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A A" theory of self-interacting boson fields with O(N) symmetry is considered. A nonperturbative
method is developed to compute the effective potential, which becomes exact in the large-N limit. The
stability of the vacuum and possible spontaneous symmetry breakdown of the theory are studied in this
limit. The existence of a local mimimum requires 0 < 1 + (N A) ~'967%, which may be either a true
bound or an indication of the breakdown of the N ~' expansion. The function B(A) that appears in the
Callan-Symanzik equations is calculated in the large-N |imit of the massless theory without reference to
a perturbation expansion in A. It is observed that the presence of a nontrivial zero of B(\) is a
necessary condition for a spontaneously broken symmetry in the massless theory. On this basis, it is
shown that this B(A) is unlikely to have a nontrivial zero. The leading-logarithm approximation to the
effective potential is discussed within the above framework.

1. INTRODUCTION

A number of the basic questions of quantum field
theory all too often seem to have only tentative
answers based on a perturbation expansion in the
coupling constant. One such issue dealt with in
recent applications of field theory is that of the
spontaneous breakdown of symmetry.' Another is
the short-distance behavior of renormalizable
field theories, as expressed by the renormaliza-
tion group or Callan-Symanzik equations.? A com-
plete understanding of questions of this sort is
lacking, in part due to the limitations of calcula-
tional methods.

We have tried to develop a calculational scheme
which does not involve a perturbation expansion in
the coupling constant. For the moment we have
studied the somewhat academic case of A¢* theory
with O(N) symmetry. A nonperturbative method,
which becomes exact in the large-N limit, has
been developed for the calculation of the effective
potential of the theory. This enables us to ex-
amine questions of the stability of the vacuum,
spontaneous breakdown of symmetry, and pos-
sible nontrivial zeros of (1), the function that
appears in the Callan-Symanzik equation, without
recourse to an expansion in A.

In this paper this scheme is presented, together
with simple applications of the results. In order
to provide the framework for this discussion, we
rederive the familiar loop expansion of the gen-
erating functional®™® for the one-particle irreduc-
ible (1PI) Green’s functions by a somewhat un-
familiar method. This allows us to identify the
terms in the functional differential equation for
the 1PI generating functional which are dominant
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in the large-N limit.® The result is a coupled
pair of functional equations, which are closed in
this limit. When the generating functional is spe-
cialized to constant external field, the functional
equations reduce to ordinary equations for the ef-
fective potential of the theory. It turns out that
these equations can be solved exactly in the large-
N limit, with the solution expressed implicitly in
terms of a transcendental equation. This tran-
scendental equation lends itself to a qualitative
analysis, which we discuss, as well as a numerical
analysis, which is not presented here.

Initially, our system of equations involves un-
renormalized quantities and a cutoff. The renor-
malization of these nonlinear, implicit equations
is carried out, resulting in a coupled pair of equa-
tions for the effective potential, which is expressed
in terms of renormalized quantities only, and is
finite. The qualitative behavior of the effective
potential is studied, leading to conclusions as to
the stability of the vacuum, and possible spon-
taneous symmetry breaking in the theory. Since
the effective potential for the massless theory
satisfies a homogeneous Callan-Symanzik®'7 (CS)
equation, we are able to compute the function g(}),
which appears in the CS equation, exactly in the
large-N limit, independent of a perturbation ex-
pansion in X. It is shown that a necessary con-
dition® for spontaneous symmetry breaking in the
massless theory is that (1) have a nontrivial zero.
As a result, we argue that it is unlikely that this
B()) has a nontrivial zero.

The paper concludes with two appendixes; one
gives the details of the renormalization, and the
other describes the truncation of our equations
required to produce the leading-logarithm approx-
imation.®
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Il. THE LOOP EXPANSION (007, =W(j)
A. Functional differential equations =(const)f[dq->a]exp [i fd“xgﬁ((ﬁa,j):l .
Consider N self-interacting scalar bosons in the (2.3)

presence of an external source, with O(N)-sym-

o . ! . The functional W(j) satisfies the functional dif-
metric interaction, described by the Lagrangian

ferential equation

£(¢;a ,]')=%[(3 6a)2-‘-"2¢?2] 5 q 63 5
A B ] (et [Jﬁiﬂ . [éja(x) O;V,,((;))bj,,(z):l, ”
- ‘—ﬁ- ¢4 +ju(x) ¢a(x) ) (21) i
o = a2 W(3) .
where ¢2=, §,, ¢*=(¢%?, and repeated internal (2.4)
indices are summed. The equation of motion for ’
the field is The generating functional for the connected dia-
o grams® of the theory, Z(j), is defined by
(Dx+“ )¢a+3—! d) ¢d =]a(x) . (2-2) Z(])=—ian(j) i (2‘5)
The generating functional for the vacuum amplitude This functional satisfies the functional differential
in the presence of the external source® is equation
2 [0Z() ] A 5°2(j) i { o[_822(j) 7[52()) 522(j) 7 [62())
(& + 49 [ﬁja(x)] 3! I:Gja(x) 55(%) Gj,(z)]m,:, T3 [bj.,(x) éj,,(y)} [Gj,(z)] * [Gj,,(y) ﬁja(z)] [5ja(x)] —
A [0z()[82()]? . ;
-3 [Gj,,(x)jl [Gj,,(x)] +ia(®) - (2.6)
The generating function I'(¢) for the 1PI Green’s From this one obtains
functions® is obtained from the Legendre trans- 2 .
formation 0°T(¢)  _ _ 5ju(x) (2.8)
00a(x)00p(y)  Oop(y) ’
2(7)=T(9) + [ d*xjulx) 9l , (2.72) 82()) __59(»)
57.(0) 67,3 8ju(%)
ith 2 [ -1
N T [Nﬁ %cp)( 1K (2.9)
52(j) _ SI(g) _ . (%) 89u(y
Gja(x) a(x) ’ 6¢a(x) ]d(x) . (2'7b) and
6°Z(j) __0%0,(x) 2.10
5 55 3@ 55,03 67.) (2-102)
(g4 g 14 52I'(¢) - 8°I'(¢) ! 5°I(¢) -
[arawa t[6¢c(z)6¢f(r)] [6¢,,(y)6¢e(t)] [6¢a(x)6¢4(w)]
6°T(¢)
X[Oqs.,(w) 564(t) 6¢,(r>] ' (2.100)

From Egs. (2.6)-(2.10), I'(¢) is found to satisfy the functional equation

S (0,4 1) 0,00 + 35 L0s() ()

_i 622(j) 8°2(j) } A 8z())
3l { 2 [ 567) 29 S0 Jou o R T e’ 1D
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where the functional derivatives of Z(j) appearing
in (2.11) are given implicitly as functionals of ¢
by means of Egs. (2.8)-(2.10).

We give a graphical representation in Figs. 1
and 2 for the terms that appear in Eqs. (2.8)-
(2.11). Since Z(j) is the generating function for
connected graphs, [62Z(j)/8j(x)6j(x)] must contain
at least one closed loop. For the same reason
[6%2(j)/6j(x) 6j(x) 6j(x)] contains terms with at
least two loops. By contrast, each of the terms
on the left-hand side of (2.11) involves tree graphs,
as well as (of course) graphs with an arbitrary
number of loops. The observations of this para-
graph® enable us to construct a loop expansion®
for I'(¢) which proceeds by induction.

B. The loop expansion

Expand
N(¢)=3 @ I,(9) (2.122)
and "
Z()=Y. @ 2,3, (2.12b)

n=0

where a is a dimensionless parameter which
“counts loops,” and I',(¢) and Z,(j) are functionals
which generate n-loop graphs only. One substi-
tutes (2.12) into (2.11), identifies equal powers of
a, and then sets a=1. In light of the observations
at the end of Sec. IIA, we have

_%z,(j)

622( ) o

6J(x‘)ﬁJ(y) :E: 5](x)6](y) ' (2.13)
so that
_8Z() ] - a[ 07240
[Gj(x) 5]'(3’)1,-, 'a;o a [Gj(x) ﬁj(y)],_y (2.14)
and
85(x) 65(¥) 6j(2) | yoy=s

a ;oa [Gj(x)ﬁj(y)Oj(z)]xm , (2.15)

J

0 ¢ %) l

SI,(9) ﬂ;z[——n—l—l—ézz ] g0+ | ezl ]%(x)% [t

87a(x) 5jy(%) ¥ L55(x) 65(0)

LS D _
GG T — T %

8’r(9)
so(x)s¢(y) ~ox @ y

832(j)
6j(x)6j(y§ 3j(2)

L]
N

s3rie) - 3
s6(x) s8(y)se(z) .71

522(4)
Gij)éjixs

3Z(j)
5j(x)8j(x)sj(x)

F

<2
<

FIG. 1. Graphical representation of the individual
terms that enter the functional differential equation for
I'(¢). The double lines represent the complete two-point
Green’s function in the presence of an arbitrary external
field. The shaded blob represents one-particle irreduc-
ible parts in the presence of an arbitrary external field.

etc.
The equations generating diagrams with a fixed
number of loops are

(2.16)
and
8j,(x) 6j,(x) 6]»(")] forn=1, (2.17)

s (o)
so(x)

sl (9)
8¢ (x)

FIG. 2. Graphical representation for the oI (¢)/8¢ (x), with the same conventions as Fig. 1. The wavy line represents
explicit dependence on the external field, interacting locally at the point vertex.



where the last term in (2.17) appears only for
n=>2. Equation (2.17) determines the n-loop ap-
proximation, 6T,(¢)/6¢(x), entirely in terms of
functionals with (z - 1) or fewer loops. It is this
feature which makes the inductive determination
of I'(¢) possible. To make this practical, so as

to integrate (formally) the first-order functional
differential equation for I',(¢), one must evaluate
the terms on the right-hand side of (2.17) explicitly
in terms of ¢ by means of Eqs. (2.8)-(2.10). We
illustrate the induction scheme by an explicit eval-
uation of I'y(¢), I')(¢), and I',(¢). In addition to
demonstrating the nature of the loop expansion for
the 1PI functional, these calculations will provide
crucial observations for the construction of I'(¢)
exact in the large-N limit.

-
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C. The zero-loop and one-loop approximations

The functional equation satisfied by the tree ap-
proximation, (2.16), is easily integrated to give

ry(9)= [ dix {%[am(x)]z 5 12 [pu(0)]?

‘:% [¢,2(x)]2% +constant . (2.18)

Of course I'(¢) is identical to the classical action,
so that (2.18) agrees with the usual result® given
for the generating functional of the 1PI tree graphs.

Proceeding with the induction scheme, the one-
loop functional is given by

ST(¢) __ ix J,[_8Ty(e) ™ 8°Ty(¢) 17
8 a(x) 3! %2 [6¢a(x)6¢b(x)] () +[6¢b(x)6¢b(x)] ¢,(x); ) (2.19)
However, from (2.18)
62 E
6¢n(;)16(¢1),(y) == [(Dx + “-2) Sap +3_)\l b4y ¢2(x) + 'g' Pa(x) ¢b(x)] &%(x - y) . (2.20)

The inverse of this functional defines the free-
particle Green’s function in the presence of an
external field ¢,(x),

S B v C) B

Gap(x, ¥) [G%(x) G%(y)] (2.21)

It is sometimes convenient to write
Gab(x’y)=<ylcab|x>=<y’b'Glx:a> ’ (222)

where G is a formal operator and |x) is a formal
vector in the appropriate function space. There-
fore,

[ a2 [a¢f(£é¢:(z)]cbc(z’ 3 == 8,88 (x=3) .
(2.23)
In terms of the definition (2.21), (2.19) becomes
ST(0)_ A

5o - 31 [2Ca(® %) &u(x) +Gan(%, ) $al)] -

(2.24)

This equation is easily integrated by noting that

r

—Gfi%— Ges(2, )
=31 [2Ga(2, ) do(%) + Gz, 3) Pa(x)]
X84y - z)6%(x-2) . (2.25)
Then

5¢..(x) 2,[ < ’(8;%(}?)6-1»«:>Gcb

3 4]
=z§gmfd*y(yl[lnc"]u|y)

)

_i
2 6 ¢a(x)

where the trace is over both internal and space-
time indices. Thus,

TrInG™! (2.26)

I',(¢)=%iTrInG™* +constant, (2.27)

where G is the formal operator defined in (2.22).
Once again, our results agree® with other deter-
minations of the one-loop functional.

D. The two-loop functional

From Eq. (2.17) we have

STy(9) _ir %2[ 822 (j)
8¢.(x) 3!

2Z,(j) LA
%) aj,,(x)}““ [61 ™ )y (x)] ¢"(’"} 31 [5Ju(x)5h(x)6]a(x)

Ll ] . (2.28)
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To proceed with (2.28) in particular, and the n-loop equation in general, one must compute the functional
derivatives that appear on the right-hand side of (2.28), and of (2.17) in the general case, in terms of ¢.
We sketch this procedure for the general case, and give the details for (2.28).

From Eqs. (2.9) and (2.12), suppressing internal indices,

4 6z K AR 52 Tu(e) "
fd z,.;a 5j(x) GJ(Z)Z So@) 600 ¥ (2.29)
Identifying equal powers of a, one obtains
s, | _9%Zo()) 6°ro(¢) . _,a
fd 2 [Oj(x) 51‘(Z)} [645(2) 6¢(y)}" —0"x -y, (2.30a)
4 52Zo(4) (521"1(¢) 6°Z,(j) 62]:.‘3( ¢) ( -
fd {[51(96) 5](2)] [6¢(z)6¢(y)] +[Gj(x) ﬁj(z)] [64,(3)54,(3,)] f =0, (2.30b)
etc. Therefore,
2D _ (4,40 5°I(9)
6ja(%) 67,(y) fd 24w G“(x'z)[b(pc(z)6¢d(w)}cdb(u), » (2.31)

with Gg,(x, y) defined by (2.21). Similarly, from Eq. (2.10b) we obtain a similar result for
6°Z,(j)/6j(x) 6j(v) 6j(z). In particular,

3Zy(4)
0j4(%) 65,(¥) 6j.(2)
Making use of Egs. (2.31), (2.24), and (2.25), we obtain

_9Z2(G) (g4, g0 5 [86T(¢)
5700 61, (%) fd 2 d*w Guo(x, 2) Gap(w, %) 7 50.2) [G%(W)]

= fd“rd"w dthcd(z’ T) Gbe(y’ t) Gaf(x: w) [6¢I(W)6;g:8p))6¢4(7):| * (232)

ix
= §|_ f d*z Gac(x’ Z) Gdb(z9 x) [26“(1, z) +6cd fo(zy Z)J

iAZ . a4
—Ts—fd z d*w G,.(x, 2) Ggp(w, x)

X[2G g2, W) Ppp(w) Ge(w, 2) 9(2) +20(2) Gas(w, 2) Ggelz, w) Pp(w)
+2P4(W) Geglz, w) Gy elw, 2) g(2) + P(2) Pa(w) Geglz, w) Gyglw, 2)

+2GCf(z’ w) (pf(w) Gd((w’ Z) ¢;(Z)] . (2.33)
Similarly, from Eqs. (2.20) and (2.32)
5j (x)agjzb(i))a] @ " %j %2 Geg(%, 2) Gool%, 2) Gag(%, 2) [B4e D4(2) +0os Pal2) +874 9(2)] - (2.34)

This completes the construction of 6I,(¢)/0¢(x) in terms of ¢(x) and the free-particle propagator in the
presence of an external field. The (formal) integration of the first-order functional differential equation
(2.28) is not difficult. To this end consider the functional

1(¢) =f d*2[Gyy(2, 2) Gool2, 2) +2Ghc(2, 2) Gosl2, 2)] (2.35)
which means
ol - = 2 6400 [ 4% [26ea(s, ) Gul, 2) Gl 9 + Gtz 2) Guel 2) Galz, )
- 23& zp,,(x)f A%z [2G,c(2, 2) Ggy(%, 2) Geglz, %) +Gygl2, 2) Gyelx, 2) Gop(2, %)) - (2.36)

Comparing (2.33) with (2.36) one concludes that

9z ) - ’_5_1_(_¢_ T L
2[5 ] 20 G e 4071 gt J 2 awl ) @3n
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The remaining terms of (2.37) combine simply with (2.

tional

J(¢p) = f A%z d*w ¢,(2) P(W) [2Gpa(2, W) Gog(2, w) Goelz, W) + Golz, w) Gyo(z, w) Gyolz, w)] .

It is straightforward to compute 8J(¢)/6¢,(x) and
to compare it with (2.34) and the remainder of
(2.37). As a result, one obtains

OT,(¢) A B8I(¢) X 8J(¢)

0 ¢q(x) T4 5¢a(x)_§ 6¢a(x) ’ (2.39)
so that
I(9) =4_/\! 1(¢) —% J(¢) +constant. (2.40)

Our construction of I',(¢) agrees with earlier de-
terminations® of the two-loop 1PI functional by
other methods.

A graphical representation of the function /(¢)
and J(¢) is given in Fig. 3. We now make several
observations which are essential to the develop-
ment of the large-N expansion presented in Sec.
III. First note that I(¢) is represented graphically
by a two-loop bubble graph with a single four-point
vertex and free propagators in the presence of an
external field. By contrast, J(¢) is represented
graphically by a nonbubble graph with two three-
point vertices, each proportional to the external
field ¢. Stated differently, the bubble term I(¢)
only arises from terms of the form

o (0)[6°Z,(5)/8j(x)8j(x)]

in the functional equation for 8I',(¢)/8¢(x), while
the nonbubble term J(¢) originates from both

o (x)[6°Z,(j)/6j(x)8j(x)]
and
[6°Z,(5)/8j(x)8j(x)8j (x)]

in the functional differential equation. In other
words, the term

[6°Z,(5)/8j(x)8j(x)8j(x)]

NONPERTURBATIVE EFFECTIVE POTENTIAL FOR xo¢‘...
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34) to form a single functional. Define the func-

(2.38)

does not contribute to the bubble graphs. Finally,
notice from Eqgs. (2.28), (2.32), and (2.34) and
the above discussion that [aside from the depen-
dence of the propagator G(x, y) on ¢] the terms in
6T,(¢)/ 8¢ (x) that generate the bubble graphs are
linear in ¢(x), while the terms that generate the
two-loop nonbubble graphs are cubic in ¢, due
to the presence of two three-point vertices. These
distinctions, which are easily generalized ton
loops, will play an essential role in understanding
Secs. II F and IIL

One may continue the loop expansion by induction,
as sketched above, to determine I'y(¢), ..., Ty(¢),

. However, we proceed no further in this

direction.

E. The renormalized loop expansion

So far we have only considered the loop expan-
sion for the unrenormalized 1PI Green’s functions.
Since the renormalization of the loop expansion has
been treated by other workers,'*® we only make a
few remarks to enable the reader to translate
earlier work into our language.

The Lagrangian density (2.1) may be modified
to read

(3,7 =3[0, 87 - B*¢) - 5 ¢
+3A(8,¢)* -5 B¢* - %c&*
+Ja(%) Pa(%) , (2.41)

where A, B, and C are wave-function, mass, and
coupling-constant counterterms, and % and X
are finite, renormalized quantities. Analogously,
(2.11) may be replaced by

SI(g) _ - x+0) . (X+0) % 822(;) 822(j)
Baln) L P 9a0) = T @) 9a(a) i Ty _2[51;(::) ) oo et ""'(x)}
(X+C) 5°Z(4)
3l [aja(x) 5j5(%) 5jb(x)} - [AG+ Bl gulx) (2.42)
For the purposes of the loop expansion, write and

A=ia"A,, ,
n=1

B=3a"B,, (2.43)
n=1

Ms

n=1

One constructs the loop expansion as before, taking
note of the loop dependence of the counterterms by
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means of Eqs. (2.42) and (2.43). One determines
the renormalization constants A,, B,, and C, by
means of the usual renormalization conditions, de-
scribed in detail by Coleman and Weinberg® and
Jackiw.® We have carried out the renormalized
loop expansion by our methods in detail up to the
two-loop functional. Our results agree with earlier
work, so that we omit the details here, as they

are not essential to the mainstream of our develop-
ment.

F. The bubble approximation

The purpose of this section is to develop the
bubble approximation to the functional I'(¢), which
in A¢* theory is characterized by those vacuum
graphs which contain only four-point vertices pro-
portional to A and free propagators in the presence
of an external field. The nonbubble vacuum graphs
contributing to I'(¢) contain two or more three-
point vertices (each proportional to A¢) as well as
four-point vertices, and free propagators.

It is easy to understand this characterization
graphically. The loop expansion for I'(¢) is rep-
resented in Fig. 4, while the loop expansions for
[T(D)] puspie @04 [T(P)] nonbubbie ar€ shown in Figs.

5 and 6, respectively. Note that the ¢ dependence
of [T(¢)] puwse Can be attributed entively to the
propagators, while the ¢ dependence of [ T'(¢)] nonbubble
arises from the three-point vertices, as well as
the propagators.

Next, consider the consequences of this separa-
tion for 6I'(¢)/6¢(x). As a result of the observa-
tions made in the preceding paragraph, we can
represent [6I(¢) /08 ¢(x)] puppe 25 in Fig. 7, and
[61($)/8 ()], cnpuspic 25 in Fig. 8. Now refer back
to the exact functional equation for 6I'(¢)/8¢(x),
given by Eq. (2.11), and represented graphically
by Fig. 2. The loop expansion for the term pro-
portional to ¢(x)[62Z/64(x) 6j(x)] is shown graph-
ically in Fig. 9, and for the term proportional
to [6%Z/6j(x) 6j(x) 8j(x)] is illustrated by Fig. 10.
From this analysis, it is obvious that we have the
separation

F(8) — To(d) ~ O
- |
+ [OC0O0

- —— -

I(¢) ~ CX)
16) ~ ok pan

FIG. 3. Graphical representation of the two terms
comprising the two-loop functional. The wavy line
represents the explicit ¢ dependence of the indicated
vertex. The solid line represents a free propagator in
the presence of an external field.

909 (557 |~ (5607 s (559 s

(2.44)

and

5°z . GI‘(q))}
B aj(x)] Lw(x) e Y0 (2:49)
where ~ means “contributes to.”

It is instructive to compare Figs. 7 and 8 with
Figs. 9 and 10. From this comparison it is seen
that the separation given by Egs. (2.44) and (2.45)
may be refined further. That is,

o(x )[5](63:)26]&)} [gﬂf))].,ubb.c

sﬁG or
) 6(1) [5¢jlnonbubblc} (2‘46)

and

L4 ] r
[51(9‘) 5j(x) 6](X)J % (Mp) [5— nonbubble
(2.47)

The somewhat obtuse notation of (2.46) and (2.47)
indicates that [6(¢)/0 ¢(x)]nonbubbie 1S Obtained
from [T(¢)] .omoune iD tWO separate and unique
ways: (1) from the differentiation of a propagator,
as in Eq. (2.46), and (2) from the differentiation
of a three-point vertex, as in (2.47). The division
of [6T/8¢] nonbubbie Siven by (2.46) and (2.47) is

[®+mm@m]
000 @ + Bt + -]

; C@+ —

FIG. 4. Graphical representation of the loop expansion for I'(¢), with conventions as in Fig. 3.
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[F(¢):|bubble

Q0
-[cCO- O]

[oooo 080 C@ S |
- [CC000- 00 o%o oBS

9
+ - ===

FIG. 5. Graphical representation of the loop expansion for I'(¢)yupe, With conventions as in Fig. 3.

unique. All of the points discussed in this section
are illustrated in detail by the two-loop functional
discussed in Sec. IID.

Our next objective is to formulate a set of cou-
pled functional equations which generate [T'(¢) ],

S1(¢9) 6Ty(¢) ,2r 29! 5°Z(j)
[6¢,.<x)1,um,,e 8u(x) )2%""[
with
[ 52I'(¢) ] - [ 52Z(j) ]'1
6¢a(x)5¢b(y) bubble 8jq(%) Gja(Y) bubble
- -l i [ 82z())
SRR G R A b e e
and
5 6°Z(j) -
36,09) [5 ) Gjb(x)]bubhle =nonbubble, (2.50)

where Gg(x, ) is defined in Eq. (2.21), and I'y(¢)

[r @) ] nonbubble
[ e g
- [ e R

FIG. 6. Graphical representation of the loop expansion
for I' (@) ponbubble » With conventions as in Fig. 3.

in the large-N limit, based on the above discus-
sion. We find it easier to present the final result,
and then present the arguments leading to our con-
clusion. The functional differential equations which
which we propose for large N are

82(j)
Gj,,(x) Gjb(x)}bubble ¥ ¢,,(x) [Gj,,(x) ajb(x)}bubble } ’ (2.48)

jl"“"b" O [jS(x) jS(x)]bubble} -3, (2.49)

is as defined in (2.16) and (2.18).

That Eq. (2.48) is a necessary condition is
obvious; [6°Z/5j(x)5(x)8j(x)] must be dropped
from (2.11) because of (2.47). However, because
of (2.46) it is also obvious that this is not suffi-
cient. Additional conditions, Egs. (2.49) and
(2.50), must be specified. To understand these,
consider [6/8,()][6T($)/5¢4(x)Joubic a8 given

[—:%3 %]bubble nnrrO ’Wm
3 a s

FIG. 7. Graphical representation of the loop expansion
for [6T /6¢]pubpies With conventions as in Fig. 3.
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s[(#) _ 30(9) Y
[W(x) 3¢(x) |nonbubble X *

o

FIG. 8. Graphical representation of the loop expansion
for [6T /61 ,qpbubbie » With conventions as in Fig. 3.

by the right-hand side of (2.48). There are two
types of terms generated, those given by (2.49)

and those given by (2.50). Since [6°Z/6§(x)65(x) Joubbie
depends on ¢ only through the propagator, it is
obvious that

) [ 6%Z :'

8¢ ( y) L67() 65(x) pubbie

is quadratic in ¢, aside from the propagator de-
pendence on ¢, since

56 5G™!
T

Thus, the terms coming from (2.50) generate con-
tributions to [6°Z/6j6j] which are quadratic in ¢
(aside from dependence originating in G), and
hence generate contributions to 6I"/6¢(x) which
are cubic in ¢ (aside from any propagator depen-
dence on ¢). The conclusion is that (2.50) gen-
erates only nonbubble graphs. With this identifi-
cation, one obtains (2.49) from (2.48) by functional
differentiation. This analysis is exemplified in
detail in Sec. IID, and by Eqgs. (2.33)-(2.38) in
particular, where the two types of terms are
clearly separated.

Now consider A¢* theory with O(N) invariance
in the large-N limit. Since

trG, =Gy, ~NG,

()

G.

it is clear that for large N, [I(¢$)]outbie dominates'®
[T(¢)] nombubbie bY at least a factor of N in each fixed
order in the loop expansion, i.e., for » fixed lcops.
Thus, for N large, we may replace Eq. (2.50) by

+wu®+mm;©+wé> P

X

FIG. 9. Graphical representation of the loop expansion
for ¢ (x)[6%Z (§) /5 (x)6j (x)], with conventions as in Figs.
1 and 3.

b 8%Z( §) ] _ ( 1 >
5¢’e( y) [Gja(x)ﬁjb(x) bubble =0 N W==). (2.5)

We now deal with a subtle issue in order to
complete the justification of (2.48)-(2.51) as the
correct equations in the large-N limit. One notes
that I'(¢)ubbie can be usefully divided into two
classes of graphs: (1) those graphs which form
tree diagrams of bubbles, i.e., the branches are
made up of linear chains of bubbles, and (2) those
graphs in which trees formed of bubbles interact
to form at least one closed loop of bubbles. Let
us call the graphs of class 1 bubble tree graphs,
and those of class 2 bubble loop graphs. These
two classes of graphs are easily distinguished.
For example, in Fig. 5, graphs 4, 7, 8, and 12
are bubble loop graphs, and the others are bubble
tree graphs. These particular bubble loop graphs
can be obtained by forming a single bubble loop
from a bubble tree of 2, 3, 3, and 4 bubbles,
respectively.

Now consider N large, with a fixed number of
closed loops in the conventional sense. It is easy
to see that the bubble tree graphs dominate the
bubble loop graphs (with the same number of con-
ventional closed loops) by at least a factor of N.
Specific examples are found in Fig. 5, where
graph 3 is proportional to N3, while graph 4 is
proportional to N2, and graphs 5 and 6 are pro-
portional to N*, while graphs 7 and 8 are propor-
tional to N°. Hence the bubble loop graphs are
subdominant in the large-N limit, and can also
be neglected to leading order in N.

Similarly [6T(¢)/6¢(x)]pube can be divided into
the same two classes. For example, graph 3 of
Fig. 5 leads to graphs 3 and 4 of Fig. 7, and
graph 4 of Fig. 5 generates graph 5 of Fig. 7.

(We have not drawn topologically equivalent graphs

FIG. 10. Graphical representation for |63Z ( j)/6j (x)6j (x)6j (x)], with conventions as in Figs. 1 and 3.
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separately.) Our next task is to translate this
classification into analytical terms.

The analysis we seek is a refinement of Eq.
(2.46) and the discussion following. To do so we
examine a specific example, graph 5 of Fig. 7.
This graph is obtained by the contribution of (2.46)
to (2.11), but with 6°Z/6j(x)55( y) constructed from
the first graph of Fig. 6. Further examples show
that we may write, in a schematic way (where ~
means “contributes to”),

?(x) [WL;Z]GS :| nonbubble ) [gggf ))} bubble loops
[5 (¢)

+
6¢(X) ] nonbubble

which indicates that terms on the left-hand side
of (2.52) generate the right-hand side of (2.52).
Most importantly, the only way of generating
graph 5 of Fig. 7 is by means of this particular
term. Thus, if we dropped

5°Z
d)(X) [GJ(x) Gj(x)} nonbubble

from the right-hand side of (2.11), we would not
generate the bubble loops.

Putting these various arguments together, we
arrive at Egs. (2.48)-(2.51) as representing the
large-N limit of the theory. In particular, we
expect this set of equations to generate the bubble

. (2.52)

tree graphs. Although we are aware that we have
not provided a satisfactory mathematical proof,
our conclusion is supported by the results pre-
sented in Sec. III and Appendix B. There it is
clear, for the special case of a constant external
field, that (2.48) and (2.49) do indeed generate
the bubble tree graphs when our solution for the
effective potential is reexpressed in terms of the
perturbative loop expansion. Naturally the reader
who desires a proof will require more rigorous
analysis; however, our results do indeed seem
to characterize the large-N limit of A¢* theory.

III. THE EFFECTIVE POTENTIAL

A. Bubble approximation

Although Eqs. (2.48)-(2.51) provide a closed set
of equations for the generating functional [T(®)], v
the actual solution of these equations is hampered
by a lack of knowledge of the free-particle Green’s
function, G,(x,y), in the presence of an arbitrary
external field ¢,(x). However, no such difficulty
exists if one restricts the external field to a con-
stant field ¢,, as one can compute the appropriate
free-particle Green’s function in both coordinate
space and momentum space for this special case.
In particular, for a constant field ¢,, one has the
coordinate-space representations

G (%, 95 0)= (O + 13)0,, + 85y 3 A% + A0, 5] 8%(x ~ ) (3.1
and
<x|Gab|y> = an(x9y;¢)
= 1 $. 9 1 Pa P
- <"![3 T g ( ¢ °>+ O, + 12+ A2 (5“" sy °>] y>
= G(x,y; p%+ g-xw)%ﬁ +Gx,y; U2+ 31-)\‘1,2)(5”_?%). (3.2)

As a consequence of the limitation to constant ex-
ternal fields, the functional differential equations
for 8I'(¢)/8¢(x) reduce to an ordinary equation for
aV(¢)/a¢,, where V(o) is the effective potential
for the theory. Since

(o) = —V(¢)f d*x, for ¢ = constant, (3.3)

the system of equations (2.48)-(2.51) for the bubble
graphs reduces to the following coupled equations

for [V(¢)lpune (With the subscript “bubble” omitted):

aV(p) aVy(p) _ i ~ . ~ .
?¢_. = '_agdf' == 5'!'[2‘1’1;6-11;(", X ¢) + ¢, be(x; x:(¢)]);
3.4

f

where
=G (%, y50) = =G (%, ¥;5 )
A r =
+ 57(26u(x, %3 9)
+ 6abG-cc (x’ x; ¢)]64(x _y)
(3.5)
and
5% Ga» (%, x; $) = nonbubble (3.6a)
=~0 for N large. (3.6b)
We have defined
= 5°Z(Jj) ]
GaplX,y; )= [——— 3.7
(5,35 9) 8 ja(%)0 ,(y) ¢ 3 const 3.7



1810 HOWARD J. SCHNITZER 10

for the exact Green’s function in the presence of a
constant field.
B. Large-N limit

The coupled system of equations may be simpli-
fied in the large-N limit by noting that

®5Gar (%,9; 0) = 9a G(x,¥; u* + F1¢?)
and

be (x’ ys ¢) = G(xs ys ‘-"2 + é')‘(bz)
+ (N=1)G(x,y; 1* + +1¢?).

(3.8)

Owing to the dominance of the terms proportional to
b in the propagator, we may replace Eqgs. (3.4)
and (3.5) by

a;’f;;) —%F(;L) = = $ir, Gy (%, %5 9) (3.9)

and
=G5, 95 9) == O, + 1 + $A7)6ub*(x - )
+ §iA6a Gog (%, %3 $)6%(x = )
(3.10)

in the large-N limit. We can also write the exact
propagator in the presence of a constant field as

¢¢ ¢b
¢?

Gar(%,3; 9) = G, (%, ¥; 12, 1¢?)

+ Gz(’-’, y; “2) l¢2)(éab - 9%) .

(3.11)
It is convenient to define
G(x,y;m2)=<xm y> (3.12)
and
Glx,¥; 4, A¢%) = G, (x, y; H2, 297, (3.13)
so that
G™Hx,y;m*) = @, +m?) 8% (x-y). (3.14)

The coupled set of equations to be solved in the
large-N limit are

a:ﬁ)'agtb(:p):-%'immé(y,y; W, 197,

G™Hx,y; 2,0 9%) = G™H(x,y; u? + §#1p?)
- #iNMG(y,; 12, 1?64 (x - y),
(3.16)

(3.15)

and

[V(¢)]bubble: ne1= (NA)" |:an 1()“#2) + f,,z(x“’z) + Al,fns(x‘i’z) teet 4+ Nl_nfn ,n+z(7‘¢2)]

d¢a

[There is also a dependence of G on NA which has
not been explicitly indicated in (3.11) and (3.13) as
no confusion will result.]

This completes the formulation of the equations
for 8V/a¢ valid for the large-N limit. Remarkably,
these equations can be solved to give an exact
solution for V(¢) valid for large N, and not depen-
dent on a perturbation expansion in A.

M =1 O(i—) (for large N). (3.17)

C. The 1/N expansion

In this section we attempt to describe a system-
atic 1/N expansion'! which should clarify the sense
in which our results may be described as exact in
the large-N limit. In identifying the leading terms
for N large, we considered all the vacuum graphs
with n loops (n fixed), and selected the dominant
vacuum graphs for N large, which turned out to be
all bubble graphs with n loops. At this stage, the
set of all bubble graphs with » loops is summed
over 7 to yield a system of equations which char-
acterize nonperturbatively this set of graphs.

In particular, for n =2 loops, the complete
contribution of the bubble graph gives

[V(®puote in =2
= (I[N + Falh8)+ - F087)], (3.18)
while the nonbubble graphs with 2 loops give
0]
= (29N NE (%) + £ 00)]
- (0,009 + 3 20007 (3.19)
For n = 3 loops, one has for the bubble graphs

[V(¢)] bubble :n= 3
- [N + 1087 + L 1000

+1713 fsq(wz)], (3.20)

while the nonbubble graphs contribute

[ V(d’ )] nonbubble : 7 =3

1 1
= (Nx)zl:g31(x¢3) + ﬁgsz(h‘i’z) + ngs(x“pz):l .
(3.21)
The general case with n + 1 loops gives

(3.22)



and

[V(d))]nonbubble:"*'l = (M)n[gn 1(7\¢2) + %gnz()\\i’z) tree + % Enon+ 1(>‘¢2)] .

In the above, the f;;(x¢?) and g;; (A$?) are (in prin-
ciple) calculable functions of A¢®. The form of
Egs. (3.18)~(3.23) has its origin in the structure
of n-loop vacuum diagrams, built from

(1) free propagators which depend on A¢?,

(2) four-point vertices which depend on A.

(3) pairs of three-point vertices which give (A¢)?,
and

(4) traces over internal indices which give a
finite polynomial in N, which only appears as over-
all multiplicative factors in various Feynman
integrals.

(This is the only way in which dependence on N

J

V= Vi) 3 ()7 [NV 0000+ ViaO) 4+ + 0 Vo mes06)

= Vo(9?) + NV (A d?; NX) + V(A ¢%; NX)

where (3.25) is obtained from (3.24) by interchang-
ing the sum in the square brackets with the sum
over n. It is clear that our large-N limit is ob-
tained from (3.25) by keeping Nx and 1¢® fixed,
and letting N get large, with the result

V(¢?) = Vo(92) ~NV,(Ap?; NA) . (3.26)

Our method calculates V,(A¢p?, N1) exactly, and in
this sense gives the limiting behavior of A¢? theory
for N large. [As yet we have not learned how to
calculate the correction terms to (3.26).]

D. Solution for the effective potential

We find it easier to solve Egs. (3.15-(3.17) in
momentum space. To this end we define

<16t = [ Ghae “IGm, @2

4 : -~
|G 167 90 = [ g €7 Gt + rg),

(3.28)
f(Z'n)“ m?) = B(m?), (3.29)
and
d4p ~ 2,1 2\ - B(12 4 1 2
By G(P%, u* + g1d®) = B(u? + gho?). (3.30)

As is evident from (3.15) and (3.16) the dependence
of G on the mass variables for lavge N occurs only

1
5 Va9 N+
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(3.23)

-

may arise in an individual graph.) The reader can
then easily verify the form of Egs. (3.18)-(3.23)
by examining specific vacuum diagrams.

Note that in our version of the large-N limit, the
term (NA)%g,,(A¢?) from n = 3 is dropped, while the
term N2\ f,,(A¢?) from n =2 is retained. This em-
phasizes the nature of our large-N limit, which
does not compare terms with a different number
of closed loops. We now add (3.22) and (3.23) and
sum the result over n. This gives an expression
for the effective potential, which accounts for all
graphs, and hence describes V(¢) completely in
terms of a 1/N expansion. The result is

(3.24)

(3.25)

r

in the combination u?+ gA¢2. [If one is not work-
ing in the large-N limit, G depends on both
G(p%, 12 + $1?) and G( 1?2, u? + #1¢?). Thus for
arbitrary N, G depends on p? and A¢? separately.]
We shall see very shortly that G(p? m?) depends
on a cutoff; however, we do not indicate this vari-
able explicitly among the arguments of G.

Using the above definition, Eq. (3.16) (for the
unrenormalized Green’s functions) becomes

G(PP;m?) ™ = G, m?) ™' = 3NAB(m?), (3.31)

where of course m? = p? + FA¢? is of particular in-
terest. It follows directly from (3.31) that

G(p;m?) = G(p?*;m?)

+ $INAG (P2 ; m?)G(p?; m?) B(m?)
(3.32)
and
G(pP;m?) = G(p; m” (3.33)

1 - #NG(PP;m*)B(m®)"
We can find B(m?) implicitly in terms of the free
propagator alone. Integrate (3.32) over p? to obtain
- - d‘p -

Bon) = Bow®)+ §iB0n?) [ 5 Gt m?)G(# 5%
(3.34)

Multiply (3.33) by G(p?;m?) and insert the result
in (3.34) giving
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- ~ d*p 1
2) = 2 1, 2 - . .
Bon?) = Bow?) + §i00B0n") | (e E e G T B (8.35)
Since limit. The mass renormalization is also trivial.
1 Define
em?)s ———
G(pa:m) P -m?+ie’ (3.36) T2=p?+ 62
2y & 2 2+ (A% +m? .
B(m?)= 1672 A® —m®In )l (3.37) =p.2—%iN)¢B(p.2) (4.1)
where A? is a cutoff. Thus, to be finite. (Note that i” is the physical mass
_ only if ($)=0.) One obtains
B(m?) = B(m?)
aV(9?) _ -
ap 11 1 ] ‘3%)_) = (T2 +51 )¢, — 3iNA g, BT 5297,
) e [p’ -m? " PP —m®+ §iNAB(m?) |’ ¢
(4.2)
Performing the integration and using (3.29) and
(3.30), finally where we have defined
B(m?) = B(m? - $iNAB(m?)), (3.38) B(1% 31¢%) = B(u® +50¢%) - B(u?), (4.3)
or more explicitly so that
~ ; - B(i%0)=0. 4.4
B(m?) = 16’172 {A“-[m*-g.imzs(mz)] #50) (4.4)
" [Az .- éimé(mz)} From the definition (4.3), and from (3.39)
m? ~ i NAB(m?) - i _ A% +T12
B(L59) =12 P 1n< e )
(3.39) m i
Equation (3.39) determines B(m?®) as a solution of - l_e"_.z_[ﬁz +y - 5iNAB(E% »)]
a transcendental equation. The effective potential m
is then determined by A2+ % +y -—%iNA_B(Hz; y)
oV(6%) - ENEm )
B_(P_— = (u?+ é’x¢z)¢a - éim¢n8(“z + ‘é‘x(bz) ’
a 4.5
(3.40) (4.5)
= ~ Thus the mass renormalization has removed the
N 2 s 2
fmt,h B('," )‘computed from Eq. (3.39). Since B('m ) quadratic divergence, and the renormalization
is in principle known, one can solve (3.40) to find .
2 . . S conditions
V(¢?), by numerical integration if necessary.
There are two issues which must be faced before G(0; u?)"'=12,
the solution for the effective potential can be con- (4.6)
sidered satisfactory. They are the following: 8 2, .5 ser
(1) The functions we are discussing are given in EFG(p 3 1% 2ro -1
terms of the unrenormalized parameters of theory,
and (2) a detailed numerical study of Egs. (3.39) are satisfied for the two-point function.
and (3.40) is not completely trivial, and it may
obscure the qualitative features of the theory.
Fortunately, both of these objections are easily B. Coupling renormalization
met: (1) The coupled set of equations are renor-
malized in Secs. IVA and IV B, and (2) the qualita- Following Coleman and Weinberg’ we specify
tive behavior of the renormalized equations can be the renormalized coupling constant by choosing
studied without appeal to detailed numerical solu- the value of 8*V/8¢* at a fixed value of ¢,. For
tions. the case ?#0, one may choose this to be ¢, =0,
which then fixes the 1PI four-point Green’s func-
IV. RENORMALIZATION tion when all momenta vanish. When 12=0, this

prescription cannot be adopted because of infrared
divergences, so that we fix the coupling constant

It is obvious from Eq. (3.32) that there is no by specifying the value of 8*V/a¢* at ¢2=M>%. From
wave-function renormalization in the large-N Eq. (4.2) it is straightforward to compute

A. Mass and wave -function renormalization



v
80,00,00,00, |

which provides the basis of the discussion of the

coupling renormalization. Because of the tech-

nical problem induced by the infrared divergence,

we discuss the cases T?#0 and 1> =0 separately.
(1) &%#0. We require

'V

¥V | _Lix
a¢aa¢ba¢ca¢d o=0 3X(Gabad +6bc5ad+bac6bd)!

(4.8)
which implies, from Egs. (4.5) and (4.7), that
T=a [1 _ iNx 3B(i; y) y)] . 4.9)
6 ay y=0 ’
Using (4.9) with (4.2) we have
BV g iy [ w&aj(__nﬁo_)]
3¢ “¢’a+sx¢¢a1_ 6 ay
. — A9? B
-5iNAg, [B(uz, FAg?) - A¢” ‘(T‘;'—Q]
(4.10)

or

2L (B +3X0%) 9, §INRG, Ba 5 $367),  (4.11)

IA(BypBg + BpeBag + BacBra) [1 _iNM3B

NXx 1 -
1+ o3 | Bx(E% y)=—~—-y— —— [[A% +y - 2iNXBR(F% y)]In
967 167 167

Equations (4.11) and (4.15) specify V(¢?) in terms
of renormalized quantities only. This result is
exact in the large-N limit (with X¢? and NX held
fixed). Since Bg(Et% y) can be evaluated (numeri-
cally) from (4.15), V(¢?) is completely known
(numerically) in terms of the finite arbitrary pa-
rameters of the theory. As we shall see in Sec.
V, we may analyze the qualitative behavior of the
effective potential without recourse to detailed
numerical analysis.

Of course, the system (4.11) and (4.15) could
be solved by successive approximations, which
would reconstruct the renormalized loop expan-
sion in the large-N limit. Obviously this is con-
siderably less interesting than our nonperturba-
tive solution to these equations.

For illustrative purposes, and for use in Sec. V
we compute Bg(EZ?% y) for small y. Making use
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; (% y)]

- zN 273 (8,,0.Pq +permutations)—(5J—yl

. aSE -_2,
ZN—l%z-Aq¢a¢b¢c¢d——§§3_i)'§ 1)\¢21 (4.7)
¥7g

where we have defined the renormalized quantity

XBx(P% $%¢%) =7\[73(ﬁ rt)- 2 %L—)J
(4.12)
It is clear from (4.4) and (4.12) that
Bgr({%0)=0
and
aBngz;y) =0 (4.13)

by construction. Equation (4.13) implies for ¢*
small that

Br(E%y) = 0(»%). (4.14)

y=o

We prove in Appendix A that Bg(Z? y) is finite
and independent of cutoff. As a result of that
discussion, one finds that

n? ]
— - — . 4.15
I +y - §INXBR(; ) #.13)
of (4.14) one finds from (4.15) that
Bg(m® ,y) +0(y*). (4.16)

_2 (321r2)

Combining this with (4.11), we have for the large-
N limit of the potential

2 1—2 .2 X 2)\2
V(¢ )i;;:osu o°+ 7 (%)

3
- o v0(e"), (4.17)
which has the form dictated by Eq. (3.26).

(2) &®=0. The presence of infrared divergences
becomes evident if one computes the derivatives
of Br(E% y) from (4.15) and takes the limit Z%~0.
Thus, instead of (4.8) we choose
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v
0,9¢,90.3¢,

1
=3 X (0,040 + 0yc004 + 02c0pq)
(bz”ﬂfillabdc bcVad cVnd/ s
(4.18)
where the left-hand side of (4.18) is to be evaluated

J
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by averaging over the sphere ¢*=M? M?is an
arbitrary mass, and A, is the renormalized cou-
pling constant appropriate to this convention.
From (4.7) we find that

o Lie[2BO; ) 4y B(0;y) | 4y ﬂaﬁ(o;y)}

Ay=A—1iNx [ e PNt NNTD) i W (4.19)
Proceeding in a manner similar to that of (4.10)-/(4.12) we obtain from (4.18) and (4.19)

av(¢? .

BE;; : =5hy $a[9® - iNB, (514 97)], (4.20)

where we have defined
1y oy Y min. Ly g2y 1y 2| 8B(0;Y) 4y 3°B(0;y) _ 4y*  8°B(0; y):l %

AyByGAyd )—A{B(o,ew )-s1¢ [ 5y TN oy TNND oy sirdf (4.21)

We demonstrate in Appendix A that B,(-;—A »9°) is finite and independent of cutoff. It is further shown there

that
B, (32 ,M?)

BM(%AN’Z) = [4’2 - iNBn(% XM‘PZ)]{ [MZ

Equations (4.20) and (4.22) determine the effective
potential, given M? and A,. Equation (4.22) is

a homogeneous equation in that it does not specify
B, (3x,M?), i.e., it is form-invariant for any
value of M? which is a direct consequence of the
homogeneous Callan-Symanzik equation for a

~iNB, QX M)

2 . 1 2
——"ln[d) -iNB, (g ¢ )]} (4.22)

96m% " IM?— iNB, (s1 ,M*) If

r

massless theory.!'2'"

It might appear from (4.22) that B, (31 ,M?) is
an undetermined constant, independent of A,
and M2, but this is not the case. The renormaliza-
tion condition (4.18), combined with (4.20), re-
quires that

[N(N+z)——u—l——aB G0 | v 4 )M BuEAAS) | 41

9 ¢2 a( ¢2)2

which relates B, (31 ,M?) to A, and M2, We found
it extremely tedious and unenlightening to evaluate
(4.23) using (4.22). However, we wish to compute
(4.23) in the one-loop approximation to illustrate
that (4.23) is nontrivial. The one-loop approxima-
tion can be obtained by neglecting B, (31 ,¢?) in
the right-hand side of (4.22). The result is

B2 u):oop = 5525 9°0(67/M7) + D), (4.24)
where

BH(%AUMz)l-loop <_"'M2>D (4.25)

96m?

Applying (4.23) to this approximation, one finds
that

1 2 2 2 N2 4
BM(EAM‘I’ )1-loop 96 z¢2[1 (¢ /M )-LT(?'N_'%))']’

(4.26)

which demonstrates that B, (31,M?) is not an in-
dependent constant. Combining (4.26) with (4.20),
one obtains

8°By (51 49%) -
2(a7y Lz Ll (4.23)
V(¢2)1-loop
Ay f. N ¢2)  (3N*+14N +8) }
_fv_% * S6r° [1“<M2>' NN +2) :| ’

(4.27)

which agrees with other determinations of
V($%),-100p Obtained by direct application of the
loop expansion.® [One may compare (4.27) with
Eq. (3.10) of Coleman and Weinberg’ for N=1,

by replacing 5A¢? by $A¢? in the free-particle
propagator, and the subsequent development.
This comparison with N=1 is possible at the one-
loop level, since the only one-loop vacuum graph
is a bubble graph. ]

V. STABILITY OF THE VACUUM

Since we have available a nonperturbative solu-
tion for the effective potential, we may examine
the stability of the vacuum and possible spontane-
ous symmetry breakdown, without recourse to
the loop expansion. The stable vacuum is found
by locating the absolute minimum of the potential,
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for which a necessary condition is 3V/a¢,=0.

One must then establish whether this extremum is
in fact the absolute minimum. If this occurs for
¢,#0, then one has a broken symmetry, and the
true ground state will not have the full O(N) sym-
metry of the Lagrangian. Since we must deal with
a number of technical details, we examine the
cases n?#0 and z%2=0 separately.

A. 12 #0
One solution to aV($?)/9¢,=0, with aV/3¢, given
by (4.11), is obviously ¢,=0. If there is a solution
with ¢, #0, it requires
[E* +§X¢? - §iNXBR(1?% 5X¢%)]=0. (5.1)
However, from Eq. (4.15), this in turn requires

NX . o x
<1 + W) iBr(T% iX0?) 2 %677 ¢? for $*>0.

(5.2)

To continue the analysis, we present the following
intermediate result:

iBr(1x% y) =0 for y=0 only. (5.3)
Proof. iBg(E% v,) =0 requires from (4.15)

T2

(B +y,)In <y_ﬁ12yg> =Y, (5.4)

The only solution to (5.4) is y,=0. Thus, iBg(T% y)
only has a zero at y=0.

We note that if NX >-967°, Eq. (5.2) can only be
satisfied for iBr(7I% y) real and positive (negative)
for y positive (negative). The behavior of i Bg(Ti%y)
may be determined in the neighborhood of the
origin from (4.16) and (4.17), where it is stated
that

2

; 02 ~ _—_y__ 3

iBp(T% y) o EX(3277) +0(y%) (5.5)
and

2y A~ Ll-2,2 l 2)2 N(sz)a e
VoD 2 T g (O e ¢
(4.17)

Thus, for y sufficiently small, the sign of

iBg(E% y) is determined by (5.5). Since iBg(T%; y)
has no zeros other than y =0, it cannot change
sign; this fact may be combined with (5.2) to test
for a possible extremum. If (5.1) is satisfied,
then (5.1) and (5.2) combined imply that

-2 2
6<E—>W_—);;—-:26"—)Z¢02>0, (5.6)

A

where the (possible) extremum of V(¢?) is denoted
as ¢,2. The origin is a minimum of V(¢?) for
T%>0 and a maximum for 7i* <0. From (4.15) and
(5.1) we observe that i Bg(Z% y) changes from real
to complex (or the converse) as ¢* passes through
this extremum. This observation makes it possi-
ble to discuss the stability of the vacuum without
detailed numerical solutions.

Consider first 7?>0. From (4.11) and (4.15) this
means that V(¢?) is real in the neighborhood of
the origin and becomes complex for ¢* > ¢,%, which
means that the vacuum is unstable for all ¢®= ¢ 2.
Thus, if V(¢?) has an extremum at ¢,>#0 for
E%#0, it is expected to be a maximum. Thus the
only minimum occurs at ¢*=0, and the potential
will continue to decrease for all ¢*>¢.2. There-
fore, to obtain a stable vacuum one must exclude
the possible maximum at ¢®=¢ %, which limits
0<1+(NX)"'967%.'® If NX is outside this range,
¢*=0 is no longer a minimum of the potential. The
various possibilities that occur for u%>0 are sum-
marized in Table I

Now consider %<0,'? in which case the origin is
a maximum of V(¢?), so that ¢,=0 cannot be a
stable vacuum. This is consistent with (3.32),
which for ¢2=0 becomes

G(p% p?) ' =% - . (5.7

If Z*<0, T is not the physical mass, ¢,=0 cannot
be the ground state, (5.7) is not the physical two-
point function, so that ($)#0 must occur. The
potential will have a minimum if (5.6) is satisfied
which will be an absolute minimum of the effective
potential, if 8V(¢?)/8¢,>0 for all ¢®>¢,>. If
(5.6) is not satisfied, there will be no minimum,
which limits NX to the range 0 <1 +(NX) 96721
The various possibilities that occur for Z2<0 (see
Ref. 12) are summarized in Table II. (See note

TABLE I. Qualitative behavior of the effective potential for i?>0. Columns 1-3 are
determined by Egs. (5.5), (5.6), and (4.11), respectively. (See also Ref. 13 and note added

in proof.)
_ v .
N 6 = 0:9°=0 Stable vacuum
0<1+(NA)!96r? No Local minimum (¢, =0)
—9672 <NX<0 Yes None
(maximum) (¢, =0 relative minimum)
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TABLE II. Same as Table I, but for ﬂ2 <0. (See also Refs. 12 and 13 and note

added in proof.)

Nx g% =0:¢2=0 Stable vacuum
0<1+(NX)!967? Yes Local mimimum
(minimum) @%=0)
—967% <NA<0 No None
added in proof.) ¢,:=0. (5.15)
Let us fix 72<0 and 0 <1 +(NX)~'96n%, so that Theref.
there is a minimum of the potential at ¢2#0. De- eretore,
fine 9 2
} —%%’-)-:0 for ¢*=0 only. (5.16)
(g )=1, (5.8) s
at the minimum. We can calculate the physical Since
propagator at zero momentum from (4.11), which [¢2=iNB,(31,0%)]#0 for ¢$>+0, (5.17)

gives™

2V(g7) = My 3% [1 _ NX aBp(uy) )] .
3,90 | g,=n, 6 8y )
(5.9)
From (4.15)
i ln[ﬁz+y—%iNXBn('ﬁ2; y)]
9Bn(ﬁ2;y)= 16m® s »
3y - ln[ﬁ%y-%iNXBR(Hz;y)]{
96 Il f
(5.10)
61
— (5.11)
y=5X b2 Nx
Hence
02V (¢?)
= 5.
3,90, B2 (5.12)

to leading order in the 1/N expansion. This cor-
rectly predicts that the inverse propagators vanish
at zero momentum. However, Egs. (3.31)-(3.37)
are not accurate enough to determine the mass of
the “o mesons” in the event of broken symmetry.!*

B. p2=0

We now discuss the possibility of spontaneous
symmetry breakdown for massless 1¢* theory
with O(N) symmetry. If spontaneous symmetry
breakdown is to occur, the right-hand side of
(4.20) must vanish, which requires

[¢p2-iNB,Gr d)]20. (5.13)
Inserting (5.13) into (4.22) implies
By (31 y0s) =0, (5.14)

which when combined with (5.13) means that

there are no other extrema. Stability requires
8V(p?) /8¢, remain real and positive for all ¢
Therefore it must also be real and positive at

any other conveniently chosen value of ¢, M? say,
as can be verified by examination of (4.20) and
(4.22). Thus, stability of the vacuum is achieved
if

A [M?-iNB, (Fx,M?)]=K (5.18)

is real and positive, in which case V(¢?) will have
an absolute minimum at ¢=0. If K is not real and
positive, there will be no stable vacuum.

If $*=0 is a stable vacuum, the physical mesons
remain massless, as there is no spontaneous sym-
metry breakdown. However, see note added in
proof.

VI. RENORMALIZATION GROUP

Our discussion of the massless theory required
the introduction of a mass M whose only function
was to define the renormalized coupling constant
Ay, and to set the scale of the renormalized field,
but which is otherwise arbitrary. This arbitrari-
ness is reflected in the form invariance of Eq.
(4.22), which should be contrasted with (4.15) for
the massive theory. In the massless theory a
small change in M can be compensated by a change
in A, and an appropriate rescaling of the field. In
this section we study the consequences of this re-
scaling.

Following Coleman and Weinberg,’ the generating
functional for massless ¢* theory satisfies a homo-
geneous Callan-Symanzik equation,’

[IW% +B(X)% +7(A) fd‘lxq)u(x)—é—fmjl I'(¢?) =0,

6.1)
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for an appropriate g and y. (In this section we
write A, as A, since no confusion will result.) Di-
mensional analysis indicates that g and y only de-
pend on A. The functional I'(¢?) can be expanded
in terms of 1PI Green’s functions to give the more
familiar equation®

B a8 m -
[MaM +Ba7\ +ny}1" (%yy---,%,)=0. 6.2)

We can apply (6.1) directly to our work by con-
sidering the special case ¢(x)=constant, leading
to a partial differential equation for the effective
potential”

My a2 3 11 (o?) <

,:\/1 i +5ax+7¢"a¢b]v(¢)“0' (6.3)
In our formulation of the problem, it is more con-
venient to work with 8V/3 ¢,, so that

renormalization is finite in the large-N limit,
which implies” that ¥(A) =0 in this limit, so that
(6.4) becomes

2 2 _E’_]M_
[ZM aMZ+B(7\) ax) 00, =0 for N large.

(6.5)

Since 3V/3 ¢, is known nonperturbatively from Egs.
(4.20) and (4.22), we may reverse the usual argu-
ments and compute B(A) from the known behavior
of aV/a ¢, in the large-N limit. On dimensional
grounds, we may write

B, (52¢%) = i ¢’ F(p¥/M?, \), 6.6)

where F is a dimensionless quantity dependent on
¢*M? and A. Then

av

2 52 _8 \] 2V(¢*) _ =1x¢,0%[1 + NF(¢¥/M?, )] ©6.7)
[MaM +B5x +7<1+¢,,a¢b>] 50, =0. (6.4) 20, ® ¢,0%(1 + NF(¢
We have shown in Sec. III A that the wave-function and
F(,x A 1 +NF
F(z,0N)=[t +NF(z,x)]{1 +I\§F,(1?)L) - 58 1;{“1 :NF((IZ”;;”} } 6.8)
Substituting into (6.5) we find that
B\ = 2N z(8/0z)F(z,A) 6.9)

{1 +NF(z,2) +NX\[aF(z, A)/ax]}

The apparent dependence of the right-hand side of (6.9) on z is in fact not present. (If there were such a
dependence, we would have an inconsistency.) It is straightforward to compute 3F(z, A)/8z and aF(z,\)/dx

from (6.8). We then find

(NA2/4872)1 + NF(1, )]

B(r)= 1= (N\/9672)[1 + NF(1, )]+ NA[(1 + NF(1, X))~ *= NA/9672Ja F (1, A)/aX} ’

which is only dependent on A, as it should be.
Since F(1, \) vanishes for A~ 0, we have

e (6.11)

BO) —= e 47
A0

as expected. The possibility of a nontrivial zero
of B(r) for some value of A# 0 can be studied in
the large-N limit by an analysis of (6.10) without
recourse to perturbation theory. The function g(A)
will vanish if the numerator of (6.10) vanishes.
However, since aV/3¢,# 0 except for ¢$*=0 (as
discussed in Sec. V), we see that (6.7) implies that

[1 +NF(z,)]#0 for any z. 6.12)

In particular, we may choose M? to be at the mini-
mum, if there is one, fixing z =1, implying
[1+NF@Q,2)]+0, (6.13)

so that the numerator of B() never vanishes. If

6.10)

r

the denominator of (6.10) were infinite for some
value of A, then () could vanish at this point. A
preliminary (but not exhaustive) study seems to
show that this is unlikely.

We argued that g(A) most likely did not have a
nontrivial zero, since we proved that the numera-
tor of (6.10) did not vanish. Further, we related
this property to the nonvanishing of Eq. (6.7) for
¢%#0. If the numerator had vanished, it would
have correlated two features of the theory®:

1) pA)=0
and (6.14)

oV (¢?) -
(2) 8¢’a ¢2=M2 -

at this value of A. This shows that the spontaneous
symmetry breakdown of the massless theory has
as a necessary condition the existence of a non-
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trivial Gell-Mann and Low eigenvalue. We believe
that this condition for spontaneous symmetry
breaking may be a general feature of infrared
stable, massless field theories which have no
Jundamental parameters with dimension of length,
and only a single coupling constant. (The model
of Coleman and Weinberg,5 with two coupling con-
stants, does not seem to have this property.) In
quantum electrodynamics this correlatesa possible
Gell-Mann-Low eigenvalue with (§y)#0, and the
breakdown of y, invariance.

VII. CONCLUSIONS

We have shown that it is possible to compute the
effective potential exactly in A¢* theory, with O(N)
symmetry, in the limit of N large. As a conse-
quence, we were able to analyze the stability of the
vacuum and the possible spontaneous symmetry
breakdown of the theory. We found that the existence
of a local minimum in the large-N limit required
the renormalized coupling constant to satisfy
0<1+(NA)"'9672. (It is not clear whether these
are true bounds, or only an indication of the break-
down of the 1/N expansion.!®) We were also able
to argue that g(A), the function that appears in the
Callan-Symanzik equation in the massless theory,
is unlikely to have a nontrivial zero. Further-
more, we showed that the existence of a nontrivial
zero of B(A) in the massless theory is a necessary
condition for spontaneous symmetry breakdown in
the massless case.

In Appendix B we showed how to truncate our
exact system of equations (for large N) so as to
generate the leading logarithm approximation.®
In fact the leading-logarithm approximation gen-
erates a spurious singularity in ¢? space. How-
ever, the approximation is not expected to be valid
in the region of the singularity.

At the moment the study of the large-N limit in
particle physics is largely academic. (It does
have applications to statistical mechanics.) Its
virtue is that it presents a method which avoids
a perturbation expansion in the coupling constant
in favor of an expansion in 1/N. This allows one
to analyze many issues of principle which are not
accessible in the usual perturbation expansions.
These methods might be useful in physically in-
teresting theories if the corrections to the large-N
limit are small.

Note added. One may combine Egs. (4.11) and
(4.15) to obtain a single equation describing the
effective potential. It is convenient to define

av

29—
m_23¢2’

(7.1)

whereupon one obtains

1 Nx \7!
e =456 (1 )
NX an?
* %+ 9679 W‘“(‘Eﬂ‘)'
This equation achieves a more compact form if
one rescales the classical field by
N

(7.2)

¢~ 5677 & (7.3)
and defines
Nx
&= 9672+ NX) ° (7.4)
so that'*
2
m2=ﬂ2+%g¢2+gﬁllzln<%n?>. (7.5)

This is the “gap equation” of the theory. Equation
(7.5) provides a convenient equation for studying
symmetry breaking. Spontaneous symmetry break-
ing thus requires

IM2=0
and
62
g
which is identical to Eq. (5.6).

The rescaling (7.4) makes it clear that NX
=-9672 is a singular point of the theory, and the
analysis of Sec. V shows that 0> g> —« is unphysi-
cal. Unfortunately, Eq. (7.5), taken by itself,
tends to obscure the existence of bounds for NX.

One aspect of this property may be recovered by
expanding (7.5) in the neighborhood of ¢2=0, where

., 1 g 1 g \°
ZN 2 - 2 4
W e1-g ¥ e <1—g)">

=¢02, (76)

+0(¢°), (7.7)

which exhibits the singular nature of g=1 (NX =x).
This phenomenon can also be observed in (4.17),
which is the analog of (7.7) before the rescaling
(7.3).

The many-field limit is not new. In statistical
mechanics the large-N limit gives rise to the
spherical model,'® invented by M. Kac. In this
limit, the Hartree approximation becomes exact.!®
The study of the large-N limit has also been ad-
vocated by other workers.!”

Note added in proof.

From (7.1) and (7.2) one easily finds that

2 96m
3¢ o¢*-e 12 N

(Ing?»™" | (7.8)



which is identical to (B8) obtained from the re-
normalization group. Accordingly, the effective
potential in the large-N limit has no lower bound
for all choices of the free parameters. This dif-
ficulty is also signaled by the presence of a tachyon
state in the model.**

A more detailed study of the gap equation (in
collaboration with L. Abbot) shows that if a local
minimum of the potential occurs at some ¢?>0,
one always finds

(7.9)
and

3¢
at a lavger value of ¢® which is consistent with
the behavior reported in Sec. IV and Eq. (7.8).

It has been conjectured™ that V(¢?) may have a
minimum for very large ¢*, outside the domain of
validity of the large-N expansion, which in fact
represents the true vacuum of the theory. I so,

(R/N) By(2) = 1o ln<A:#> W/ Nz [BBJ(}J))] :
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the analysis of Sec. VI suggests that 5(x) =0 is re-
quired for this to occur.
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APPENDIX A: RENORMALIZATION

In this appendix we show that the quantities
Bg(7?; ) and B,(y), defined by Eqs. (4.12) and
(4.21), respectively, are finite and independent
of cutoff. [In what follows we suppress the 2 de-
pendence of B,(7?; y) to simplify our notation.]
From Eqgs. (4.5) and (4.12) we can write

i — =
- 1—6172_ [E%+2z —%lNXBR(Z)] ln[ —

i

where
that

5, won ()t e8]

z =g\¢?,

Taking the limit A*~« in (A1) and noting that Bg(z)/A%*~

A2 4+pg% 4z - -};iNXBR(z):l
242z ~-LNXBg(z) J’

(A1)

and X(A) is the renormalized (unrenormalized) coupling constant. From (4.5) one finds

(A2)

0, since the quadratic divergence has been elimi-

nated with the mass renormalization, one obtains from substitution of (A2) into (A1)

B (z){

If Bp(z) is indeed finite and independent of cutoff,
then the right-hand side of (A3) is also finite, so
that consistency demands that we show that the
left-hand side of (A3) is also independent of AZ2.
However, from (4.9) and (A2), we relate the re-
normalized and the unrenormalized coupling con-
stants by the expression

Combining Eq. (4.5) with (4.21) one obtains

ix . A?
AyBy(z)= ~ 167 [z —%I.NX”B”(Z)] ln[

4y 9%B(0,y) 4y?

N 1[ A? \__
* 9672 " H2+z—%iNXBR(z)]$_ 1672

Z= 161:1r2 [ﬁ2+z]ln[ﬁ2+ z —-:;liZNXBR(z)]' (43)
~- %{1 . 91;”‘; - ln<t2> +1];. (Ad)

When (A4) is substituted into the left-hand side of
(A3), all A? dependence is eliminated, and one
arrives at Eq. (4.15) of the text.

The discussion of B,(z) is similar.

z ——;z’NX,B,(z)]

8°B(0,y)

x2> [aTB(O,y) 4y 9°B
Ay z 3y *N ay?

*NN+2)

(A5)

ay® ],: x”z/e’
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with z =—;-)\,¢"’. From the renormalization condition (4.19), one may reexpress the second term on the
right-hand side of (A5) in terms of (A, —X). Substituting (4.19) into (A5) yields

Ly oy BN, 1y 2 [ 6A%/), 2 ez
Ay By(Gry¢?) = 9672 [¢® - iNB, (s u9 )l 1n - iNB,(—;A,qﬁ) N Ay = N)¢2. (A6)
Setting ¢>=M?2 in (A6) gives
1 1 M? N 1 6AZ/Ny A7)
X Ay [M2-iNB,(EAM?)] ~ 9672 “[M?-iNB,(%x,M?)]'

Eliminating A from (A6) using (A7), one arrives at
the final result given by Eq. (4.22) of the text.
Hence B,(+),¢?) can be expressed entirely in
terms of renormalized quantities, and is finite.

APPENDIX B: LEADING-LOGARITHM APPROXIMATION

Several authors have computed the effective po-
tential in A¢* theory and considered the leading-
logarithm approximation to V(¢?) in the large-N
limit.® This approximation is obtained from the
solution to the renormalization group Eqs. (6.3)
with 8(A) computed to lowest nontrivial order.
Equivalently, one sums the linear chain of bubble
graphs which contribute to the effective potential.
The linear-chain (leading-logarithm) approxima-
tion only sums a subset of the bubble graphs which
we are able to treat exactly. The purpose of this
appendix is to discuss how our system of equations
may be truncated to produce the leading-logarithm
approximation.

In order to facilitate the comparison with the
work of other authors, we discuss our system of
equations before mass and coupling renormaliza-
tion has been implemented (cf. Sec. IIID). The
question of renormalization is easily dealt with
after our equations have been truncated, and we
have the advantage that we need not treat the cases
HE2%+0 and I =0 separately. [For purposes of de-
tailed comparison, we attempt to make contact
with the work of Jackiw,® his Sec. IIIC, especially
his Eqs. (3.25)-(3.27), which we denote by (J3.25)-
(73.27).]

The effective potential in the large-N limit is
given by Eqs. (3.29) and (3.40). It is convenient
to rewrite (3.39) [or equivalently (3.35)] as

B(m?) = B(m?)

[G(p?, m?)]?
- LiNAG(p?,m?)B(m?))’

(B1)

+LiNAB(m?) f (;34 i

where m? =% +£A¢? Expand the denominator of
(B1) in powers of NAG(p?, m?)B(m?), so that

r

Blm®)=B0n) + 5 B0n®) [ -5 (G0, )

i Bn))* [ 55 (6%, mo))?

+[%iNAI§(m)]3f(—;:%?[G(pz’m2)]4,,... ,

(B2)

which has the graphical representation shown in
Fig. 11. The infinite series in (B2) still expresses
the exact content of the large-N limit, as no ap-
proximations have as yet been made.

One must solve (3.39) or (B2) for B(m?), and
substitute the result in (3.40) to obtain aV/a ¢,. In
the text we solve this exactly, in terms of the
transcendental Eq. (3.39), which has a solution by
numerical methods. An alternate (but less useful)
approach is to solve (B2) approximately. Suppose
that we linearize (B2) in that we only keep terms
in (B2) which depend linearly on B(m?). Let us
denote this approximate solution as B, (m?). Then

51(m2)=3(m2){1 - 4N f (—;i;f;—q[c(pz,mz)]zfq

(B3a)
__d g(m?)
T 1672 [1 - 2a,f (m?)] ’ (B3b)
where
B(m?) = —— glm®)=A2 - m?In A+ m?
m-)= 16112 g - mz ’
(73.26b)
dg(m?) A2 A2 +m?
2y - = -—
fm*)= dm? ~ A%*+m? 1n< m? >’
(73.26a)

and a, =N/9672,

Let us improve the solution for B(m?) by sub-
stituting (B3a) back into the right-hand side of
(B2). There is now an infinite number of terms
on the right-hand side of (B2) which depend on
powers of ﬁl (m?). Now truncate this new infinite
series at the quadratic term on the right, i.e.,
at [B, (m?)]?, so that



E(m’) = @ =

(a)

(b)
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0-8.000 - 00

Q
+ 000 +----

FIG. 11. (a) Graphical representation of Eqs. (3.35) and (B2) for B(m?), with conventions as in Figs. 1 and 3, but with
¢ a constant field. (b) Graphical representation of Eqs. (3.40) and (B2) for 8V /8¢, with conventions as in (a).

B,(m?) = B(m?) + i N B, (m?) f Gy LG, m?

Carrying out the integrations one obtains

-i/1672f (m?)]

ﬁz(m2)=g(m2)+%iN>\[16in2 g(mz] L

[1 - Mnf(mz)]
[g(m?)]*

0E+ (i, or))? [ S (6, m)*. (B4)
INX\2{ i gm?) [ af(m?)
+< 6 > )161r2 [1 - g, f (m?)]f [161r"’ am? ] (B%a)

i 2 1 2
- 161:2{5’("‘ )[1 -xa"f(mZ)]”‘ T =g, f D]~ om?

The approximate solution to the effective potential
(corresponding to the leading-logarithm approxi-
mation) is

BV (6%  aVy(9?)
50, 00,

We see above that fairly drastic approximations
must be made to reduce our exact equations to
(B5) and (B6).

Jackiw® computes V (¢?) - V,(¢?) in his Eq. (3.25)
for the massless theory, in the leading-logarithm
or linear-chain approximation, for N large. From
his results we have calculated [aV (¢?)/5 ¢,]

- aV,(¢?)/8¢,, which after rearranging terms
coincides exactly with our (B5) and (B6). Further
Jackiw® and Coleman and Weinberg® find for the

~[m? g, Bym?)].  (B6)

r

renormalized effective potential in the leading-
logarithm approximation when N gets large,

V(¢2)~—k¢ 1 !

1%, g ®7)

Equation (B6) has a spurious singularity in ¢°
space. Of course the leading-logarithm approxi-
mation is a rather poor method for computing the
effective potential in the region where the singu-
larity occurs. For ¢? very large

-¢*

V(¢2) « 4la, Ing? ’

(B8)
which is independent of X and monotonically de-
creasing. This behavior is identical to that given
by (7.8).

*Research supported in part by the U. S. Atomic Energy
Commission under Contract No. AT (11-1)3230.

!There are an enormous number of papers relevant to
this topic. For a recent review see S. Coleman, 1973
Erice lectures (unpublished).

C. G. Callan, Phys. Rev. D 2, 1541 (1973); K. Symanzik,
Commun. Math. Phys. 18, 227 (1970).

3The idea of generating functionals for proper vertices
originates with J. Schwinger, Proc. Natl. Acad. Sci.
USA 37, 452 (1951); 37, 455 (1951). The path-integral
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formulation of quantum theory is given by Feynman,

in R. P. Feynman and A. R. Hibbs, Quantum Mechanics
and Path Integrals (McGraw-Hill, New York, 1965).
For reviews, see Ref. 1; H. M. Fried, Functional
Methods and Models in Quantum Field Theory (MIT
Press, Cambridge, Mass., 1972); B. Zumino, in
Lectures on Elementary Pavticles and Quantum Field
Theory, 1970 Brandeis Summer Institute in Theoretical
Physics, edited by S. Deser, M. Grisaru, and H. Pend-
leton (MIT Press, Cambridge, Mass., 1970).

“The explicit construction of the generating functional for
the one-particle irreducible vertices is given by
G. Jona-Lasinio [Nuovo Cimento 34, 1790 (1964)] and
C. DeDominicis and P. C. Martin [J. Math. Phys. 5, 14
(1964)].

The loop expansion for the 1PI Green’s functions is dis-
cussed by B. C. DeWitt [Dynamical Theory of Groups
and Fields (Gordon and Breach, New York, 1965), un-
published work, and private communication], S. Coleman
and E. Weinberg [Phys. Rev. D 7, 1888 (1973)], B. W.
Lee and J. Zinn-Justin [ibid. 5, 3121 (1972)], and
R. Jackiw [ibid. 9, 1686 (1974)).

The leading-logarithm approximation to the effective
potential is obtained from renormalization-group
methods by Coleman and Weinberg, Ref. 5, and from
summation of diagrams by Jackiw, Ref. 5.

"Coleman and Weinberg, Ref. 5.

8We understand that D. Gross and A. Neveu [Phys. Rev.
D (to be published)] have studies massless (Jy)? theory
in the large-N limit in two dimensions. Their result
may be relevant to this point.

% Although this is probably known to many people, we
first learned it from T. F. Wong and G. S. Guralnik
[Phys. Rev. D 3, 3028 (1971)], who used it to construct
the 2-loop contribution to the propagator in the ¢ model.

1%We learned this from S. Coleman and R. Jackiw (private
communication).

'We wish to thank H.-S. Tsao for his aid in clarifying
our ideas about the N~! expansion.

2Equation (4.15) is not quite right for 7%<0, since the
denominator of the free propagator can vanish even for
Euclidean momentum. The i€ prescription must be
kept, and the potential develops an imaginary part.

We have not presented the modifications required, since
the reader will have no difficulty in incorporating this
feature into our formalism, guided by Appendix B2 of
Coleman and Weinberg, Ref. 5.

137, T. Wu (private communication) suggests that these
may not be genuine bounds. Rather, it is possible that
the N~! expansion is no longer valid for 0>N2X > — 962,
We have not been able to resolve the issue.

14An analysis of symmetry breaking is presented in
Sec. V. A more detailed study is given by S. Coleman,
R. Jackiw, and H. D. Politzer [Phys. Rev. D (to be pub-
lished)]. The gap equation has been derived by L. Dolan
and R. Jackiw [Phys. Rev. D 9, 3320 (1974)] in the con-
text of finite-temperature problems. R. Jackiw (private
communication) has also derived the gap equation in the
zero-temperature case.

I5For a review and references, see S.-k. Ma, Rev. Mod.
Phys. 45, 589 (1973). A very economical derivation
of the large-N limit by functional methods without the
cumbersome analysis of Feynman graphs is given by
H. J. Schnitzer, this issue, Phys. Rev, D 10, 2042
(1974). -

16p, C. Martin (private communication).

'’K. G. Wilson, Phys. Rev. D 7, 2911 (1973); G.’t Hooft,
Nucl. Phys. (to be published); G. P. Canning, Bohr
Institute report (unpublished).



