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We discuss single-fermion-loop vacuum-polarization processes in massless quantum electrodynamics in
the one-photon-mode approximation, in which the fermion self-interacts (to all orders in perturbation
theory) by the exchange of virtual photons in a single virtual-photon eigenmode. The isolation of one
photon mode is made possible by using the O(5)-covariant formulation of massless QED introduced in
two earlier papers, in which the photon wave operator has a discrete, rather than a continuous,
spectrum. The amplitude integral formalism introduced previously expresses the one-mode
radiative-corrected vacuum polarization in terms of the uncorrected vacuum amplitude in the presence
of a one-mode external field. By exploiting the residual SO(3) X O(2) symmetry of the one-mode
external-field problem, which permits separation of variables, we reduce the external-field problem to a
set of two coupled ordinary first-order differential equations. We show that when the two independent
solutions to these equations are suitably standardized, their Wronskian gives (up to a constant factor)
the external-field-problem Fredholm determinant. We study the distribution of zeros and asymptotic
behavior of the Fredholm determinant, relate these properties to the coupling-constant analyticity of the
one-mode vacuum polarization, and conclude by giving a brief list of unresolved questions.

I. INTRODUCTION

We begin in this paper the analysis of a simple,
nonperturbative approximation to single -fermion-
loop vacuum -polarization processes in massless
quantum electrodynamics. In our approximation,
the virtual fermion in the vacuum-polarization
loop self -interacts to all orders of perturbation
theory only by the exchange of virtual photons in
a single virtual-photon eigenmode. The isolation
of one photon mode is made possible by using the
O(5)-covariant formulation of massless QED in-
troduced in two earlier papers,”? in which the
photon wave operator has a discrete, rather than
a continuous, spectrum. Specifically, our approx-
imation is obtained by replacing the full effective
photon propagator

Yr(.}r)w Yr(llin)b
D‘fb’(m,nz)ew; = Y’I;(mz()") (1.1)

by the simple, factorizable form

Do (0, 15) =+ Y, () Y0 () (1.2)

which results when the sum in Eq. (1.1) is trun-
cated to contain only one of the 10 modes in the
smallest (n=1) photon representation of O(5).
Specifically, the one mode which we retain has
the form

W 15 1/2
Yiuan)= 1672 (V1an * Uy = VN * V), (L.3)

where v, and v, are arbitrary, orthogonal five-
dimensional unit vectors,

v2=0,°=1, wv,-2,=0, (1.4)
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and where 7 is the five-dimensional coordinate.

As was shown in Ref. 2, the radiative-corrected
single -fermion-loop vacuum functional in the one-
mode approximation (denoted by W,[A’]) is given
by the amplitude integral formula

, © 6 \M2 —~3q2
W,[a'YY/e] = f_m da<-2-ﬂ?> exp(—;—-)

xWO@+a)yy], (1.5

where W ©[A] is the single-fermion-loop vacuum
functional in the presence of an external electro-
magnetic potential A, with no internal-virtual-
photon radiative corrections (and with the depen-
dence on the electric charge e eliminated by a re-
scaling of the electromagnetic potential). For-
mally, W@[A] is given by the expression

wOlA]l=LTrink,,

(1.6)
hp=2-L-+S-ia-na-A,

with the anticommuting matrices o and the O(5)
angular momentum and spin L and S defined as in
Ref. 2. If we introduce the eigenvalues u of k,
(which, as we shall see, occur in quadruples u,

i, —u, —p)and define the external-field-problem
Fredholm determinant

atal=( I

1/4
b)) (1.7)
all eigenvalues
then W® can be written as
W@[A]=21na[A4]. (1.8)

As is evident from Egs. (1.5)-(1.8) and as was
developed in detail in Ref. 2, the analyticity prop-
erties of W, as a function of coupling e? are deter-
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mined by the asymptotic behavior of W@ [ay ()]
for large external-field amplitude a, or, what is
essentially equivalent, by the distribution of zeros
of the Fredholm determinant A in the complex a
plane.

Let us now spell out more specifically the con-
nection between the e® analyticity of W, and the
a dependence of W© . In order to make Eq. (1.5)
unambiguous, we must specify the integration
contour to be used in evaluating the a integral. In
Ref. 2 we argued that this contour should be taken
to be along the real ¢ axis, or possibly (and very
conjecturally) along the imaginary a axis. Equa-
tion (1.5) with real integration contour will be well
defined if A has no zeros (and hence W'® no sin-
gularities) for a real. If w9 s asymptotically
weaker than an increasing Gaussian in a as «
becomes infinite along the real axis, then Eq. (1.5)
defines an analytic function of e? in the right-hand
e? half plane. If, moreover, A has no singularities
in the wedge -shaped sectors |Rea|> |Ima| and the
vacuum amplitude WO jg asymptotically weaker
than a Gaussian in these sectors, the integration
contour can be freely deformed within these sec-
tors from its original position along the real axis,
implying that W, is an analytic function of e® in the
entire e® plane, apart from a branch cut along the
negative real axis from e?>=0 to e*= —. Thus,
for real integration contour the questions at stake
are:

(i) Is A zero-free for a real?

(ii) Is W© asymptotically weaker than a Gaus-
sian as @ ~+ = along the real axis?

(iii) Is A zero-free in the sectors |Rea|> |Ima|?

(iv) Is W© asymptotically weaker than a Gaus-
sian as |a|- o within the sectors?

In the following sections we present analytic argu-
ments which answer questions (i), (ii), and (iv) in
the affirmative, and we present numerical results
(but no proofs) which also suggest an affirmative
answer for question (iii). Next let us consider the
speculative possibility of an imaginary integration
contour. Such a contour is allowed only if fwo
conditions are satisfied: A must have no zeros
for purely imaginary @, and W© must vanish as a
decreasing Gaussian (or faster) as a -« along the
imaginary axis. As shown in Ref. 2, if W@ oscil-
lates along the imaginary axis with a decreasing
Gaussian envelope, then the imaginary contour
yields a strong-coupling electrodynamics in which
W, exists for large enough e? and can develop an
infinite -order zero as e? approaches a positive e’
from above. Thus, the questions at issue for a
possible imaginary integration contour are:

(v) Is A zero-free for ¢ imaginary?
(vi) What is the asymptotic behavior of WO as

|a| - along the imaginary axis?

The analytic arguments which follow answer ques-
tion (v) affirmatively. With respect to question
(vi) we can only give limited numerical results,
these show no signs of decreasing asymptotic be-
havior, but, because the asymptotic region may
not have been reached, do not conclusively resolve
question (vi).

The material which follows is organized so that
a knowledge of the O(5) formalism is needed only
to read Sec. II, in which we consider the wave
equation determining the eigenvalues u of g,

[2-L-S-iaa-na- Y&M)o=pnd, (1.9)

and show that separation of variables with respect
to the SO(3)*0O(2) subgroup of O(5) reduces Eq.
(1.9) to a pair of coupled ordinary first-order dif -
ferential equations within each separable subspace.
In the remaining sections, which can be read in-
dependently of Sec. II, we study the properties of
this differential-equation system. In Sec. III

we recapitulate the results of Sec. II and argue
directly from the differential equations that A has
no zeros for a in strips containing the real and
imaginary axes. In Sec. IV we construct the
Green’s function of the one-dimensional system,
and use it to establish a connection between the
Wronskian of the two independent solutions of the
differential equations (suitably standardized) and
the Fredholm determinant A. In Sec. V we use
this connection, combined with WKB estimates, to
determine the order of growth of A for large |a].
In Sec. VI we construct series solutions for the
two independent solutions of the differential equa -
tion, and use them to study A(e) numerically.
Finally, in Sec. VII we briefly summarize the
many remaining unresolved questions. In Appendix
A we explicitly calculate the Green’s function in
the free case, and in Appendix B we give the de-
tails of the WKB calculation used in Sec. V.

[I. REDUCTION OF THE ONE-MODE PROBLEM

In this section we carry out the separation of
variables which reduces the partial differential
equation (1.9) to a pair of coupled ordinary first-
order differential equations. In Sec. II A we de-
termine the conserved quantum numbers of Eq.
(1.9), and show that the eigenvalue problem diag-
onalizes with respect to an SO(3)*XO(2) subgroup
of O(5). In Sec. II B we introduce a representation
of the O(5) generators which facilitates reduction
of the eigenvalue problem with respect to the con-
served subgroup. The reduction itself is carried
ocut in Sec. IIC. In Sec. II D, we perform a check
by solving the free (2 =0) case and verifying the
eigenvalue degeneracies found in Ref. 2. We also
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work out the boundary conditions appropriate to
the separated equations in both the free and the
interacting cases. Finally, in Sec. IIE we make a
transformation which simplifies the equations in
the interacting case, and construct the external
field problem Fredholm determinant introduced
in Sec. I.

A. Conserved quantum numbers

To analyze the conserved quantum numbers of
Eq. (1.9) we choose axes in the five-dimensional
space so that the 1 and 2 axes lie, respectively,
along v, and v,. The Hamiltonian in Eq. (1.9) then
takes the form

he=hY +V,
W9 =2-L-S, V=ixa-nlamn,-an,), (2.1
X=—-a(15/167%)"2,

Introducing the O(5) generators

Jab = Lab + Sab

oy 03 1
—manb rlhafla +4laasab] (2.2)
we obviously have
(Jap, kY] =0 2.3)

since the free Hamiltonian £’ is rotationally in-
variant. Furthermore, since

[Laby Th] =1a0pc = Ms0ac @2.4)

[Sab» ac] = a0y — @040
we find, as expected, that o*n is also rotationally
invariant,

[Jap, @+n]=0. (2.5)

Hence the generators J,, which commute with h,
will be just the ones which commute with the factor
a,m, - @,n, in the potential term. From Eq. (2.4)
we find trivially that

(54 @iz = @ ] = [Jss, @me = o, |
= [Js, @Mz = 0z, |
=0, (2.6)
indicating that h; is invariant under the SO(3) sub-

group generated by J,, J35, and J ;. In addition,
we have

[d12) @Mz = a5 ] = ~ any = ayny + @, + QoM
=0, 2.7

so that ky is also invariant under the O(2) sub-

group generated by J,,. The other generators J,,
do not commute with ;. In addition to the SO(3)
XQ(2) invariance group which we have just found,

there are also two discrete invariances of A .
Defining a coordinate inversion generator P,

PpP '=-n, P%=1, (2.8)
we see immediately that
[P,hp]=0. (2.9)

Finally, letting «g be the o matrix which anticom-
mutes with «,, ..., a;, we have

[ag,hr]=0. (2.10)

This last invariance permits us to split the eight-
component spinor eigenvalue problem of Eq. (1.9)
into two identical decoupled four -component prob-
lems. Diagonalizing the four-component spinor
with respect to the conserved quantum numbers,
we write

V= Dime s

(sa® + 55" + a5 Womee = = 107 + Dmte »

I a5 imee = My (2.11)
J12¥imte = L6 jmte

PYjmge = €4 pre -

As we will see in detail below, the separation
constants take the values

~

n
(S
olw

==j,=j+1,...,75,

(2.12)
E=xh,3, ...,

€=x1.

Qur task in the succeeding sections will be to find
the form taken by the eigenvalue problem of Eq.
(1.9) when restricted to the subspace of Eq. (2.11).

B. Explicit representation of the O(S) generators

We introduce now an explicit representation of
the O(5) generators which facilitates the reduction
of the eigenvalue problem with respect to the
SO(3)X0O(2) subgroup. We begin with the spin
operator S, =3[ a,, @,]. Letting o, , 4, T, , 3 and
P2 3 be three commuting sets of 2X2 Pauli spin
matrices, we represent the 8 X8 matrices a, ...
ag in the form

’

a,=0,Ty, 0=T3Ty, Q3=P3037;,
(2.13)
A, =0,03T, Q5=P037,, 0Cg=T3,

so that the spin matrices become
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Sis= = 30,05, Sps=3ip,0,, (2.14)

Sy = %ipz » Si=- %ipsoz ,

Sp3 = %ip:,()'l , Sis= éips .
Since the Hamiltonian h; is even in the o matrices
o, ..., Qs itis a unit matrix in the space of the
7 Pauli matrices. As noted above, this immediate -
ly reduces Eq. (1.9) to two identical decoupled
four -component eigenvalue problems.

To represent the orbital angular momentum L,

we parametrize the coordinates n,,...,n, in the
form

n,=siné,cosp,, n,=sinb, sing,,
N, =cosé, cosb,, mn,=cosb,sinbd,coso,,

75 = cosf, siné, sing, , (2.15)

0s6,<3m, 0s¢, <2,
Osb,sm, 0<¢,<2r

corresponding to an O(2) (angle ¢,) and an SO(3)
(angles 6,, ¢,) combined with mixing angle 6,. In
terms of these angular parameters, the coordinate
inversion operation is

fal"gw O =@ +7,
N—=-ne ) (2.15%)
By~ =0,, ¢~ P+T.

The hyperspherical surface element becomes

[, &m am amy 2,7
136, 99, 86, 30,
N2
dQ, =det| * © | d8,do,do,do,
g, s ... O
L '° 06, 90,

=co0s%6, sinb, db,(do,)(sinb,db,d¢,), (2.16)

which, not surprisingly, has a mixing-angle fac-
tor, an O(2) factor (d¢,), and an SO(3) factor
(sinb,db,d¢,). By dint of considerable algebra
one can express the orbital angular momenta in
terms of derivatives with respect to the angles of
Eq. (2.15). To write the results in a compact
form, we introduce auxiliary operators M;, N,
pP;, j=1,...,3, as follows:

. 9 )
M,=~sing, B—E —cotGlcos%;p— s
1

9 9
M, = cos¢15? —-coté,sing, 53)—
1 1

’

. 9 9
N, = —-smcngé— —cotf)zcoscpzég ,
2 2

] . 9
N2=cos¢~25§; - cotb, sm¢>25(—P: , (2.17
a
Ny=—o,
8 a0,
P - 6 9 6. si al
,=CoSs 2cos<1>2892 -csc zsm(pza(p2 ,
P,=cosb,sin i+csct9 cos =
27 2 ¢2392 2 ¢28¢2 ’

9
pP,= —sinGzéT .
2

These satisfy the commutation relations and iden-
tities

[‘wiij]:_Mk~ [Minj]=lMi.«Pj]:0,/
[Ni!Nj]:-Nk’ 7
[Piapjlszs [Nispjlz_Pk’

i,j,k cyclic

———

(2.18)
= = 1 5 / IR 1 9t
2P 2 (sing, = )+ —5— —2 .
N sind, 86, (sm 230, ) " sin%6, 8¢,

In terms of the auxiliary operators, the orbital
angular momentum operators take the form

L,=M,, Lg=N,

Ly,=N,, Ly;=N;

L,,=-sinf, cos¢p,M, +tané, cos¢ P,

L, = -siné,sinp,M, +tané, coso, P,

(2.19)
L,;=-cosf,M,+tanf,cos¢,P,,

L,, =sin6,cos¢,M, +tané, singp P,
L,,=sinf,sing,M, +tanb sing P, ,

L,3;=cos0,M, +tanb sing P,,

and by using Eqs. (2.17) and (2.18) it is straight-
forward to verify that the expressions in Eq. (2.19)
satisfy the O(5) commutation relations

[Labchd] = 5achb = 0qa ch + 6In: Lad - 5MLuc .
(2.20)
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Using Eqs. (2.14) and (2.19), it is a simple matter to express the Hamiltonian %, and the conserved gen-

erators J ,, Jgg, ...

in terms of the angular parameters. We find

B =2 = i[M,0,+N,p, +Nyp, + Nyps + (M, 0, + M,0,)( p, sinb, cos @, + p, sinb, sing, + p, cosb,)

+1tanf 040, cosp, +0,5ing,)(P,p, +P,p, +P,p,)],

(2.21)

V=2xsiné [o,sinf, - cosd (o, cosp,+a,sing,)(p, sinb, cos¢, + p, sinb, sing, + p, cosb,)| ,

and

Uy==idJ ;= —iM,+30,,

T,=—idy==iN +3p,,
(2.22)

C. Reduction of the eigenvalue problem

The first step in the reduction of the eigenvalue
problem with respect to the SO(3)*0O(2) subgroup
is to find the eigenvalues and eigenfunctions of the
conserved generators in Eq. (2.22). This is, of
course, just a standard angular momentum prob-
lem. For the O(2) subgroup we find two eigen-
functions with opposite inversion parity for each
eigenvalue £ of Uj,,

Ugu, =&u,,

Pu,=(-1)""2u,

(2.23)

" 1
=ilE-1/2)9, >
Uy O /o ’

u__—_e‘(€+1/2)‘1’1 0> .
1 a

The subscript ¢ on the spinors indicates that they
are acted on by the Pauli matrices o;. Because
the orbital angular momentum - ¢M, must have
integral eigenvalues, the eigenvalues of U, must
be half-integral; hence the allowed values of £ are

S (2.24)

Ny

E=1

For the SO(3) subgroup we again find two eigen-
functions with opposite inversion parity for each
pair of T eigenvalues j, m,

r

’-I‘.zvizj(j +1,, Tyw,=mv,,

Pu, = (~1p ey,
(2.25)

. - il m— =
(] —-—m+ I)P;",, l1//22 (00592)6'(’" L/2)®2J
v, = )
p

L P;;n:lll/zz (cosez)ei(nw 1/2)dg

G+ m)P;n-—lx/zz (cos@z)e‘( m-1/2)dg :I
’
p

L P77 (COSBz)e‘( m+ 1/2)6y

with P¥(z) the usual associated Legendre poly-
nomial. The allowed values of j, m are the usual
ones for spin-3 coupled to an orbital angular mo-
mentum,

N
Njw

J=2,2, 00y

. . . (2.26)
m=-j, _]+1! el

and the subscript p indicates that the spinors are
acted on by the Pauli matrices p;. In terms of
the O(2) and SO(3) eigenfunctions which we have
just found, the general decomposition of ¢jmes 18
‘pjmge :A*(01)v+u+ + C,(Gl)v_u_ ’

Vime —e =A _(8))v,u_+C_(6))v_u, , (2.27)

€=(- 1)541*27»—1 .

The next step is to substitute Eq. (2.27) into
Eq. (1.9), using the expression of Eq. (2.21) for k.
To find the action of the various terms of k£, on
u, and v, we use the following identities, which
may be verified by straightforward calculation:

OxU, =xu,,

(0,cos¢,+0,sin¢g,)u, =u;,
. 3

(2 —1M303)u{ =(§i E)ui» ;

— (M0, +M,0,) u, =+ u; [E‘;— +(3%E) cot(-)l}; (2.28)
1

(p, sinb,coso, +p, sinb, sing, + p; cosb,)v, = v, ,
_iﬁ‘ 51)4, = _(j+%)v+ y —iﬁ'ﬁv—z(j —%)U— )
Bepo,=(j+do_, Bepo_=-(-2..

Hence we get
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hT‘pm& =(%+ £)A+U¢u+ + (% - ’g’)C,v_u_ - (j+%)A+U+u+ +(] - %)C,U_u_

d d
[de +(3 - )cotGL}A,v_u_- {d@ +(3+£)cotd, JC LU U

~tand,(j+3)A,v_u_ —tand,(j - $)C,v,u, +Asin®, A, v, u, - Asin®0, C,v_u_
—Asinf,cosf, A, v_u_-2Arsinb, cosb,C,v,u,

= Ujmee

=pA,v,u, +puCv_u_

(2.29)

Rome —e= (G = E)A_vyu_+(3+E)C_v_uy - (j+3)A_viu_+(j-3)C_v_u,

-(j
[dtel +(2+5)cotHJA v_u, + [Ei%- (3 - £) cotd, :‘C_u+u_
1

+tanf, (j+3)A_v_u, +tand, (j - 3)C_v,u_ - Asin®6, A _v,u_+rsin®6,C_v_u,
—Asinf, cos6,A_v_u, —rsinf, cosb,C_v, u_
= Ut e
=pA_v,u_+uC_v_u, .
Equating coefficients of like terms then gives us the following two sets of coupled first-order differential

equations for A ,(6,) and C,(6,):

(£-HA, - {£—+ (3+&)cotl, +(j - %)tan@l] C,+xsinb (A, sinf, - C, cosb,)=uA, ,
1

- (2.30a)
(j+1=8)C, + [ ZI—Z— (3 - £) coth, —(j+%)tan61_J A, -2sind (C, sinf, +A, cosb,)=puC, ;
~(E+)A_+ { dz +(3-£)cotd, +(j - %)tanel} C_—xsiné, (sinf, A_+cosf,C_)=pA_,
p (2.30b)
(j+1+&)C_ - [ a6, +(3+£&)cotd, — (j+3)tand ]A_ +Xsind (sinf,C_ -cosb,A_)=puC._
B
These two sets of equations can be further re- Since @7 has odd inversion parity, Eq. (2.31)
duced to just one set of coupled differential equa - tells us that if §;,_. is an eigenfunction of k2, with
tions by exploiting the fact that eigenvalue i, then a*n¢;._. is an eigenfunction of

hr with eigenvalue -y, quantum numbers j, m, &
unaltered, but (reversed) inversion parity +e€.
anhp=—hra-q. (2.31) Specifically, writing?

]

QN e = [(0,c080,+0,5in@,)sinb, +0,( p, sinb, cosg, +p, sinb, sin@, + p, cosb,) cosd, |

X[A (9) vou_+C_(6 x)v u#]

=4 +(6)v, u++C (6))v_u_, (2.32)
i i N 2 d ) 1A
we find from the relations of Eq. (2.28) that (£-j)A, - [@_ +(5+E)cotd +(j —%)tan@lj c.
1
A,=A_sin6,+C_cosf,, (2.33) +Asing, (4, sind, -C, cosb,)= - uA, ,
C,=-A_cos8,+C_siné,. (2.34)
From the differential equations [ Eqs. (2.30b)] sat- (j+1-8)C, + l_d: +(3 - £)coth, —(j +%)tan91} /L

isfied by A_ and C_, we find that /L and C+ satis-
fy the coupled differential equations —sind, (C, sinf, +A, cosb,)= - uC, .
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As expected, these are identical to Eqs. (2.30a),
apart from the reversal in sign of the eigenvalue.
Thus, we need only study the one set of equations
in Eq. (2.30a).

To find the measure with respect to which two
eigensolutions of Eqs. (2.30a) with different eigen-
values u, p’ are orthogonal, we start from the
hyperspherical orthonormality condition

fdsz,,zp},,,w;m&:o, pEL . (2.35)
Using the expression for d, in Eq. (2.16), and the
fact that

qu_=uI

(0,cos¢,+0,sin¢,)?u,
=qu*s
(2.36)

t . . .
viv_= v,(p,sinb, cosg, +p, sinb, sing,

+p,cos6,) v,

+
=0,V ,

Eq. (2.35) reduces to

w2
f cos®6, sinb, d6,(A%A, +C*C,)=0, u#u’
(1]
(2.37)

which identifies the measure for Eqs. (2.30a).

Now that the eigenvalue problem has been re-
duced to a single set of coupled first-order differ-
ential equations, the subscripts used in the above
analysis are no longer needed. To expedite the
subsequent discussion, let us change notation as
follows:

2405

The differential equations which we must study
thus are

(=) = 5+ (3 B)eote = (j -} tans | ¢

+Asinf(a sinf — ¢ cosb) = ua ,
(2.39)

(j+1-§)c+{d

d—9+(§—§)cot9—(j+%)tan9} a

- sinf(c sinf +a cosb) = uc ,

with the measure for orthogonality

2
fo cos?8 sinf dé(a*a’ +c*c’') =0,

pw#u’ . (2.40)

D. Solution of the free (A=0) case
and check on eigenvalue counting

Let us now check the reduction leading to Eq.
(2.39) by solving the differential equations in the
case of vanishing interaction and comparing the
energy spectrum with the free-particle spectrum
calculated in Ref. 2. When A =0, the differential
equations simplify to

(E-j)a- [d—dé +(3+&)cotb + (j —%)tané] c=ua,
(2.41)

+(3-&)cotf-(j +%)tan9} a=uc.

6,6,
Changing the independent variable to u =cos®6 and
A,(6,)~a(8), (2.38) eliminating either c or a, we find that a satisfies
a second-order differential equation of standard
C.(6,)=c(8). Riemann type,*
d’a +(§. 1 +_1_>4_q+ [ECAS IS IR WS TS WG RS TG A LS IES EVRCCT B Ja=o
d "\2 u u-1)du 4 Z74 (u-1p 4 aw-1) 1477
(2.42)

and c¢ satisfies a similar equation obtained from
Eq. (2.42) by the replacements j—j~1, £~ £ +1.
The characteristic exponents of Eq. (2.42) at the
regular singular points at ¥u=0 and #=1 are given

r

in Table I. Equation (2.42) can be solved in terms
of Jacobi polynomials, giving the following four
series of eigenfunctions and eigenvalues.

£=4
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a=f(cosB)?*V2 (sinh)* ~V/?

x p4it1LE-12 (1.2 cos%0),
¢ =(cosb)? ~2(sing)** /2

x P(is8+1/2) (12 cos?6) .

Series 1. (2.43)
u=2n+2+j+& n=0,1,2,...
fe=m+E+3)/m+j+1).

Series 2.
w=—-02n+1+j+&), n=0,1,2,...
f=1.

E< -3
a=f(cos8)?* /2 (sing)/2 ~*¢

x P{i*1.1/2=8)(1_2 cos?0),
c=(cosf)’ =2 (sing)~1/2~*¢
x PligT12=8 (1.2 cos?6) .

Series 3. (2.44)
p=2n+3+j-§& n=-1,0,1,...
f=-1.

Series 4.
w=-2n+2+j-£), n=0,1,2,...
f=n+j-£+3)/(n+1).

These solutions can be verified by direct sub-
stitution into Eq. (2.41), using the following four

identities satisfied by the Jacobi polynomial
P(na. B)(x)s:

d
(1-x)= PeB(x) =a P& B x)=(n +a)P =108+ (x) |

(1+x%) _d% Ps‘,’" B(x) = (n +3)P(,‘,"+ L B")(x)—BP(,f’" Bx),
(2.45)
B(1=x)P %O (x)=(n +a)(1 +x)P &= 128+ (x)
=-2(n+1)PO 1 B=1(x),
d

2 PB(x)=(m+a +p+2)P&+ 1B+ D(y),

Let us now count the total degeneracy with which
the eigenvalue u =k +2 occurs. Remembering
that we have reduced our problem to a four-
component spinor, the expected degeneracy of the
eigenvalue u =k +2 is

deg(k +2)=dim(k +3, 3)
=2(k+1)(k+2)(k+3),
£=0,1,2,... . (2.46)

For each eigenfunction with eigenvalue p and in-
version parity € obtained from Eqs. (2.43) and
(2.44), there is another eigenfunction with eigen-
value —p and opposite inversion parity obtained
by inverting the transformation of Eq. (2.33) to
give

A_=asinf-ccosb, (2.47)
C_=acosf + csinf .

Hence the positive eigenvalues of h are
2n+2+]+|£létwice each
2n+1+j+ &)
n=0,1,2,..., j=%3, ... (2.48)
m==j,....,7, |

and the degeneracy of the eigenvalue k +2 is

deg(k +2) =2 ZP (25 +1)
naJEl

2n+j+]El=r

+ 2 Z

ng, &l
2n+j+El=r+1

(2j+1). (2.49)

The right-hand side of Eq. (2.49) is obviously a
cubic polynomial in k, which by direct enumer-
ation of the two sums, takes the values 4, 16, 40, 80
for =0, 1, 2, 3, respectively. Hence it is equal to
2(k+1)(B+2)(R +3), and the eigenvalue-counting
checks. In group-theoretic language, what we
have done is to exhibit the decomposition of the
(k +3, 3) representation of O(5) in terms of states
labeled by the quantum numbers of the SO(3)xO(2)
subgroup.

From Eqgs. (2.43) and (2.44), we see that in the
free case the two-component wave function

a
P= < . > (2.50a)
satisfies the finiteness boundary condition

TABLE 1. Characteristic exponents of the differential
equations for a and ¢ at x =cos?6=0,1. [See the dis-
cussion following Eq. (2.50).]

Singular point: # =0, =347 Singular point: « =1, 6=0

a ~u% =(cosb)’% a~ (1-u)Xa=(sing)*Xe
c~u% =(cosh)’%c c~ (1 —u)Xe = (sing)*Xc
Characteristic exponents Characteristic exponents

Solution 1  Solution 2 Solution 1  Solution 2

. 3G+ -G +3) X, 3¢-3)

o 3G-3%)  -3G+3) X 3+

—3¢-4)

-3+
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(2.50b)

and an examination of the characteristic exponents
in Table I shows that Eq. (2.50b) is equivalent to
the square-integrability boundary condition

y~finite at =0, 6=3m,

m/2
_/ cos?0sinfdé(|al?+|c|?)< . (2.50c)

(]
Since the interaction term in Eq. (2.39) is non-
singular at =0, 6=%, the characteristic ex-
ponents of the differential equation system at 6=0,
6=%m are the same in the interacting case as in
the noninteracting case. Hence the boundary con-
dition in Eq. (2.50), which we inferred from the
free solution, is appropriate to the interacting
case as well.

E. Reduction of the interacting case and construction
of the Fredholm determinant

It is convenient, for the work which follows, to
reduce the coupled differential equations of Eq.
(2.39) to a somewhat simpler form. We work with
the two-component spinor notation of Eq. (2.50a),
and write Eq. (2.39) in the matrix form

Hy=up . .51

Introducing Pauli matrices 7, 7,, 7, which act on
the spinor ¢, it is easy to see that H may be
written as

H=%-(j —&-xsin? +3)7,
~[& cotd + (j +3)tand +xsinb cosb]r,
—i<dd—9 +3 coto —tanG) Ty - (2.52)
We now make a similarity transformation on Eqgs.
(2.51) and (2.52), writing
Y =Sig ,
H=SH.S™!, (2.53)
S=(coss6 —iT,sin36)[ (sinf)¥?cos6] ™" .
The transformed eigenvalue problem is

Hgp = Uig ,

(2.54)
Hp=-[£(sinf)™! + A sinf]r,
) - .d
—(j +3)(cosh) 173—1[75 T, .
The measure for orthogonality is now
/2
f A9y =0, n#p' (2.55)
0
and the boundary condition is
¥g~ (sind)¥%cos6 x finite at 6=0, 6 =37 ,
(2.56a)

or equivalently

J

To construct the external-field-problem Fredholm
determinant, we display the parameter dependence
of the eigenvalue u by writing

“-=N-§j(x); (2-57)

so that the Fredholm determinant within the sep-
arable subspace takes the form

s

/2
do|ygl?<e . (2.56b)

Ag]()\): “ﬂgj()\)

all eigenvalues
in subspace

=det[H,]. (2.58)

Remembering that for each eigenvalue y,;(A)
there is an eigenvalue —u,,;(A) coming from eigen-
functions with opposite inversion parity [see the
discussion following Eq. (2.31)], and that there is
an additional duplication of eigenvalues when we
reconstruct back to eight-component spinors, we
find that

u=

all eigenvalues i=1/2,3/2,. .. £=+1/2,23/2,, .,

x I (w0, (2.59)

all eigenvalues
in subspace

Thus, comparing with Eq. (1.7), we see that the
full external-field-problem Fredholm determinant
is given by

alA]= II II Ay
i=1/2,3/2,... E=+1/2,43/2,. .,

(2.60)

One further transformation of this formula proves
to be useful. From Eq. (2.54), we see that if

HR(,):IJ'gj()\)w ’ (261)
then
Helga g T ==k ;0T . (2.62)
X—=X

Since 7,°=1, we conclude that the sets of numbers
{=p¢;0},{n_(;(-2)} are identical. Hence

Bogs ()= (=)ig (=2), (2.63)

all eigenvalues all eigenvalues
in subspace in subspace

permitting us to eliminate the negative —-{ factors
in Eq. (2.60). Dividing out A[0] to eliminate an
irrelevant (and infinite) constant factor, we get
finally

alA]_ [A“(A)A“(—A)r“
A[o] i=12,3/2,, .. E=1/2,3/2,. .. AEI(O)Z ’
(2.64)
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Equation (2.64) is still a formal expression, in that
renormalizations have not yet been made. In Sec.
V below we discuss the modification of Eq. (2.64)
which is made necessary by renormalization sub-
tractions, and which guarantees convergence of
the infinite product.

1II. ZERO-FREE STRIPS

For the benefit of the reader who has skipped
Sec. I, we briefly recapitulate the principal re-
sults derived there. Interms of the effective ex-
ternal-field amplitude

15 \V2
A=—=a <W> , 3.1)

we found that the external-field problem could be
reduced to the two-component eigenvalue problem
(7., », s =Pauli matrices)

HZP :“510\)4) ,

(3.2)
H=-[£(sinf)~! +x sinb]r,
—(j+3)(cos) ity ~i L2 T
2 3 de ‘2’
with the measure for orthogonality
/2
f deyty =0, ey’ 3.3)
0
and the boundary condition
Y~ (sind)Y2cos@ X finite at 6 =0, 3. (3.4)

Defining the Fredholm determinant corresponding
to Eq. (3.2) by
Ag; )= He, 0, (3.5)
all eigenvalues
we found that the full external-field-problem
Fredholm determinant introduced in Eq. (1.7) is
given (up to renormalization subtractions) by

alA] 10 A (WM)Ag(=2) ]2"”
INCI Y. §=1/2.3/z,...{ a0 '

(3.6)

The reminder of this paper is devoted to a study
of the mathematical properties of Eqs. (3.2)-(3.6).

We begin by showing that A, ;(A) cannot vanish in
strips in the A plane containing the real and imag-
inary axes. From Eq. (3.5) we see that zeros of
Ag; () occur at values of A where Eq. (3.2) hasa
vanishing eigenvalue, that is, where

Hy=0 (3.7

for nonvanishing, normalizable y. To get our first
restriction on the locations of zeros, we multiply
Eq. (3.7) by ¢ 77, and integrate, giving

—f"/z[&' (sind)~! +x sind |y Tyd6 +iR, =0,
° (3.8)

n/2
R,=(j +§)f (cos8) *pTr,0d0
0

+£r/24,»'f-r3 (_i u%) pdo .

Using the boundary condition of Eq. (3.4) to inte-
grate by parts, we readily see that R, is pure
real. Hence taking the real part of Eq. (3.8) gives
the relation

/2, . \.
—Rex _J, (sind)7'y"yde )
£ [T sinoyTyas
We learn from this relation that A[A] has no zeros
for A in the strip |Rex| <3, and in particular no
zeros on the imaginary axis. To get a second re-

striction on the locations of zeros, we multiply
Eq. (3.7) by d;TTs and integrate, giving

(3.9)

~m/2

-ij Asind 17 0d6
0

/2
-G +§)J’ (cos8)™'yTyd6 +iR, =0,

(3.10)

T/2 /2
R2=—£J; (SinQ)'lengfd9—fo ¥, (—i d%;) $do .

Again, the boundary condition of Eq. (3.4) implies
that R, is real, so taking the real part of Eq.
(3.10) gives the second relation

/2
Im\ fo (cos8) Yy Tydo
—T =
Jtz joﬂ/zsine oTT0d8

(3.11)

Since 7, has eigenvalues 1, we have the inequality
[T7,0| <y, and so Eq. (3.11) implies the in-
equality

m/2 -
ImA| fo (cos8)~1yTyde
—T = — 573 =
Jrz [ singytyde

(3.12)

Thus A[A] can have no zeros for A in the strip
|ImA| <1, and in particular no zeros on the real
axis. Combining the restrictions of Eqs. (3.9) and
(3.12), we get the regions in the X plane where A, ;(x)
is allowed to have zeros, as illustrated in Fig. 1.
Note that the absolute value sign in Eq. (3.12) can-
not be removed. In fact, since the Hamiltonian H
is Hermitian for real A, A,;() is a real analytic
function of A and satisfies the reflection principle

Ag, ) =a,,0%) . (3.13)

Hence for each zero X of A,;(A), there is a corre-
sponding zero at the complex-conjugate point x*.
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IV. WRONSKIAN FORMULA FOR THE with 1 the 2X 2 unit matrix. To construct an ex-
FREDHOLM DETERMINANT plicit expression for S, we introduce the solutions
. . ¥y, ¥, of Eq. (3.7) which are regular at =0, 6 =3m,
We proceed next to derive a connection between respectively:

the Fredholm determinant in each separable sub-

space and the Wronskian of two suitably standard- Hy, =Hy, =0,

ized independent solutions of Eq. (3.7). In Sec. IVA

we construct the Green’s function for H, introduce a

the standard solutions, and discuss their analyti- ¥y = <c1> ~ (sing)¥2x finite at 6 =0, 4.2)

city and rate of growth in A. In Sec. IVB we prove !

the connection between the Wronskian and the

Fredholm determinant. = (% ini =1
Pp = <62) ~cosf X finite at 0 =37 .

A. Green’s function and standard solutions

We also need the Wronskian of the two solutions,

Let H =H (6) be the Hamiltonian of Eq. (3.2), and defined by (the superscript T denotes transpose)

let S=H"! be the Green’s function satisfying

H(6,)S(®,, 6,) =6, =01 , w ) =y FiT 5, =a,(0)c, (6) —a, 0)c,6) . (4.3)

0<46,, ,<3m, (4.1) Since

ili} —_ T . —d_ . d T
a9 =9, (”2 do ¢’1> -(”221—0' ZP2> ¥y

= ~pH{[£(sing) "+ A sinb |7, +(j +3)(cos8) 7 hy, +{[£(sind)! + A sinb]r, + (j +3)(cos8) 1,17y, =0, (4.4)

r

the Wronskian is 6-independent. Applying the conditions which, as we shall see explicitly be-
method of variation of parameters,® we then find low, can be satisfied by taking the leading terms
the following expression for S: in the series developments of ¥, (,) about 6 =0
(4’ ©.)076.) 0. <0 (6 =37) to be r-independent constants.” Equation
$0,,6,)=wt x 14):(954)?(9:) : 91> 92 ' (4.5) (4.7) uniquely specifies the A dependence of ¥,, ¥,

To verify Eq. (4.5), we note that )
H(,)S6,,0,)=0, 6,<6,, 6,>0,; 4.6) ////// ImAX
Liiedelﬂ(el)sw A é&io

S UNCARCH 7/ fz :
-, 0,%76,)) ImA=j+1/2

(i o) (% o)

|
|
| 0 Re A~
- T
B I
as required. In Appendix A, as an illustration of ' ImA=-(j+1/2)
this construction, we give a formula for S in the - ———
noninteracting (A =0) case.
Up to this point the normalization of y, and ¢,
has not been specified, and it is obviously im- AEEgelSED
material for the construction of Eq. (4.5). How- /
ever, for future use we now standardize the nor- ///
malization by requiring that
Re A=-¢
9
8&; Wiy, Y2~0 as -0,
@.7) FIG. 1. Regions in which A; (A) can have zeros ac-
Y t\-i/ 1 cording to the inequalities of Eqs. (3.9) and (3.12). We
'g‘f(%%) 2~0 asf-3zm, assume £>0.
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and w, leaving arbitrary only a A-independent
normalization factor. It is now possible, by
straightforward majorization arguments, to prove
the following result: The standardized solutions
#,,, are entire functions of A, bounded for large A
by e! *‘, with ¢ an appropriate constant.

B. Proof of the connection

To connect the Fredholm determinant A,;(A)
with the Wronskian, we start from the formal re-
lation®

InA,;(A)=Tr InH
=Tr ln%—[i(sine)" +Xx sinf]r,

—(j +3)(cosd)'1, =i — d

dae 2)
(4.8)
from which we get by differentiation
A BH
R e } . @.9)

Substituting Eq. (4.5) for S=H ' and evaluating

the trace, we find

-1 dag; () (M oH
Ay FGHE =0 [ d04T 500

STEPHEN L. ADLER 10

We next show that the numerator on the right-hand
side of Eq. (4.10) is just equal to dw (A)/dx when

¢, and y, are taken to be the standard solutions.
To see this, we start from Eq. (4.3) for w, which
yields

dw (A
______;)K( ) ad;z i, +U30T, 34;\1 . (4.11)

Letting 6§ =37 and using Eq. (4.7), only the second
term on the right-hand side of Eq. (4.11) survives,

giving
dw (\) T 9P
ar =PylT, o |- n/o 4.12)

To proceed we consider the integral appearing in
the numerator of Eq. (4.10),

[¢]
)
f a0yr 22y < lim fszzp;-i{zh. (4.13)
ax 6,0 Jo ax
6, 1/2 :

By differentiating the equation Hy, =0 with respect

to A we get
oH Y
R .4 §
a4 H o (4.14)

and substituting this into Eq. (4.13), using the ex-

(4.10) plicit form of H and integrating by parts, we find
/2 ) )
fo doy? af = lim f doyTH <4
92—1- m/2
5 v
= lim - | “ad6yf S Z% 7, — [£(sind) ™ +A sinbr, - (G + %)(cosH)“TB‘s Z%
6,0 Jo, | A
6y~ /2 .
5 )
= lim I:izpzr'rz lE_ dB(Hzpz)szl]
610 X [, Jo,
6y 1/2
. Y
s Ty N |gmn/z
dw(\
= LD\_() s (4.15)

giving the desired result. Substituting Eq. (4.15)
into Eq. (4.10) we get, finally,

A, da,0) w))™t —— dwm )

> (4.16)

which on integration gives the connection between
the Fredholm determinant and the Wronskian,

Ap, () _w@)
Z—:j(()_)_ ©) (4.17)

Since ¥,, ¥, are entire functions of A, we conclude

—

that A;(2) is also entire, as expected for a
Fredholm determinant. Obviously, A;(x) will
also have exponentially bounded growth at infinity;
the precise asymptotic form of A,;(x) will be

given below. Equation (4.17) will be of great utility
in the subsequent sections, where it will allow us
to study A;(A) by applying WKB and series ex-
pansion methods to the solutions of Eq. (3.7).

V. ORDER OF GROWTH OF Agj(A\) AND A[A|

In this section we give more precise results
concerning the large-x asymptotic behavior of
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Ag,(0) and of the full external-field-problem
Fredholm determinant A[A]. In Sec. VA we pre-
sent a WKB formula (derived in Appendix B) giving
the asymptotic behavior of A, ;(A). Using this
formula, we determine the asymptotic distribution
of zeros of A;;(A). In Sec. VB we discuss the re-
normalization subtractions needed to make the
infinite product for A[A] convergent. Using our
knowledge of the distribution of zeros of A, com-
bined with results from the theory of entire func-
tions, we determine the order of growth of the re-
normalized determinant A[A] for large external-
field amplitude A. Combining this estimate with
the absence of zeros in a strip containing the real
axis, we show that the real amplitude integral
contour discussed in Sec. I yields a function of ¢*
analytic in the right-hand ¢? half plane.

—

A0 . TRG+1) T@G)
A,00) S%, TG+ TG+ TE+D

E2<<1

A. Asymptotic behavior of Agi(\)

As we have seen above, A.,() is given by the
Wronskian of two suitably standardized indepen-
dent solutions of the differential equation Hy =0.

In the limit when |A| is large, or more specifically,
when the inequalities

€1=m-<<1 )

. (5.1)
€2=-J—<<1

A

are satisfied, we can apply WKB methods to cal-
culate approximate solutions of the differential
equations, and hence to get the asymptotic form
of Ag;(A). The calculation, whichis outlined in Ap-
pendix B, gives the result (valid for ¢ >0)

r(j+£§+1) 9-2(i+1/2)y =(i+1/2)

X [eh+ e N =1y 12 EA (4 r(g + PRV 5.2)

showing that the entire function A;(A) is of expo-
nential type. One special case of Eq. (5.2) is
worth noting. When j - -3, Eq. (5.2) reduces to

Ag;(0) N
Ay ~ ¢ (5.3)
Ag/(o) ji>=1/2 efl\:q

€2<<1

we will show in Sec. VIA below that this is an
exact, and not just an asymptotic, result. From
Eq. (5.2), we can calculate the asymptotic distribu-
tion of zeros of A¢,(x) by solving the equation

0:ex+e->\(__1)j+g+12-2(£+1/2)(]— +1)

XT(¢+Fn 82 (5.4a)
which we rewrite in the form
M=) )1 = %2
=6+,
(5.4b)

c,==2(¢ +3)In2 +1In(j +3)
+InTE+3) -in(G+3) .

Neglecting terms which vanish for large A, the
solution is

X =i + 3¢, = 3¢,In(=707)

£+3
|n

) +0&,),

~mni+3(£ + 3)n <

(5.5)

ReA = (¢ + 3)In (ﬂ;ﬁ )+o(§,j) ,

Imx =7+ O(&,7) .

In the region of validity of Eq. (5.5), where |n|

r
>> £, we see that Rex is asymptotically negative,
as required by the inequality of Eq. (3.9). The
occurrence of zeros in complex-conjugate pairs
is also apparent from Eq. (5.5).

For application in Sec. V B, it is convenient to
give the zeros of A,,;(A) an index k& which arranges
them in order of increasing magnitude:

A¢? =general zero of A,,(A),
(5.6)
A< g < g <o

For large k the index defined this way can be iden-
tified (up to a factor of two, since the zeros occur
in complex-conjugate pairs) with the positive in-
teger |n| appearing in Eq. (5.5). Since the effective
expansion parameters in the WKB procedure are
thus

i_fETIW%’ I_;ETIN% , 5.7)
we expect the following bounds on l)\,fjl to hold
uniformly in £ and j :

3]

A @Rl gf%[ﬁln[(e +2)/k]}P)2

k>ky=C(j2+E2)V?2;

G2+EWV2 < 2| <ALG? +E)VE, R <k

<A

2

(5.8a)
(5.8b)

for suitable constants A, , , and C. [Equation
(5.8b) also incorporates the lower bounds of Egs.
(3.9) and (3.12).] We have not constructed a proof
of Eq. (5.8), so these inequalities should be
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considered a conjecture, suggested by the WKB
analysis, on which some of the arguments of Sec.
V B are based.

B. Order of growth of A[A]

We are now ready to examine the asymptotic be-
havior of the full external-field-problem Fredholm
determinant A[A], given by the product formula
Eq. (3.6). First we must deal with the question of
renormalization subtractions alluded to above. By

J
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dividing out A;(0)* in Eq. (3.6), we have eliminated
the most divergent vacuum diagram illustrated in
Fig. 2(a). However, the second-order diagram
shown in Fig. 2(b) is also divergent, and must be
eliminated by a further subtraction. To do this,

we write the small-A expansion

Ag; (M)A (=A)

=14+ 2 1
Agj(O)z 1+A, A +0 (%),

(5.9)

and then define the renormalized Fredholm deter-
minant A[A] by writing

2-] 2j+1

A[A] =%V II [A ()\)Az (22) oag;n (5.10)
=2, .. e=vz22,, .. L Bgs0)
In this expression Ay (0) ) by /A
KLL(B_). :ga€J\H<1—W> eXp(—‘rJ> s (513)
Q) =Qy +Q,2\° (5.11) £d k k N
is a polynomial which expresses the fact that the giving
renormalization counterterms always have an un- A VA, (<A) A2 A
determined finite part. To see that Eq. (5.10) is A o) = H[l - 6—51—)5%
the correct recipe, we note that the renormalized 3 k ko7

vacuum amplitude, which according to Eq. (1.8) is
proportional to

d -
InA[A]=Q () +InA[A] — Ina[0] -2 di—lnA[A]

)\2=0 ’

(5.12)

now receives contributions only from the conver-
gent vacuum diagrams illustrated in Fig. 3.

Let us next rewrite Eq. (5.10) in an alternative
useful form. Since A,;(A) is an entire function of
exponential type, we can use the Hadamard factor-
ization theorem® to write it as an infinite product
in terms of its zeros A}/,

A[A]=e®Me=8N2p(y)

Az
p- T T Ti- g ew
=1/2,92, .. £=1/z.3/2,...IuI Ay
= H ‘1 lex[i+l£2+l<i
B all zeros - A” p Ay 2 Au 3 )\.u
A yot AlA]
B= > @j+1)B,, .
j=1/2,3/2,... £=1/2,3/2,..,

The constant B is the contribution of the fourth-
order graph which appears as the first term in
the series of Fig. 3, and hence is finite. The sec-
ond expression for P(A) in Eq. (5.17) has the form
called a canonical product in the theory of entire
functions®; Eq. (5.17) thus expresses A[A] as a
canonical product multiplied by the exponential of
a fourth-degree polynomial in A.

=1-22). (—AQ?)—Z 00 . (5.14)
R kR

From Eq. (5.14) we identify A, ; as

1
A“=—ZW (5.15)
k R
Let us define an additional constant B, ; by
1
By=) Ty (5.16)
kR R

and combine Egs. (5.13)-(5.16) to rewrite Eq.
(5.10) as

) (5.17)

(a) (b)

FIG. 2. (a) Divergent vacuum diagram which is re-
moved by division by A; (0)? in Eq. (3.6). () Divergent
vacuum diagram which is removed by the factor
exp(—A ;;AY) in Eq. (5.10).
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Let us now introduce some further concepts from
the theory of entire functions.® Let f(A) be an en-
tire function of the complex variable X. Its maxi-
mum modulus M(r) and minimum modulus m@)
are defined by

M@)= max |fore'®)| ,

0<6 =21
. (5.18)
mer)= min |fre'®)| .
0=6 =271
The ovder p of f(A) is defined to be
o InInM(@r) |
p =lim sup nr (5.19a)

if f is of order p it is asymptotically bounded by
[F0)|sAe®IMP (5.19b)

for suitable positive constants A and B. Finally,
let{r,=|r,|} be the sequence of moduli of the zeros
A, of f(A), arranged in increasing order. The
smallest number ¢ for which

o

1a< o forall >0 (5.20)

=1 rl}

is called the exponent of convergence of the se-

quence. According to the theory of entire func-

tions, the order of an entire function is closely

related to the exponent of convergence of its zeros.
To determine the order of A[A], we wish then

to calculate the exponent of convergence of the

zeros \, appearing in Eq. (5.17). Remembering

that all zeros A}/ occur with multiplicity 25 +1,

we consider the sum

Se= 2 @j+1) .

i=1/2,3/2,...

1
2 e
£=1/2,3/2,... & IM I

(5.21)

In estimating the convergence properties of S, it
obviously suffices to replace the sums in Eq.
(5.21) by integrals. We first show that Eq. (5.21)
is convergent for a@>4. Using the lower bounds
obtained from Eq. (5.8),

TRA <IN, k2R

(2 +&)V2 < 01,
we get the estimate

1 i& 1 =1
= o +
2 T~ & T 2. N

% k=Rg

k <k, (5.22)

CG2+&)2 f dk
(j2+£2)&72 0(12+§2)1/2 (TrkAl)"‘
Cl

- IR (5.23)

so that

2413

S - e

FIG. 3. Convergent diagrams which contribute to
Eq. (5.10).
Tt 4C’ 4C'2%-4
Sy= f d idi — § cw
e : 1/2] / (j2+ED2 7 (- 3)(a - 4)
(5.24)

as claimed. Next we show that Eq. (5.21) diverges
when a—~ 4. Since (Inx)/x s1/e for x > 1, the upper
bounds in Eq. (5.8) take the form
1 1/2
A <A, (1 + 747> k, k>k,
(5.25)

NI <AL 52 +82)W2 R <k,

giving, by a procedure identical to that in Eqgs.
(5.23) and (5.24), the estimate
CII

S ——

(C!—‘i—)’ c”">0.

(5.26)
We conclude that S, diverges for a =4, and that
the exponent of convergence of the zeros of

A[A] is 0 =4.

From the fact that 0 =4 we can immediately con-
clude that the order of the canonical product P(A)
is 4, and hence that the order of A[A] is less than
or equal to 4.° If the order of A[A] were actually
less than 4, then the sum in Eq. (5.21) would con-
verge® for exponents @ smaller than 4, which we
have seen is not the case. So we conclude that the
order of A[A] is precisely 4.

Let us now use these results to determine the
convergence properties of the amplitude integral
when taken along the real contour. Since A,;(A)
cannot change sign on the real axis, all of the
factors in Eq. (5.10), and hence A[A] itself, are
positive for A real, and so InA[A] is real. Since
the maximum modulus of A[A4] is bounded as in
Eq. (5.19b) with p =4, we have

In&[A]<B|A[* (5.27)

for an appropriate positive constant B. In order
to restrict InA[A] from below, it is necessary to
have a lower bound on the minimum modulus of
A[A]. We get this by using the following theo-
rem® ‘“Let P(A) be a canonical product of order
p. About each zero X, (|A,|>1) we draw a circle of
radius 1/|x,|% a>p. Then in the region outside
these excluded circles, |P(\)|> exp(—**¢) for € >0
and for » > 7 (€, @).” To apply this theorem, we
note that the sum of the radii of all the circles is
just S, and can be made smaller than 1 by choos-
ing a large enough. Since A[A] has no zeros in
the strip |ImA| <1, the entire real axis then lies

’
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in the region outside the excluded circles, and so
we learn

11’1&[A]>—l)\|4+(, p\l>7o (5.28)

for 7, appropriately large. Taking Egs. (5.27) and
(5.28) together, we see that |InA[A]| is poly-
nomial-bounded on the x-real axis. The Gaussian
factor in Eq. (1.5) then guarantees that the ampli-
tude integral converges when taken along the real
axis, provided that Ree?>0, and thus defines a
function of e? analytic in the right-hand e? half
plane. Note that this conclusion does not depend
on the fact that A[A] is of order 4, but only re-
quires the weaker statement that the order of
A[A] is finite, which is known to be true® indepen-
dent of the validity of the inequalities in Eq. (5.8).

VI. NUMERICAL RESULTS

We turn next to numerical studies of A;;(A) and
A[A]. In Sec. VIA we derive power-series expan-
sions for the standardized solutions ¥, and ¢,. The
circles of convergence of the two series which we
obtain overlap, allowing one to compute the Wron-
skian, and hence A;(A), by picking 6 to have any
value in the overlap region. In Sec. VIB we nu-
merically study the location of low-lying zeros of
Ag;(A), and find that there are no zeros in the sec-
tors |[Rex|>|ImA|. Consequences of this fact for
the coupling-constant analyticity properties of W,
are discussed. Finally, in Sec. VIC we give nu-
merical results for the behavior of the vacuum
amplitude as A increases along the imaginary axis.

A. Power-series solutions

Substituting

v= <(Z> (6.1)

into Eq. (3.7) and writing out the coupled differ-
ential equations for the two components, we get

T [£(sing)~' + A sinbla+ (j +3)(cosd)~tc =0,

(6.2)

g%+[§(sin6)" +asinb]c +(j+3)(cosh)"ta=0.
To construct power-series solutions regular
around 6=0 and 6 =37 we make the following
changes of variable, motivated by the form of the
noninteracting (A =0) solutions presented in Ap-
pendix A.

(1) Solution y, vegular around 6=0. We substi-
tute

a,=(tanz 6)¢f(x),

¢, =tan6(tanz 6) ¢ g(x), (6.3)
1
=] = —
* cosé

In terms of the new variables the coupled equa-
tions become

af S Pt
d—x_+(1—x)2—(]+2)g—0’
(6.4)
da Lo
x(z-x)[d_f_(l’*_gx)z]+(2g+1-x)g+<]+z)f=o.

We now look for a power-series solution in the
form

)

=2 & fa, g=z;x"gn- (6.5)

n=0

We find that Eqs. (6.4) are satisfied if we take

fn=8,=0 (<0), fo=-2(£+32), go=(ji+2),

Frm= g (@ =N = (= 1],

#1488~ 20 +£5.0)) (6.6)

1
Ene1 = 2_—n+2§+3[(5n +4£+3+20)g,

~(@n+28-1+2)g,_ +(n-1)g,_,
"(j+%)(fn+1—2fn+fn-1”1 nBO.

(2) Solution y, regular arvound 6=37. Inthis
case we make the substitution

i+1/2
a2=< cosé > [2(y)+cosbl(y)],

1+ siné
cosé i+1/2
= <1+sin9> [n(y) = cot6 L(y)], (6.7)
1
=1 —
Y siné

The coupled differential equations now become

dh A

LY BN S F
P Ry

’

(6.8)
dl . .y
y@=y) T+ (2G40 -3]1+ | £+ g =0

Assuming power-series solutions in the form

h=},_,;hny",

we find the solutions

=3 1,7, (6.9)

n=0
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hp=10,=0 (n<0), ho==-2(j+1), Il,=&+x,

1
h,,+1=m[Znh,,-(n—1)h,,_1+(§+)\)l,,+£(l,,_2—2l,,_1)J,
- 1
1T 2n+2j+4

A number of observations about the above solu-
tions are now in order. First, we note that since

8 g _ 98 _ Bhg _

3x  ax  8x (6.11)

and since ! in Eq. (6.7) appears multiplied by the
factor coté, which vanishes at 6=z, the standard-
ization conditions of Eq. (4.7) are satisfied. Sec-
ond, we consider the greatly simplified form of

the above equations when j~— 3. Working directly
from Eq. (6.2) we find in this special limit the de-
coupled equations

— ~[£(sind)"' +rsin6la=0,

da
de

d (6.12)
Eg +[&(sing)~' + A sinb] c =0,

which can be immediately integrated, giving

a,=-2(tanz 0) (£ +2) X0,

¢, =0,
4, = - (tand0)* e 9 (6.13)
c, = - (tanz6)~% e,
Hence the Wronskian is
w\)=a,c, —a, c,
=-2(¢+3)e, (6.14)

giving for the j = - 3 limit of the Fredholm deter-
minant the result

A2V N

AE -1/2(0) ’
as was stated in Sec. V A above.

Finally, we discuss the convergence properties of

the power-series solutions. Rewriting Eq. (6.4)
as a single second-order differential equation we
find singular points at x=1, 2, and ». Rewriting
Eq. (6.8) as a single second-order equation we
find singular points at y=1, 2, and «, and addi-
tionally at

(6.15)

- 1/2
y=1i<g—"> . (6.16)
Since x and y are related by
1 1
m + m =1 N (6.17)

(6.10)

[((5n+4j+5) L, —(4n+2j)l,_,+(n-1) lyo=N+8h,, +ERh,=h,_,)], n=0.

r

Eq. (6.16) corresponds to singular points in the
x variable at

£ -1/2
x=1;t(1+ x) ,

which did not appear in the x form of the equation.
Hence the singularities in Eq. (6.16) must be re-
movable, and a direct calculation shows this to be
the case. We conclude, then, that the power-
series solutions for ¥, and y, have the following
regions of convergence:

(6.18)

¥, converges for |x|< 1&==>1>cos6>;=0< 6<im,
(6.19)
y, converges for |y|< l==>12>sinf> se=min<gsz7.
Thus, in the angular range 4+7< 6<3 7 both power
series are convergent, and so we can calculate
the Wronskian from Eq. (4.3) by taking 6 to be

any value in this interval. Since the Wronskian

is 6-independent, a powerful check on both the
programming and the absence of serious round-
off and truncation errors is obtained by calculat-
ing W for two different values of 6 in the allowed
range and then checking that the same answer is
obtained. In practice, using double precision on
an IBM 360/91, we found we were able to explore
the region £<80, j<80, |A|<20 in good detail,

but for |A| values between 20 and 24, serious
roundoff errors started to set in.

B. Low-lying zeros of Agj(\)

Numerical results for the low-lying zeros of
A, ;(M) in the upper half plane are given in Tables
IT and III. In Table II we give the locations of the
lowest zero (the zero of smallest magnitude |1 |)
for a range of values ot £ and j. In Table III we
give the locations of the lowest four zeros for
g¢=j=3. For all of the zeros tabulated, the ratio
|ImXx|/|Rex| is larger than 1. As £ increases for
fixed j, the ratio appears to be approaching 1
from above; asj increases for fixed &, the ratio
grows, as might be expected from the inequality
of Eq. (3.12). For a given £,j, the successive
higher zeros move up in the imaginary direction
with a spacing ~ 7 between the imaginary parts,
as is expected from the WKB estimate of Eq. (5.5).
The pattern of the numerical results strongly
suggests that |Im|/|Rex|>1 for all zeros of
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Ag;(X). I this property were true, the zero-free
regions of A[A] would be as indicated in Fig. 4,
and a contour of integration in Eq. (1.5) initially
along the real axis could be freely deformed to
the positions indicated as “# 1” and “# 2.” The
first (second) contour allows analytic continuation
of W, into the entire upper (lower) ¢® half plane.
Hence, for the distribution of zeros of A[A] shown
in Fig. 4 one gets a radiative-corrected vacuum
amplitude W, which is analytic in the entire e?
plane except for a branch cut running along the
negative real axis from 0 to -,

C. Behavior of vacuum amplitude for A imaginary

As we have stressed repeatedly above, the pos-
sibility of taking the contour in Eq. (1.5) to lie
along the imaginary axis can be realized only if
w© decreases as a Gaussian (or faster) as A be-
comes infinite along the imaginary axis. Actually,
when subtractions are taken into account, the
relevant question becomes whether (d/dA%)? 1nA [A |
decreases along the imaginary axis. The differ-
entiations just eliminate the arbitrary subtraction
polynomial @(A) which appears in Eq. (5.10); this
polynomial is not relevant to the physics, and
specifically is not present if we consider (in the
one-mode approximation for virtual photons) the
set of single-fermion-loop vacuum polarization

TABLE II. Lowest-lying zero with ImA >0 for various
¢,j values,

j 3 Re), Tm), [ImA,| /| ReA,|
% + ~1.87 7.12 4,26
t 3 -3.47 7.36 2.12
3 1 —6.46 8.50 1.32
L L -9.87 12.57 1.27
1 12_5 -13.25 16.65 1.26
1 + -1.67 7.12 4,26
3 1 —1.43 8.93 6.24
% % -1.14 7.73 6.78
% % -1.10 9.71 8.83
3 + -1.08 11.70 10.83
% + -1.17 16.60 14.19
121 L -1.14 18.59 16.31
1 ¥ -1.67 7.12 4.26
3 3 -2.94 6.217 2.13
1 5 -6.13 10.98 1.79
L;_ i€ -9.86 18.67 1.89

diagrams shown in Fig. 5. In order to obtain good
convergence of the sum over separation parame-
ters &,j, we found it necessary to differentiate
once more with respect to A2. Multiplying (for con-
venience) by A%, we get, finally, as the quantity
being studied

O = d <1 d

2
a\x E):) lnA[A]. (6.20)
Results for WO versus - ix are shown in Fig. 6.
In calculating the points for this curve, we
summed on £ from 3 to 25 and on j from 3 to 393;
doubling both summation ranges for a subset of
the points produced a 6% change for —ix=1 and
negligible (<1%) change for —iA>5. In fact, near-
ly all of the sum for - ix 25 came from A,;’s
with £=%, most likely a result of the fact that
this is the value of £ which gives zeros of A; ly-
ing closest to the imaginary axis (see Table II).
The curve plotted shows no sign of a rapid de-
crease, but unfortunately the distortions in both
the envelope of the oscillations and the wave form
suggest that the asymptotic region has not been
reached, and so the results are inconclusive. We
did not attempt to extend the computations further,
because of the roundoff error problem mentioned
above.

VII. OPEN QUESTIONS

We conclude by giving a brief recapitulation of
the remaining unresolved questions. Within the
framework of the one-mode approximation dis-
cussed at great length above, some key problems
are:

(i) determining the asymptotic behavior of W®())
along the imaginary axis (ruling out a Gaussian
decrease would rule out the imaginary contour
possibility and hence, as discussed in Ref. 2,
would rule out the possibility of obtaining a cou-
pling-constant eigenvalue when only a finite num-
ber of photon modes are included),

(ii) proving (or disproving) the distribution of
zeros illustrated in Fig. 4,

(iii) if Fig. 4 is correct, finding a simple for-
mula or interpretation for the discontinuity of W,

TABLE III. First four zeros for ¢ =j =4 with Ima>0.
(For each there is a corresponding complex-conjugate
zero in the lower half plane.)

Zero number £ Rexr, Imx, [Imj,|/[Re),| Imj, —Im),_,

1 -1.67 7.12 1,26
2 -1.86 10.23 5.50 3.11
3 -1.99 13.39 6.73 3.16

S

-2.10 16.52 7.87 3.13




across its cut in the ¢* plane, and

(iv) finding a compact expression for A,;(A) in
which the parameter 6 in the Wronskian has been
explicitly eliminated.

Going beyond the one-mode problem to the case
when a finite number of photon modes are present,
one can ask whether the zero-free regions shown
in Fig. 4 persist.'°*! If so, then the real contour
would give cut-plane analyticity in ¢ for any finite
number of modes, and the important (and un-
doubtedly difficult) question of what happens when
the limit to an infinite number of modes is taken
would be brought to the fore.
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APPENDIX A: FREE GREEN’S FUNCTION

We give here a closed-form expression for the
Green’s function of Eq. (4.5) in the free (A =0)
case. The result is most compactly expressed
in terms of the Jacobi functions

Imx

s Re \—>

FIG. 4. Conjectured zero-free regions suggested by
the numerical results of Sec. VIB and Tables II and III.
The dashed lines show permissible deformations of the
real-axis contour of integration in Eq. (1.5).
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T'(v+a+1)

(e, B) - N T’
P E) = Fo DT @D

XF(-v,v+a+B+l;a+1;3-32), (Al)

where F(a, b;c; z) is the usual hypergeometric
function. [The ordinary Jacobi polynomials cor-
respond to the case where v in Eq. (Al) is a non-
negative integer. We will also use the case where
v is a non-negative half-integer.] We find (for
£>0)

0

a
="},

el
0 L \Ep(E=1/2,-E-1/2) 1
a)=(tanz6)" Pj.7)" cos6 )’

1 1 - L
c? ==3 tanG(tanEG) ¢ ng.i}éz' e < COSG);

a (A2)
Yy = )’

0_ cosé >1+1/2< siné _d_> (jy=i=1) _1_\
@ (1+sin6 1+ £ db Pt (sinf)) ’

oy ,
Cg=(ﬂ>’“ (1_51“__@ _‘1_>P(§:u-i-1) 1y
1 +siné £ de siné

The Wronskian of the two solutions is easily cal-
culated by taking either the limit §—~0 or the limit
(g %11, giving
w®=adc?—-alch
_ =T(j+&+1)
FGTE+DTG+3)

(A3)

The free Green’s function then immediately fol-
lows from the recipe of Eq. (4.5),

2O, + 2o, + G, +
+ +
2D,
+
1D,

FIG. 5. Single-fermion-loop vacuum-polarization dia-
grams. This set of diagrams is finite for ny # n,, and
requires no subtractions. However, if we contract with
YD (ny) Y{2 (n,) and integrate over n; and n,, the short-
distance singularity as n, — 7, leads to a divergence,
corresponding to the A; counterterm in Eq. (5.10) and
the finite remainder @,A% in Eq. (5.11). This divergence
is of no physical significance, and so we differentiate
to eliminate @,.
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w?(el) gT(92)7 91< 62

5%(6,, 6;) = (w®)™'x { B0 BT(6,), 6,>6, .

(A4)

We note finally that the solutions ¢%, §? in Eq. (A2)
differ by constant factors from the A=0 limit of
the power-series solutions for ¥,, ¥, given in Sec.
VI.

APPENDIX B: WKB EXPRESSION FOR Ag;(\)

We derive in this Appendix the WKB asymptotic
approximation for A;(X) quoted in Sec. VA. Our
starting point is the set of coupled differential
equations for the components a, ¢ of ¥,
da -1 . .1 -1,
76 ~[£(sin8)"* +A sinfla + (j +3)(cos8)"'c =0,
dc . -1 s s 1 -1
T [£(sin®)~t +xsinb] ¢ +(j +3)(cosH) " 'a=0.

These equations are evidently invariant under the
interchange

(B1)

a c
g hand _g ) (Bz)
A -

allowing us to obtain equations satisfied by ¢ by a
simple substitution once we have found the cor-
responding equations satisfied by ¢. Eliminating
¢ and defining a new variable x =cos6, we find the
following second-order differential equation sat-
isfied by a (a’=da/dx, etc.)

a’’ + Pa'+Qa=0,

_1-2x
P=i-2) "
o i _ (B3)
_ =28 (j +3)° £ 2
Q= 1-22 —sz(l—xz) * (1-x2%)? +AJ
£ A(1-2x2)
FXa-27 T 2(1=2)

Noting that P is unchanged by the substitution of
Eq. (B2), we introduce new dependent variables
b and d by writing

L= e e I E B SR S

{.50

1.25

1.00
75
.50
25

wo°

-.25
-.50
-.75
-1.00
-{.25

-1.50

-1.75

T

T

T

X

| 1 | 1 ] | |

X

|

|

9

{0 N 12 13 {4 15 16
-iAN—

A7

18

19 20

FIG. 6. Results for W versus —iA. The dots denote computed points. Maximum and minimum points denoted by

X were determined by a polynomial interpolation procedure from the neighboring computed points.



7
a=bexp[—%f Pdu

=bx~V2(1-x7) VA,

(B4)
C o]
c=dexpi—%f PduJ
= dx—l/Z (1__x2)-1/4 .
These satisfy the differential equations
b’ +ky?b=0, d' +ks2d=0,
kb2=t1+t27 kd2=t1—tz’
‘= 1+2x? 280
U 4R(1-x7) T 1-4
Grif & (e
_ j+s Az}
Ay e o]
4= £ AM1-2x%)
27 x(1-x°)?  x(1-x?)

It is also useful to have the first-order differen-
tial equations coupling b and d, which from Egs.
(B1) and (B4) are found to be

1 2¢-1 & (j+32)
b'+b[‘———+——+ﬂ-—d =0,
2 2(1=) 7 12 LT A1) T
B~ <5 W SN (PO -
d +d|:2 x(1-x2) "~ 1-x2 °KJ b x(1—-22) 72 =0.

Finally, in terms of b and d the Wronskian is
given by

J
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W=a,c,—a,c,

1
= m (bzdl—bldz) . (B7)
We now proceed to construct approximate, WKB
solutions to the above equations when |x| is treated
as a large parameter. We begin with the equation
for b. We have

2 oo =28 1-24°
B = x0T +——x(1_x2)J +o(1), (B8)
and hence
/
R= _n__dkk/zd" «1 (B9)
b

for all x except very near the end points at x=0,1.
Near the end points we find

1
“aehr o *=0
R~ 28 +1 “1
a(1-xFX[Z° *%
and so except in the intervals

1 g2
x= T, l-x=
RY I\

R
(B10)

(B11)

we can use a WKB solution for b and d. Applying
the standard lowest-order WKB recipe’? to the
second-order differential equations for b and d,
and then imposing the linear equations in Eqs. (B6)
which relate b and d, we find the WKB-region
solutions

bykp = % eMEym12(1 4+ x\E-UAY _x )8+ 12 | Bo=Ax1/2 (1 4 x)=(E=1/2)/2 (1 _y)(E+ 1122 ,

S1
dygp = —————-—(]2; 2)B e~ Niym12

(B12)

(1 +x)'(5+ 1/2)/2(1_x)(§-1/2)/2 + %ekxxllz(l +x)(§+ 1/2)/2(1_x)-<§-1/2)/2 .
2

In the end-point regions x~0, 1 we must join Eq. (B12) on to more accurate approximate solutions. In

the vicinity of the end points we find

kb2= ‘j(j'*'l) + A"‘& _

pp= —iE=2ErE)  EAra-gk valE-d) B+ D 3i(i+1)

pe: . (A+EP+ § —j(j+1)+ Hx + O(x?),

(1-x)? 1-x

3G +D-3) [+ £ (E- 2)]2- L (k- 32— &

Hl

For x=j/|\|, the x™2, x™!, x° terms near x=0
are of order |A|? whereas the term H,x is of
order j&, down by a factor (j/|x])(¢/|x]) from

the leading terms. Similarly, for 1-x=£/|x|, the
(1-x)"%, (1-x)"%, (1-x)° terms near x=1 are of
order [A|? with the term H,(1-x) of order £?,

Hy=-X+2§, x=%0
(B13)
+ H (1-x) + O((1-x)?) ,
=— LG +D+E-L(E+ 2)E-4)+ FA-4 81, x=1

r

down by a factor of (£/]|x|)? from the leading
terms. The terms O(x?) and O((1-x)?) can be
shown to be as small as the linear terms which
we have just evaluated. Hence we identify
€,=£/[Al,

€=j/IAl (B14)
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as the effective smallness parameters in the WKB
solution, and proceed to solve the differential
equations at the endpoints neglecting the linear
and higher terms in x and 1-x in Eqs. (B13). Both
at x=0 and x=1, the differential equations can
then be reduced to Whittaker’s equation

2 1_ 2
5"——b+(_7‘,+5+42“ b=0, (B15)
2 V4

with the regular solution

0~0, x=~1:

b(e)=exp{-[n+i(e-Blabz v (g g s L

dl(z)z _(]+%)

s ) expi-r it +9)2bz 2@k + 4, £ 435 2N +5(5 +D)]2),

=t x=0:
by(x)=e~ M B it 1g(j +4,2(5 +1); 20 +£)x)
dy(x)=e” MO it 1g(j+3,2(5+1); 20 +£)x) .

Joining the WKB-region solution onto the asymp-
totic form* of the x= 0 end-point solution, we de-
termine the constants A, B in Eq. (B12) to be

2A _TQ(j+1)
i+:  T(j+3)
g DQ(i+1) (—_1 >’*”2_

T(j+3) \2a

This permits us to extend the solution ¥, to the
region near 6~0, x~1, which is the asymptotic
region for the x~ 1 end-point solution ¥,. Substi-
tuting the WKB extension of y, and the asymptotic
expansion of ¥, into Eq. (B7), we get for the
Wronskian

(2)\)-(” 1/2)
(B19)

T2(j+1) - -
- ) 1/2)/2 2 G+1/2)
T(j+2) (23)

x[eM+e~M—1)i*Erig-a(Erisa)

w()\)= -

X(j+pT(E+HA" 2] . (B20)

To complete the calculation, we must determine
the value w(0) corresponding to the normalization
of the solutions §,, ¥, used in the above analysis.

b=e 2z MG (L 4 -k, 1+2;2), (B16)

where @ is the confluent hypergeometric function

L a z  ala+1) 2° .
<1>(a,c,z)—1+c a1t c(cs1) 21 +
=e*®(c-a,c; -2). (B17)

Carrying out the solutions explicitly, we find to
the required accuracy the following end-point
solutions:

G+ 12 ke 2D e-D2)

z=1-x;

(B18)

This is most easily done by a comparison with
the explicit free solutions given in Appendix A.
Writing

(C! > ' <C(l]> y

1 A=o0 (1)

(62 ) ’ (cg> ’
2 X=0 (2)

and letting 6~ 0, 3 7 to determine K, K,, respec-

tively, we find from Eqgs. (B4) and (B18) that
2 TVART( +5)T(j +3)

(B21)

K, = = ,
! T(j+&+1) (B22)
K. = 212 P(j+1)T(E +1)
2 T(j+£+1)
Combining with Eq. (A3) we then get
_ T(j+&+1)
wO =K K SO+ rG +3) - (B23)

Dividing Eq. (B20) by Eq. (B23) to get w(A)/w(0),
and then using Eq. (4.17), gives the final WKB
formula quoted in Eq. (5.2) of the text.
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independent.
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case. Coleman argues that at the 45° sector boundaries
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corresponding to a transition from “magnetic-field-
like” to “electric-field-like” behavior of the external-
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The Hamiltonian of a Dirac particle in an arbitrary electromagnetic field is exactly diagonalized by a
unitary transformation generalizing previous work which was restricted to time-dependent fields. A very
simple form is found for the covariant Heisenberg equations which manifestly exhibits the classical
correspondence. These results are obtained in a manifestly covariant form using a previously proposed
proper-time quantum mechanics with subsequent specialization to a mass eigenstate resulting in the
usual theory. The simple theorem used for this diagonalization is also applied to other transformations
for helicity and the free-particle Hamiltonian. The source of difficulty in obtaining these results without

an intermediate use of proper-time theory is shown.

I. INTRODUCTION

Several interpretational aspects of the free Dirac
equation were clarified in the classic paper by
Foldy and Wouthuysen! in which a unitary trans-
formation was found which diagonalized the Dirac
Hamiltonian with respect to positive and negative
energies. The application of this transformation
to the basic operators of position, momenta,
orbital angular momenta, and spin exhibited a
separation in the new representation into classical
and nonclassical portions. The classical terms
obeyed Heisenberg equations formally resembling
the equations of classical mechanics, while the
nonclassical terms exhibited a rapid oscillatory
motion about the classical values (zitterbewegung).
When electromagnetic interactions were included,
the transformation could not be obtained in closed
form. Thus the classical separation could not be
effected and the Heisenberg equations were not
studied. Furthermore, the general approach was
noncovariant. Subsequent work by Eriksen? has
shown a closed form for the transformation when
the electromagnetic field is time-independent and
is free of a scalar potential. Chakrabarti® has

studied a covariant diagonalization, but dealt only
with free particles. A general review of these
and associated problems can be found in the work
of de Vries.*

This paper addresses three problems: First,
is there a manifestly covariant generalization of
the Foldy-Wouthuysen transformation? Second,
can this procedure be extended covariantly to
include arbitrary electromagnetic interactions in
closed form? Third, can a covariant form of the
Heisenberg equations be found which explicitly
shows the classical form even with an interaction
present? An affirmative answer to these questions
can be given in the context of a proper-time quan-
tum mechanics which as been previously proposed
by one of the authors.® Although we utilize the
proper-time approach to maintain covariance, the
results can be immediately specialized to the usual
theory by using mass eigenstates.

We find that the covariance appears mandatory
for the diagonalization in arbitrary fields. If one
uses the noncovariant Hamiltonian P°=g8m + E-E
and performs the replacement P* -~ P! —¢ A" one
encounters the difficulty pointed out by Sucher®
that the resulting square-root Klein-Gordon equa-



