models, the leptonic hypercharge
is conserved by both weak and electromagnetic in-
teractions, and thus the lightest heavy lepton for
each hypercharge not equal to the hypercharge of
the presently known leptons is stable.

V. POSSIBLE IDENTITY OF LEPTOQUARKS AND QUARKS

IN THE INTEGRALLY CHARGED MODEL

Up to now we have assumed that leptoquarks
are unrelated to quarks. Now we speculate about
the possibility that leptoquarks and quarks are
identical ~ If they are identical, then, although
baryon (B}—lepton (f )+meson (M) vertices are
prohibited, it seems to be impossible to isolate
leptons from strong interactions, due to the fact
that l l, BB, andM can all have the same quan-
tum numbers. Let us suspend judgement about
this serious difficulty for the remainder of this
paragraph and assume that leptoquarks and quarks
are identical. This identity of leptoquarks and
quarks fits well with the assignment of the bary-
ons and mesons to the singlet and the leptons to
the 10~ of SU(3}" in our second model. The oc-
tets of vector and axial-vector currents are sin-
glets under SU(3)", and thus satisfy the usual
Gell-Mann algebra for strong interactions. '"' Thus
all the usual quark-model and current-algebra
results for strong interactions can be carried
over for the second model. "

In addition to explaining the occurrence of the
same algebras in both hadronic and leptonic phys-
ics, we want to point out a simplification of the
structure of weak currents which can be made in
this unified model of hadrons and leptons. The
Cabibbo angle reflects the fact that the direction
of breaking of SU(3) in hadron states differs from
the direction relevant to weak interactions of had-
rons. Up to now, the Cabibbo angle has been in-
troduced explicitly into the hadronic weak cur-
rents, but does not appear in the hadronic states.
We suggest introducing the Cabibbo angle into the
states via the relation

where 2 c = &co»c ~ ~ »n~c and )(. c= ~ 3', sin6c
+A. cos&c, and k and h ' stand for hadron states.
With this change, the weak currents for the had-
rons and leptons are identical and lepton-hadron
universality, requirement (9) above, is satisfied.

If leptoquarks and quarks are identified, it should

be possible to relate the masses of leptons and

baryons. The fact that the SU(3)"-singlet state
can be made lowest has been discussed by several
authors in the context of models of hadrons, where
the known hadrons are assigned to the SU(3)" sin-
glet. Thus models such as the two we discussed
earlier, in which the leptons are assigned to non-

singlet representations, seem to run the risk of
predicting that leptons are more massive than had-
rons.
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TABLE I. Mass formula inequalities for nonsinglet SU(3," lepton assignments.

Lepton as signment Nonzero M& in Eq. (31) Sufficient inequalities

M( &0, Mg&Q, -24M( &7M3 &-21M(

Mg &12M) & 0

M), Mp

M(, Mp, Mg

M, &0, M, &Q, 12M, &M, - 6m,

Mf & 0, M~ & 0, -3M~ & 18M, & -4M2, -3Mf M3 & 12M'( 2M'

Mi &0, -3M( &AII) &-2M', -12M(+ 7
Mg &MP &6M( ~- Mg

We have considered this question in general,
using the mass formula

V = M +M C'" + M F"

+ M, [f"(f"+ l) ——,
' y" '], - (3l)

which follows from octet-dominant one- and two-
body mass operators using the SU(3)" degree of
freedom. We require that the leptons lie lowest
in mass, followed by the baryons, with all other
I" multiplets in 8" and 10*"lying higher. We label
these multiplets by the names they have in the
baryon octet, decuplet, and singlet: N", A,", Z",
:-",6", Z~", =*",Q", A,". Here we choose the
fundamental nonet to transform as (3, 3*) under

SU(3) x SU(3)". [Had we chosen the nonet to trans-
form as (3, 3), the same conclusions would follow,
but with M, ——M, and ¹

=:-".] There are five
acceptable assignments of leptons: to N", 2'", ™I/,
6", or 0". The other three assignments (to A,",
Z*", and:-*") are ruled out. For Z" and 0", o»y
the M, and the M, coefficients need be nonzero;
for -", onlyM, andM, need be nonzero; for N"

and 4", M„M„and M, must be nonzero. We list
sufficient inequalities for these lepton assignments
in Table I. We emphasize that leptons can be as-
signed to nonsinglet representations of SU(3)" with-

out having the known leptons more massive than
the baryons.

Vt. SUMMARY AND OUTLOOK

We have explored the usefulness of composite
models of leptons to represent known features of
lepton physics in an economical way. We found
that composite models are useful to represent a
number of the features of lepton physics which we
listed as requirements in See. j. We gave two
such models, each using three triplets of lepto-
quarks; the first with fractionally charged, and
the second with integrally charged leptoquarks.
In the second model leptoquarks could be identical
to quarks, and this second model offers the pos-
sibility to unify the description of leptonic and
hadronic phenomena.
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The strong-coupling theory in static models is formulated in terms of functional integra-
tions. The method is demonstrated for the charged-scalar model. The expression of elastic
and inelastic meson-nucleon scattering amplitudes is obtained to leading order in the strong-
coupling expansion (1jg expansion), while the isobar energy levels are obtained up to the next
to the leading order.

I. INTRODUCTION

There are two distinct approaches to the strong-
coupling theory in static models: the canonical
field-theoretical method and the 8-matrix method.

In the field-theory approach, which has a long
history' since the first work of Wentzel, ' one ap-
plies successive canonical transformations in the
Hamiltonian formalism. On the other hand, in the
S-matrix approach, ' one starts with a set of Chem-
Lom equations for scattering amplitudes and
solves them in the strong-coupling limit, pre-
supposing various properties of the strong-cou-
pling results, knomn from the fieM-theoretical
method, such as tPe ahsence of production am-
plitudes in the strong-coupling limit. It is re-
markable, however, that the final results are ex-
pressed in terms of operators in the isobar space
which obey relatively simple algebraic equations.

We investigate the strong-coupling theory using
the method of functional integration, with the in-
tent of clarifying the perturbative nature of the
strong-coupling theory (I/g' expansion}. In this
method, a canonical transformation is described

by a corresponding change of variables of the
phase-space functional integration, and a subsid-
iary condition on the state vector in the conven-
tional formalism is described by a restriction of
the Feynman integration path, which can be real-
ized easily by inserting an appropriate 5 function-
al in the integrand. ' Thus, this method would be
suitable for the description of strong-coupling the-
ory.

In this paper we show the essence of the method
using the charged-scalar model as an example
and leave the general case to the following paper.

II. FUNCTIONAL-INTEGRAL REPRESENTATION

OF GENERATING FUNCTIONAL OF GREEN'S

FUNCTION IN STATIC MODEL

We define the generating functional by

Z(q} =(n, [S„)n,),

where ~n, ) and ~n~) are initial and final nucleon


