
PHYSIC AL REVIEW 0 VOLUME 14, NUMBER 5 1 SEPTEMBER 1974

Shift of peaks and dips in elastic scattering in the Chou-Yang model
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The effect of the logarithmic increase of total cross section of the PP interaction on the
Chou-Yang model is investigated. It is found that (i) the positions of dips and peaks move
inward towards smaller [t~ values as the energy increases and {it) the height of the peaks
increases logarithmically as a function of energy. Comparison with the model of Cheng and

Wu is made.

I. INTRODUCTION

In recent PP elastic scattering in CERN ISR ex-
periments the diffraction zero at t =—-1.4 has been
found. ' This can be considered as strong evidence
for the geometrical picture of high-energy scat-
tering as advocated by Chou and Yang. On the
other hand, one is confronted with the data on the

pp total cross section, ' which is increasing loga-
rithmically with energy. We have a paradox with
a naive geometric picture where the total cross
section o„, -2mB' measures the radius of the
proton. One solution is to assume the radius of
the proton is increasing with energy. This may
wel. l be true but it has the apparent "unattractive"
feature of a proton, which has a constant and finite
radius as measured from e-p scattering, becoming
one with a variable radius when it interacts strong-
ly with another proton. There is yet another solu-
tion to this paradox, not requiring that the proton
change its shape. It retains the same shape as
measured by the e-p scattering experiment. Here
we assume that the interaction strength has a
logarithmic energy dependence phenomenologically.
The model of Cheng and Wu is closer to the first
solution. We would like to explore in this paper

the consequences of the second solution. '
To be specific, in Sec. II we shall adopt the

Chou-Yang model' formulated in terms of current-
current interaction pictures, ' and calculate the
total and differential cross sections. In Sec. III
we shall examine the qualitative features of the
Chou- Yang model at high energies. The interesting
points raised include the following:

(1) The positions of the dips and the peaks move
in to smaller ~t~ values as energy increases.

(2) The height of the first peak increases like
(lns)', the height of the second peak like (lns)',
and the height of the nth peak like (lns)'".

In Sec. IV we discuss the differences between
our calculations and the model of Cheng and %'u. '
%'e find that there are significant differences,
which can be resolved in future experiments.

II. CHOU- YANG MODEL

The Chou-Yang model contains a very specific
assumption as to the form of the S matrix, as a
function of the impact parameter 6, for nucleon-
nucleon scattering, and in the current-current
formulation of the model it is postulated that, in
the infinite-momentum frame,

S(s,s) =exp -2s{),,(s},d'cccf'cc'j,(o}(Tr,0)j,"'(Tc', 0}S(s'(6 —Tc'+Tc)

—)ww, (~)I J
d'~d'~'),"'(c,0)}l"(~',o)(}"'(5— ' ~ ),

where j,' ' and j~s' are the fourth components of the isoscalar and isovector currents of the proton.
The first expression with the interaction strength p, o(s) is the vacuum exchange term, and the second ex-
pression with the interaction strength i), , (s) is the I =1 exchange term. The scattering amplitude cr(s, )c')

for elastic proton-proton scattering is defined by the relation

((2w)'(}"'(c' E+l}()"'(g'—i -—ic)(}(k',—a)(}(),'-),) (I, 8 ( 'O}' I)e*p(' 6)[s(1,5) —)] ),)),
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vrhere p, k and P', k' are the incoming and outgoing
four-momenta of the protons, and P = -t is the
transverse momentum squared. The amplitude is
next decomposed into a sum of tvro terms the vac-
uum exchange term o.o(s, x ) and I =1 exchange
term a, (s, 8).

It should be emphasized that o., is far more

reliable than 0, All the net findings in this paper
come from the study of the behavior of o,'„and are
quite insensitive to the particular form e, takes.

In performing numerical calculations, multiple-
scattering terms of up to seventh order in n, (s, x'}
and first order in the smaller amplitude n, (s, 8)
are included thus:

-t&.(s, x') =t .(s)&xl j,"'(o)Io&(-I~l j'"(o)Io&
I

—8}' (s} 8 g (Ttl j&'&(0)lx'&&Tt'l j"'lo&&-Xli("(0)l-X'&&-71'lj,"'(o)lo&+ ~ ~ ~

2m ~

-tu, (s, &)=t, (s)&~l j,"'(0)lo&(-~lj,'"(0)lo&. (4)

In the infinite-momentum frame the matrix element of a unitary current p,
~ (0), between proton states,

can be written as
C/2

lim (p'l j,' '(0}lp&=, cc(p') E,(d)y, +E~8(P) " z, u(p) for p =0, 3, and 8. (5)

s
tL, (s) = p exp(t P) (7)

W'e find, therefore, that the energy dependence
of the model is specified by the interaction con-
stants p, and p.', the scale factors so and s,', and
the phase angle p, which is assumed to have a
simple linear dependence on the square of the
four-momentum transfer, -t = d. The total cross
section, differential cross sections, and slope
parameter b(s, t) are given by

o„,(s) =4vlma(sf 0),

„, (s. t)=sl~(s, t)l',

b(s, t) = —ln „(s,t), -d(T

(8)

and a simple optimization procedure is used to
obtain the best over-all agreement with the data.
The parameters specifying p, (s}, obtained in a

The isovector form factors which enter into the
calculation of a, (s, ~') are well known. However,
the singlet form factors of ao(s, x') are not deter-
mined experimentally and we follows Ref. 5 in
postulating that they are the familiar isoscalar
form factors. In each case the convenient dipole
formulas are used to approximate the form fac-
tors. '

The interaction strength p, o(s) is assumed to have
a logarithmic energy dependence of the form

p, ,(s) = p. +p' [In(s/s,')1', (8)

and we again follow Ref. 5 in assuming that y. ,(s)
takes the form

previous paper~ in which the validity of Eq. (7) is
assumed, are

lL(. =9.76 GeV 2,

s() -9 GeV,

P(t =0) =85.7'.

The values of the remaining parameters deter-
mining po(s) are essentially fixed by the total
cross section measurements [see Fig. 1 (Ref. 8}]
and are found to be p,'=0.25 GeV ' and so=200
GeV'.

The slope parameter behaves as shown in Fig. 2

(Ref. 9) in response to two influences. At low
energy (&10' GeV) it increases because the less
steeply sloped I =1 exchange term is decreasing
with energy, and the steeper slope of the vacuum
exchange term is revealing itself. As a result we
find the slope parameter 5 increasing, in this
region, like the inverse of the energy dependence
of the I =1 exchange. At high energy (&10' GeV)
the slope parameter again increases, in loga-
rithmic fashion now, due to the logarithmic depen-
dence of the vacuum exchange term. A remarkable
feature of Fig. 2 is the observed crossover of the
slope-parameter curves corresponding to different
-t values. This can be seen to be a result of the
observed motion in the position of the dips in the
differential cross section (see Fig. 3), which move
with increasing energy to smaller values of -t
(this will be discussed in greater detail later). At
a particular value of -t, the corresponding slope
parameter wi11 be observed to rise with increasing
energy as the dip position approaches. Those slope
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FIG. 1. Total cross section of pp scattering as a function of incident proton laboratory momentum. Data from beefs.
2, 8.

parameters corresponding to higher values of -t
will respond first to the approaching dip and, in
increasing with energy, will exceed (cross over)
those curves corresponding to lower values of -t.
In the ISR region the slope parameter b would

appear to be on a relative plateau region, as is
obvious from Fig. 2.

Figure 4 consists of two curves. Of these one
(solid line) includes both contributing amplitudes
as given by Eqs. (3) and (4), and fits the data very
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FIG. 2. Slope parameter 5 of elastic PP scattering as a function of incident-proton laboratory momentum. Data from
Ref. 9. The two curves are theoretical values for t =0.0 and t =—0.16 GeV2.
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say of the secondary peak, between P» =10' GeV/&
and P» =10' GeV/c. The precise height of the
secondary peak depends sensitively on the I =1
exchange term. Our estimate is that the minimum
value of this secondary peak occurs at P„b = 500
GeV/c. It would be a most striking confirmation
of this model if the experiment at MAL should find
such a minimum. It is worth remarking, perhaps,
that in inclusive spectra at large transverse mo-
mentum one finds that the differential cross sec-
tion is indeed rising from P =100 GeV/c to
P„=1000GeV/c. '

The increase in the height of the peaks as a func-
tion of energy is illustrated clearly in Fig. 5. Con-
sider the form of the vacuum exchange amplitude
as given by Eq. (3). o'~ consists of a series of
alternate positive and negative terms, each of
which dominates over a certain t range, leading to
a corresponding peak. The significance of the
energy-dependent interaction strength p, ~(s) is that
with increasing energy the first peak rises like
(Ins)', the second peak like (lns)', and the nth peak
like (lns)'". This is clearly indicated in Fig. 5.

The other immediately obvious feature of Fig. 3
is the motion of the position of the dips in the

FIG. 3. Theoretical curves for the proton-proton
elastic differential cross sections at incident-proton
laboratory momenta of 103, 104, and 10 GeV/c. The
I =1 exchange amplitude has been omitted in order to
emphasize the variations in structure with increasing
energy due to the vacuum exchange term.

IO

dc
dt

well from -t =0.0 to -t =4.0. To see the effect of
the I =1 exchange term we keep only the vacuum
exchange term [with p, , (s) =0], and this is shown
as a broken line. It is quite clear that the main
features are due to the vacuum exchange term,
both of the peaks and the dips. The immediate
effect of the I =1 exchange term is to mask the dip
at t ~-1.4 partially and the dip at t -=-3.S com-
pletely. However, inclusion of the I =1 term,
which plays a more dominant role at low energy,
can fit all data from P~ = 3 GeV/c upwards. It is
not at all important to account for the main feature
of PP cross sections above -10' GeV/c.

IO
'

III. DISCUSSION OF THE BEHAVIOR OF THE pp
ELASTIC CROSS SECTION AT ENERGIES

FROM 10' TO 10' GeV

At low energy the cross section is decreasing at
large ~t ~

at an extremely rapid rate. It is apparent
from Fig. 3, however, that the cross section in
the large-I f I region i»creasing fro m P» =»'
GeV/c. This implies the existence of a minimum,
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FIG. 4. The theoretical curve for the proton-proton
elastic differential cross section at an incident-proton
laboratory momentum of 1480 GeV/c. Data from Ref. 1.
The broken line corresponds to p& =0.



10 SHIF T OF PEAKS AND DIPS IN ELASTIC SCATTERING IN. . .

8
0

IO'-

lO

lO

direction of lower -t, or alternatively the narrow-
ing of the peaks, as mentioned earlier. To il-
lustrate clearly the energy dependence of the
shifting of the peaks and dips, we plot, in Fig. 6,
their positions as a function of energy. The posi-
tions of the first dip and the second peak move
inward like lns in the region P„=10'-10', whereas
the positions of the second dip and third peak seem
to move faster than lns as energy increases.

Ultimately, as s-~, p.o-~. %e have the trans-
mission coefficient s(b)-0; therefore the differ-
ential cross section looks like

(10)

IO

IO

IV. COMPARISON WITH THE MODEL OF CHENG AND WU

It is immediately apparent that our model shares
some features in common with that of Cheng and
Wu, notably in the high-energy li.mit, where, as
p, o-, both models predict a purely absorptive
black disk. Direct comparison of the models is
readily possible through three distinct features
of the Cheng-VFu model:

I
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where

FIG. 5. Theoretical curves for the heights of the first
three peaks of the pp elastic differential cross section as
functions of incident-proton laboratory momentum.
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HG. 6. TheoretIcal curves for the positions of the dips {solid lines) and the peaks {broken lines) of the pp elastic
differential cross section as functions of incident-proton laboratory momentum.
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PIG. 7. Theoretical curve for the ratio o'g/e~, {solid line) as a function of energy. The broken line represents the
Cheng-Wu infinite-energy limit o„/q„=-,' + O((lgg)) t).
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FIG. S. Theoretical curve for I'0~, as a function of energy, vrhere 1 is the value of -t at which the first dip in the
differential cross section occurs. The broken line represents the Cheng-Wu limit, I"q„=33.92+ O(ggg [) ~).
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FIG. 9. Theoretical curve for Reo. {s,o)/Imo, '(s, o) as a function of energy. The broken line is Cheng and %'u's
theoretical curve for the saxne parameter (Ref. 11). Data from Hefs. 9, 12.

(ii) I'o,„=35.92+0((ln~S~) '),

where I' is the value of -t at which the first dip
occurs~

(iii) ' = +O((ln(S~) ').Reo.(s, 0) s
(14)

Figures 7-9 provide this direct comparison,
plotting the theoretical curves due to our model
over the energy range 102 GeV to 10' GeV and the
corresponding curves or high-energy limits given
by the Cheng-Wu model. While our curves provide
no direct limits, each curve does illustrate funda-
mental differences between the models. While our
theoretical curve in Fig. 7 can be considered con-
sistent with a limiting value of o„/o„, =-,', Cheng
and Wu approach this limit from above while Fig.
'7 would indicate that we approach it from below.
In our model I'cr„, is still an energy-dependent
quantity and it is not clear from Fig. 8 whether it
will approach a constant, much less the predicted
value of 35.92. Comparison of the theoretical pre-
dictions of both models with experimental data for
Rea(s, 0)/Imn(s, 0) and with each other in Fig. 9
(Refs. 9 and 12) illustrates a further significant
and possibly experimentally discernible difference.
Once again both models have the same infinite-
energy limit; however, in our model this limit is

effectively attained in an energy region in which
the model of Cheng and W'u predicts a value sig-
nificantly different from zero. In our model the
logarithmic increase in amplitude comes from the
behavior of p, Hence it only affects the imaginary
amplitudes. The real amplitude comes only from
the I =1 exchange term, and hence when the loga-
rithmic term makes itself felt a,t P„b -10' GeV the
ratio of real and imaginary parts must be neg-
ligible. Sufficiently accurate data at ISR energies
could resolve this question in favor of one or the
other of the models. Again the models differ in the
manner in which they approach the limit, Cheng
and Vfu's from above and ours from below.

V. CONCLUDING REMARKS

There is an intrinsic ambiguity in the Chou-Yang
model concerning the type of form factors one
should choose to use in PP elastic scattering. Our
particular version above utilizes the isoscalar
form factors. However, it is clear that all the
main features discussed above are common to
various different choices. " I.et us summarize our
main findings a,s. follows:

(1) At higher energies the slope parameters for
two values of t shouM have a crossover.

(2) The positions of dips and peaks should move
inward to smaller (t ( values.
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(3) The height of the second peak increases faster
than that of the first peak, and that of the third
increases faster than that of the second, etc.

(4) In the region of the secondary peak, there
should exist a minimum around P„,= 500 GeV/c.

(5) The ratio of real to imaginary parts of the

forward amplitudes should be negligible at the
present ISR energy.

Especially on the last bvo points, experiments in
progress or to be performed in the near future
should be able to prove or disprove them.
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