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The statistical mechanics of the nonrelativistic Zachariasen model is studied for the purpose of
clarifying a mechanism proposed some years ago by Omnes to effect a phase transition in hot, dense
matter with zero net baryon number from a homogeneous thermodynamic state to one with local

inhomogenities in the baryon number density. The model contains 8 and 8 particles, which play the
role of baryons and antibaryons, respectively, and A particles, which play the role of mesons. The A

particles are coupled in the Hamiltonian to 88 pairs through virtual annihilation and creation. The
Helmholtz free energy is calculated in a virial expansion for the cases in which real BB pair
annihilation and creation is (1) important enough to achieve full thermodynamic equilibrium, and {2)
unimportant enough so that over an appropriate time scale the A particles and 88 pairs are
independent of one another. To analyze case (2) a unitary transformation is made on the original
Hamiltonian which completely renormalizes the A-particle rest energy and transforms the original

interaction into an infimte sum of potentials that act within groups containing increasing numbers of'

particles. We then study case {2) by dropping potentials that involve real creation and annihilation.
Within the context of the virial expansion we conclude that no Omnes transition occurs for case {1).
while such a transition is possible for case {2).

I. INTRODUCTION

Several years ago Omnhs" proposed a cosmol-
ogy with the attractive feature that there is macro-
scopic symmetry between matter and antimatter,
i.e., the universe as a whole contains equal
amounts of matter and antimatter. The present
universe is assumed to have evolved from a singu-
larity in a manner analogous to the usual asym-
metric "big bang" cosmology, although the details
of the expansion entail new physical considerations
due to the presence of both matter and antimatter.
In the early (t &10 ' sec) stage of expansion, mat-
ter (including leptons and hadrons) and antimatter
(including antileptons and antihadrons) will be in
equilibrium with radiation. Specifically, the ex-
cess of baryons over antibaryons in a macroscopic
but small region will vanish. The difficulty with
such a model is that as the universe expands, the
matter and antimatter annihilate with such great
efficiency that the present observed matter density
of the universe could not have survived. '4 Omnhs
has suggested the possibility that the statistical
mechanics of strongly interacting particles pre-

sents a mechanism by which matter and antimatter
effectively repel each other at short distances. At
a sufficiently high temperature this repulsion then
leads to a phase separation of the matter from the
antimatter which, according to Omnbs, "can be
amplified by coalescence during later stages of
expansion. In this way the evolved universe con-
sists of islands (of galactic size or larger) of mat-
ter and similar islands of antimatter. Such a cos-
mology, while extremely interesting and appealing,
has been criticized' for reasons which involve the
post-separation aspects of the theory.

The essential point of the separation mechanism
proposed by Omnhs is that mesons are bound
states of baryon-antibaryon systems. A virial ex-
pansion of the Helmholtz free energy then involves
a term related to the baryon-antibaryon interaction
which, according to the Beth-Uhlenbeck formula,
consists of two parts: (1) a bound-state contribu-
tion related to mesons and (2) a continuum contri-
bution related to scattering in the appropriate bar-
yon-antibaryon channel. Omnhs hypothesizes that
the bound states enter into the Helmholtz free en-
ergy as an independent entity and that the free-nu-
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cleon-free-antinucleon part of the Helmholtz free
energy involves the strong interactions only
through the continuum contribution (2} referred to
above. The justification for this hypothesis is
founded in the work of Dashen, Ma, and Bernstein'
(DMS) on the 8-matrix formulation of statistical
mechanics. In point of fact, the DMS work refers
to the structure of the thermodynamic potential in

which the system's volume, temperature, and

certain chemical potentials are the appropriate

thermodynamic variables. For the discussion of
the possibility of a phase transition, the Helmholtz
free energy is more useful and, although not stated
so explicitly, this is the reason for Omnhs's em-
phasis on the Helmholtz free energy. Omnhs

shows that the retained continuum part of the bar-
yon-antibaryon virial coefficient has, due to Levin-
son's theorem, ' the same sign as would be pro-
duced by a repulsive interaction. Subsequent anal-
ysis then suggests that the minimum of the modi-
fied Helmholtz free energy will occur for local
(but macroscopic) inhomogeneities in baryon num-

ber. One difficulty with the Omnhs hypothesis con-
cerning the nature of t:he Helmholtz free energy is
that it is never clearly spelled out how this free
energy is extracted from the underlying thermo-
dynamic potential which is the basis of the DMB
work.

The purpose of the present work is to examine
systematically the role of bound states in statisti-
cal mechanics within the context of a well-defined
model field theory which contains those ingredients
of the physical world which seem essential to the
Omnhs theory: baryons, antibaryons, and mesons
which are in some general sense bound states of
baryon-antibaryon pairs. The model is referred
to as the nonrelativistic Zachariasen model be-
cause of its similarity to a relativistic model pro-
posed some years ago by Zachariasen' as an ex-
ample of a soluble relativistic field theory. Unlike

the present model, however, the original Zachari-
asen model did not possess a canonical formalism
and was described in terms of dispersion relations.
In Sec. II we introduce the model and determine
some of the low-lying states. In Sec. III we deter-
mine the thermodynamic potential and subsequently
the Helmholtz free energy (which is more useful
for the discussion of phase transitions) under the
assumption of conzplete thermodynamic equilibri-
um consistent with the totality of quantities that
are additively conserved with respect to the mod-
el Hamiltonian. In this case it is found that the
Helmholtz free energy, which is a function of the
system volume, temperature, and eigenvalues of
the conserved quantities referred to above, does
not suggest the possibility of an Qmnes transition.
In Sec. IV a unitary transformation is performed

on the model Hamiltonian which separates real
from virtual pair creation and annihilation effects.
The transformed Hamiltonian contains a modified
kinetic energy with renormalized A-particle rest
energy and a modified interaction part made up of
an infinite number of "potentials. " Of particular
importance is the appearance of a repulsive BB
interaction in the form of a. finite sum of separable
potentials and a dissociation potential which cou-
ples BB pairs to the renormalized A particle
through real BB-pair production and annihilation.
%hen the dissociation part of the transformed
Hamiltonian is neglected, the resulting reduced
Hamiltonian possesses an additional constant of
the motion. The Helmholtz free energy for this
reduced Hamiltonian then has a negative second
virial coefficient (related to the BB interaction) as
is necessary for the Qmnbs transition. In this
simple model the reduced Hamiltonian is unable,
however, to give adequate BB repulsion to satisfy
the necessary condition for the Omnhs transition.
In an appendix we give the generalization of the
model to include internal degrees of freedom for
the various particles. The reduced Hamiltonian
for this generalized model then contains sufficient
repulsion to give the Omnhs transition. A sum-
mary of the present analysis is given in Sec. V.

II, THE NONRELATIVISTIC ZACHARIASEN MODEL

The nonrelativistic Zachariasen model is defined
by the Hamiltonian H =H, + H„where

H, = Q (a~a~ur~+b~ b~E~+b~ bp E~ ) (2.1)

and

while in Eq. (2.2) the quantity g is a coupling con-
stant which sets the strength of the basic interac-
tion and F, is an arbitrary form factor which

equals unity for q =0 and vanishes sufficiently rap-
idly for q- ~. The model described by the above
Hamiltonian is actually a. variant of the (nonrela-
tivistic) Lee model in which all recoil effects are

g + f
1 y ll2 ~ c( 0 PI2-a Pi2-a 0 Pi2'c PI2-c) ~

Pq

(2.2}

where V is the volume of the system. In Eqs. (2.1)
and (2.2) a~, b„and b~ are the destruction opera-
tors for the relevant species, which for simplicity
we take as spinless bosons since the type of quan-
tum statistics plays no essential role in the ensu-
ing theory. In Eq. (2.1) the single-particle ener-
gies are taken as quadratic in momentum, with
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(2.7)
v -=(v, —v ) = tq +H„.

We now determine some of the eigenstates of H

with low values of the eigenvalues of v and v.

(~) States of v=0, v=0. There is only one such

state, which is the bare vacuum with

H io& =oio&. {2.8)

(ii) States of v=1, v=0. These are bare single

8-particle states with

Hb,' iO& =E,bt iO&. (2.9)

|'iii) States of v =0, v =1. These states are bare
single 8-particle states with

Hb~~ ~0& =E,b~~ (0&. (2.10)

included. Since the A-particle's inertial mass is
twice that of a 8 or 8, inertial mass is conserved
in the elementary virtual transformation described
by 0, ,

8+8 A, (2.4)
and the interaction II, will modify the A-particle
energy-momentum relation ~~ simply by renor-
malizing the rest energy W'„'. The 8 and 8 rest
energies, on the other hand, are not renormalized
by the interaction. In the following we will assume
that the coupling constant g and the unrenormalized
rest energy 8"„are such that the renormalized
rest energy 8'~ & 2W'~. This constraint will ensure
that the renormalized A particle is stable. A suf-
ficient (but not necessary) condition for this con-
straint to hold is that 8'„' &2$'~ since the interac-
tion lowers the rest energy, It should be noted
that the model is not to be thought of as a low-ve-
locity limit of a relativistic model since in that
case 8'A=2Mc and S'8=Mc . Since we want to ex-
amine the case in which both g and S'„become in-
finite (for fixed W„and Ws) we purposely retain
more flexibility in the choice for the bare A-parti-
cle rest energy.

The Hamiltonian in Eqs. (2.1) and (2.2) has the
property that it is left invariant under the inter-
change of b~ and b~. We shall refer to this ex-
change invariance as "charge conjugation" sym-
metry. Formally, we can construct a charge-con-
jugation operator C which has the property that

CbpC '=bp, CbpC '=bq (2.5)

and which commutes with the Hamiltonian. We

further note that there are two additional constants
of the motion given by

v, =N+N +2M» v =A-N, (2.6)

where N=g~b~b~, N=g~b~b» and „tt=Q~a a~~.

We will sometimes refer to v as the baryon num-

ber operator. It is also useful to consider linear
combinations of these two constants of the motion
in the form of

v=-,'(v, +v }=tt+tt„,

(iv) States of v=1, v=1 (E&2Ws+P'/4M). For
a given total momentum p there is one such state,
which can be written as a linear combination of a
bare A state and a bare BB-pair state:

[C'n& =Q Q, b„a„bl,2, (0&+z'"a~ (0&. (2.11)

It then follows from the Schrodinger equation
H [4,& =E~4,& that

y, (2W, +p'/4M+q'/M-E)+Z'"' g, F, =O,

2.12)(
~v2 +Fake+(&p-E)Z"'=0,

from which we obtain in the infinite-volume limit
(with units in which b =1)

E =& =W +P'/4M
(2.13)

(2v)' W„-2W —q'/M
'

We note that as previously stated we assume g and
W'„are such that 8'„&2%"~. Hence, the integral in
Eq. (2.13) is negative, and we conclude W„&W'„;
the interaction lowers the rest energy of the bare
A particle. The normalized eigenstate components
for the value of E given in Eq. (2.13}can be deter-
mined from Eg. (2.12) together with the normaliza-
tion condition Z+Q, P, ' = 1 to give

~
3
~

q

~
~

~
2 2

3 2z-'-~
(2v) (W~ —2ws —q /M)

(2.14)
g 1/2

4, =g — E,(w„-2w, q'/M)—
tv) States of v=1, v=1 (E&2ws+p'/4M). These

states are scattering states and rather than follow
the analysis that was carried out for E & 2ws+ pm/

4M, it is more instructive to deal directly with the
scattering T matrix which satisfies the Lippmann-
Schwinger equation

T(E}= H, +H, . T(E), q-0' . (2.15)
1

' E+ig-Ho

By iterating Eg. (2.15) once and then taking matrix
elements between plane-wave BB-pair states, we
obtain

2

T. .(p, E) = g

g2
V F +ig —coo&

I'k Tk, (P, &)
E+tn 2W, p'/4M-bm/M—'-

k

(2.16)
where

T, ,(P, E) =(o Ibp„„.bp„, , T(E}b~,„,b~„,~0).

(2.17)
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Ecluation (2.16) can be readily solved to obtain

g'F F /V
~ o ~ d k Fq'

{2v)' E+fq-2W, —p'/4M-I'/M

(2.18)

which possesses a pole at E =(dw, where (4)~ is defined in Eq. (2.13). It will be convenient for future pur-
poses to rewrite E(I. (2.18) in terms of the renormalized rest energy W„rather than the bare re. t energy
W'„. From E(I. (2.13) we then obtain

g F2 F, /V
k 1

( (2 )' (W„—2W —2'/M) t 2+i 4-2 W, - 2' /4 M- '2 /M))

(2.19)

e""sins(q),
VMq

from which we deduce

(2.20)

When the T-matrix element T, ,(p, E}is put com-
pletely on-shell, with q=q' and E =2W)) +p'/4M
+q'/M, we obtain the scattering pha, se shift (4I

wave only in the present case) from the corre-
spondence

T(q) = T„(P,-2W, +P'/4M+q'/M)

d'A FI M
(2v)' (W„-2We —k /M)(q' —l') '

where the slash on the integral sign indicates that
a principal value is to be taken.

Qf particular interest is the case in which g'
—~ for fixed 8'„. This limit implies, of course,
that

44 A (g (2 )2 W 2W 2/M ( ' /

tan6(q) = ',
/

D-'(q),Mg qFq

A 8 (2.21)
also approaches +~. In this limit we obtain from
Eq. (2.19) the T-matrix element

1 F F, ' " d21 2

V (E+f)} ~,) . (»)' (W„—2W, -I'/M)(E fq+2W, -P'/4M-I—'/M)

and from E(I. (2.21) the scattering phase shift

d'0 F
4v (W„-2W, -q'/M) (2v)' (W„-2W, -8/M)(q'-&') (2.24)

It is of interest to note that such a T matrix and
phase shift would result from an attractive sepa-
rable potential

V, , =-u, F, /V,
where the potential strength A. is given by

(2.25)

J (2v) 2W() +1' /M- W„' (2.26)

Thus, in the limit of infinite coupling constant
{fixed W„) the Zachariasen model is equivalent to
an attractive separable BB-potential model in
which the renormalized A particle appears as a
bound state of the attractive potential. In field-
theoretic language this composite nature of the A
particle is signaled by the vanishing of the quantity
Z given in E(I. (2.14), which is the probability of
finding a bare A particle in the renormalized A
particle. Finally, the composite nature of the re-
normalized A particle in the infinite-coupling limit

can be seen from the behavior of the phase shift as
a function of q. In Fig. 1 we have indicated the
qualitative behavior of 5(q) for various strengths of
coupling. For finite g the phase shift is zero at q
= 0, goes negative for q & 0 and reaches a minimum
before returning to zero as q- ~. For infinite g
the phase shift also vanishes a.t q = 0 and goes nega-
tive for q&0, but approaches -n as q-~. ,This
difference in behavior can be summarized by

6(0}—|){~) = 0 (finite g),
(2.27)

5(0) —5(~) =)2 (infinite g}.
In terms of Levinson's theorem, ' the renormalized
A particle is an elementary particle for finite cou-
pling constant, but is a composite bound state of
the BB system in the infinite coupling limit.

The off-shell T matrix is closely related to the
A particle vacuum propagator, which is defined by

D,"(f-I')=-ig(&-f')(0(a, (f)a,"(t')~0), (2,.28)
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where 8(t-t') =1 for t) t' and vanishes for f &t',
and a~(t) =e'"'a~e '"'. Since this propagator will
turn out to play an essential part in the approxi-
mate calculation of the thermodynamic potential,
we will now establish the relationship between it
and the T-matrix element. It is evident that

D~(t —t') can be calculated directly from the defi-
nition Eq. (2.28) by inserting a complete set of in-
termediate states with the quantum number v = v=1
and total momentum p. We shall obtain D~ (f —f'},
however, by the standard equation-of-motion tech-
nique with

(2.29}( D t t = 5 t t &)9 t t ~/q F bq/2 (t q/2 t aq t

where we have used the equation of motion for the Heisenberg destruction operator a~(t). We may then
write an equation of motion for the term on the right-hand side of Eq. (2.29). Again using the Heisenberg
equation of motion for b, (t) and b~(t) we obtain

(2.30)

With the aid of the Green's function G(t —t'; E) de-
fined by

. a
/' = E G(t —f'; E}= 5{t—t')
at

[G(t —i'; E) = 0, f & t'], (2.31)

Eq. (2.30) can be integrated and Eq. (2.29) con-
verted to an integral equation for D~(t —t') By in-.
troducing the Fourier transform

where &))~ and Z are given in Eqs. (2.13}and (2.14),
respectively, and

d'APh)= *), J2 .2 && —2~, -)'/4M-k/M)F

(2.38)

D((u) =
J( dtDp(t)e'"'

we obtain
1

(&))) = 0 )
&)) +i@—«)& —m~ («)}

where

(2.32)

(2.33)

„( ), &d'k F)'
(2w)3 «) +i q - 2Ws -P /4M- k /M

(2.34)

By comparison with Eq. (2.18) we then obtain

T, ~,(P, &))}=g'F,F, D~(«))/V. (2.35}

For future purposes it is convenient to write D~(&)))

in spectral form. Because D~(t -f') is a retarded
propagator, D~(~} is analytic in the upper-half
complex v plane and can be written as

D~ («)) = . , (&u real},
"

d&))' A), («)'}
2F (d + b'g —(d

(2.38}

where the real spectral. weight A~(«)) can be found
from Eq. (2.33) by

A q («) ) = -2 Im D~ («) }

R/ (&)))

I. ~ —~,'- n, (~)]'+-'R~'(~) '

(2.37)

FIG. 1. Qualitative dependence of the BB-scattering
phase shift 6 as a function of relative momentum q for
the cases of (a) a typical finite value of coupling constant
and (b) infinite coupling constant but finite renormalized

A -particle rest energy.
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It is evident from Eq. (2.38) that p~ (&u) =0 for &u

& 2Ws+p /4M.
In principle, we can determine states with quan-

tum numbers v and v other than those given above.
However, to go further would require the solution
of coupled integral equations which cannot be car-
ried out in closed form. In fact, the above explicit
content of the model is sufficient for a discussion
of the Omnhs transition. We now turn to a discus-
sion of the statistical mechanics of the model.

III. STATISTICAL MECHANICS

We now consider a macroscopic subvolume V

containing 8, 8, and A. pa.rticles at temperature T.
This subvolume is assumed to be imbedded in a
much larger volume also containing 8, 8, and A
particles at temperature T. This larger volume
serves as an energy and particle reservoir for the
subvolume. The thermodynamic state of the sub-
volume is thus described by a grand canonical en-
semble in which constraints due to conservation
laws for the additively conserved quantities v and

v in Eq. (2.7) are taken into account with Lagrange
multipliers p, and p, , which can be interpreted
physically as chemical potentials. The density
matrix for such a system is then given by

- N H- P v - Jtf v ) (3.1)

on number of the opposite sign in the reservoir. '
Thus, the system develops an inhomogeneity in
baryon number.

The starting point for the thermodynamic analy-
sis of the system is the calculation, in some ap-
proximation, of the thermodynamic potential which
is related to the grand canonical density matrix of
Eq. (3.1) by

A(g) = kT ln-(Trp), (3 8)

gp
8'g g=Ay (3 7)

where the Helmholtz free energy is obtained from
the thermodynamic potential by the Legendre
transformation

F =&(g)+pn+un (3*8)

The quantities g and g are simply system eigen-
values of the operators v and V. From Eqs. (3.7)
and (3.8) together with the thermodynamic rela-
tions

where we have indicated explicitly the dependence
on the coupling constant. Qur ultimate aim is to
obtain a, virial expansion of the Helmholtz free en-
ergy which is a function of the volume V, tempera-
ture T, and quantities q and q, which are conjugate
to the chemical potentials p, and p. in the sense that

- 8(H - p Pf —p N - y &N ) (3.2)

We note here that a density matrix of the form BQ &0
(v) =-—,(v) =-=

Bp BP
(3.9)

does not describe an equilibrium ensemble since

[H, p]w0-Bp 1
Bt

(3.3)

unless p,„=p, + p, . We next assume that our sys-
tem, described by the density matrix of Eq. (3.1),
together with the surrounding reservoir contains
no net baryon number. For a uniform system we

will then have ( v ) = ( v ), where

( v) =Tr(pv)/Trp,

( v) =Tr(pv}/Trp.
(3.4)

Such a "charge-symmetric" system is described
by a. density matrix which is invariant under

charge conjugation. Formally, we have

CpC '=p (3.5)

from which it follows that p. = p. What we would
like to determine is whether a macroscopically
charge-conjugate-invar iant density matrix allows
any thermodynamic states other than ( v) =( v). In
particular, thermodynamic states for which ( v)
o ( v) can be interpreted as describing a nonuni-
form system in which the baryon number excess
in the system subvolume is balanced by a net bary-

s(7(g) Tr(psH, /sg)
~g Trp

(3.10)

followed by integration from g=0 to the full cou-
pling strength,

«dg
Q(g) —A(0) = —(H, ), (3.11}

where Q(0) is the thermodynamic potential for.the

it follows that the conjugate variables q and g are
numerically equal to the grand-ensemble average
values ( v) and ( v), respectively. The symmetry
condition p = g and Eq. (3.7) then give self-consis-
tent equations for ( v) and (v) as functions. of V,

T, and g. The special ("blackbody") case of p =0
is the physical condition under which Qmnbs car-
ries out his analysis. The value p. =0 arises in
that work because mesons and pairs can be created
and destroyed in elementary processes, and there
is no analog of v, as a conserved quantity. The
analysis here is more genera. l and contains the
blackbody condition as a special case.

The thermodynamic potential itself is calculated
by using the standard device" of differentiation of
ln(Trp) with respect to the coupling constant g,
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noninteracting system of bosons and is given by' e& ~-v-v ID& (~} (3.18)
d3

Q(0) =@TV P [in(1-e~t"'" "~')
(2v)'

If we define an A-particle spectral function A~((u)

by

(3.12)

D', (&u) —D~ ((o) =A, ((u},

then Eq. (3.18) enables us to write

(3.18}

We note that the bare A-particle rest energy ap-
pears in Q(0). By inserting the explicit form of
H, into Eq. (3.11), we obtain

where

+ 8(t' —t)D~ (t —t'), (3.14)

Q(g) = Q(0)

2
+ I/&/aRe dg~ P (5&la+ 5n/2 ae& ~-

(3.13)

To evaluate the required ensemble average in Eq.
(3.13) we introduce the A-particle propagator"
defined by

Dt, (t —t ') = 6(t —t ')Dp (t —t ')

D,'((u) =f(u))A~((u), (3.20)

—A~(v} = 1,t aco

„2m
(3.21)

D,' ((u) = [1+f((u) ]A, ((u),

where f(u&) =(es~' " "' —1) '. As we will see
below, the thermodynamic potential can be ex-
pressed in a simple formal manner in terms of
the A-particle spectral function. As we will be
interested in the simplest of approximations for
A~(&o) which will enable us to investigate the pos-
sibility of an Omnes transition, we will not go
into details of a general scheme by which A~(u&)

can be determined. We simply note in passing
that the spectral function satisfies several sum
rules which can be easily proven and which take
the form

xe&(s -g„}(t-t') (3.15)

—(~ —u&,')A, (~) = 0.cf (d

277

D~ (t —t ') = i(a~ (t')a~(t-)&

=-i P„ tn ap n

=2wg P 5(E — E+~)i(mlapln&i

(3.16)

D,'((u) =i dt e' D~ (t)

= 2v g P„5(E. E.+~)) (~ [ a In& I
'—.
(3.1'I)

ince g„—F. =~, v„—v =1, and v„—v =1 in the
above sums, it is evident that

x ef($ -E„}(t-t')

and P„=e t ~""~ ""~'/Trp. In Eq. (3.15) the
states ~m& are eigenstates of H, ~, and p, with re-
spective eigenvalues E, &, and & . The func-
tions defined in Eq. (3.15) are not independent.
This can easily be seen by taking the Fourier
transforms defined by

D;( ij &Ite' 'D,'Ifl

We now return to the expression for the thermo-
dynamic potential, Eq. (3.13), to determine how

it can be written in terms of the spectral function.
To see this, we write an equation of motion for
D,'(t —t'):

i ——~' D (t —t'}
P P

i„,Q F( a(t')b„-„,(t)b „,(t)& . (3.22)
a

The right-hand side of Eq. (3.22) with t' = t ap-
pears in Q(g) —Q(0), while the left-hand side can
be evaluated with the aid of Eq. (3.20} to give

Q(g) =Q(0)+2 —Q —((u —(v~0)f((u) A~((o),
cog l(d

g ~ 2'

(3.23)
which is the analog of a similar result in potential
scattering.

As a first approximation to Q(g) we now replace
A~(~} by its vacuum value. We note that the vacu-
um case can be obtained by setting p. = P =0 and
letting ra- ~. In this limit

D,(t —t') — ttt(t t') «I a, (t-)a,'(t'—) I 0&

= D," (t t'), (3.24)-
which has been determined in Sec. II. In this
approximation all dependence on the thermodynam-
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ie parameters T, p, , and p, is contained in the

Bose function f(u&), while all the dynamical infor-
mation is contained in the vacuum spectral func-
tion A~(&u). Fortunately, the dependence of A", (~)
on the coupling constant is sufficiently simple so
that the integration over coupling constant can be
carried out explicitly. The contribution from the
5-function part of A~ (&u) in Eq. (2.37) to the inter-
action part of the thermodynamic potential is
given by

y~p
[Q'"'(g)],.„=VkT

( ),ln, ,, (3.25)

When added to Q(0) this contribution simply re-
places the unrenormalized A-particle rest energy
in Q(0) by the renormalized A-particle rest ener-
gy. This renormalization of Q(0} is in agreement
with the general 8-matrix formulation of statisti-
cal mechanics given by 0MB. The contribution
from the continuum part of At(~) in Eq. (2.37) to
the interaction part of the thermodynamic poten-
tial can also be calculated explicitly and, when
compared with the expression for the scattering
phase shift in Eq. (2.21), we obtain

[Q'"' (g}]„,,„,

,f (2We +P'/4M +k', 1V. )

Q(g) =-kTV[C, (z+Z)+C, zZ+ .J,
where

(3.30)

C, =Z,„'e -"s-1&2, C, =X,„'e "~-+A,/kT.
(3.31)

In the standard manner the double series in z
and 7 obtain for q and q from Eqs. (3.29) and (3.30)
can be inverted, and the Helmholtz free energy
can be expressed as a double power series in
E = q/V and g =@/V, with the result

F=kTV[f ln(g/ec, )+ gin(g/eC, }-C,Eg/C, '+".
J .

(3.32)

We emphasize that the Helmholtz free energy is a
function of the system eigenvalues of the additively
conserved quantities v and v. The condition of
macroscopic charge-conjugation invariance is now
set by imposing Eq. (3.7}with p = }j.. From these
relations we then obtain the basic equations for the
self-consistent determination of t' and $,

the form

n = &v&= Pz-, n =&v&= P-e, (3.29)
8 Q(g} s Q(g)

eg Bz

where z =e~" and z =e~". The approximate ther-
modynamic potential in Eq. (3.27) is now regarded
as giving the first few terms in an infinite double
series in z and z:

~8(k)/k . (3.N)
( = C, exp(C, S /C, ')es",

For temperatures such that 8'~ »&T we may ap-
proximate the Bose distribution function in Eq.
(3.26) by its Maxwellian limit. We then obtain
the final approximate form for the thermodynamic
potential,

Q(g) = Q""(0) —Ve'&" »A, ,

where A, is the virial coefficient given by

tk—5(k(e)) e
jr

(3.27)

(3.28)

with A. ,„'= (MkT jz)'~' By partial int.egration Eq.
(3.28) can be converted into the standard Beth-
Uhlenbeck" formula for the second virial coeffi-
cient. In Eq. (3.2'l) the quantity Q""(0) is the non-
interacting thermodynamic potential defined in
Eq. (3.12) but with the unrenormalized A-particle
rest energy 8'„' replaced by the renormalized rest
energy $V„.

For purposes of discussing the possibility of an
Omnes transition we now use the above approxi-
mate thermodynamic potential as the basis for a
virial expansion of the Helmholtz free energy in
terms of the densities (v&/V and (v&/V. As stated
previously, the Helmholtz free energy is obtained
from Eq. (3.8), while use of Eq. (3.9) is made in

$ =C, exp(C, (/C, ') e~" .
(3.33)

From an analysis similar to that used by Omnes"
it can be seen that the solution $ = ( (and thus
(N-g&=0) is the only solution for C, &0. Rather
than use Eqs. (3.28) and (3.31}as the definition
of C„ it is convenient at this point to go back
and write C, in the alternate form [from which
Eqs. (3.31) and (3.28) can be obtained]

C, = 2, "o[1+PX (P)l, (3.34)

where

X&(P)=-2 —
2, e "' "'(~-~~)&&(~) (3.38)

0

From the second sum rule in Eq. (3.21) we con-
clude that 1~(0) =0. Furthermore, from the ex-
plicit expressions for A~(co) in Eqs. (2.37}and
(2.38) it is clear that d}L~(p)jdp&0 for all p.
Hence, we conclude that y(P}&0 and thus C, & 0.
Thus, within the context of the present approxima-
tions, the only possibility is the homogeneous
(symmetric) solution (N&=(Ã&.
In the Omnes modification of the present anal-
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y s is, the bou nd -state contribution to C, is
dropped . The additional as su mptions needed to
justify this modif ication are a main concern of
the present work, and in Sec . IV me introduce a
method of ana'j ysis mhereby the modification can
be introduced in a. systematic manner . %e note
here that if the bound -state contribution to C, is
dropped from Eq. (3.28), C, is simply given by
A, /bT defined in Eq. (3.28). Since A, is negative,
the possibility arises that Eq. (3.30) will possess
solutions for which F g~, i.e., for which(1V)W(Ã).
Such solutions break the macroscopic charge -con-
jugation symmetry noted prior to Eq. (3.2). These
solutions thus indicate the possibility of an inhomo-
ge ne ity in the bar yon number density .

IV. THE UNITARY TRANSFORMATION

The interaction Hamiltonian of Eq. (2.2) ex-
plictly couples the A. pa rti cle to a BB pair in a
virtual process. In Sec . IG we have seen how a
density matrix when parametrized with respect
to thermodynamic variables conjugate to each of
the conserved quantities dictated by the nature of
the Hamiltonian, does not lead (in the given ap-
proximation) to asymmetric solutions that indicate
a local baryon-number -density inhomogeneity.
The purpose of the present section is to make a
unitary transformation on the original Hamil. ton-
ian in order to separate the effects of the original
interaction into two parts. The first of these parts
is the renormaliz ation of the A -particle rest en-
ergy, while the second part leads to scattering
among various of the system' s constituents . This
second part takes the form of an inf inite sum of
potential -like interactions between various group-
ings of particles. The procedure is then to re-
tain only a certain portion of the transformed
Hamiltonian and, in particular, to neglect those
potentials which describe the real' process of BB-
pair annihilation and creation. Physically, the
neglect of real -pair annihilation and creation al-

lowss

the renormal ized A. particl es on the one hand
and 8 and 8 pa rticles on the other hand to appear
as independent. ' components of the system . Such a
situation then leads to the po s sib il ity of an Qmne s
transition. Thus the state of incomplete thermo-
dynamic equilibrium'2 brought about by the in-
efficiency of real -pair creation and annihilation
seems to be a necessary condition for an Qmnes
transition.

%e nom consider the unitary transformation U
=e, where 4 is chosen so that the transformed
Hamiltonian takes the form

whe re

0,'= Q (a~ a~cu~+b~~ b~E~+b~~ b, E~) (4.2}

with

V(j)+ V(2~+ V(3&+ . . ~

jul (4.3)

y ~ P/2+0 P/2 q ' Pf2 q P/2+q qq~ ~

Pea '

V =—,~ ~j p. ap p, (bq, bq„+bq, bq ) Vq,q„,(2) ~~+ & ~ (2)
pp tplt

(4.4)

3&2 Z &~ o (bn b.-+b'bn-)(3 &

+ H.c. ,

~r(3 '}

(P-P" - (0-0 ')/'

In Eq. (4.4) V"', V '), and V~' are potentials that
describe BB scattering, AB and AB scattering,
and BB-pair production and annihilation,

respect-ively�y

. Additional potential s also arise whic h in-
valve ever -increasing numbers of particles . The
invariance of V(' under charge conjugation fo1-
lows from the invariance of the untransformed
Hamiltonian H, together with a charge -conjuga-
tion-invariant operator O' . To yield the trans-
formed Hamiltonian indicated in Eqs. (4.1)-(4.4),
me take 4 of the form

)I) = g 4, (a&by~, +, b~&, , —ap b~y, +, by&~, ),
Pa

(4.5)

ffe ~ a~~[0) = (o~ e a~~[ 0), (4.6)

from which we conclude by reference to Eq. (2.11)
that

with 4, =4, The task now is to determine both
and the various potentials . In particular, we

mill determine only V(', explic itly in the present
work since it exhibits the essential feature nec-
essary for the Qmnes transition.

Since the operators v and v commute with 4,
the eigenstates of H' can be simultaneously labeled
by the eigenvalues of )) and )). In particular, a~~) 0)
is an eigenstate of H' with eigenvalue ~~ and eigen-
values v = v = 1 . %'e note that co~ is the renormal-
ized A-particle energy. It then follows that

(4.1)

(4.7)

=21Vs+q3/M —Wz. On the other hand, the



ROBERT H. GARVEY AND PETER B. SHA%

potential V, '~) can be calculated by taking matrix
elements of II' between bare pair states since

(0l bp)a+a, bp(p as e He bp~a+a bp/2-aI 0)

X/2
(g) 2 Eq Egp Z

qcqp 1+Z /

ZI/o
(W„—W„) +@a+e, , (4.13)

and

I4p. (}~&=& "bp'yp+. bo'ia .I0)

which satisfy "equations of motion"

(4.9)

(4.10)

as can be easily verified by direct differentiation
of Eq. (4.9) together with the definition of 4 in Eq.
(4.5!. These coupled first-order differential equa-
tions, together with the boundary condition at
X =0 obtained from Eq. (4.9), can be easily solved
to give

l@,(1)&=-s 'aplo&

=cosX sp'I0&-

ep. (1)&=sbpttp+. bptt -.IO)-

bey. +a bp'(p a-l o)

cosX -1
+O', , C„.bp&„, , bp&, , I0)

+ —+2m; e...+ V(t) . 4.8

Thus, the determination of e ap~l0) in terms of
the 4', will enable a determination of that parame-
ter through Eq. (4.7), whereas the determination
of e "

b~&p„'b~~&, ,[0) in terms of the now known
4', will enable a determination of Vq~", through Eq.
(4.8). To this end we introduce two state vectors,

I4p(X))=e ~aap~l0&

which is a sum of separable repulsive potentials.
In order to determine the incomplete thermo-

dynamic equilibrium state of a system of 8, IT,

and A particles in the absence of real BB-pair
creation and annihilation, we assume that this
equilibrium state is determined by that portion
of the Hamiltonian H' given by

As in the case of the density matrix for full ther-
modynamic equilibrium discussed in Sec. III, ma-
croscopic charge-conjugation invariance implies
that p. = p. As before, the properties of the in-
complete equilibrium state can be determined by
a virial expansion of the effective Helmholtz free
energy in powers of the conjugate variables q',
g', and qA which are rela, ted to the grand canon-
ical ensemble averages of N, N, and NA by the
numerical equalities

where

(X),„=Tr( p,„X)/Trp„, (4.17)

The conditions for incomplete equilibrium are
then determined by

(4.&4)

%'e note that H', «possesses three conserved quanti
ties, X, N, and XA, rather than the previous two
conserved quantities &+MA and N+X„. The rea-
son for the enlarged number of conserved quanti-
ties is simply that by neglecting all interactions
except V~" we are neglecting the areal transforma-
tions between BJ3 pairs and A, particles. The vir-
tual transformations lead, of course, to the A-
particle rest-energy renormalization and have been
taken into account by the unitary transformation.
To construct a grand ensemble for the equilibrium
state of a system described byB', «, we use a den-
sity matrix defined by

+ a~!0) (4.11) Eeff jeff
8'g 8 'g

where X' = Q, C,2. From Eqs. (4.7) and (4.11) we
then determine

Z x/2

cos '(Z' ')V'/' e, 1-Z (4.12)

It is evident that 4, is independent of the total mo-
mentum p. Finally, the potential V~'~~, as com-
puted from Eqs. (4.8) and (4.11), is given by

(4.18)

OA

where the chemical potentials p and p, A are pre-
sumed given. Explicitly, the free energy can be
obtained, as before, from the thermodynamic po-
tential and is given by
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E,« =kTV )f, ' in(t'/eC, ) +8 ln( k /~C&)

+ f,„in(E„/eC ~)- C,' (' E'/C, '+ ' ' ' J,

C~ 81 ~ s ~ "dq d5'{q)
(4.21)

(4.19)

where ('=q'/V, $' =q'/V, E„=q„/V, and C, is
given, as before, in Eq. (3.31). The quantity C~
is given by

(4.20)

while C,' can be computed in a manner similar to
what was done in the case of full thermodynamic
equilibrium, or, alternatively, we may use the
Beth-Uhlenbeck formula, from which we obtain

where 5'(q} is the scattering phase shift for the
potential V~V, .

To obtain an expression for the phase shift O'I'q),

we must first calculate the 2' matrix for the BB
interaction V~~", , which can be done by solving the
Lippmann-Schwinger equation for T'(E) in Eq.
(2.15) and using V~', ,' as the potential. Since V~",

is a sum of separable potentials, the Lippmann-
Schwinger equation can be solved in closed form
to give

y(E~+ E~~)+y (g /V)g(Ey /6y Ep g)[eyEy y+(Ey —c~)(E'g —E~~)]

(P E) r'EeEe ' '
a

1 —(g /V KE~. /&~iEy yi
k

(4.22)

(„=2W2 C,e'" (4.24)

There exist asymmetric solutions to these two
equations such tha, t ('c X' when

—~e "&e.C'
C,

(4.25)

In the model we have been considering we have
seen that C2&0 and that therefore the possibility
for B-IT separation exists, but numerical calcula-
tions indicate condition (4.25) cannot be satisfied
at any temperature with this simple model. It is
shown in the Appendix, however, that if sufficient
degeneracy due to internal degrees of freedom is
added to the model, the condition for asymmetric
solutions (4.25} can be satisfied and such solutions

where y=Z'~'/(1+8'~') and E~, =E+iq —E»„„
-Ep&, , This T' matrix has no poles on the real
E axis which confirms the fact that there are now
n~ bound states arising from our approximate
Hamiltonian. When the T' matrix is placed on the
energy shell, the expression in Eq. (4.22) and
thus the scattering phase shift 5'(q) reduce to the
expressions in Eqs. (2.20) and (2.21), respective-
ly. Hence, the expression for C,' becomes equal
to that for A, /kT, defined by Eq. (3.28), as can
be seen by partial integration of Eq. (4.21}. Since
5'(q) = 5(q) is negative for all q and since, by par-
tial integration, C, is proportional to J dqq5(q)
&e ", then C,' is less than zero.

We now apply the equilibrium condition (4.18}
and obtain

)' = C, exp(C,'t'/C, ')e ",
(4.23)

$'=C, ex (pO'E'/C, ')ea"

arise above a certain critical temperature. As
Omnes has pointed out and as is true in this ap-
proximation in our model, these asymmetric sol-
utions correspond to a minimum in the Helmholtz
free energy, while the symmetric solutions cor-
respond to a, maximum for temperatures above the
critical temperature. Thus we see how essential
the assumption of incomplete thermodynamic equil-
ibrium is to the possibility of an Omnes transition
in this model. This independence of the .4 parti-
cles and the B and B particles had its analog in
the realistic problem of mesons, nucleons, and
antinucleons in the original work of Omnes, ' but
the connection between this independence and a
state of incomplete thermodynamic equilibrium
is not clear in subsequent work. '"

U. SUMMARY AND CONCLUSION

In this paper we consider the implications of
both full and partial thermodynamic equilibrium
for the nonrelativistic Zachariasen model within
the approximation scheme of an appropriate virial
expansion of the Helmholtz free energy. For full
thermodynamic equilibrium we construct a grand
canonical ensemble which is parametrized by two
chemical potentials that are introduced to take
into account constraints on the bvo conserved num-
ber operators which exist in the model. The ther-
modynamic potential, which is the natural poten-
tial for the grand ensemble, is approximated by
retaining only two body dynamics and is then used
to compute the Helmholtz free energy, which is
more useful for the analysis of phase transitions.
The Helmholtz free energy is then a function of
volume, temperature, and the system eigenvalues
of the two conserved quantities. The imposition
of the condition for macroscopic charge-conjuga-
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tion invariance then results in two coupled equa-
tions which must be solved seU-consistently for
the equilibrium system eigenvalues as a function
of temperature and a common chemical potential.
We find only thermodynamic states of zero baryon
number as solutions to these coupled equations
and thus there is no Qmnes transition. We next
make a unitary transformation on the original
Hamiltonian which separates the virtual from

the real BB-pair creations and annihilations. If
we neglect all such real-pair creations and anni-
hilations and retain only the two-body BB inter-
action we are left with an approximate Hamilton-
ian for which there are now three conserved num-
ber operators. In this approximation the A par-
ticles decouple completely from the B and 8 par-
ticles, and the Helmholtz free energy takes on the
form assumed by Qmnes in his analysis of the
realistic problem involving mesons, nucleons,
and antinucleons, and for which thermodynamic
states of nonzero baryon number are possible.

We conclude that within the context of a virial
expansion of the Helmholtz free energy, a state
of incomplete thermodynamic equilibrium is nec-
essary for an Qmnes transition to be possible.
Thus the conditions under which the Qmnes mech-
anism is operational require that the effects of
real-pair production and annihilation are negligi-
ble in the sense that the time scale over which
the thermodynamic state of the system is being
established is short compared to the relaxation
time for complete thermodynamic equilibrium.
We have not calculated the relaxation time for
approach to complete thermodynamic equilibrium
under the influence of real-pair creation and anni-
hilation in the nonrelativistic Zachariasen model.
However, it has been indicated by Schatzman"
that for the realistic meson-nucleon-antinucleon
problem full thermodynamic equilibrium is easily

attained at temperatures pertinent to the environ-
ment of the Qmnes transition. Hence it seems
doubtful that matter-antimatter separation can
take place through the Qmnes mechanism. This
doubt has been expressed qualitatively by Steig-
man. ' In the present work we have explicitly ex-
amined the possibility of an Qmnes transition in
the two cases of complete and partial thermody-
namic equilibrium for the purpose of clarification
of the mechanism.

APPENDIX A: THE ADDITION OF AN INTERNAL DEGREE

OF FREEDOM TO THE MODEL

We consider here the inclusion of an internal de-
gree of freedom which, for simplicity, we refer
to as isospin. It will be convenient to adopt the
fo1.lowing notation:

a~(I, M) is the destruction operator for A par-
ticles with total isospin I and z component M.

b/, {m) [b~(m )] is the destruction operator for
B [B] particles with total isospin i and z compo-
nent ~.
We constrain the total isospin of the 8 and B par-
ticles to some fixed value i, but we allow the total
isospin of the A. particles to range from I =0 to
.J =2i.

We first construct the untransformed Hamilton-
ian for the model with isospin included. In order
that the untransformed Hamiltonian behave like
a scalar under isospin rotation, it must have the
formH=H, +H,„,, where

II =Q [b~~(m) bp(m)+b~~(m) 5p(m)]E~
p, m

+ P a&~{I,M) a&(I,M) &u&

H,.„,= P Z,(im, fm, ~
f iIm, +m, )= g

V, q la, m2

x [a/t(I, m, +m2) bp/2~, (m, ) bq/~, (m2) + bq~/2, (m, ) bp~/2, (m ~) a/(I, m, +m2)] . (A2)

If the unitary transformation preserves the scalar behavior of the Hamiltonian under isospin rotation,
the transformed Hamiltonian 0' =e He must have the form

II'=+[b~(m)b~(m)+bq~(m)b~(m)]E/, + Q a~~(I, M)a~(I, M)(u~
p, m p, l, kf

+
i/ Zr ~ bp/2+a(ma) bp/s e{m2) Kp/2 -a'(m, ) bp/„, '(m, ) V„",+ ~ ~ ~

p, g, g )Sy & 152
(AS)

In (AS) we have written explicitly only those terms that contribute to H,'«.
In order that the unitary transformation preserve the scalar behavior of the Hamiltonian, 4 must have

the form

e,&im, im [iiIm, +m, )[be/2, (m, }b~t/, ,(m, }a,(I m, +m, }-a~t(I,m, +m, ) b,/„, (m, ) b,/, ,(m, )].
I~ m&, m

(A4)
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The development proceeds straightforwardly in
the manner of Sec. IV with appropriate inclusions
of the Clebsch-Gordan coefficients. If we invoke
the orthogonality and the completeness properties
of the Clebsch-Gordan coefficients in the pxoper
places, we easily find that 4, and V~~,'f are given
by the same expressions obtained in the isospin-
less model, Eqs. (4.12) and (4.13), respectively.
%'e have already seen in Sec. IV that V~~,

'~ leads to
the T matrix given in Eq. (4.22) and that, on-shell,
this T matrix yields the BB-scattering phase shift
of Eq. (2.21).

To obtain the condition for the occurrence of
the phase transition and to see how the inclusion
of isospin degeneracy alters this condition by ef-
fectively replacing C,' with (2i + 1)C,' in Eq. (4.25),
we make a virial expansion of the Helmholtz free
energy. In making this expansion we make use of
the fact that in this model the average number of
B or B particles with isospin z-component mwill
be independent of m, and the average number of
A particles of isospin I and z-component M will
be independent of I and M. Thus, we can write

and

a

OA

we obtain

g' = (2i +1)C,e exp(C,'$'/C, '),

('=(2i+1)C,e"' exp( C'f, '
/C, '),

(„=(2i+1)'2&2 C,e"'~ . (A8)

From the coupled equation (A'1), we find that the
condition for the occurrence of solutions asymme-
tric in $' and E' is

The coefficients C, and C,' have been previously
defined in Eq. (3.31) and (4.21), respectively. Ap-
plying the incomplete thermodynamic equilibrium
conditions

F„,= Eo —kTC2 Vt'g'/C, , (A5)
—(2 i + 1)e@C~ /C, & 8 .

E =%TV g'ln
C (2' 1)

+pin
C (2' 1)

+( ln ~A

saWR C,( i+ 1P2 (A6)

where F, is the contribution to F from the free
particles of all species and is given by

Thus, in the context of an assumption of incom-
plete thermodynamic equilibrium, the addition of
an internal degree of freedom to the model has so
weakened the condition for the existence of asym-
metric solutions that the condition can now be
satisfied at some temperature. Since C,'& D, for
any product -C,'e8"/C, we can choose i large
enough to satisfy the condition (A9).
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