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It is shown that any (relativistic, action-at-a-distance theory formulated in terms of a (relativistically

invariant} Fokker action, which is invariant under any change of the world-line parameter, also can be

given a Lagrangian formulation. The parametrization invariance makes it possible to introduce a

common parameter which also can be identified with time. The resulting Lagrangians are nonlocal in

time and therefore the applicability of the action principle requires a generalized variation method

which is developed here. The resulting generators are expected to generate the corresponding variations

in a Poisson-bracket sense, i.e, , a Hamiltonian formulation of the theory is expected to exist. However,

in order to check this it is necessary to (formally) solve the equations of motion, as one needs Poisson

brackets for unequal time due to the nonlocality of the generators. But since the equations of motion

themselves are nonlocal in time, the Newtonian initial data will not yield a unique solution. Thus, in

order to retain the Newtonian degrees of freedom one needs a selection principle as a subsidiary

condition. Sich a principle has been proposed which states that one has to choose the solution which

has a nonrelativistic limit. In the case of a general vector interaction the class of solutions which is

obtained by an iterative method (which starts from straight lines} is considered. These solutions are

uniquely determined by the Newtonian initial data, but they are applicable only to scattering processes.

By choosing the asymptotic straight lines as canonical variables it is explicitly shown that the Poincare

generators fulfill the Lie algebra of the Poincare group and that the physical positions transform as

Lorentz vectors. It is also shown that the physical positions cannot be chosen as canonical variables.

Quantization is discussed and a general argument is put forth which states that the above solutions

cannot be quantized by imposing the canonical commutation relations on the canonical variables.

I. INTRODUCTION

Newton's theory of gravity (1686) is the proto-
type of an action-at-a-distance theory. In this
theory the physical masses are acting and reacting
with equal amount and at the same instant of time
even over large distances. ' This is the basic
picture of nonrelativistic particle mechanics,
which also constitutes our most consistent phys-
ical theory up to date. However, with the introduc-
tion of relativity, simultaneity is no longer an in-
variant concept. It is therefore generally believed
that relativity requires a field theory, i.e., a
field-mediated interaction, and that no relativis-
tic mechanics of the action-at-a-distance type is
possible. However, this belief is badly founded
as one has already shown that action at a distance
is possible in relativistic theories.

Classical electrodynamics of point charges as
given by Maxwell and Lorentz is the prototype of
a theory with field-mediated interaction; the in-
teraction between the charges is there mediated
by the electromagnetic field. Many efforts to put
this theory on a Newtonian form failed in the begin-
ning. However, Gauss seems to have been think-
ing in the right direction at a very early stage ac-
cording to a letter to Weber in 1845.2 The keyword
is namely noninstantaneous action-at-a-distance
instead of the instantaneous one as in Newton's

theory of gravity. By noninstantaneous action is

meant that the action between the charges should

propagate with a finite velocity. However, it took
very long before action-at-a-distance electrody-
namics became a reality. But as soon as Lienard
and Wiechert' had given the expression for the
radiation from an accelerated charge, it became
possible to describe the interaction between two
charges with a direct interaction by the elimination
of the electromagnetic field. ' Fokker' sho~ed
that such an interaction could be derived from an
action principle if the advanced as well as the re-
tarded solutions of Maxwell's equations were in-
cluded. The theory was then finally completed by
Wheeler and Feynman' with their absorber theory
of radiation.

In contrast to the electrodynamics of point
charges according to Maxwell and Lorentz, the
Wheeler-Feynman theory is quite consistent. The
former is plagued with the infinite self-energies,
while the latter is finite with no self-energies at
all. Dirac's' consistent but ad Aoc procedure to
eliminate the infinite part of the self-fields in the
Maxwell-Lorentz theory becomes exact in the
Wheeler-Feynman theory. ' In fact if one tries to
make the Maxwell-Lorentz theory consistent
(finite)i one seems to be forced to introduce n

direct interaction between the charges in some
way or another. ' The new features which the
Wheeler-Feynman theory brings in are mainly
philosophical in nature. But these new concepts
are indeed revolutionary:
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(i) There does not exist any electromagnetic
field as an independent entity with degrees of
freedom of its own.

(ii) A charge does not act upon itself (and con-
sequently has no infinite self-energy}.

(iii) Radiation can only be discussed in presence
of an absorber; radiation occurs when the ab-
sorber is accelerated by the source, and the
radiation reaction occurs when in turn the source
is accelerated by the absorber due to the equality
of action and reaction.

(iv) The concept of causality of conventional
classical theories is violated as the motion of a
charge is determined by the past and future be-
havior of the other charges (by the timesymmetry
of the theory}. However, this noncausality is
limited in its influence to a very short time in-
terval of the order of e'/me', and it manifests it-
self in, e.g., the preacceleration already noticed
by Dirace ~ (and much earlier in the nonrelativistic
case of radiative reaction'). In fact this non-
causality is not experimentally detectable as its
appearance is exactly on the level where one has
to take quantum phenomena" into account. This
feature might therefore be considered in favor of
the theory as the latter already on a prequantized
stage points to a breakdown of classical concepts
for short distances.

Though the %heeler-Feynman theory seems quite
satisfactory from a logical point of view, it is not
particularly useful in practical examples. This is
because of their condition of complete absorption
which demands us to insert an absorber or to in-
clude all charges of the universe (besides that,
we have to assume that there is no radiation at the
boundary of the universe or, stated within the ac-
tion-at-a-distance language, we have to assume
that there is no interaction at infinity in the
Euclidean space). Hence for any few-body problem
for which the action-at-a-distance electrodynamics
could be useful, the %heeler-Feynman absorption
condition is not fulfilled. The interpretation' in
terms of the Maxwell-Lorentz-Dirac theory for
such a system is that apart from the particles in
the system we also have an external free field
which does not affect the system as a whole but
changes the forces on the individual particles.
Since there seems to be some physics in the few-
body problems (see, e.g., the bound-state solutions
below) one could perhaps take the following phys-
ical standpoint: Elementary systems should be
described by action-at-a-distance electrodynamics
and the Dirac theory is only statistically (ap-
proximately'P) satisfied for macroseopie systems
(i.e., for many-body problems).

Now the appearance of the action-at-a-distance
electrodynamics made it possible to construct

other examples of relativistic particle theories.
In fact any field-mediated interaction can be cast
into an action-at-a-distance form" "irrespective
of the spin and mass of the field involved. Such
an action-at-a-distance theory is said to have an
analogous (but not equivalent) field theory. One
may go even further and construct theories"'4
with no field-theoretic analog at all. One may
even thereby introduce a finite self-interaction"
(but there are problems with mass renormaliza-
tion"). Hence, there exists a great variety of
possible relativistic mechanical theories of inter-
acting point particles. They are all cha.racterized
by the following properties: (a) They are derivable
from a Fokker action. (b) This Fokker action is
parametrization-inva, riant, i.e., the equations of
motion do not depend on which parameter one
chooses to describe the world line of a particle.

One of their attractive features is that they al-
low for the description of bound states. The two-
body problem is, however, not reducible to a one-
body problem as in the nonrelativistic case; there-
fore one has difficulties in solving the equations
of motion and consequently not much more than
circular solutions have been found so fa,r.
The same is true for the three-body problem. '
Anyway, the results obtained are in agreement
with similar results from, e.g., the Bethe-Salpeter
equation. "

On the classical level the above models seem to
be quite satisfactory. Thus, if one also could
quantize them in a satisfactory way, they would
certainly play an important part in modern phys-
ics. They contain in fact several good properties
to be of interest even in the case of strong inter-
action. " However, this quantization problem has
not been solved so far." However, encouraging
examples exist where one has performed a Bohr
quantization of the circular solutions found in the
two-body problem. 7' ' The energy levels are
found to agree, e.g., with the corresponding ones
obtained from the conventional treatment of a
Dirac field in an external potential. " This opens,
therefore, the possibility of treating, e.g., the
hydrogen atom as a true two-body problem. %hat
remains, however, is the development of a general
quantization scheme. A natural requirement of
such a scheme is that it must coincide with the
nonrelativistic quantization scheme in the non-
relativistic limit. The easiest way to satisfy this
requirement would be to construct a Lagrangian
and Hamiltonian formulation of the classical
theory and to perform a canonical-like quantiza-
tion of this theory. So far one has, however, not
been able to put the classical theory on a canonical
basis. The main object of the present paper is,
therefore, as a first step towards a satisfactory
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quantization, to show that the classical theory in
fact can be put on a Lagrangian and Hamiltonian
basis. This will be done in an explicit manner.

The Lagrangian and, in particular, the Hamil-
tonian formulation of relativistic particle me-
chanics has been treated extensively in the past.
But one has always considered strict instantaneous
action-at-a-distance and not a noninstantaneous
one of the above type. In the limit of no interac-
tion they coincide, of course, and for free rela-
tivistic particles there are essentially two possible
formulations; the covariant and the noncovariant
one." However, one encounters severe difficulties
when one wants to introduce interaction in the in-
stantaneous case. In the beginning" one was sat-
isfied with a canonical representation of the in-
homogeneous Lorentz group w'ithout making sure
that the positions transformed correctly under
this group. Relativistic invarianee of the theory
was therefore not at all ensured as such a repre-
sentation can be constructed in an obviously non-
relativistic theory. " In fact, a theory which al-
lows a canonical representation of the inhomoge-
neous Lorentz group and in which the physical
positions transform as the space part of a four-
vector cannot contain any interaction according to
the remarkable no-go theorem of Currie, Jordan,
and Sudarshan. ' However, one has realized that
one can avoid this theorem if one chooses a
canonical coordinate which is not the physical
position. "" That this is possible has also been
shown before. " Hence, there is still some hope
within the instantaneous scheme. Covarianee
conditions" have also been given independently by
Currie" and Hill, '~ and various examples which
fulfill these conditions have been constructed. "
However, no physically completely satisfactory
example has been given so far, "and in this paper
we shall not consider this possibility.

II. THE LAGRANGIAN AND HAMILTONIAN

FORMULATION OF FREE RELATIVISTIC

PARTICLE MECHANICS

In this section we shall consider the Lagrangian
and Hamiltonian formalism of N free relativistic
particles. Although no new results will be pre-
sented, we shall exhibit this case carefully here
because when we later introduce interaction be-
tween the particles, the Lagrangian formalism
will be developed along the same lines and the
Hamiltonian ease will, in the present paper, even
turn out to be based upon the free Hamiltonian
formalism. %hat we in particular want to empha-
size is the importance of the parameter invariance
of the action integral: how it reduces the degrees
of freedom, and how it allows for transitions be-
bveen multitirne and single-time formulations,

where 7., is the proper time of particle a. The
action is thus proportional to the sum of the
lengths of the world lines of the particles multi-
plied by their respective masses. Notice that

cd7 = (dx"dx )'t2

dx dx ~
dt

where t, is another parameter along the world
line. The action (2.1) may thus also be written as

(2.2)

The principle of least action states now that the
particles follow the shortest paths. %e get in
fact the equations of motion

d x."(t.)
g dt [

~ P( )t' (t )]1/2 ™aa ( a)

a=1, . . . , N, p. =0, 1, 2, 3 . (2.3)

The action (2.2) is constructed in such a way that
x,"(~,}x,„(r,) = c' will be satisfied identically.

An important property of the action (2.2) is that
it is invariant under any change of the world line
parameters t, as long as there is a one-to-one
correspondence between t, and 7, . This allows us
in fact to introduce a common parameter t which
is connected to the proper times by monotonic

(increasing) functions f„ i.e., t=f, (t, ) for
a =1, . . . , ¹ By use of this common parameter
we may define the following Lagrangian:

a =1

The action (2.2} may now be written as

(2.4)

S~= dt I t) . (2.5)

[The principle of least action yields (2.3) with the
particular choices t, = t, a = 1, . . . ,¹]

Now the action (2.5) is furthermore independent
of the choice of parameter t, which also can be
said to be due to the fact that I., is homogeneous
in i," of first degree, i.e.,

(2.6}

and between eovariant and noncovariant formula-
tions.

For the description of N free relativistic par-
ticles one usually starts from the action

E
Wo= —Q m, c dv, ,
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t2
w„= dt I,(t)

tj

and the action principle

5W„=F(t,) —F(t,),

{2.7)

(2.8)

where F(t) is the generator of the infinitesimal
variation 5.

A functional variation 5o of lV» yields

d x."5,W„— dt Q &n c —, q,q a5ax q
g g =y ~ hxgpxg j1

a Ji

t — (A, A jI f
1

The action principle (2.7) gives now the equations
of motion (2.3) and the infinitesimal generator

S a

X 011XaaF(t) = Q 1nac
a=1 XaXaa1

(2.10)

If one also varies the parameter t (t- t+5t),
then one gets an additional term in (2.8}due to the
end-point variation:

fp

5(dt) J.,(t) = d
dt „, [5tf„(t)j . —(2.11)

The action principle (2.7) yields thus the following
generator for general variations:

F(t) = Q, „' „~, (x", 5,x„+x",x,„Fit) . (2.12)
tI ] (1~gXtf P j

If S~ is invariant under an infinitesimal trans-
formation (x,"-x, +D,x,", t-t+dt}, then we have
that F(t) is conserved, i.e., dF(t)/dt=0 (Noether's
theorem" ).

An infinitesimal parameter transformation
t- t+A. (t) (A an infinitesimal function) induces a
functional variation Box," =-A. ~," of the space-time
coordinates of the particles [Let x,'". be the world
line with respect to the new parameter t+A. , i.e.,
x,'"(t+Z)=x,"(t). This implies that x,'"(t}=x,"(t-x)
= x,"(t) -t1x,"(t) infinitesimally. Thus in order to
leave the world lines of the particles intact one
has to add to these the functional variation box,"
=-A.x. ). Thus, t- teX(t) yields the infinitesimal
generator

Owing to this homogeneity property, only 3N of
the 4N equations of motion are independent. This
may be seen as follows:

~lo d ~l.o dl.o d ~L,o
ax," dt ex," dt dt ax,"

In this paper we shall always choose the equations
of motion of the space coordinates to be the inde-
pendent ones.

In order to be able to derive conserved quanti-
ties, we introduce the finite action

F(t) =-0.

This is again a consequence of the (local) param-
eter invariance due to the homogeneity property
(2.6). The property (2.13) will later allow us to
identify t with time.

An infinitesimal space-time translation x,"- x,"
+e", a=1, . . . , N, yields the generator F(t}
=e„P"(t) where P" is the energy-momentum vec-
tor, which by (2.12) is given by

lxg xgit I
(2.14)

ct=x', (t)=x,'(t)= =x„'(t) . (2.16)

That this identification is possible can be seen as
follows: As we are free to parametrize a par-
ticle's world line by any parameter which can be
expressed by a monotonic increasing function of
the particle's proper time ~„we are also allowed
to take the particular choice ct, =n„x,"(r,), where
n" is a fixed timelike unit vector pointing in the
positive time direction. In terms of this param-
eter the particle's position fulfill ct, =n„x,"(t,},
and if the same choice of parameter is made for
all particles (which is a further restriction) we
have in particular ct=n„x,"(t}, a=1, . . . , N. This
relation is just (2.16) for the particle choice n"
= (1, 0, 0, 0), the only case we will consider in this
paper. Equation (2.13) tells us that the identifica. —

tion (2.16) does not affect the form of the gen-
erators.

The Lagrangian (2.1) now becomes

m, c'
L.(t) = - Q '(,)

(2.17)

which is conserved [cf. (2.3)].
An infinitesimal homogeneous Lorentz trans-

yields the generator F(t) = --,'e „,J'"', where j""(t)
is the angular momentum tensor, which by (2.12}
is given by the expression

N

tt ] (A g A g j1)

(2.15)

which is conserved.
A covariant formulation with (2.14) and (2.15) is

in principle possible, but there is no natural in-
variant parameter t at our disposal. If the par-
ticles are parametrized by means of their proper
times, (2.14) and {2.15) are turned into multitime
quantities. However, a natural noncovariant for-
mulation is possible if we identify t with time (the
zero components of the particles' space-time co-
ordinates divided by c}, i.e.,
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)
x'.(t)x.'(t) (2.18}

(repeated latin indices are summed over from 1

to 3). The Hamiltonian is given by

E
fC'(t) = g —(m. 'c'+P,'P,')"'x,' -P.'t,

a =I

1=1,2, 3 . (2.29)

e(t) = cP'(t)

m, c'y. (t),
a=

and the total linear momentum by

P'(t) = m,y, (t)x,'(t), 2'=1, 2, 3 .
a=

(2.19)

Introducing the Poisson bracket between any two

dynamical functions A and B,

BA 8J3 BA ~B
,'(t) sp,'(t} p,'(t),'(t)

(2.30)

we get the following important relations:

The total angular momentum is then given by

8'(«1=g .«.txi*it«) —'i .'t«)J, (2.21)

and the generators of Lorentz transformations are

[x,', P']=6",
[x i g j] &i jkxk

[x,', If] = x,',
C

(2.3 la)

(2.31 )

(2.3 1c)

(2.3 ld)

m, y, (x,' —x,'t) .~

~

a=
(2.22)

~Lo ~ 5

Pa ~ 5 Pgaga X 5

oQa

which may be solved for x,':
Pac

2 (m 2 2+p kp k )I/2

II may now be written in terms of p,'.

(2.23)

(2.24)

e= c m. 'c'+P.'P.')" . (2.25)

Turning to the Hamiltonian formulation, one has
to introduce generalized momenta defined by

and

[p', H]=o,
[p' p']=o

[O', H J
= 0,

[Ic' H]=p',
[~i pi] +iikgk

[Pc g 1] e iikPk

[z' Ic']-e"'fc"

[Ic', tc']=- —,~'"Jk,
C

(2.32a)

(2.32b)

(2.32c)

(2.32d)

(2.32e)

(2.32f )

(2.32g}

(2.32h)

P'(t) = p,', t= 1, 2, 3
a=

(2.26}

J "(t)= (p,'x,' —p,'x.')
a=

Notice also that H =g,~,p,'X,' —I.„wi hcbhy

(2.23) tells us that we have the usual Legendre
transformation.

Now all dynamical functions can be expressed
in terms of the canonical variables x,' and p,'
(and possibly an explicit dependence on time).
We have, e.g.,

[Ic',p'] = —,5"a, (2.32i)

where (2.31) tells us that the physical positions
are transformed as Lorentz vectors under the in-
homogeneous Lorentz group, and where (2.32) is
just the Lie algebra of this group.

Thus, starting from the relativistically invari-
ant action (2.1) we have derived a Lagrangian and

Hamiltonian formalism in complete analogy with
classical nonrelativistic analytic dynamics. How

close the presented formulation is with the cor-
responding nonrelativistic formulation is seen by
taking the nonrelativistic limit. One finds

= -&"(t),
which also may be written as an axial vector
(e '"= the antisymmetric three-tensor):

g 5(~) &+5$Ag jest

(2.27) [Ici(t) Ici(t)] =0,

[JC'(t), P'(t)] =5"P m, ,
a =I

[x' fC']=-5'it,

(2.33)

(2.34}
N

eiJkx Jp
a =1

i=1, 2, 3 (2.28) where (2.33) together with (2.32a)-(2.32g) con-
stitutes the extended (by the neutral element



ROBERT MARNELIUS

g,",m, ) Galilean group, and where (2.34) to-
gether with (2.31a)-(2.3lc) teUs us that the posi-
tions of the particles now are transformed cor-
rectly under the Galilean group.

W'" = Wo+ 8"~", (3 1)

where W, is the free action (2.5) and W; is given by

N

WI —-~ gg, dt dt's ~t, t
(2 =1

(3.2)

where g„a= 1, . . . , N, are real constants (coupling
constants) and

~"„(f",f') = C„[x,"(f")x,„((')]'
x [.~;(&")x (f")j('-")"

x [XP(f')x„,(t')]"-')~',

where in turn Q„ is a function of

[x", (t") —x,"(f')][x,„(f")—x, „.
(f') J

(3.3)

and which is furthermore assumed to be sufficient-
ly nice to justify the following manipulations. r
is a number whose value chara, cterizes the inter-
action: r = 0 yields scalar interaction (gravitations, l
theories}, r=1 yields vector interaction (most
important; contains, e.g., the %heeler-Feynman
theory}, and r~ 2 yields tensor interactions of
different orders. (r = 2 contains a homogeneous
version of Whitehead's theory of gravitation. "")

We note that w"„ is homogeneous in x,"(f")and

x,"(t') of the first degree, i.e.,

~ay . p ~a& ~ ]

ax" ' ex" x
a b

(3.4)

This implies that the action (3.2) is parameter-
invariant, i.e., (3.2} is invariant under the re-
placement f'-f(l'), t"-g($"}for monotonic in-

III. THE LAGRANGIAN FORMALISM OF INTERACTING

RELATIVISTIC PARTKLES

In this section we shall introduce interaction be-
tween the N relativistic particles which were con-
sidered to be free in Sec. II. %e shall then only
consider interaction of the noninstantaneous ac-
tion-at-a-distance ~e. All field-mediated inter-
actions are excluded.

%e shall in fact only consider the following class
of relativistically invariant action integrals" (for
the construction of more general relativistically
invariant action integrals, see Ref. 39):

creasing functions f and g. [For more general
homogeneous interactions interactions than (3.3),
see, e.g. , Ref. 12.]

The condition (3.4} is usually imposed to ensure
~,"x,„=c' (Ref. 12) when f is equal to the proper
time of particle a. It is also a sufficient condition
for a satisfactory nonrelativistic limit. 2 Here it
is imposed as a necessary condition for retaining
the noncovariant formulation of the theory.

The most general Lagrangian whose integral is
the action (3.2} is given by the following expres-
sion:

where we have introduced an overall parameter t
by t= cyt'+Pt" and 0. +j('=-1, where n and P are real
parameters. This parameter choice is motivated
by the requirement that t'- t'+a and t"-t"+a
shall imply t- t+a, where a is a constant. Thus,
f = n(t'- t")+ f", which, by a change of variables
$ = t' —t", becomes t = n$ + t" or t' = t+ &

—n$ and

u is an arbitrary real parameter. In
fact an integration of (3.5) yields the action (3.2)
for any value of n [which may even have different
values in every term of (3.5)j. However, we have
no reason to choose a particular value of o., i.e.,
we are not able to define a unique Lagrangian, al-
though the equivalent choices + =0 and z =1 may
in a way be said to be fundamental as I.,",(t)
= Jz, (t} is partly local in time. That the Lagran-
gians (3.5) contain integrals is just an expression
of the fact that the action (3.2) only contains non-
instantaneous action-at-a-distance theories.

The next step is to apply the action principle
(2.8) to the total Lagrangian

I.„"(&) = f.(f) + L,",„((),
where I,, is given by (2.1). But since Iz' is non-
local in t, this is not a straightforward matter as
the conventional variation method is no longer ap-
plicable. Therefore a new variation technique has
to be developed and this is done in Appendix A,
where general formulas also are derived.

The equations of motion may be derived by use
of the formulas (A16) and (A23) or, alternatively,
by putting the functional derivative of the action
W = J dh f.„' (t) equal to zero. One finds (with c = 1

here and in what follows)

' dt (x'x
Gab I ~ & ~ err ~ 2&(1 r) 121 ~ 2)(i r)/2--

9x
(3.'7)
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where x," and x," have the arguments t and t+(, respectively. Equation (3.7) is independent of the param-
eter (2, as it should be. (The total action is unique. )

Equation (3.7} may be rewritten in a more explicit form as

g .-"g'. gg( -))I«'a. ,tg, ')'*t! „)' *(t! „)'g"- l, ~ r( .' .,)!;]
b=I

= -2ga gb dt'~ab Xa Xb } Xav —Xbv ua ubp) ua ubp t'g "+ 1 —t'}ua ua g ua ubp

where u,"=- x,"(x,') '/' are the four-velocities and

x," and x," have the arguments t and t', respective-
ly. Q,'b denotes the derivative of G„with respect
to (x.—x,)'.

Equation (3.8) simplifies for r=0 and in par-
ticular for ~=1. These two cases will therefore
be considered separately in the sequel. Equation
(3.8) yields

N ~ p

g, Qg, g& a„(*, )& '—,. ;,&,)b =I

~ IL( a li

=-2g '"' -g"" g (tt'c b'(x 2xb2)'/2
x b ab a b

a =I

x (x,„—x,„) (3.9)

for scalar interaction [r= 0 in (3.8)] and

= —2g

x"
a(. ))a

.'..P g„J«'a.,'(*'l(*:—:)-';(*.' — l)J

+ —,
' d(E,", t, ( -I.." t}6t,

a, b =I

(3.11)

where

for vector interaction [r= 1 in (3.8)].
The infinitesimal generator of a general varia-

tion of the action (3.1) may be found by means of
the formulas (A14}, (A22'), and (A24):

g. (&)
- g, . ;;„..". &.,„(&)

a -I (Xa

r:, (&1)= J« a(&. ,r, —'1-) f:„'-*(r—-' 1, &' 1 —l 1) g.'„t&' —'1&' 1 —'-(), , (r —&l ()

(

+ t 6{t—t
& 2( 2+~} bP t + 2~ 2Q(~ t 2( —2H()+gaby t + 2( —2Q~7 t 2~ 2+~

x 5,x,"(t'+-2"& ——2'n$)

+gab2(t& t+$)5()xa(t)+gab(((t, t —$)5()x,"(t)+(a b}, (3.12)

where in turn

A(t, ~)=-e(t+) ) —t)(t-~)
and

sw."b(t, t')f ab2(t& t }=2gagb SX2(t)

g gb G 2 (Xag Xb)t}(Xa Xb)&)

X (
~ 2)(1-r) /2(X 2)(1-r) /2

eu ".,{t, t')
gab)&(t& t } bgagb S )( rt)», (

2)(1 r)/2-
X (

' )-( +r2) / (1' )& 2)r-1

x [rxb„x,2+(1 —r)x, „(x,x„)] .

(3.13)

(3.14)

(3.15)

The arguments of particle a and h are t and t',
respectively.

Consider first an infinitesimal parameter trans-
formation t-t+)((t) [A(t) is an infinitesimal func-
tion] which induces the functional variation d,x,"

Equation (3.11)yields here after some
calculations

1 „"(t)=-0 for all r and (2 .

This is due to the (local) parameter invariance of
the total action, or equivalently the homogeneity
properties (2.4) and (3.4) [cf. (2.13}].

Consider next an infinitesimal space-time
translation x,"-x,"+e", a=1, . . . , X, where e" is
an infinitesimal constant four-vector. 5,x,"= e"
(a =1, . . . , t)t) and 5t =0 in (3.11) yields the gen-
erator I', (t) =e "P„"(t},where
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p„'(I)=, ,'„, g,„g d( )dt'a(t —t ,('),f—',„(I."",('', t' —,'-()+g.',„(i, i ~ i) g,".,(it ~ (, ) (g. ())

is the energy-momentum vector. Notice that
p „"(t) is independent of the parameter u.

An infinitesimal homogeneous Lorentz trans-
yields in turn, by inserting 5,x," =e"'x„„5/=0, in
(3.11) the generator F "(t) = —e""8„'„(t), where

tJ~„(t) =
f . 2)lf 2 (Xattxa)t —X ))xa(t)

a- xa

dt ( di a(t i'', ,'\l—{d:,(t' ———,'t, t ~ ll{ .'„(t'— t)*; tt —,'.l l
'—*.,(t' —,tl;„(i '—~ ll)l'

g, b =1

+ ra,',(t' ——,'t, t'+ ,'( )[x.„(t' ———,'()x,„(t'+—,'t }—x,„(t' ——,'$ )x,„(t'+,'-$ )]}
+ra.",(t, t +()[ x,„(t)x„(t+ t) -x,„(t +~} x„( )t ]+ra;,(t+(, t)[x,„(t)x„(t+t}—x„(t)x.„(t+t)]

+(r 1}ft.",(t, t+~) . ,", [x.„(t)x,„(t)—x,„(t)x,„(t)J
%'(t)x,g(t+ g)

x,

+ (r 1)a.",(t+g, t) ',}
" [x-,„(t)x„(t)—x,„(t)x,„(t)]x.'(t+t)x„(t}

X (t

(3.18)

where

Aag(tr t )= gaggGag (X . Xg(t}

X (X 2){1 r)/2(' 2){l-r)/2

a,', (t, t') =- !g.g,G„(x,' x„)"-'
X (

' 2){1 r) /2( ~ 2){l-r) /2-

The arguments of particle a and 6 are tand t',

respectively.
Equation (3.18) is the angular momentum tensor

and is like the energy-momentum vector (3.17)
independent of n. Thus, the nonuniqueness of the
Lagrangian (3.6), as represented by the param-
eter e, is neither reflected in the equations of
motion (3.7) nor in the conserved quantities (3.17)
and (3.18).

In the particular case of scalar interaction
(r=0}we have the conserved quantities

(3.19)

dt'G„(x.'x „)[x."(t' —&)x„'(t') —x."(t —t)x,"(t'}],

(3.20)

M t+ f
P"(t)= P „. ,; „„x,'(t}+ g g, g, dg dt'G„'[x,"(t')-x,"(t'-t)][&,'(t'}x,2(t'-t)]1/-",

LXa ) tt, b =1

/)t (t) N t+(
Z""(t}= Q , . ; „„,[x:x,"(t) —x."x,'(t)] + g, g, t dt

a =1 Lxa g, =1 t

N

td. (tl-=. g. g, jdt a.,{*','(t 1)]"*

(particle a has the argument t) and in the case of vector interaction (r= 1) we have

P"(t) = Q, . „' „„,x."(t)+ Q g, g, i dg G.,x,"(t+&)
a=1 Lxa a, b =1

N t+ g

+ g g.g, ~ at'G. ,'(x."(t') —x,"(t'-t)]x.'{t'}x„(t'-t),
a, b =1 t

Z"'(t) = g, . ,;]„,[x."x."(t) —x."x."(t)J
a=1 Lxa

N r
+ g g, g, J

dt G„[x,"(t)x,"(t+()—x,"(t+(}X."(t)]
a, b =1

+
~

dg dt'(G. ,'sf'„[x,"(t'-()x„"(t')-x.'(t'-t)x,"{t'}]
t

+ —,' G.,[x,'(t' —( )x,"(t') —x". (t' —t )x', (t')J }

{3.21)

{3.22)

(3.23)
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(The arguments of particle a and 5 in factors
where they are not mritten out are almays the
same as in those factors mhich are multiplying
them and mhose arguments are explicitly written
out. )

The difference between these results and earlier
results may be described as follows: Earlier,
one let the world lines of the different particles
depend on different parameters; e.g. , the free
Lagrangian (2.4) would thereby be transformed
into a multitime Lagrangian, f.»(t„. . . , t„). When
one then derived conserved quantities by a direct
integra, tion of the equations of motion or by ap-
plication of the finite Fokker action principle, ""
one obtained multitime quantities like P (t„.. . , t„)
and Z"'(t„. . . , t„). After (or before) this deriva-
tion, one identified the parameters t„a=j, . . . , X,
with the proper-times of the particles. But then
one can no longer escape a rnultitime formulation,
and a Lagrangian and Hamiltonian formulation is
no longer possible. If one instead mould identify
the parameters t„a=1, . . . , X with one common
parameter t, i.e., t, = 7, a = 1, . . . , N, then the
conserved quantities I'" and J"' would reduce to
the ones obtained in this paper. But it should be
noted that such an identification is not reconcilable
with a description in terms of proper-times.

What me have achieved so far is thus a single
parameter description of action-at-a-distance
theories. Homever, we have not yet specified the
parameter t or identified it with some mell-known
quantity. One could, e.g. , identify it with the
proper-time of one of the particles, which how-
ever would be a very unnatural choice. Instead
we think that the possible choices given in Sec. II
are the only ones worth considering, and since me
here intend to construct a theory in complete

analogy with classical nonrelativistic mechanics,
the most natural identification is in fact the fol-
lowing one:

t =x,"(t) = x,'(t) = ~ . ~ = x "(/) (3,24)

which is the same as (2.16) and which is justified
exactly by the same reasons which were given in

Sec. II. [Because of {3.16) the generators are not
affected by (3.24). ]

By means of (3.24) we get the following equations
of motion in the case of vector interaction [see
(3.10)]:

ui, —(y,x,')

dG,b, dQ
V(t+ (}., -X,'(t+ t, ),

a

b=1

a=1, . . . , X (3.25)

for p. =i and

= &a A"a dj 2G„'$ i(t+»»$ ) .—

a= 1, . . . , X {3.26)

for y, =0, where r, is defined by (2.18). IG,» has
the argument $2 —(x, —%»)~.]

Because of our choice of a homogeneous action,
(3.26) is not independent of (3.25). Given (3.25)
it is in fact not difficult to show that (3.26) is
automatichily satisfied. Equation (3.26) is there-
fore a redundant equation which may be discarded.
The conserved quantities associated with (3.25) are

)(t'

»(c p"(t(=g .&.=-~ p». », J«c.,
a =l a, b =j.

+ t», g» dg d» G,»
'$ [1 —x,'(t+»)x»(t+» —$)J

a, =l 0

c(i(=E .» "(c E;..»..J .«c u ((„*',.
a =l a, b=1

g, g» d( d», " [1 —x,'{t+»)x',(t+» —t)] .ex'(/+q)

These are derived by just putting (3.24) into (3.22). From (3.23) we have furthermore
.V Ã

("'.":-".i( ~ 2».». {«c,(*:(c'i(~ ((- i(i. *(,(:(((
a =1 a, b =l

+ 2 a~» f «d»(G. , '(I -x."x',)[x.'(t+» t)x', (t+») x', {t-+» g)x, (t-»)]
a, b =1 0

+ .G.»l x'.{t+»—&)x",(t+—») x".(t+» —g)x',—(t+»)j j (3.29)
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and

J "(t)= Q m, y, (x,' —x,'t)+ P g, g, dj G„[x,'(t) —x,'(t+))t]
a=1 a, b=l

+ p g, g, d~ dq(G. „'(I x,'x-', )[x.'(t+q (}-(t+q)—(t+q t-)x,'(t+n)]
a, b =l 0

+,'G.,-[x,'(t+t}) —x,'(t+7} —g)]) .

Notice that H, P', and J"have no explicit time
dependence as G,b has no such explicit dependence.

Expressions corresponding to (3.25)-(3.30) for
scalar and other interactions are derived in a
similar fashion, i.e., by inserting (3.24) into
(3.9), (3.19), and (3.20) or into (3.8), (3.17), and
(3.18).

Finally we would like to remark that we could,
of course, have made the identification (3.24) al-
ready in the Lagrangian (3.6) and then derived
the conserved quantities (3.27)-(3.30) by use of
the generalized action principle. For vector in-
teraction, such a Lagrangian looks like

& (t)= —
Q (')

~a% d~ ~ab
a, =l

x [1—x,'(t —o«)x', (t+$ —o.$)] .
(3.31}

A similar Lagrangian, Taylor-expanded at the
instant t, has to some extent also beeneonsidered

fOre 28 ~ 42

IV. THE HAMILTONIAN FORMALISM OF
INTERACTING RELATIVISTIC PARTICLES

Since we have shown that one can apply the full
action principle to relativistic particle mechanics
we strongly suspect that the derived conserved
quantities also fulfill the right generator proper-
ties (2.31) and (2.32) in some Poisson-bracket
sense. Peierls, "e.g. , once proposed a method
of defining Poisson brackets directly from a
Lagrangian formulation and maybe his method is
applicable here. (It has been applied to field the-
ories with nonlocal interaction, which are
structurally similar to relativistic particle the-
ories. ) Anyhow, Pauli, "who also has considered
this problem, seems to have believed that there
always exist Poisson brackets fulfilling (2.31) and

(2.32). He investigated in particular the question
as to whether there also exist canonical variables
in terms of which these Poisson brackets could be
defined in the usual fashion. His answer was
positive if only the equations of motion fulfill the
Newtonian Cauchy problem, i.e., the particle's

position and velocity at a particular time must
uniquely determine its whole world line. This
requirement is due to the fact that for a system
with Kparticles the Poisson brackets are de-
fined in terms of 6 K-independent variables given
at a. particular instant of time [see (2.30)J.

Now the equations of motion for noninstantaneous
action-at-a-distance theories are in their general
forms functional-differential equations [notice
that (3.25) and (3.26) are nonlocal in time], and
even if one usually restricts the class of functions
in the interaction terms such that they reduce to
integrodifferential or difference-differential
equations as, e.g. , in action-at-a-distance elec-
trodynamics, the above initial-value condition
will not be satisfied. "'" This is a problem which
we will come across in the following manner: As
our intention in this section is to check explicitly
the generator properties (2.31) and (2.32) we need
Poisson brackets for unequal times due to the
fact that the Lagrangian and therefore also the
generators are nonlocal in time. Consequently,
we have to solve the equations of motion, and
from the above it then follows that there will exist
many possible solutions for a given set of New-
tonian Cauchy data. The question is now whether
the relations (2.31) and (2.32) are fulfilled for all
these solutions and, if this is the case, is it then
in terms of a uniquely defined Poisson bracketT
Of course, this question is very hard to answer,
and it needs, in fact, not to be answered in this
general form since most of the solutions are to
be discarded on physical grounds. The situation
could be compared with that of Dirac's equation
with radiative reaction. ' This equation contains
time-derivatives of the third order which cause
the usual Cauchy data (position and velocity at a
particular time) to no longer determine a unique
solution. However, the equation cannot for this
reason be said to be unsatisfactory since it al-
ways seems to yield a unique physical solution. 4'

However, it contains also unphysical solutions,
which have to be discarded by some general and
fundamental condition. Dirac imposed on his
equation the asymptotic condition lim, .a" I7.) = 0,
where a" is the acceleration,

Since we intend to construct a theory in close
analogy to nonrelativistic mechanics it is here-
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natural to require that for any given Newtonian

Cauchy data we must be able, in an unambiguous
manner, to select a unique solution out of all
possible solutions of the equation of motion of the
particle in question. We need therefore a general
selection rule. Dirac's asymptotic condition is
only applicable to scattering processes and is
therefore not general enough here as the equations
of motion also contain bound-state solutions.
Staruszkiewicz4' has investigated a simp1. e ex-
ample for which he could formulate a principle of
selection in tmo equivalent forms, one of which
says that we should exclude all solutions which
are unbounded for 7.-~ or v —-~, which there-
fore also can be considered as unphysical. How-
ever, Andersen and von Baeyer" found when they
considered almost circular orbits that there also
exist, apart from the divergent solutions, ad-
ditional stable solutions. (Chem and Havas"
seem also to have found several stable solutions
for given initial data. ) These extra stable solu-
tions can be ruled out, however, if one selects
those solutions which become solutions of the
nonrelativistic theory as c-~."" (This is in

fact the second form of Staruszkiewicz's selection
principle4'}. Thus it seems that the most general
selection rule one can formu1ate at present is a
kind of correspondence principle: The physical
solutions must have a nonrelativistie limit. ' But
we would like to remark that the additional stable
solutions could have a physical significance and
should therefore not be ruled out. However,
their inclusion mould mean that we allow more
degrees of freedom than the Newtonian ones by
which we would depart considerably from the non-
relativistic case. On the other hand, it could
also be that this selection rule is so strong that
alL solutions would be ruled out for particular
initial data. ""

Regarding the question whether the framework
of the action principle in Sec. III can provide a
selection rule, we make the following remark:
Because of the fact that every infinitesimal gen-
erator E(t) is not just depending on the time in-
stant t but in general on a time interval around t,

it seems as if one cannot require the action 5'»
to be stationary when the variations 5x,(f}, a
= j, , A', vanish at t, and t„which is possible
in instantaneous action-at-a-distance theories.
One exception is when ty ~ and k2 +~ be-
cause in this limit the time intervals around t,
and t, are effectively separated from finite time.
Thus, the total action has to be stationary when
the variations of the positions are zero at the in-
finite past and future. Feynman has proposed the
use of this requirement as a selection principle.
However, it seems that only the additional diver-
gent solutions wouM be ruled out by this require-
ment. "

When we now turn to an explicit investigation of
the Hamiltonian forma1ism we encounter, apart
from the problem of solving the equations of mo-
tion and identifying the solution to be considered,
the problem of finding the canonical variables.
The actual construction will therefore always in-
volve a great deal of guess work in this respect.

We shall here only consider the simplest type
of interaction, namely, the general vector inter-
action given by the equations of motion (3.25}.
Moreover, we shall only consider a particular
class of solutions which reduce to straight-line
solutions in the limit g, -0, a=1, . . . , V.' " This
class of solutions is uniquely determined by the
Newtonian Cauchy data. ' '"'" O' They are, how-
ever, only applicable to scattering processes. """

By means of the matrix

we may transform the Eqs. (3.25} into the fol1.ow-
ing forms:

(4.1)

where

(4.2)

(4.3)

(4.4}

The equations (3.25) themselves may be written as

(4.5)

and the Eqs. (3.26) may be written as

m, y', (f) =g, s, (f) . (4.'l )

We shall always consider the Eqs. (4.1) to be the
basic ones. But as the solutions also satisfy (4.5)
and (4.7) we shall make use of these as well
whenever convenient.
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Integrating (4.1) we find

and

x,'(t)=x,',„(t)+ ' dt'e(t-t')H, '(t')
ma

(4.6)

the canonical variables at unequal times ~ The
obvious choice of possible canonical variables is
here x,',„(t)and p,',„(t), i = 1, 2, 3, a = 1, 2, . . . , ¹

because for them we have

«,'(t)=x,',.(t)+ ~
I dt'e(t t')(-t-t')R.'(t'),

a

[p.',„(t),p', ,„(t+t))]=0,

[x.',„(t),P', ,„(t+il)J =5' 5,
{4.17)

(4.18)

(4 9)

lim x.'(t) = x,',„(t)
g ~o

(4.10}

and reiluire that (this implies conditions on the
functions G,~)

where x,', (t) i. s a straight-line solution [x,',.„(t}=0]
completely determined by the initial conditions.
We impose the condition

[x,',„(t),x'„,„(t+q)J= " ~ {5' «', „g&, ) .
a 4, in

(4.19)

We shall first show that the generators (3.27)-
(3.30) fulfill the Lie algebra (2.32) when the
Poisson brackets are defined in terms of the above
canonical variables. Ne shall do this by showing
the following equalities:

lim [«,'(t) -x,',„(t)]=0 .
g ~-oo

(4.11)

(4.12)

By a change of variable, (4.8) and (4.9) may be
written in the following more suitable forms:

H (t) =H, (in},
P'(t) =P,'0n),
Z" (t) =Z,'(in),
Z" (t) =-ff '(t) =If,'(in),

where

(4.20)

(4.21)

(4.23)

x,'(t) = x.',„(t)+
a

di) 8,'(t+ )ii. (4.13}

We shall also find it convenient to use the inte-
grated forms of (4.5) and (4.7):

H, (in) -=g m, y, ,„,
a= I

P,'(in) = p', ,„,
a=

(4.24)

(4.25)

dg P,'(t+i)),

0

y, (t) =y, ,„(t)+ ga di) S,(t+q),
a oo

(4.14)

(4.15)

Z"(in) -=g [p'. ,„'x(t) —p.',„xi, {t)],

E,'(in) =Q m, y, ,„[x,', {t)—.~,',.„t]
a= 1

The solutions are obtained by successive ap-
proximations with respect to the coupling con-
stants in the following fashion (cf. Yang-Feldman
formalism in field theory'o):

n

x,'(t}=x,',„(t)+Q ' g x,'(„)(t;in),
n=1 a

a = 1, . . . , N (4.16)

If the relations (4.20)-(4.23}hold true, then it
follows from Sec. 11 that the generators (3.27)-
(3.30) fulfill the Lie algebra relations (2.32) of the
inhomogeneous Lorentz group.

Proof of (4.20). By (4.11) and (4.7) we have [we
use here and in what follows the notations H, (t),
etc., when we have replaced x, ,„by x, (t) in the
expression (4.24)-(4.27)]

where g(g~)"/m" stands for all possible combina-
tions of 2n -1 coupling constants and n masses,
and where x,'&„& are given expressions in terms of

x,',-„and x~,„, 6 =1, . . . , ¹ We impose on the
functions G,~ the condition that these iterative so-
lutions converge for at least distant collisions
[when the particles are not getting closer to each
other than ~g'/m {cf.Ref. 49)].

%'e make now use of the freedom to choose
canonical variables which need not be the physical
positions. ""The reason for this is that we need
explicit expressions for the Poisson brackets of

Ho(in) =H, (t)— dna, (t + q)

0
=H, (t) — dq g, s.(t+q),

ab ab 2G ~ & (t+~) 5 (4 28)

we get

which one also may obtain by a direct use of
(4.15). From
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Q

Ho(in) =Ho(t) — g, g, dqx, (t+q) d$ 2G,~'$x~(t+ $+7))—

Q

=«.(')'g ««, «(«., g ««, 2 «v «(«.,'(((-*'!(& n) ~ l(& '~ v ~ ()),
a, b=1 a, b=1

which after a change of variables in the last term (q-q —E) is easily shown to be exactly the expression
(3.27). Equation (4.20) is thereby proved.

Proof of (4.gf). By (4.5) and (4.11), or directly by (4.14), it follows that

S Q

P,'(in) =P,'(t) —Q g,
a=1

dn F.'(t +(})

=P,'(t)+ g, g, dq d$; " [1 x', (t-+)7)x', (t+q+t')]
a, =1

—Q g,g, dq d( "— " x', (t +rt+$),dQ, dc„
a, b=1 d$ dq

(4.29)

where we have used (4.28). The last term may be
written as d

——
d
—[(t +q)x', (t +q + t)G„]

N Q

—p « « f«...
t

d$ ———[G «'(t+q &+)]d( dg

g, gb d( G„i',(t+(),

=2(t+)7)x', (t+(7+])G„'t. (t+)7)x', x~
a

b ~ab

a, b=1

which together with a change of variables ()7- q —$)
in the second-to-last term in (4.29} shows that
(4.29) reduces exactly to the expression (3.28).
Equation (4.21) is thereby proved.

Proof of (4.22). Using (4.1), (4.5), and (4.11)
we get

Jo'(in) =d,"{t)
N Q

+ Q g, drt[F'(t +q)x,'(t+@)
a=1

—F",(t +q)x,'(t+q)],
(4.30)

which in this case is not so easily obtained by a
direct use of (4.12) and (4.14). By means of the
relation

x', (t +rt)x,'{t+)7 + t')
dC b

drab

d$ dq

{GabX b+a) +Gab X bXa

and a change of variables, one easily shows that
(4.30) is equal to (3.29).

Pmof of (4. 23). Using (4.5), (4.7), and {4.11)
one obtains

pQ

Z,"(in) =st {t) -oQ g, ( drt[m, S,{t q+'}(xt+)q
a=1

—F,'(t +)7) (t +)7)],

which after making use of the relations

~ ~~.b[x,'(t+tt)G„] =2 G„'(x,'(t q+) -x,'x',

and a change of variables reduces exactly to
(3.30}.

Thus we have shown that the generators (3.27)-
(3.30) fulfill the Lie algebra relations (2.32).
Next we show that the physical positions trans-
form in the following way [cf. (2.31)]:

[x,'(t), H(t)] =x,'(t),
[x', (t), P'(t)] =5'

[x.'(t), d" (t)] =x.'(t)5'" x'. (t)5'~,

[ '(t)x, K'{t)]=x,'(t)x', (t} —5 "t .

(4.31)

(4.32)

(4.33)

(4.34)

d7t rtR,'(t +(7)
TEE a on

where

For this purpose we shall make use of the ex-
pression (4.12). First we note that x,',„(t) trans-
forms as x', (t) in (4.31}-(4.34) due to (4.20)-(4.23)
and (2.31). Therefore we only need to check the
consistency of (4.12) with (4.31)-(4.34) because
then the right transformation properties of the
first- and higher-order terms in the expansion
(4.16) will follow automatically. In this consistency
check below we shall make repeated use of the
quantity [cf. (4.12)]
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A,'~(t+q) =x, (t+q) V~(.t+q+$), '~ -xt(t+q+$) o
'~ —, +26,~'$x~( +@+))

, —26„'$x', (f+q+$)x', (t+q}x,'(f+q}+ ~" x', (t+q}x,'(t+Yi) .
sx', (f +q)

(4.36)

(i) Consistency of (4. 12) and (4. 32). This is
trivial since A,b, does not contain any explicit t
dependence.

(ii) Consistency of (4. 2Z) and (4. 32). Equation
(4.32) implies [x,'(t), P'] =0, from which one real-
izes that [R,'(/+q}, P'] =0 since

Gab ~ab
&xf (t+@) Sx', (f +q + $)

and

=x', (t) +x', —~1 . 1 . d 1

(~.(t) ' ' ~.(f)

[A,'„K'] = —(x', A,',}+x,'A'„

+ —[(x', —x', )A,',]

(iii) Consistency of (4. 22) and (4. 33). As
[x', x', , 8"]=0, etc., it follows that [A,'„J"]
=A~ O' -A", 5~'.

ab ab

(iv) Consistency of (4. lZ) and (4. 34). From

[x.'(t), Zf] =X.'(t)xf (I) +x '. (t)x'. (i) —5",
which follows from (4.34), we get

by a straightforward calculation.
Combining these expressions one finds

[R,'(t +q), K'] = „[x,'(t +q—)R,'] +x', R,'

+x,'R', ,

which finally yields

where we have made use of (4.12) and (4.13) and the relations

', x,„(t+q) =x', . (f)+qx', . (t),

f
0 0 0 0

&vf(( n( &n (:(& n+n (f~ &n'(:(t'+n(f ~n'f(' ~ ~ n (''deaf(t+q) dq'g(f+q') .

~0 0 0 0 0

dq(7R.'(f +q), ff' = -xf, (I} dqR,'(I +(7) +x (,„(I) dye)R', (I +@)+ dqR,'(I +ri) d(I'q'R', (I +()'} I

lJ oo ~ oo oo ~w oo

Thereby we have explicitly shown that we have
a canonical representation in terms of the canon-
ical variables x,',„(t) a,nd p,',„(t), i = 1, 2, 3,
a=1, . . . , N.

We could also have integrated (4.1) in the fol-
lowing way:

x,'(I) =x,'.„,(t)+ —' dye.'(t+q),
a 0

and

lim x,'(t) =x,' „„,(t)
g ~p

(4.38)

where x,',„((f) is a straight-line solution completely
(but indirectly) determined by the initial condi-
tions. If we impose the conditions

(4.34), but now with x,',„, and p,',„, =m, y, ,„,x,',„,
as canonical variables.

x,' „„,(f) and x,',„(I) are different in the presence
of interaction. Comparing (4.12) and (4.37) one
finds

x.'.„,(t) =x.'.(t) —~' dg qg.'(t+~) .
PÃ a oo

(4.40)

Thus if x,',„ is known, then x,',„, can be calculated
and vice versa. In fact x,',„(t) and x,'.„,(f) coincide
with the particle trajectory at the infinite past
[cf. (4.11)]and at the infinite future [cf. (4.39)],
respectively. Now it is clear from the above cal-

xa pa i
a d xa out «pa out

canonically equivalent variables, which in terms
of the bilinear covariant also can be expressed by

lim [x,'(I) —x,',„,(t)] =0, (4.89} g (5x.',„sp,',„-5p.',„ax.' . )

then one can show in exactly the same way as
above that the generators (3.27)-(3.30) fulfill the
I.ie algebra (2.32) [the relations (4.20)-(4.28) will
be replaced by Ho(out} H(t), etc.] and that the
physical positions transform according to (4.31)-

a,out+Pa, out Pa, out+ a, out.

where 5 and ~ are two independent variations of
the orbit.

The physical positions however cannot be chosen



10 LAGRANGIAN AND HANILTONIAN FORMULATION OF. . .

as canonical variables. Calculating the Poisson
bracket between any two physical positions, using
the expansions (4.16), one finds

[x', (t), x, (t)] v 0 (4.41)

for ash and/or t xj. Already in the first order
the right-hand side of (4.41) is a quite messy ex-
pression. However, it does only depend on x,',.

and x,',.„which tells us that (4.41) holds true ir-
respective of the number of particles in our sys-
tem. Thus it is the type of interaction which
causes the nonzero value of (4.41). In fact (4.41)
is due to the fact that the interaction is nonlocal
in time. Taking the nonrelativistie limit

x f(x, (t), x~(t+ 5), ()
=G(-[x,(t}-x, (t)]')f'(x, (t), x,(t)),

the interaction will be local in time, (4.41) is re-
placed by

and the physical positions can be chosen as canon-
ical variables.

V. DISCUSSION OF THE RESULTS

W, = dt, dt, dt, f x, (t, , x, t, , x, t, )) .

(5.1)

Define a common parameter t by t = nt, +Pt, + yt, ,
where n, P, and y are real parameters fulfilling
e+P+y=1. Introduce the new variables $ =t, —t,
and q =t, —t, . The Lagrangian corresponding to
(5.1) is now

dg deaf x, t +( -p, x,(t+g-p, x, t-p },
where p = e$ +Pq. The present extension of the
conventional action principle (2.8) is therefore
more general than the finite Fokker action prin-
ciple, '""as the latter cannot be extended to ac-
tions of the type (5.1).

%e have shown that a wide class of particle the-
ories formulated in terms of invariant Fokker
actions can be endowed with a Lagrangian formal-
ism. From our treatment it is obvious that one
may also transform any parametrization-invariant
Fokker action into a Lagrangian formulation in
exactly the same fashion as presented here. One
can even introduce N-body forces for arbitrary N.
Consider, e.g., the following interaction part of
an action:

By the applicability of the Lagrangian formalism
me expected also to have a Hamiltonian formalism.
But when we turned to an explicit investigation of
this formalism we encountered several new prob-
lems all due to the nonlocality in time. Owing to
the fact that the generators are nonlocal in time,
we have to solve the equations of motion (at least
formally) in order to check the Poisson-bracket
relations. However, the equations of motion are
also nonlocal in time, which implies that the New-
tonian Cauchy problem is not fulfilled; i.e., the
specification of the position and velocity at a par-
ticular time does not yield a unique solution. %'e

therefore need a subsidiary condition which selects
only one solution out of all possible ones if the
Newtonian degrees of freedom are to be retained.
In the literature such a selection principle has
been given which seems to be quite general (but

perhaps too strong); it demands that one always
chooses the solution which has a nonrelativistic
limit. "

We have investigated a particular set of solu-
tions, namely, the one which is obtained by the
iterative procedure (4.16}which sets out from
straight lines. These solutions are uniquely

determined by the Newtonian initial data, but the
procedure converges only for distant collisions.
However, for this class of solutions we found that
me indeed have a Hamiltonian formalism as ex-
pected. %'e also found two equivalent sets of
canonical variables. A negative result for the set
of solutions considered was that the physical posi-
tions cannot be chosen as canonical variables. It
seems therefore as if the no-interaction theorem, "
which is supposed to hold only for instantaneous
action-at-a-distance theories, might be general-
izable to noninstantaneous ones. In fact our way to
construct the Hamiltonian formalism eircumvents
the no-interaction theorem exactly in the way pro-
posed by Kerner and Hill"" for the instantaneous
case. One may therefore ask whether there is a
relation between instantaneous and noninstanta-
neous action-at-a-distance theories, or more
precisely: Do there exist equivalent equations of
motion to the ones considered in the present paper
(together with the selection rule) which are just
differential equations of second order? We do not
know, but we would like to remark that if one re-
duces the equations of motion to differential equa-
tions of second order by means of the solutions
considered in Sec. IV,"4' then the solutions of
these new equations will not coincide with the
original ones (only the first-order terms do).
Presently we have, therefore, no general reason
to believe that the no-interaction theorem is ap-
plicable here. There might exist other sets of
solutions (e.g., the circular ones" '0) than those
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obtained from the iterative procedure (4.16), for
which the physical position can be chosen as a
canonical variable.

We note in this connection that although we might
have a selection principle which gives us a unique
solution for any Newtonian Cauchy data, we have
no uniquely defined Poisson bracket for all these
solutions. The reason is that the Poisson brackets
in Sec. IV are only applicable to scattering pro-
cesses, where we have asymptotic straight-line
solutions. Therefore we also have no hint how to
find the canonical variables for the other solutions,
which of course have to be investigated before one
can draw any definite conclusions about the Hamil-
tonian formalism in general. However, we notice
one general property of the Hamiltonian formal-
ism: It is not possible to define any variable P,'
such that the Hamiltonian is given by

H(t) = Q p,'(t)x,'(t) —I,{t),
a= 1

(5.2)

which is a heavily used relation in ordinary Hamil-
tonian methods (together with the fact that p,' and
x,' are canonical variables there). As a conse-
quence, the present generalized canonical formal-
ism will always differ considerably from the cor-
responding nonrelativistic formalism.

VI. OUTLOOK: QUANTIZATION

Finally we would like to outline the various pos-
sible ways to quantize relativistic particle me-
chanics following the conventional prescriptions,
and thereby in particular point to the problems.

The Heisenberg picture. We have shown that the
classical theory allows for a Hamiltonian formu-
lation and therefore a canonical quantization is
also possible. Follow'ing Dirac's prescription we
replace the Poisson-bracket relation (4.18) by the
following canonical commutation relation:

(6.1)

The quantum solution x,'(t) is now obtained by
meansof the expansion(4. 16). (Cf. the Yang-Feld-
man quantization. '0 In the particle case this quan-
tization was proposed in Ref. 51.} But because of
(4.41) we arrive here at a serious ordering prob-
lem in the various dynamical quantities. How-
ever, it is possible to retain the canonical struc-
ture for appropriately ordered generators. " But
when we impose, in a similar fashion, the canon-
ical commutation relations (6.1}on the canonical
variables x,' „„,and p,',„„we arrive at a different
quantum solution x,'(I}. This is due to the fact that
here we have to choose differently ordered gen-
erators in order to retain the canonical structure.
[For the Hamiltonian one gets, e.g. , Ho(in}=H(t)

wH'(I) =H, (out). ] The origin of this nonuniqueness
of the generators (and thereby of the solutions) in
the quantum case is most easily seen by means of
the quantum action principle. "" If we let the
variables in the action be operators and perform a
variation, then we are here no longer allowed to
assume that this variation is a. c number. The
reason is that c-number variations can only be
used in theories where the physical positions are
canonical variables. Therefore, we have here to
make use of q-number variations instead. As a
consequence we will also obtain an additional
term in 5W„which contains commutators of the
variations. This term can then be split in many
different ways such that 6W» =F(3,) —F(t, ) still
is applicable. Thus, F(f) will be nonuniquely de-
fined. As this will occur irrespective of how one
symmetrizes the Lagrangian, we infer that x,' .

and x,' „„,can never be unitarily equivalent. Hence,
we conclude that one cannot in a consistent fashion
perform a canonical quantization of the solutions
considered in Sec. IV and probably not for any
solution for which the physical position is not a
canonical variable. The nonuniqueness of the gen-
erators tells us that we do not fulfill the condition
of asymptotic covariance in the S-matrix theory
of Fong and Sucher, "which implies that there
does not exist any relativistically invariant S ma-
trix. The unitary inequivalence of x,' . and x',„,
implies furthermore that there does not exist any
unitary S matrix. In the author's opinion no mean-
ingful S matrix can be defined. "

The Feynnsan Picture. We have shown that the
classical theory allows for a Lagrangian formula-
tion, and thus it would also be possible to perform
a quantization by means of Feynman's functional
method. ~ What this would mean in the present
context is an open question, in particular since
the relation (5.2) is not satisfied here [nor do we
have L(f) =g,",p,'. x,', —H(f)]. In this connection
it should also be noted tha. t Feynman's method is
not applicable to the finite Fokker action as this
action does not have the necessary additivity prop-
erty W„=W»+ W» (required by the superposition
principle).

TAe Schrodinger picture. Consider particles
which have the same type of interaction with an
overall function G(x, x,). If one also includes
self-interaction of the same type and with the
same function, then one may say that a fiel.d the-
ory with nonlocal interaction represents the
Schrodinger picture of the theory" "(cf. also
Ref. 5'I). This is perhaps not too close a corre-
spondence but, on the other hand, one may notice
that even the free Dirac or Klein-Gordon equation
is not the straightforward Schrodinger picture of
a free relativistic particle. Field theory with non-
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local interaction has a. structure very similar to
tha. t of relativistic particle mechanics; it has,
e.g. , a Lagrangian and Ha.miltonian formalism of
the same generalized form as the one presented
in this paper. But then one also encounters the
same problem as above when performing any se-
cond quantization of the theory, which is therefore
not possible at least within the Heisenberg pic-
ture. "

sL(f)
s[D"x,"(f ]

a=i, . . . , fV, p, =(0), 1, 2, 3 (A'I)

and the infinitesimal generator

sL(&)
E(A= —Q p Q ( Dl-

x u, D'x~(f}
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APPENDIX A: THE GENERALIZED VARIATION METHOD

In this appendix the appl. icability of the action
principle is extended to nonlocal Lagrangians of
the type considered in Sec. Irr, i.e., Lagrangians
containing integrals over time. General formulas
are derived by making use of the variation method

for Lagrangians with higher-order time deriva, —

tives formally generalized to infinite-order
Lagrangians.

Consider the Lagrangian

L"(f)= L(x.', Dx.', -. . . , D"x.'}, (A1)

where D= d/dt and -n&~. Application of the action
principl e

The interaction Lagrangians in Sec. III are func-
tions and/or functionals of x," and x.,". Assume that
a given one has the following form:

,(t)=f d\(.:(*.'(& (), ), (A 9)

)
BZ

fg))( t k s )((f t )

where 2 is a function of x,"(f+$) for at least one
value of a, and a function/functional of other x,"
and i,". Then one finds that

sL, (f) ~ sg, sx."(t+t)
s[ Dx,"( )f] ( sx."(f+g) s[

D" x( )f]

(7
d$ f,„t,$) —,, x=0, . . . A10)

uw„= P(f, ) I- (f, )

to the action

df L"(t)
t~

yields the equations of motion

(A2)

(A3)

x."(f+()=Q —, 'Dx( )f
i=o~ l

(formally). The part of the infinitesimal generator
which is associated with the pa, rticular x," explicitly
given in (A9) is therefore (Of =0 here and in what

follows)

and the infinitesimal generator

S -1
p(f) = p p'. „,f),D'x.' —L"f f,

(2 =1

where

xf, „(&, t}&,[((D)'x."(&)J, (All)

whose time derivative is

7= 1, . . . , n, a=1, . . . , Ã (A6)

f,„(t, $)5,x,"(f+-()J . (A12)

It is a straightforward matter to show that (All)
may be written as.

are Ostrogradsky's" generalized momenta. [A
Hamiltonian formalism may be constructed with

p,' „and D' 'x,' (7=1, . . . , n, a= 1, . . . , Ã) as canon-
ical variables. "]

Now let n-~. Formally one then gets the equa-
tions of motion

x 5,x,"(f+ 2f. }, (A13)

an expression which in turn may be transformed
into a convolution
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g.(Ii= '—J gt J gt'Z(t —t', )i)

&& f.[
(t' —Dt't $}

x 5,x,"(t'+,'~),
where

n(t, ~)=-e(i+~) e(t—-~) .

(A14}

(A15)

where

~ ~ ~4Z.[(f, h)
( 1), ,

(A18)

The part of the equations of motion associated
with the x, explicitly given in (AS) is, according
to (A7) and (A10),

~f.„ t-&, &) + ~ ~ .=0) . (A16)
(formally). The part of the infinitesimal generator
associated with the particular x," explicitly given
in (A17) is therefore

Consider now an interaction Lagrangian of the
form

(A17)D;(I)= J «D(*."(I (), . . . ),
where g' is a function of x,"(t+$) for at least one
value of a, and a function/functional of other x,"
and x,". Instead of (A10) one now finds

g;(I)=-I I Jg( g I t( (D)g (I t)

x 5.[RD)'x."(&}l,
whose time derivative is

Dg (I)= —J g([Dg , (I t, t)II &. '(I)—

(A1S)

(f+~ }
s[D"x,"(f)] sx,"(I+~) s[D"x,"(f}]

+g, [t(tt $ }Dd D(xi+ $)] . (A20)

(A1S) may be rewritten as

g';(t)=PI Jg( (-(D)'Dg..(t, ()t.[((D)'g(t)]- J g(g, (t ()t.*!(I (),
which in turn, by means of (A13) and (A14), may be transformed into

g(D= J g( J gt'&(I —I', l()D g (I ——.'t, 't).t,.*"' (I' ~ l() Jg(g.., (t t)t —g (I+i) .

By partial integration one also gets the following alternative expression:

g: (I) J g( J g=t —g( I I', :t )g.„( I '.(, ( )D —t.g —(I t ) —J-g(.g—'..„(I——t, t )t,*."( I) .

(A22)

(A22')

The part of the equations of motion associated
with the x, explicitly given in (A17) is, according
to (A7) and (A18), here given by

-D +f q t —$ $ + =0). A23)

The Lagrangians (AQ) and (A1'I) comprise all
nonlocal Lagrangians depending on the positions
and velocities of the particles. In applications
one has to write the given Lagrangian like (AS)
and (A17) for each position and velocity involved.
The above expressions are then valid for each such

separation and the final formulas are arrived at
by simply adding these expressions together. The
infinitesimal generator (A8) gets, e.g., the follow-
ing final form:

F(f)=g E,(&)+g E.(&)-1-(&)«,
sep. a

(A24)

where the last term comes from the end-point vari-
ation.

A corresponding variation method has also been
developed for nonlocal field theories. "
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