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In this, the first of three papers, we present the essential features of a treatment of the U(1) Higgs

model based upon a regulator-free, momentum-space subtraction scheme. The principal new results

which follow from this approach are that (1) the fields of the theory satisfy their classical equations of
motion, (2) the source of the vector-meson field, j&(x), is a finite, conserved current, (3) the Higgs

theory passes "smoothly" over to a Goldstone-boson theory when the vector-meson coupling constant

(e) is set equal to zero, (4) the conserved current is gauge-invariant and can be used as an interpolat-

ing field for the stable one-particle states of the theory, and (5) one can define a generalized Higgs

model wherein only part of the vector-meson mass comes from spontaneous breakdown; this theory

has the features of the usual Higgs model, is ghost-free b~t it keeps its Goldstone boson. This first

paper is devoted to stating precisely what can be proved and to establishing the relationship of our
treatment to classical-field-theory ideas on the one hand and other quantum-field-theoretic treatments
on the other.

INTRODUCTION

Some time has passed since the flurry of activity
concerning Neinberg-Higgs-Kibble-type models for
weak and electromagnetic interactions first began.
While many of the original hopes that these theo-
ries could provide easy answers to heretofore un-
solved problems show no immediate signs of being
realized, it is by no means true that they have lost
their appeal. On. the contrary, there seems to be
every reason to suppose that one has just begun to
understand the relevance of these ideas to the phe-
nomenology of hadron physics and to the physics of
weak and electromagnetic interactions.

With the interesting work of 't Hooft and Velt-
man, Lee and Zino-Justin, ' and others, it is clear
that a first pass at clarifying the essentials of how

these theories work has been made. As in any
first attempt, however, loose ends remain. In ad-
dition, much of what is simple about the structure
of these theories has been obscured by the tre-
mendous amount of purely technical detail which
had to be handled in the discussion of their re-
normalization. For this reason, this series of
papers is meant to serve a dual purpose. First,
we wish to tie off loose ends for the Abelian Higgs
model. Second, we wish to present a formal pro-
cedure, different from those used in previous dis-
cussions, to simplify the task of extracting a phys-
ical understanding of the structure of the renor-
malized field theory and of seeing how things dif-

fer, if at all, from one's naive notions.
The principal new results to be proved in the

three papers of this series are as follows:
(I) The fields of the theory satisfy the naive

equations of motion which follow from the usual
classical arguments applied to the Higgs Lagran-
gian.

(2) The current, j "(x), which appears as the
source of the vector-meson field in the equations
of motion is both finite and conserved

(3) If one takes the limit in which the vector-
meson coupling constant, e, is set equal to zero,
the Green's functions of the theory pass over to
those of a Goldstone-boson theory(defined bytaking
the e = 0 limit of the Higgs Lagrangian).

(4) In this same limit the current, (I/e}j "(x),
passes over to the corresponding conserved cur-
rent of the Goldstone theory.

(5) The fact that the fields satisfy simple equa-
tions of motion and the source of the vector-meson
field is a finite conserved current is equivalent to
the Ward identities first discussed for the Abelian
Higgs modtbl by Lee. '

(6) In the Abelian Higgs theory the conserved
current, j "(x), is gauge-invariant and can be used
as an interpolating field for the stable physical
one-particle states of the theory. [This fact
makes it possible for one to give a reasonably de-
tailed discussion of this theory in terms of a posi-
tive-metric Hilbert space and generalized unitarity
relations among the currents. This useful prop-
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erty of (1je)j (x) survives the limit e-0 and yields
a field-theoretic discussion of the underlying
Goldstone-boson theory which is a precise parallel
of phenomenological discussions. ]

'
(7) One can generalize the usual Abelian Higgs

model to a theory w'herein only part of the vector-
meson mass comes from the spontaneous break-
down of U(1) symmetry. In this model, as in the
Higgs model, the naive equations of motion and
current conservation guarantee the absence of
ghosts in physical on-shell amplitudes; &@hat is
nese is that the Goldstone boson of the theory per-
sists. A careful study of how this yre-Higgs mod-
el passes over to a true Higgs model (i.e. , one in
which the Goldstone boson decouples from the the-
ory) is extremely instructive.

The simplest way to obtain these results is to a
adopt a scheme for defining renormalized Green's
functions which avoids the need for cumbersome
ultraviolet regularization techniques. At present
we are only aware of two approaches which are
available for this purpose. The first is the ex-
tremely promising dimensional-regularization
scheme of 't Hooft and Veltman. 4 %bile this
scheme is very appealing, as presently formulated
it would make giving a satisfactory discussion of
points (1)-(7) quite difficult. The second technique,
the one we adopt, is a generalized version of the
momentum-space subtraction procedure for Feyn-
man integrals introduced by one of the authors. '
One important virtue of this scheme is that it sep-
arates the question of whether one has a finite, Lo-
rentz-invariant set of Feynman amplitudes from
the problem of proving field equations and symme-
try properties. ' Another appealing feature of this
method, especially from the yoint of view of under-
standing the physical basis of the procedure in-
volved, is that the proofs of equations of motion,
etc. simply parallel the discussion of the classical
Lagrangian field theory.

Our goal is to make these papers as accessible
as possible to those readers unfamiliar with the
momentum-space subtraction procedure which we
use and the way one uses it to derive equations of
motion, etc. For this xeason the first paper of
this series states exactly what can be proved, ex-
plains —by example —most of the subtle points
which arise, and indicates by a study of specific
Feynman graphs how these problems are over-
come. The second paper of this series is devoted
to a complete specification of that subtraction pro-
cedure which is most convenient for giving mathe-
matical proofs, and to a discussion of the deriva-
tion of equations of motion, etc. for what we shall
refer to as the explicitly broken pre-Higgs model.
Finally, paper III is devoted to a discussion of
various limiting cases of the general model and to

a discussion of the unitarity structure of the theory.
To set the stage for the more formal discussions

of papers II and DI, we proceed in several steps.
In Sec. I of this paper we begin by discussing a
generalized version of the classical Higgs model
and its various limits. Next„ for the sake of com-
pleteness, we devote Sec. II to a review of the
Feynman rules for such a theory. Section III is
devoted to giving a precise statement of the impor-
tant theorems which we shall prove, and a, dis-
cussion of how these theorems are related to pre-
vious results; in particular we show how to derive
the familiar forms of the Nard identities. Finally,
we conclude this section by indicating how one ca.n
discuss the ghosts of the theory and whether or not
they contribute to on-shell physical amplitudes.

Finally, with the general discussions of Secs. I-
III behind us, we try —in Secs. IV and V—a loose
but essentially correct discussion of the way one
defines the momentum-space subtraction procedure
and uses it to prove equations of motion, etc.

I. CLASSICAL FOUNDATIONS

There are two main reasons for beginning with a
discussion of the classical version of a generalized
Abelian Higgs model. The first is to insure that
those readers who are unfamiliar w'ith spontaneous
symmetry breaking and its ro1e in gauge theories
will find our treatment essentially self-contained.
A more fundamental reason is that there is a close
parallel between the classical equations of motion
and the field equations in renormalizeg perturba-
tion theory, expressed in terms of normal pro-
ducts; thus, many of the classical results obtained
in this section will be applicable, with only minor
modifications to the quantized version of the mod-
el.

A. General pre-Higgs Lagrangian

Our starting point is the theory of a complex
scalar field coupled to a massive vector field.
The Lagrangian density is of the form

Fq „=BqA„—B„Aq, D„=Bq —ieAq, (1)

where m, a, e, a, and h are real parameters. In-
troducing two real fields y, and q, such that

one obtains from Eq. (1) the following Euler-La-
grange equations:
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j(') = he -y, (cp, +i()2') —eA"B&y~

—ea „(A"rp, ) + e'A„A" rp, ,

=-"e V'x(V'i +0'2 } eA S( V'

—88() (A $7~) + 8 A))A

(3)

Imposing boundary conditions such that a localized
source produces outgoing (incoming} waves for
large positive (negative} times, we may convert
Eq. (3) into the following set of coupled integral
equations:

g I'""——8"8 A'-m 'A" =j",
Q

(&+&2)& (&)

(O+d')a =j ',
where

j"=ie( y*D" rp —y(D" y)*)

=en, s"q, +e'A'((p, '+p, ') with e" =s" —s',

A„( )=x,„(g)-~fd'~~, (*-~;,*)j„(y),
(8)

so that the scattered waves contain no scalar mode
of mass m, Wa. Equation (8) tells us that the field
8„A" propagates freely and can be suppressed
entirely by appropriate choice of initial conditions.
The decoupling of the field B„A" is an essential
feature of the model which persists in the quantum
version, where it is crucial to the elimination of
negative-metric "ghosts" from the theory.

It is interesting to observe that the fact that the
scalar mode of mass m, Wn, is dynamically trivial
is reflected in a symmetry property of the field
equations (3). The latter are invariant under the
restricted gauge transformations

Av Au+~oh y

+&«eA

where

V:(x) = V.,(x) +f d'y &,(x- y; u')j"(y),

rp, (x) = rp~( x}+i d'y ar(x-y;a')ji" (y),

&,(*)=&,„(*)— fd )'a '(x-');m')j (y)
(4)

(Cl+ am 0 )A = 0.
In the quantum version of the model, it will be
natural to consider as observable only those fields
which are invariant under these gauge transforma-
tions (or under a more general class).

B. Perturbative solutions to the field equations

d y[8)( kr(x —y; m(& )

—s„& (x-y; nm. ')]s"j.(y)

where

2 d p «p""''= (.)" (6)

and the inhomogeneous terms are linear combina-
tions of free fields:

(a+a')y„=0,

( +a'}y~=0,

(2+ am, ')s"A,„=O,

(Cl+ m, ') V,„=O,

(6)

1
VOP =Aop+ 2 ~p~ pAo ~

QPPl 0

The expression for A„(x) in Eq. (4) may be sim-
plified somewhat by noting that the current j„ is
conserved, i.e.,

a"j„=0 .

(This is a straightforward consequence of the field
equations. ) Hence the third equation in (4) becomes

In order to try and obtain some feeling for the
nature of the solutions to the field equations [Eq.
(3)] we observe that for positive values of a2 and
m, ', Eqs. (4) and (8) may be solved iteratively to
arbitrary finite order in e. One hopes the result-
ing expansions provide asymptotic series for the
fields for sufficiently small e (no claim is made
about the convergence of the iteration scheme}.
Since the expansion parameter only multiplies
terms of second or higher degree in the fields,
and since the Green's function h~($) is well be-
haved asymptotically, the perturbative ("scatter-
ing") corrections to small-amplitude, freely prop-
agating waves will be appropriately small, and
will remain so for all times.

For negative a' (the pre-Higgs model), a sat-
isfactory iteration of (4) is not possible, thanks to
the exponential growth of solutions of the homo-
geneous field equations and the exponential growth
of the Green's function for large times, since in
this case small departures from the propagation
will not remain small asymptotically. To under-
stand why a perturbative solution about (Im), (x) = Q, (x)
=A„(x)=0 cannot work in this case, it is convenient
to consider the limiting case (Goldstone model)
e 0, ke ge 0. The essential point is that one
expects a "small vibration" to be stable if one is
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expanding about a solution, (I)),(x) =)T)(x) and (f),(x)
=g(x), which is a minimum of the potential energy,

v(y, ~) =- —,'g(y, ' g')' —,
' '(y, '+ y, ') .

Clearly, for the case a' )0 the solution (P, g) =0
is such a minimum; however, for a ' (0 it is easy
to check that (g, g) =0 is a relative maximum of
the function V(Q„(t)2). Since no small-vibration ex-
pansion about a relative maximum of potential en-
ergy can be expected to be stable, it is no surprise
that in our attempt to make such an expansion we
encounter exponential asymptotic growth of the re-
sulting solutions.

It is a simple matter to show that the true mini-
ma of the potential function form a one-parameter

family (P(), X()) such that T()e'+ye' = )a'/g (, i.e. ,
(q(), g()) =f(cos8, sin8), where f'= ~a /g(, and so it
should be possible to formulate a stable smallww

vibration theory of the model by setting y, = p+f
and y, = X and expanding the solution about p = X

=A„=O. It is not obvious that this should work for
general values of the coupling constant, but let us
try it anyhow. With these substitutions E(ls. (3)
become

(0+2hw )((I)(x) =cii, (x)» w = ef

oX(x)-wI), A" (x) =~„(x), m'=m, '+w'

1—(Cl+ m )A„+ 1 -—8
p

8 "A„+
whap X

= Z„(x)»

where

J&(x) = he'P(P-'+g') —e[A"s„g+8"(A„g)] +e'A„A" g —he(3$'+h')+ewA„A",

J„(x)= he'li(-g'+ g') +e[A"8„$ + 8"(A„g)]+e'A„A" y —2he(1)g»

&x(*) =x(x»x» —»»„xl ~ x'A„(»"x"y —» .

With the same choice of boundary conditions as before, E(ls. (3) may be converted into the following inte-
gral equations:

»(*)=»,(*) if Ay», (*-y;y»w')Z»(y),

g(x) =g,(x)+, dyke(x-y;0)[m'J (y) —we"Z„(y)]—,dyAz(x-y; am, ')[w J„(y)—8"J„(y)],
0 p

A„(*)=A.„(x) fxy (i(-x.'— "." A (*-y: m')Z" (y)

+, , dy s„ar(x y; 0)[m'-J„(y) ws "J„(y)]-—,dye„ar(x- y; am, ')[w J„(y)—O'Z„(y)],
mp Sg p

where gp, X„and Ap„are solutions of the resPec-
tive homogeneous differential equations. Defining

$0 p
Pp = Xp+ 2 ~ pAp yamp

8"J„(x)= w J„(x),
a straightforward consequence of the field equa-
tions, the last two of E(ls. (11) assume the simpler
form

7p = a„Ap", (12) X(x) =X,(x) + if Ay A, (x —y;())y„(y),
W 1

V „=A „- 28~Xp+ 8„~"A „,m Q ftg

(a+ 2hw')y, = 0,

Op =0,

(0+amo )TO=0,

(CI+ m ) Vo~ = 0 .

Owing to the relation

(13)

it is easy to see from the differential equations
that Pp, as well as these linear combinations, are
free fields; i.e., Note that once again the scattered waves contain

no ghosts of mass mpua, and the scalar field B„A"
satisfies a free-field equation. As in the case a) 0, the decoupling of the ghost oscillations is
linked to the invariance of the equations of motion
under the gauge transformations of Eq. (9) where

+&X+ ~ (16)

Bp8&Ax(*)=A»(x)-ifdy(i(„„—, A (*—y;m')y"(y)

+ dye„A x-y, 0 J„y . (15)
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C. Currents, gauge invariance, and special hhnits of the model

In the quantized version of the pre-Higgs model,
it wiB be essential to consider as observable only
those quantities which in some sense are free of
ghosts. One criterion for composite fields, formed
from products of the basic fields p, y„and A„and
their derivatives, to be ghost-free mill turn out to
be invariance under the gauge transformations de-
fined by Etls. (9) and (6), without the free-field re-
striction on A. Perhaps the most important of
these composite fields is the original current j„,
as given by E(I. (3), which is obviously gauge in-
variant and related to the current J„defined in Eq.
(10) by

To check explicitly that the classical j„has no
asymptotic ghost osciQations, we note that in Eq.
(10) the mass tno&a scalar mode can enter only in

the zeroth-order contribution to av2A& —av8„X. But
2

2
Ce A,„—~„y,=m Vo„— 2 ~„P (18)

so that we have only a mass-m vector mode and a
mass-0 scalar "mode, "but no scalar oscillations
of mass moWa.

Note that in the weak-coupling limit, e -0, g(]/e-f, j„goes over continuously into the conserved
current of the Goldstone model.

1.
j]( Xt]](4 t{]s](X fs](X~

and from (15) and (18) it is clear that only the
massless Goldstone mode survives in the asymp-
totic behavior of the limiting current for large
times. In the quantized version of the theory this
corresponds to the possibility of using the current
as an interpolating field for the Goldstone parti-
cles, a matter of considerable importance in the
structural analysis of this and related models.

In the limit of vanishing "photon" mass, m, -0,
the pre-Higgs current j &

goes over continuously
into the conserved current of the Higgs model. As
is evident from (15) and (18), it is the zero-mass
mode, the remnant of the Goldstone mode, which
disappears in this limit, with a mass-gy vector
mode surviving in the asymptotic waves. Corre-
spondingly, if one takes the m, 0 limit of the

quantized pre-Higgs model, one finds that the zero-
mass particles of the latter decouple, with the con-
served current becoming a suitable interpolating
field for mass-se particles of spin one in the lim-
iting theory. This aspect of the so-called Higgs
phenomenon will be discussed at some length in
paper III.

II. SOME PRELIMINARY REMARKS

In the preceding section we studied the classical
theory of a massive vector field interacting with a
self-coupled scalar field. Our purpose in this sec-
tion is to lay the foundations for extending the dis-
cussion to the corresponding quantum field theory.
%'e shall assume throughout that the reader is
familiar with ordinary perturbation theory, the
mechanics of Feynman graphs, and the general
spirit of the Dyson-Salam program for renormal-
izing Feynman amplitudes in momentum space.
We shall not assume a familiarity with the exten-
sion of these ideas to a full, regulator-free, mo-
mentum- space renormalization procedure. The
latter will be sketched, with instructive examples,
in the course of this article, and the reader inter-
ested in further details is referred to Ref. 15.

The general point of view which motivates the
discussion to follow is that the perturbative ap-
proach to quantum field theory amounts to a set of
rules for constructing finite Feynman amplitudes
(Green's functions). These rules are usually pre-
sented in two stages: One first specifies a pro-
cedure for assigning a Feynman integrand to each
Feynman diagram, and then one gives a prescrip-
tion for modifying this integrand so as to guarantee
the integrability of the resulting expression. One
is then left with the task of showing that the theory
So defined has the equations of motion, covariance
properties, and symmetries which one anticipated
at the outset on the basis of the given Lagrangian
(whose role here is merely as a formal device for
specifying Feynman rules).

The classical Lagrangian of the pre-Higgs model
is given by E(I. (1) with the substitution p, =p+ f,

Working the Lagrangian out in terms of
A„,g, g and setting

Q =-AK

we obtain (up to constant terms)

20=-g(t]qA —e Aq)(e"A" —s"A")+~(m + a( )A A" -—(t]qA") —mA &"x0 & fL v v 0 P 2~
(19)
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The Feynman rules for the Green's functions are
conveniently summarized by the Gell-Mann-Low
expansion, and there is a close connection between
the formal specifications of Feynman rules and the
classical perturbation theory described in Sec. I.
The free fields to be inserted into the Gell-Mann-
Low formula are those associated with the unper-
turbed Lagrangian Z„Eq. (19), and wiii obey the
homogeneous versions of the field equations in Eq.
(10). Their propagators will be precisely the
classical Green's functions which appear in the in-
tegral equations of Eq. (11). Specifically, their
momentum-space form is

&~g,(p)g. 0)&, = .

(20)

,„(p) x,(o)),—

&r~ (p)~ (0)) =' g""'P"f'"~ '+p'- m'+~0 ~,m p'+ ~O

PAP@
m p2 —(pm 2+ j0 '

where we have adopted the shorthand notation

& &r,( p, ) ~ ~ ~ T„(p„)r(y))

(21)

The poles of these propagators correspond to the
particles of the theory; so we have a vector me-
son of mass I=(m,'+ w')'~', a scalar particle o
of mass M =(2hw')'~', a scalar particle v of van-
ishing mass, and a scalar ghost particle of mass
move, which must be quantized with indefinite
metric due to the sign of the residue in Eq. (20).

A. Some necessary modifications of our Lagrangian

With the Lagrangian given in Eq. (19) the formal
Gell-Mann-Low expansion leads to ultraviolet as
well as infrared divergences. Ultraviolet diver-
gences are eliminated by making subtractions for
the Feynman integrals in momentum space (see
Sec. IV; the complete rules mill be given in paper
II). For resolving the infrared problem we first
modify the Lagrangian such that all particles ac-
quire a nonvanishing mass. To this end we add to

the Lagrangian an explicit symmetry-breaking
term

as well as a gauge-invariant contribution of the
form

-k(~'- c)V*@

=-l(g' — )((*~ ((* ~ 2 —"( co sta t ts
e

where c is chosen to enforce the vanishing of the
vacuum expectation value of g. The model so ob-
tained will be called the explicitly broken pre-
Higgs model. Its Green"s functions are free of
ultraviolet and infrared divergences. Eventually
the limits (u -0 (pre-Higgs model), a -0 (Landau
gauge), and m -0 (Higgs model) will be taken.
That the Green's function remain finite in these
limits will be shown in paper III.

Since the subtractions will be made at zero ex-
ternal momenta there is no guarantee that the full
propagators continue to have poles at the same val-
ues of p' for which the unperturbed propagators
are singular. For unstable particles, such as the
o in the pre-Higgs model, the propagator poles
must of course move into the complex plane. For
the stable particles of the pre-Higgs or Higgs
model, however, we want the mass parameters of
the free Lagrangian to be the exact values of the
physical masses. Moreover, the Green's functions
should be normalized in a convenient manner. For
these reasons, it is necessary to introduce re-
normalized fields and parameters by means of the
substitutions

Z2' g, a Z3a, h -Z,Z2 Z3h,

(24)

X -z "a u -z '"z '"u
3 P & 2 3

For p w 0 the renormalization factors z are power
series in e with finite coefficients; moreover, we
find it useful to make the substitutions

u -su, c-s c.2

The parameter s will only be used for formulating
the subtraction scheme and eventually s will be
set equal to one. The renormalization constants
z, and c are assumed to be independent of s.
Since s =0 corresponds to exact symmetry the
parameter s measures the strength of the symme-
try breaking. With the substitutions of Eq. (24)
and the insertion of the additional terms of Eqs.
(22) and (23), the Lagrangian of the explicitly
broken pre-Higgs model becomes
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Z =-ozoFu„F""+omo AuA" —
2

(suA") +zo(D" y)oDuy+z, hs'w'(poc) —he ((p*(p) (-IJ,
' —cs )(p*&p+ p, 's —p,

Ep„=8~A„—8„A~, D~ =8~ —ieA~,

1 . K
II+f X+s

e

(25}

Explicitly in terms of A„, (I), and X we have

2 =Zo+Zq,

Z, =--'(s„A„-s„A„)(suA" —s "Au)+ ,'(m-, '+ s'w')A„A" —(s—„A")'

sw A-u S"X+ o S„ke"0+ o Su XS"X o(~-'+ 2hs'w'}0' oV-Y,

Zz = --,'z, he'(p'+ X')' —z,ehsw p((p+ X') —(z, —1)hs'w'g'

z,eA„xa "()—(z, —1)s A„a")( —,'s, e'A, A" ((*~ )*~ 2s —
(I

+-,'(z, —1)s'w'A„Au+-,'(z, —1)(e„qauy+ S„XS"X)

+~cs +g +2s— ——'z, —1 8„A„-8„A& 8"A" —8"A"

(26)

Adopting this notation the field equation for the vector field A„, following from the classical Lagrangian
of Eq. (26), now becomes

8 EPv 8]'8 Av ~ 2AP )P1
v f) 0 cl (27)

with the classical current given by

j" =iez, (V)*D"rp- (p(D" (p)*)-(z,—1)S„F"'
=z,e[Xs "(I)—e 'sws"X+eA" (/+X')+2eswA" (l)+s'w'A" ]+(z,—1)(g""CI-s"s")A„. (26)

Note that now when p, g 0 the classical current is
only partially conserved:

8p2ci = 0 ~~X ~

Solving the "free field" equations appropriate to +0
as given in Eq. (26) we find the propagators are

& 1'ko(p)ko(0}& =
po „o

p amo fas w
Xo Xo

=
D (ps+ 0)

D.(P') = (P' -«')(O' —X')

= (p' —g')(p' —am, ')+ ay's'w'.

The masses x and A. are given by

«' = -,'(a m, ' + g')

—~o[(amo'+ i(, ) —4ap (mo'+ s w )] '~

X' =-,'(am, '+ p')

+-,'[(am, '+ p')' —4ag'(m o'+ s'w')] '~' .

(31)

& 1"Ao„(p)xo(0)& =
D (po, f0),

(TA,„())A„(0))= —(((„„—~ ")

Pupu &a(p —0 )
p' D,(p'+), 0)

where

(30) Consideration of the results reveals that the free La-
grangian go describes the following kinds of par-
ticles:

(i}a vector meson of mass m =(m o + s w'}'~
(three degrees of freedom),

(ii) a scalar (I) particle of mass M
= (g'+ 2hs'w')'~',

(iii) a scalar X particle of mass «, and

(iv) a scalar ghost particle of mass X.
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8. Specification of Feynman rules

The renormalized time-ordered functions are
constructed from the GeB-Mann-Low expansion

nor rll

(Tx) =F' (Tx' ~exp '

diaz("(z)

with the interaction Lagrangian of Eq. (26), where
X denotes an arbitrary product of field operators,

rf & r')

X = A„,(x,) y(y, )' [x(z, ). (34)

We have adopted the notation X " and g,' to sig-
nify that the corresponding expressions with the
free fields are to be inserted. In the usual way
the time-ordered functions on the right-hand side
of Eq. (33}are to be expanded as a sum of products
of free propagators, each corresponding to a
Feynman diagram. The superscript "norm" in-
dicates that contributions of diagrams having dis-
connected parts with no external lines should not
be included. "Fin" denotes the finite part which
one is to take for each Feynman integral, as dis-
cussed in Sec. IV. Finally, the parameters zy z2,
and z, are chosen to guarantee the desired mass
and normalization conditions.

According to the Feynman rules following from
Eqs. (33}and (34), all Green's functions,

(The decomposition of A,„and X, with respect to
conventional free fields will be given in paper II,
Sec. II.) In the limit p -0 the mass z approaches
zero and the X particle becomes the Goldstone par-
ticle of the pre-Higgs model.

through its Green's functions which are constructed
by the Gell-Mann-Low expansion

where the symbol N, stands for normal product of
degree 3. The matrix elements of the current be-
tween incoming and outgoing states are obtained
from Green's functions of the form indicated in

Eq. (37) by applying the reduction formulas to the
field operators. It should be noted that only those
fields associated with stable particles contribute
to the asymptotic limits.

C. Remarks about the Goldstone limit of this model

The Lagrangian of the explicitly broken Gold-
stone model is obtained from Eq. (26) by taking
the limit e-0, nr/e-f, and h' 'e-g. In this limit
it is convenient to use the X mass p, , the p mass
M, related to f and g by

~2 2 1/2

t (36}

( 7'q "(z)X)
norm

=Fin rj,o" x X~"exp i dz ' z

(37)

where j(„' " denotes the classical current [Eq. (26)]
with the free-field operators inserted. For the
precise definition of the finite part indicated in Eq.
(37) we refer again to the more detailed discussion
in Sec. IV. The current given by Eq. (37) will be
denoted as

&p) &p 4' y) X ~g

( „sn„+=odd), (35)

X--X
p ps

The current of the quantized theory is defined

(36)

for which the total number of A„and X fields is
odd, vanish. This property reflects an exact sym-
metry of the theory under the substitution

as independent variables. Vhth these parameters
the Lagrangian of the explicitly broken Goldstone
model becomes

~2 2

g =@28"q+8&++2' I

—z, g'(y*qr)' —(p' —s') y*q,

y = ~ (g+ ix+ sf) (39)
1

or, explicitly,

Z =to+XI,

o = le, ts"0+2&, x&"x z[v'+ ~&'- &-')1 0' z&'x'-

Zz=-iz(g'(g +X )-z(g
2

s(1'(g +X') (40)

2 2 2 2 1/2
—(z, —2', s'p + —'(z2 —I)(B&(I(8~/+ 8&XS"X)+ cs Q + X +—2

2 sg 't/r
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and the classical current is

j SZ2+ 8 q?

1/2
=z2X8 g — sg (41)

This completes our preliminary remarks con-
cerning the specification of the pre-Higgs Lagran-
gian. In the next section we turn to the statement
of important general results.

The free propagators for this case are III. STATEMENT OF GENERAL RESULTS

Tko(P)ko(0)& —
o o o(Mo o) f0

( TXo(P)Xo(o)& =
po „o„.0

The Green's functions of the fields and the cur-
rent are constructed from the Gell-Mann-Low ex-
pansion with the interaction Lagrangian, g» given
in Eq. (41); however, in this limit the symbol ~
of Eqs. (33) and (34) stands for general expressions
of the form

ny nX

&=II (j)(y,} II x(& ) ~ (42)

Most of the salient features of the explicitly
broken Higgs model and its various limiting cases
are consequences of two funda. mental equations re-
lating the Green's functions of the basic fields to
those of the current j„. The derivation of these
relations will be discussed briefly in Sec. V, with
a systematic treatment postponed until paper II.

A. Important equations

The first of these key equations is the equation
of motion for the vector potential:

7 4)""()--e".A'(*)- .'4"(*) x) &o"()»=I~(*-*)(&)-l.lT~„,(*;)11((7)IIX&),
n j &n

(43)

Here X denotes an arbitrary expression of the
form

a„E"'——a "B„A'- rno2A ~ ju (44)

nA X

&=II&.,(. ) II~( )II x( ).
j=1 k =1 1=1

Applying a reduction formula to obtain matrix ele-
ments between incoming and outgoing states, we
may transform Eq. (43) into the following operator
field equation:

This is identical to the classical equation of motion
derived via the variational principle from the La-
grangian of Eq. (40).

The second important equation is the %ard-Ta-
kahashi identity for the current's Green's func-
tions, namely,

."&T)„(*)x)=II' &Tx( )»-' p&)(*-)')(Tx(()II&,, (* ) II ('&V)IIX(' )
n k&n

g 6( — .) T 0( .) + —, II&„,(,) II 4(y. ) II x(
n j l &n

(45)

Once again applying the reduction formula, we ob-
tain the law of partial current conservation in op-
erator form,

a "j„=p.'sex. (46)

It is significant that Eqs. (45) and (46) would fol-
low in precisely the same form from naive appli-
cation of the formal equations of motion and equal-
time commutation relation. Eq,uation (46) is just
the partial conservation law for the classical cur-
rent, and the terms involving 5 functions in Eq.
(45) correspond to the equal-time commutators

which one usually finds as a result of commuting
the time derivatives with the time ordering. [Our
derivation in paper II will not make use of these
naive manipulations, which cannot be justified in
perturbation theory. Actually the T product used
here represents a renormalized version of the T*
product for which differentiations always commute
with time ordering. In our way of deriving Eq.
(45), covariant contact terms arise directly from
the Feynman rules and are not due to the differen-
tiation of step functions. ]

Taking the divergence of Eq. (43) and inserting
Eq. (45), we obtain
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1—(T( +xzx,')e'A„(x)x)ex'x(TT(x}x)=(g e„e(x-x)(T II X„(x)ll T(T )lie(* )
g &ft

g 5( -y. ) Txb.)g&„,.( ) g4(y )g X(
n 0 &n

—'ep()(x —z)(T ()(z) IIA p( g)ll (Ax ) II xt*)
tl l &n

1
(Cl + c( Ps 0 )S A4 ((

+ g s}X= 0 T' (48)

thus 8„A" becomes a free field in the limit p, - 0.
Note that in this limit the ghost particles do not

interact with the physical particles of the pre-

which may be interpreted either as the equation of
motion of the ghost-particle field, s„A,", or as the
Ward-Takahashi identity corresponding to local-
ized gauge transformations of the second kind.

In its role as field equation, Eq. (47) leads, via
the reduction formula, to the operator relation

Higgs model, and this should make possible the
construction of a unitary S matrix.

B. Connections to other formahsms

The consequences of Eq. (47) as a Ward-Taka-
hashi identity are most conveniently expressed in

terms of the vertex functions rather than the full
Green's functions. To do this, we first rewrite
Eq. (47) in terms of the generating functional for
connected Green's functions:

——(CI +a m, ')s" „=-(]"J„(x)+ a}8"(x) +i p'a) „, +ie J ~(x) „, —4"(x)
5Q . g 5Q x 56

(49)

where
(&o ~ n

G(z', . . . , z']=+ p —'jz (*,) "z"(*„)TIIA. (*,))""A," A*„.
a& ' ~ a„ g=l

The generating functional for vertex functions

T(x', . . . , r('] tP —',=fx ,(x}"x..„(*„&(XIIA;(,&)'"'e, A*

0 =1 g=l

(5o)

(51)

is then introduced by means of the Legendre
transformation,

I'[K', . . . ,K '] = ("[J', . . . , Z']

-i dX ZbXX X
b =0

where

1 5C
K,(x) = —.

5~ z&(

and hence

5rJ'(x) =i
( )

.

Equation (49) thus becomes

—(a+o(m, ')s ~K„(x)+a p'a}K„(x)1

5r 5r
" 5A„(x) 5K„(x)

(52)

C. Some simple consequences of these identities

For the sake of completeness we now include a
discussion of how one can use Eqs. (49) and (53)
to obtain information about the full propagators of
the theory which are related to the two-point ver-
tex functions by

g I "(u)G.,(p) =-5;,
(. =0

(54)

which yields via functional differentiation an infi-
nite set of identities relating the vertex functions.
For p. =0 and m, =0, this coincides with the%ard-
Tak:&ashi identity employed by Lee in the Higgs
model. ' Note that as usual the vertex functions
with more than two arguments are given by sums
over proper (one-particle irreducible) diagrams.

where
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G.,(p) = dhe"*(r~.(-,'x)X,(=,'x)),

r "(p}=
JI

dxe""(TW'(-,'x)W'(=,'x))".
(55)

I'„„(p')-iwI"„)((p')= ——(p' —amo'),

p'r„„(p')-f~r„„(p'}=o,

or alternatively

(61)

E(luation (54) may be simplified considerably with
the aid of Lorentz invarianee, the discrete sym-
metry [E(I. (36}], and the relations

c„(p)=G.,(-p), r,.(p) =r„(-p).

0

r» =-—(p'-am, )+IM)'r,

r„„=i(p'r- q').
(63)

From these considerations it follows that the
mixed two-point functions involving only one g
field vanish, and that we may write the remaining
ones in the form

The implications of the %ard-Takahashi identity
for the two-point Green's functions may now be ob-
tained by inserting E(I. (62) in Eq. (60). One then
obtains the following general form for the propaga-
tors of the explicitly broken Higgs model:

)',.())=(z,.—
&."))'*()')' &.

")' () '), P„P. (-Ia)(p'r - p')' p' D

G„„(p)=G„.(p) =-G,„(P)=P„G.„(p*),

r„,(p) =r„,(p) =-r.„(p)=p„r.„(p'),

G,.(P)=G«(P'), G„(P)=G„„(p'),

r„(p) = r«(p'), I „(p)= r„,(p*),

(5'I)
nceF

G ))()(P) P)( 9

G Pi IIfQ Il (PQ)

&(p'-o(m„') —i o)Mr)

XX D 3

where

(63)

and in addition, it is useful to separate out the
"trivial" part of the two-point vertex factions by
introduc ing

r~~(p ') = -I[p
*-~' - 11~(p ')] )

r.,(p')=- r(p*),

ryy(p') =&[O'-M'-lip(p')].

D =[p'(p'- am, ') +ay'zv'] I —p'(p'- am, ').
In the limit p, -0 the propagators assume the form

pp pp ~g"(~' (~"" (' o* ' (( ( *)--

In terms of the functions of p', Eq. (54}becomes
QSOPp

p'(p'- ') ' (64)

P'- M'-II, (P') '

r z&G&z = -1, I )))((6(())() 1 ) (5Q}

which may be inverted to yield

Xx G ~&x G ™r&&
XX D & XX

II =a(r'„„r„„+p*r„„').(6o)

The Ward-Takahashi identity, Eq. (50), gives
two identities among the two-point vertex func-
tions. With the aid of Eqs. (5V) and (58) these may
be written

( =pr(p)- p(p a .')
No tha Gv &x3 a"d Gxx all have poles at P'
=am, with residues coinciding with their unper-
turbed values. This is not surprising, since we
have already seen that such poles correspond to
noninteracting ghosts.

The expressions given in E(l. (64) are not com-
plete without a specification of normalization con-
ditions for II„(p'), II&(p'), and I'(p'). These
emerge most naturally from a discussion of the
pre-Higgs mass spectrum based on E(I. (64). Most
importantly G„„G„„,and G«should all have
poles at P' =0, corresponding to the scalar X par-
ticle (Goldstone boson). These will clearly be
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present, provided that II„(0) and I'(0) are finite
and independent of e. In order to fulfill the latter
requirements, we choose as one of the defining
normalization conditions of the model (already for

p wo)

(0) =
h, „+

n„(P') =(z, -l)u'-(z, -l)P'+n„(p'),

ng(p') =(z, -l)M'-(z, -l)p' -c+Ilp(p').

n„(o) =o. (65) From Eq. (69) and the normalization conditions,
it follows that

Since in perturbation theory the vector propagator
does not develop a singularity at p' =0 (if p, so),
the coefficient of P„p„/p' in the expression for

G„, in Eq. (63) should vanish at P' =0; hence we

have

I'(0) =1+u) 'II„(0).
Thus, imposing Eq. (65) automatically entails

I'(0) =1.

(66)

As Eqs. (66) and (67) remain valid in the p-0
limit, they fix the (finite) residues of the Goldstone
poles of 6„, and 6« in the pre-Higgs model. '

The }( is the only stable (physical) particle in the
pre-Higgs model. The massive spin-one vector
boson and spin-zero |t} particle of the unperturbed
theory become unstable in the interacting theory,
with the vector boson decaying into an odd number
and the g decaying into an even number of X's.
The instability of these particles is accompanied,
via the usual unitarity arguments, by nonzero
imaginary parts of n„(p') and n&(p') for positive
P'. Thus G„„and G&& will not have simple poles
at p'= m' and p'=M', respectively (except in
zeroth order}. In a nonperturbative formulation of
the model, one might expect to find a pole off the
real axis on an "unphysical" sheet of each of the II
functions, corresponding physically to a resonance
in the scattering amplitudes for particles. To pin
down the positions of these resonances, one may
specify the points at which the real parts of II„
and II& vanish to all orders:

c = Ag&T)

z, —1 =-M'[2h HeII„(0)+ h ew T +Refi ~(M')],

z, —1 = -w 'll„(0),

z, —1 = w 'Re[n„(ur')-n„(0)],
which may be solved recursively to arbitrary or-
der in perturbation theory.

It is interesting to observe that although the
Green's functions normalized as in Eqs. (65) and

(68) approach finite limits when g- 0, ' the renor-
malization counterterms diverge logarithmically
in that limit. This is of course the motivation for
introducing the explicitly broken Higgs model,
which in itself is of little interest, but which allows
us to take as our starting point a well-defined ef-
fective Lagrangian.

D. Some observations concerning the Higgs limit

of this model

Turning now to the Higgs limit, we note that the
pre-Higgs Green's functions will not in general ap-
proach finite limits when m, -0 tends to zero. In
particular, the double-pole term of G«, which is
already present in zeroth order, develops a loga-
rithmic divergence concentrated at P =0." One

way of resolving this problem is to restrict one-
self to the Landau gauge, n =0, before passing to
the limit m, -0. Then the double pole will be ab-
sent and the Higgs limit can be shown to exist. The
two-point functions will then assume the form giv-
en by Lee, ' namely,

Hen„(w') =0,

Hen, (M') =0.
(68}

G~x(P) =0,

P ]fPV l
' n (p')'

In imposing Eqs. (68) we have in mind, of course,
the eventual Higgs limit, m0-0, in which the vec-
tor boson, and perhaps the g, become stable, with

respective masses zo and M.
To see how the normalization conditions (65),

and Eqs. (68), as well as the vanishing of ( g) to
all orders, determine the counterterms (z, —1)
(j=1, 2, 3) and c in the effective Lagrangian of the
explicitly broken Higgs model, let us write each
of the quantities (g&, n„(p'), and n&(p') as a
sum of a trivial part and a part from diagrams
with at least one loop:

XX P&F(P&)

with the normalization conditions

n„(0)=n„(a') =Hen, (M') =0,

I'(0) =1. (72)

Note that zero-mass poles are still present in
the Landau-gauge propagators of the Higgs model.
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These correspond to positive- and negative-metric
ghosts which do not participate in physical pro-
cesses. With the decoupling of the zero-mass y

particle, the spin-one vector boson becomes sta-
ble, and our normalization condition on II„(P')
fixes a pole in G„„atP' = so'. If in addition m & 2',
the spin-zero g particle also becomes stable, in
which case G&& has a pole at p' =M'.

Actually, it is not necessary to resort to Landau
gauge in order to extract the physical content of
the Higgs model. As will be shown in paper GI, all
physical S-matrix elements of both the pre-Higgs
and Higgs models may be expressed, via reduction
formulas, in terms of the gauge-invariant Green's
functions of the conserved current, j„. The gauge
invariance and unitarity of the S matrix then follow
easily from the corresponding properties of these
Green's functions. In addition, the latter provide
one possible specification of the observable off-
mass-shell content of the theory. These ideas will
be explored more fully in paper III.

IV. SUBTRACTION RULES FOR THE EXPLICiTLY
BROKEN GOLDSTONE AND PRE-HIGGS MODELS

The purpose of the remainder of this paper is to
provide the background for the discussions in pa-
per II. Of course, it is not possible to include all
the details of the renormalization procedure and
derivation of field equations in this brief account,
but fortunately a knowledge of the fine points is not
a prerequisite for understanding the key features.

The first point we wish to make is that conven-
tional methods of renormalization fail for the La-
grangian of Eg. (40) as it stands, because —as will
be shown in paper II—the application of Bogoliu-
bov's prescription'P for defining regularized
Green's functions in its standard form leads to
anomalies in the equation of partial current con-
servation. As a consequence, the current of the
Higgs and pre-Higgs models will not be conserved
in the limit p.'- 0, and so the S matrix becomes
nonunitary since the ghost particles do not decou-
ple from the system.

Two alternative methods are presently available
for reso1ving this difficulty. One possibility is to
include in the Lagrangian additional counterterms
which are nonlinear and not invariant under the
gauge transformations of Eels. (9) and (16). The
coefficients of the Lagrangian must then be corre-
lated in such a way that the field equations and the
Ward identities continue to hold. If one does this,
it is then possible to apply Bogoliubov's method
without modification. This discussion was first
carried through by Symanzik" for the Goldstone
model and applied to the Higgs model by Lee."

In the second method the subtraction scheme is

A. A heuristic approach

In order to motivate the modified subtraction
procedure, it is worthwhile to describe first a
somewhat artificial formulation of the explicitly
broken pre-Higgs model, in which both e and m

are treated as perturbation parameters. (For the
corresponding formulation of the explicitly broken
Goldstone model" one uses g and M' —p.

' as expan-
sion parameters. ) The Green's functions in this
approach may be calculated to arbitrary order in
each of the two parameters by means of the Gell-
Mann-Low expansion, with the unperturbed theory
defined by

+ .s „4~"0-+:.s,x~ "x — u'(0' x'+)

for the explicitly broken pre-Higgs model and

's„4e "0+ 's-„x~ "x .~-'(0'+x'—}—

(73)

(74}

for the explicitly broken Goldstone model. The in-
teraction Lagrangian is given by J~ =Z —p with
the same as in Eq. (26) or Eg. (39), respectively.

Suppose that

(75}

is the unrenormalized integral associated with
some one-particle irreducible Feynman diagram
I'. The degree (or superficial divergence) of I' is

modified while the Lagrangian is not changed, and
so it is possible to maintain the gauge invariance
of the nonlinear part of the Lagrangian. This
gauge-invariant renormalization method was used
by Lee in his treatment of the Qoldstone model"
and later extended by Lee and Zinn-Justin" to
non-Abelian models with spontaneous symmetry
breaking.

In the present work the second method of gauge-
invariant quantization is developed without intro-
ducing the regularization which was essential for
Lee' s" treatment. Instead we employ Dyson's
technique of making subtractions in momentum
space in order to extract the finite part of a Feyn-
man integral. We will, however, change the sub-
traction scheme significantly by including subtrac-
tions with respect to the symmetry-breaking pa-
rameters. Already the examples given in Ref. 15
suggest how to modify the subtraction terms by in-
serting the propagators of the fully symmetric the-
ory. In the general case the situation is more in-
volved. In order to remove linear or quadratic di-
vergences in a consistent manner one must also
allow for first- and second-order symmetry break-
ing in some of the subtraction terms.
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defined to be

d(I') =4 —n- Q (4-&~}, (76)

where n is the number of external lines of I', the
summation is over all vertices of I', and d~ is the
canonical dimension of the product of fields asso-
ciated with the vertex V. The expression for d(I')
can be simplified somewhat by noting that each
term in Z, of d~ contains a factor s' '&, so that

d(r) =4-n- v, (77)

t„'x"f(x)=x" t,' "f(~), -

to rewrite 8T for primitive I" as

(79)

ft, =(l —t, .", ,}f„(k, —k.;P, P„;s)i, „
(80)

where v is the overall power of s in I„.
For a primitive diagram (i.e., a one-particle ir-

reducible diagram all of whose proper subdia-
grams have negative degree) I' with negative de-
gree, the Feynman integral is convergent without
subtractions. For d(I") ~ 0, the finite part is de-
fined as the integral of

ftr=(1-t,".',
~ )f(k, k;P, . P„;s)~. .. (78)

where t~d,'". .'.~ denotes the Taylor expansion to or-
der d(I') in P, P„about P, =P, = =P„=O. For
nonprimitive diagrams, a subtraction must be
made corresponding to each set af nonoverlapping
subdiagrams of nonnegative degree. For the pre-
cise formulation of the general finite-part pre-
scription, based on Bogoliubov's combinatorial
technique, the reader is referred to Ref. 16. The
resulting renormalized Feynman integrals may be
shown to be convergent by an application of Wein-
berg's power-counting theorem.

Thus far, the parameter s has been used only as
an aid in calculating d(I"). It assumes a more im-
portant role if we exploit the commutation property
of the Taylor operator,

where t~, ."..~„, is now a joint Taylor series in

p, ~ ~ p„and s about p, = s =0. Observe that we now

have a uniform subtraction degree which depends
only on the number of external lines of a diagram,
as in simpler renormalizable models.

In the alternative version of these models in
which one uses 2, as defined in Eqs. (73) and (74}
the subtraction prescriptions of Eqs. (78) and (80)
are entirely equivalent and it is purely a matter of
taste which one adopts. If, on the other hand, one
applies these definitions of the renormalized Feyn-
man integral to our version of the theory, with 8,
as given in Eq. (26), one finds that the two expres-
sions are not equivalent: It is obvious that the s-
dependent free propagators will be treated differ-
ently in the two subtraction formulas. At this
point we will merely note that if one wishes to use
the manifestly symmetrical form of the Lagran-
gian for the theory then it is the prescription in
Eq. (80) which leads to a conserved current, and
thence to the Ward-Takahashi identities of Sec. III,
whereas the prescription of Eq. (78) inevitably
produces a nonconserved current. We therefore
adopt Eq. (80) as the definition of our renormalized
integral. (The proof of convergence of the result-
ing integrals requires a generalization of that giv-
en in Ref. 5, but this can be done in a straightfor-
ward manner. ")

Formally, our version of the explicitly broken
pre-Higgs model, including the correct subtraction
scheme, may be obtained by defining 8& as in Eqs.
(76) and (78) and then for each diagram I' summing
over all diagrams which differ from it only by the
insertion —in all possible ways —of the vertices

= -,'s'w'A A" —s wA 8 "g —h s'w'p'.

This correspondence is not a rigorous one, how-
ever, since the sums, which involve only geomet-
ric series, are not convergent for all ranges of the
integration variables kyy k2p

We conclude this section with some simple ex-
amples of the subtraction procedure sketched
above.

B. Explicitly broken Goldstone model

Example 1 (see Jig. 1).

g 2

[(p-k) —p'+i0](k2- p, +f0) '

„ft=(1-t', ,) f(k, P) ~, ,

2 I 1
g [[(P k}' ij.'+fo](k'-- v'+-fo) (k'- g'+&0)'

Example 2 (see I'ig, 2).
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g2

[(P-k) —p -s (M2- g*}+iO][km- p -s (M'- p )+iO] '

1 1

[(P-k) -M +i0](k -M +i0) (k —p'+iO)

Example 2 (see Fig. 3).
he'

k'- p'-2k''s'+i0 '

C. Explicitly broken pre-Higgs model

R r =(I-t:,.)Ir(k, p ~) I.=i

1 1 2hm'
'-p —2lrw'+io '-l~ ~ io (I-g' ~OP)'

ExamPle 8 (see Fig. 4).

Qmo o. K 8I„=(2ehw)'s'
2 [(p-k)'- p,

' —2hw's'+i0][(km- p'+i0)(k'-am, '+iO)+a p, 'w's'] '

R, =(I-f', ,)r„.(k, p, e)~, =,

[(p —k) -y, —2hw~+i0](k'-x~+iO)(k~ —.+i0) (km —p, )

Example 3 (see Fig. &).

3hems
A' —p. -2AbV 8 +$0'

R,, =(I-I', ,)l„.~.=,

=3 —Rp
e

D. Remarks about the limits p.2 ~0 and m0~0

We conclude this section with some comments
on the examples given for the explicitly broken
pre-Higgs model. The tadpole diagram I', con-

tributes a term

Si ", dkcs=—

to the counterterm c of the Lagrangian defined in
Eg. (26). Note that the contributions of I', and I',
to II„are both logarithmically divergent when p,- 0, thanks to the subtraction terms with the de-
nominators (k'-y. ')'. The same is true of the
contribution of the trivial diagram with coefficient
ic,e. Nevertheless, the sum over these three
terms,

dk dk~ =ic~e+ jt(2 )~Rr (k)+
(2 )4" (k~ p)

dA 1 1

(2r) [(p-k) —p~-2hw +iO](k~ —vm+iO) (k'- p, '-2hw~+i0)(k —g +i0)

aw&+(A.2-am, &)

[(p-k) —p -2hw +iO](km-em+f0)(k2-"'+ i0)

is finite in the limit, illustrating the sort of cancellations which enable the fu11 self-energy part to be fi-
nite. In the Higgs limit, m, —0, the combination of the first two terms in+ approaches a finite limit,

dk 1 1 1
~Hogs (2v)' k'+i0 (p-k}*-2h 'wi0 +k'-2hw'+iO

The thixd term, on the other hand, acquires a log-
arithmic divergence (as z'-0, a'-0} except in
Landau gauge (a =0}, where it vanishes. As dis-
cussed in Sec: III, this behavior is typical of the
m, - 0 limit of the pre-Higgs Green's function.

V. NORMAL PRODUCTS AND FIELD EQUATIONS;

A FEW BRIEF REMARKS

The subtraction procedure outlined in the pre-
ceding section may be readily adapted to the defi-
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P)
/

Pg

/
/p P4

P= P)+Pp= Pp+P4

FIG. 1. This diagram is a typical contribution to the

y four-point function. Throughout, dashed lines represent
g propagators and solid lines represent P propagators.

FIG. 3. A typical self-energy correction to the g
propagator which would not exist in the unmodified sub-
traction scheme.

nition of finite Green's functions of a normal prod-
uct, Nz[ Q], where Q is a formal product of basic
fields and their derivatives, where the degree 5 is
an integer at least as large as the canonical di-
mension d of Q. Such a Green's function is given
formally by a Gell-Mann-Low expansion in which
each Feynman diagram contains a distinguished
vertex V~ corresponding to the normal product.
The finite-part prescription for a primitive dia-
gram I' then assumes the form

where

8(r) =
4-n if Ve f I',
5-n if Vq C I',

with a corresponding modification of the rules for
nonprimitive diagrams.

Some of the most frequently encountered normal
products in this (or any) model are those associ-
ated with the amputation of an external line (free
propagator),

n

Tx.( )Qw. (,))

5 n

= Q J d)'G: (*-v) )'& () ) llA. ,(*;)
b=D

(82)

where 6'„ is the free two-point function whose in-
verse is obtained by applying the Euler derivative
to g,. Hence

E

ft

Tx,(y) QW. (, ) =-i T,- '(y)QX. (x,),

where

8 8 8

aA, aA, a(a "2,) '

On the other hand, the amputated function may
also be expressed as a linear combination of nor-
mal products by considering the various types of
interaction vertices at which the amputated propa-
gator terminates. Suppose that a line originating
at an external vertex of type a ends at a vertex
corresponding to a term in g, proportional to

P(y) = II a"'A, (y},

where 8"' is a k; th-order differential operator;
then, in particular, one of the factors of P(y), say
the j th, with a,- =b, is contracted to form
a'„"G,', (x —y}, leaving the remainder of the diagram
with a distinguished vertex corresponding to the
field product with M-1 factors,

P,'. (y}= II a")w,
( ) (85)

To arrive at the contribution to the amputated dia-
gram as defined implicitly in (82), we integrate by
parts, so that

a',"G'„(x —y) - G',,(x —y),

P,'(y)- P, (y) =(-l)' a'" II a"'~.
,(y).

Pp
/

/
/

Summing over all possible contractions with the
factors of P(y} yields

/

/P

FIG. 2. Another contribution to the g four-point func-
tion.

I'p .
P P+k

FIG. 4. .Another self-energy correction.
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FIG. 5. A g-tadpole graph; this would also vanish in
the unmodified subtraction scheme.

function of diagrams in which the distinguished
vertex is of type P(y) is proportional to

( Tiv.. . &„(y) IIA, . (x,),
b

where

k, .

(86)~'"'('}=SA ('
j

Computation of the number of subtractions for
subgraphs containing the special vertex is easy,
since for the original Green's function each inter-
action vertex is assigned a degree equal to its di-
mension (once the s factors have been commuted
through) He.nce the contribution to the amputated

a(y —x,}IIA. (x, ). (88)

Summing over all possibilities, we obtain

In case the external vertex is not contracted with
any interaction vertex, but rather directly with the
kth external vertex, the contribution to the ampu-
tated function is obviously given by

( )A, (y) IIA. (*,))=i T)( . 't)) IIA. (x)) + (.)..5()-x)( Tllw. (x)), (89
0=1

where N without a subscript denotes the normal product with minimal degree assignment. Comparison of
(89) with (82} then yields the field equations

A,

)N,.'~ ()) 11~.(x, ) = g().. ~(y-*.)(rII~ (). . , (90
b n=1 j ven

Apart from the normal-product symbol and the 5-function terms, these are precisely the classical equa-
tions of motion discussed in Sec. II. In the case of the vector field, Eq. (90) may be written explicitly as

T z,a„F"'(x)-—a "a„A"(x)-(m,'+z, a)')A "(x) X

=(Tz,lq[exa" p- (ea "y+e'A "(p+g')+2 A" g](x)x)+i Q f),", &( — „) T I1 A„(,)II (l)(y, )g y(, )
n=l j &ft

(91)
Shifting

(T[z,M)'A" —(z, —1)a„E"']X)

(92)

to the right-hand side then gives Eq. (43).
The same sort of graphical arguments used to establish Eq. (90) may be applied to obtain field equations

of the type

Tfi A. ( )II A. .(,) = p a„a(y —,)( TA.(,) Q A. (,)
0 =l

Such equations are crucial to establishing the fun-
damental Ward-Takahashi identity of the current
of Eq. (45). For further details the reader is re-
ferred to paper II.
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