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Using bubble-chamber data on the reactions x+d-pspm~mo 7l+d-p, pn+m, and n p-n~+~
at 7 GeV/c incident r momentum, x-e phase shifts are determined for 0.6& M(«) & 1.5 GeV/c'.
An I=0 S-wave resonance is observed in the f 0 peak region of M(«). Constructive p- inter-
ference is found in the reaction x+e pm+ad and evidence is presented for some specifically
deuteron effects in the data with large spectator-proton momentum.

I. INTRODUCTION action to reaction (3),

F P Pl 1i 1T (4)

n'd P,P + neutrals,

n' d P Pm+w

(1)

(2)

as observed in a deuterium-filled bubble chamber
exposed to a 7 GeV/c v' beam. The feature of re-
action (1) in which we are most interested is the
reaction

This reaction allows one to study the m-m system
in a state restricted to even values of spin I and
isotopic spin I. We are able to reconstruct re-
action (3}using y rays from the v' decay which
were converted in two —,'-in. tantalum plates
mounted at the downstream end of the chamber. The
dominant feature of the missing-mass spectrum
from reaction (1}is the f' meson. In addition to
an f' signal, reaction (2) shows strong po and g'
resonance production.

Reactions (1) and (2) have previously been stud-
ied in bubble-chamber experiments with an inci-
dent m' beam momentum of 2.V,

' 8.65,' 4.5,' 5.1,~

6.0,' and 9.0 GeV/c. ' In addition there have been
some v'd experiments with P» —-2 GeV/c search-
ing for the E' meson. The charge-conjugate re-

In the last decade there has been great interest
in studies of the reaction mw mm. The elastic scat-
tering of identical spinless particles attracts in-
quiry in part due to its ultimate simplicity. In this
paper we report on a study of both elastic and in-
elastic m-m scattering.

We study the reactions

has been studied using spark chambers to measure
the y directions from the m' decay. '

The outline of this paper is as follows. In Sec.
II we discuss our data on reactions (1}and (3).
Our experimental procedure is outlined and re-
sults on the elastic charge-exchange reaction
w'n-Pm' are presented. We discuss the missing-
mass spectrum from reaction (1)and determine the
cross section for f' all neutrals. Our procedure
for reconstructing the 2w' system using the mea-
sured y directions is then introduced (see also the
Appendix) and the fitted 2m' events are used to
study the M(Ps') mass spectrum.

In Sec. III we discuss our data on reaction (2).
Cross sections and resonance parameters for p',
f', and g' production are obtained and compared
with the data of Oh et al.' for the reaction

(5)

at 7 GeV/c. In Sec. 1V we determine v -v phase
shift parameters for 0.6& M(vv) & 1.5 GeV/c' by
fitting the m'm angular distributions using an
absorption-modif ied one-pion-exchange (AOPE }
model. For this purpose we combine our data
from reaction (2) with that of Oh et a/. ' for re-
action (5). We discuss the inelasticity of the I =0
D wave using data on the non-2m decay modes of
f' meson. In Sec. V we present evidence for con-
structive p-&u interference in the reaction (2} 4-
prong data. The m-nucleon mass spectra in re-
actions (2) and (5) are examined in Sec. VI, and
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some effects arising from our use of a deuteron
target are discussed in Sec. VII.

m'd- p, pm'. (6)

Figures l(a) and l(b) show the missing-mass snd
y' distributions for 2-prong events accepted as
fitting this reaction. Of the 250 events which fitted
reaction (6), 36% had a 3-constraint fit using the
measured y directions. This implies an over-all
y-detection efficiency of 0.6 for y's which hit the
plates with enough energy (a 0.3 GeV) to produce
a visible shower. For these single m' events the
average I' momentum is 6.6 GeV/c and the aver-
age yy opening angle is 8.0', so the fraction of y's
missing the plates is negligible. Figure l(d) is a
plot of M(yy} from the 3C fit v+2 P,Py, y» the
v' peak is 10 MeV wide. In Fig. 1(c) we have
plotted the ratio E& /E„o There is a s.light devia-
tion from the expected flat distribution.

%'e find the elastic charge-exchange cross sec-
tion at 7 GeV/c to be 6V + 10 gb as shown in Table
I. This cross section is corrected for 1-prong
events (spectator proton unseen} but no allowance
has been made for our upper cutoff of 1.3 GeV/c
on proton momentum [apart from Fermi motion
smearing this corresponds to t= —1.35 (GeV/c)'].
In Fig. 3(a) we have plotted the elastic charge-
exehange cross section for reaction (6) vs P „b .

IL ~'P ~ p,p + NEUTRALS

The I-GeV/c. v'd film analyzed in this experi-
ment was obtained in a 650000-picture exposure
of the Midwestern Universities Research Associa-
tion Argonne National Laboratory 80-in. bubble
chamber using the 7' separated beam from the
ZGS (zero-gradient synchrotron). ""Each roll of
film was scanned once within a specified fiducial
volume for 2-prong events for which both tracks
were identifiable protons. All events mere exam-
ined by an editor (an experienced scanner with
special training} who checked the identification of
the tracks, checked for stopping tracks, and esti-
mated the proton ionization. The editor also
checked the tantalum plates for associated y- e'e
pairs, checked the alignment of the y's with the
vertex of the event, and estimated a lower limit
on the y energy. The editor took a 85-mm photo-
graph of each good event, which was used to locate
the y's for measuring. The events were measured
manually on film plane digitizers and all 2-prong
events were processed using the DIANA. " spatial
reconstruction and kinematic fitting program. The
fits were checked for consistency between the cal-
culated and scanner-estimated ionization.

For all events with (missing mass}'&0.5 GeV'
we tried the 1-constraint (1C) hypothesis
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FIG. 1. Event characteristics for w+d —p,p~0. (a) X2

distributions for 1-constraint (1C) and 3-constraint
(3C) fits; (b) missing-mass distribution; (c) the ratio

E~ /E~& for 3C fits where yf is the first of two measured
p s; (d) M(~) for 3C fits.f
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TABLE I. 2-prong cross sections in 6.95-6eV/c ~'d
interactions.

Reaction
Spectator

momentum (Gev/c) & (Pb)

m+cg -p, p~o

~+d-p, p+MM( 2 „')

~'d -p~f (f —all neutrals)
~+g Psg+ (1236yO ~+ P ~O

I p, l
«0.3
& 0.3

I p, l -0-3
& {}.3

I p.l -0 3
I p, l 0.3

67+10
12+ 5

620+ 60
60+10

120+ 20
13+5

Our value seems to be consistent with measure-
ments of the charge-conjugate reaction m p -. w'n. "
Also shown are measurements of a(w'n- w'p) at
4.5,' and 6 GeV/c. ' Figure 3(b) is a plot of dc/dt
for our elastic events. Fitting the data from 0.12
to 0.6 (GeVjc)', we find an exponential falloff with
slope ~ 10 (GeV jc) Iinagreementwiththeresults
of Wahlig et aE.'~ for w p-m'n at both 6 and 10
GeV/c. The turnover in the distribution at small
t is also seen in v p-v'n. Also shown in Fig. 3(b)
are the low-t data points corrected for Pauli ex-
clusion assuming all spin nonf lip and using the
Hulthdn wave function to describe the deuteron
form factor. " The differential cross section (with
no correction for Pauli exclusion) is given in
Table II.

In Fig. 3 we show the missing-mass (MM} spec-
trum with single m' events excluded and with spec-
tator momentum (a) Ip, l

» 0.3 GeV/c and (b) Ip, l

&0.3 GeV/c. The latter plot shows little evidence
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TABLE II. Forward differential cross section for
p& at 6.95 GeV/c.

JD
Qlo

I

IO
1.0

~This exp.

5 a

I I I I I IIII
5.0 IO.O

PL (GeV/c

50.0

Itmml —c o4
0.04 —0.08
0.08 —0.12
0.12 —0.16
0.16—0.20
0.20 —0.24
0.24 —0.28
0.28 —0.36
0.36 —0.44
0.44 —0.60
0.60 —1.00
1.00 —1.30

190+40
290+ 55
280+ 50
370+ 55
220+40
120+ 30
120+ 30
64+16
43+ 13
12+ 5
9+3
5+2
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There is also some indication of structure above
the f' at 1.65 GeV/c'. We estimate our mass res-
olution near the f' to be 0.05 GeV/c'.

The Chew-Low plot for these missing-mass
events is shown in Fig. 4. Most of the events,
especially at the f', are concentrated at low t
(w' -missing mass), while the flatter t distribu-
tions in the q and & mass regions are quite ap-
parent. In the missing-mass distribution, Fig. 3,
we observe that demanding [t1 & 0.2 (GeV/c)' re-
moves most of the q and u peaks but leaves a

FIG. 2. (a) Elastic charge-exchange cross section vs
laboratory beam momentum (I'I,). The ~ P data are from
Ref. 13 and the 4.5 and 6.0 GeV/c ~+n cross sections are
from Ref. 3 and 5. (b) Differential cross section for
x'd-p, px' with lp, 1&0 3 GeV/c. Pauli exclusion cor-
rection assuming all spin nonflip is indicated bye.
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of the resonant structure so prominent in the for-
mer distribution. (A similar effect in the x'd
-PP~'n data is shown in Figs. 28 and 29.) In
agreement with the impulse approximation we will
discard events with [p, [ & 0.3 GeV/c, and this cut
will always be understood unless there is an ex-
plicit statement to the contrary. The dominant
feature of the missing-mass plot is the f' at &.&8

GeV/c'. Below the f' there is an t)o signal at 0.548
GeV/c' and a slight enhancement between 0.'I and
0.85 GeV/c' from the neutral decay of the &u'.
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FIG. 3. Missing mass {MM) from ~+4—p~p +neutrals
with single xo events excluded. (a) MM for 1p, 1& 0.3
GeV/c; (b) MM for ~p )

& 0.3 GeV/c.
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strong f' signal. In the Chew-Low plot there
seems to be an excess of events at larger I tl&0.2
(GeV/c)' just above the f' peak, probably from
A,'- q' m'. Since we have only measured protons
up to 1.3 GeV/c, there is an effective upper cut-
off at I tl ~ 1.25 (GeV/c)'. Because we are working
in deuterium, the Chew-Low boundary is not
sharp.

The total cross section for reaction (1) with
MM ~ 2m, is 620+ 60 p,b as shown in Table I.
Comparing this result with other n'd experi-
ments, ' ' we find the 2-prong missing-mass cross
section is falling as -P» ' at our energy. For
MM & 1.0 GeV/c' the 3s' phase space is negligible;
thus to estimate cross sections for reaction (3) we
need only to correct for the neutral decay modes
of the q' and ~'. These corrections have been
made by using known branching ratios together
with our determination of q and oP production
cross sections in the reaction

m'd -P, jw'n w'.

GeV/c' using a Breit-Wigner resonance form for
the f'." The best fit, as shown in Fig. 3(a), used
a background of roughly equal amounts of peripher-
al 2w' and Sm' phase space. We also made a sub-
traction for A,,-g w' based on data from reaction
(7)."'" The most obvious failure of the fit is the
inability to fit the high side of the f'. We find

M(f') = 1.26 a 0.01 GeV/c'

I'(f') =0.18+0.03 GeV/c',

c(f') = 120s 20 p, b .
In missing-mass data at 5.1 GeV/c Armenise
et al~ foundM(fo) =1.2V and I'(fo) =0.188 GeV/c'. "
Our cross section of 120 pb for w'n pf' is for
f'-all neutrals. The cross section for w'n-pf'
with f'- s w' is somewhat smaller since the fo
has other all neutral decay modes (see Sec. IV).

Figure 5 shows momentum transfer (-t) distri-
butions for mass intervals below, at, and above
the f'. We have fitted the events in the f' region
to an exponential distribution of the form e '. Fit-

The dashed line below 0.9 GeV/ca in Fig. 3(a)
shows the result of making these corrections.

We have determined the f' cross section by fit-
ting the missing-mass distribution above 0.9
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ting the data with 0.04&ltl&0.5 (GeV/c)' we find a
slope p=8.0+ 1.3 (GeV/c) ' as shown in Fig. 5(d).
The CERN experiment at 5.1 GeV/c ' found a cor-
responding slope of P = 8.8 + 1.7 (GeV/c) ' (they fit
the f interval 0.04-0.28). For the f' in reaction
(2) we find an exponential slope of 10.0+ 1.0
(GeV/c) ' for the t distribution in the mass inter-
val 1.18&M(w+w ) & 1.34 GeV/c . The lower value
of the slope in the missing-mass data can come
from non-2w' events, for example: Ao-t)o wo or
3w'.

If we observe all four y's from the 2mo decay in
reaction (3), we have an ordinary 2C fit. Because
of our limited y detection efficiency (see the Ap-
pendix) most 2w events do not yield four observed
y's. In Fig. 6 the missing mass is plotted accord-
ing to the number of y's measured. An upper lim-
it of 6 was imposed on the number of measured
y's per event (= 0.003 of the events had more than
6 associated y's). Only 10% of the events have no
observed y's while 32% have two y's. The f' is
quite apparent in all five categories of y's mea-
sured in Fig. 6.

In order to fit the events with less than 4 y's we
must make some approximations, since ordinarily
these events would be underconstrained. The open-

ing angle for the decay of a particle of mass p.

and momentum P „ into two y's satisfies the in-
equality tans 8» it/P, . As p„ increases 8 de-
creases and the opening angle distribution becomes
sharply peaked near 0 . Our procedure has been
to construct artificial m' tracks constrained to lie
on cones of half-angle = 1.258 . /2 about the mea-
sured y direction. For the 2y and Sy events the
fitting was done using these artificial m' tracks.
For ly events we simply point m', in the y direction
and calculate the direction of m,'. This fitting pro-
cedure and our y detection efficiency are dis-
cussed in the Appendix.

Figure V(b) shows the fitted M(w' w') for events
with 1, 2, 3, and 4 y's. Except for a more rapid
falloff at large M(ww) the structure of the spectrum
is basically the same as the missing-mass plot.
The fitting procedure with less than 4 y's does not
improve the mass resolution. Peaks at the q' and
~' are apparent. Most of the q' events come from
g' 3m, since we have extracted the 2y fits. The
fitting procedure yields no discrimination against
3w' events for M(3w') s 1.0 GeV/c'. In order to
achieve such discrimination the individual m" s
must have sufficient transverse momentum to be
well separated in the Ta plates. Our method
offers no hope of distinguishing between m y and
2m' unless we see all Sy's from the m'y decay.
Consequently, the structure from O. V to 0.85
GeV/c' is consistent with too- woy.

We have chosen to include the 1y fits even though

these events provide no discrimination against
3m' and have an angular resolution slightly worse
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than the 2y, Sy, and 4y events. There are two
factors motivating this decision. First, the de-
tails of the fitted 1y mass and angular distribu-
tions are nearly the same as for the 2y, Sy, and

4y fits. Although the ly mass plot, Fig. V(a), has
more events above M(tttt) =1.5 GeV/ce, this is not
a serious drawback since we are mostly interested
in the region at and below the f'. Second, by
using the 1y fits we avoid having to correct the
fitted distributions for the absence of these events.
We can also ignore, to a first approximation, any
biases introduced by the fitting program effici-
ency —a genuine 2m'-2y event which failed to fit
wouM probably fit with only 1y.

Using our fitted 2n' events we examine the
M(ptt') mass spectrum. M(/we) and M(ptt, ) defined
such that Itf(v' tre}l& It(w' - ttet)I are shown in Figs.
8(a) and 8(b). In M( pttet) we see what appears to be
the &'(1236), particularly in the plot with
If(tt' tte)}&0.2 GeV/c' (see for comparison Figs.
23 and 24). While the peak position is slightly
high, a Monte Carlo study of our fitting procedure
showed no systematic shift in M(ptto). In the in-
sert, Fig. 8(c), we plot M(ttett }for events in the

th' band. There is a peak at 1.3 GeV/c' from the
overlap of the f' and A', otherwise the structure
is quite smooth. Correcting for the fitting pro-
gram efficiency (see the Appendix), we estimate
a cross section of 13+5 p, b for ~' production in
reaction (3). This compares favorably with a pre-
dicted cross section for tt'n - b,' tr' in reaction (3)
of 20+ 10 pb from data on tt p p-tt tt' at I GeV/c. '

HI. n'd ~ p pm'm'

The film was scanned for all three-prong events
with one proton and four-prong events with one or
two protons identifiable by ionization (Ip}&1.5
GeV/c}. This scanning selection implies that the
four-prong events are essentially unbiased as re-
gards target proton momentum, whereas the three-
prong events have an upper cutoff on target proton
momentum at Ip}™1.5 GeV/c. For the 4-prongs
1.6% of the events have a proton with momentum
larger than 1.5 GeV/c. The three- and four-prong
events were processed with the BRAVE-TVGP-
8QUAW-ARHO% system of programs. For the
three-prong events we used the standard con-
straint on the unseen spectator proton as provided
by SQUA. The optical data, beam constraint,
etc. were the same as used for the two-prong
events. For most of these events the best fit was
selected on the basis of highest constraint class
and lowest g'. For the three-prongs we also de-
manded that the fitted spectator momentum pro-
jected onto the x-y plane (s is along the optic axis)
be less than 0.1 GeV/c. A detailed discussion of
the experimental procedure can be found in Refs.
10 and 11.

We find a total cross section of 0.95+0.07 mb
for reaction (2) with [p, [& 0.3 GeV/c (see Table Ill).
This cross section agrees well with what one
would predict from lower-energy m'd experi-
ments. e ' However, our result is 30% smaller
than the cross section found for the charge-con-
jugate reaction (5) and the difference is too large
to be accounted for simply by Qlauber screening;
a correction of 3% is used for screening. In fact,
our analysis suggests that a substantial part of
this discrepancy may be attributed to three
sources. First, the Pauli exclusion principle at
small momentum transfers suppresses the m'n

cross section by &6% (a lower bound obtained byas-

TABLE III. 0(~+d P+~+~ ) at 6.95 GeV/c.

FIG. 8. (a) M(ptrfj for tr'd-p, ptrItrte with trte defined by
a momentum transfer out; (b) M(ptrt); (e) M(trttrt) for
events with M(ptrt) near the A' g.336) and [f(tr+ -tr, )I
&0.2 (GeV/c)2.

Topology

3-px'ong
4-prong (}pe l& 0.3 Gev/c)
4-prong (lpeI &0 3 Gev/c)
Total (Ip, I

& 0.3 Gev/c)

Events

4122
2532

477
6654

0 -(Vb)

589
361

68+ 6
950+ 70
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suming pure spin flip at the nucleon vertex). Sec-
ond, the m'd scanning criteria cause the high-mo-
mentum-transfer events to be lost. A direct com-
parison of m'n and m P data indicates that the m'n

cross section should be scaled up by the factor
1.06+0.02. Finally, a correction factor of 1.07
~0.01 is required to account for the abnormally
large number of deuterium events with spectator
momenta ~0.3 GeV/c (see Table III), possibly a
result of secondary interactions with the spectator
nucleon.

As shown in Fig. 9 the m'm mass spectrum is
dominated by p', f', andg'production. For the
4-prong events we have demanded (p, [& 0.3 GeV/c.
The relative heights of the po and fo peaks are the
same for the 3- and 4-prong sets of data. Our
mass resolution is 10 MeV near the f' peak. We
have fitted the combined 3- and 4-prong data with
M(v's }& 2.1 GeV/c' to 2v phase space and Breit-
Wigner resonance forms for the p, f, and g (see
Ref. 18 for a description of the fit procedure}.
The resulting fit is shown in Fig. 9 with M(s'v )
in 20-MeV bins. The high-mass sides of the p
and f are not fitted very well. The mass plot
shows what appear to be shoulderlike structures
on the high side of these peaks. The fit to the g'
is poor, mostly because the mass and width of the

g are not well determined by the data.

Resonance parameters and cross sections as de-
termined by this fit are given in Table IV. Also
shown in Table IV are the corresponding parame-
ters for the 7-GeV/c s P data using the same fit-
ting procedure. Qur p' cross section is consistent
with what one would predict from lower-energy
m+d experiments assuming a P„„'energy depen-
dence. We find the ratio

o(fo —all neutrals)
o(f'-s's )

in good agreement with lower-energy m'd experi-
ments at 3.65 ' and 5.1 GeV/c. ~

In Fig. 10 we plot the momentum transfer, t,
from the beam to the m'n system for various m-m

mass intervals in the m+d data. The forward differ-
ential cross sections for p' and f' production in
the combined m P and n'd data are given in Table
V. Both the m p and n'd data show a break in the
t distribution at (t(=0.25 (GeV/c)'. Fitting the
s'd distributions fdr (t [& 0.24 (GeV/c)' to an ex-
ponential of the form ea' we find a slope P in the
range 11-14 (GeV/c) ' for all mass intervals
shown in Fig. 10. The corresponding exponential
slopes from the 7 GeV/c w P data are with one
exception within errors of the m'd values. The ex-
ception is for 1.34 &M(wv) & 1.42 GeV/c' where the
m P data give P=7.4+2.9. From comparison with

200

l I I

cl =p per 7T

E3 5575 EVENTS((tl ()M~N()& O. l (GeV/c)~

o l50

PJ
O
D

100

bJ

QJ

(p, (

& 0.3 (GeV/c)

6654 EYENTS

Fit X~ =94

50 L

0
0.5 l.7l, 3

M (~' m-) (GeV/c')

2. l 2.5

FIG. 9. M(s+v ) from s'd-p, ps+ad with (p, (& 0.3 GeV/c. The curve results from a fit using Breit-Wtgner resonance
forms for the p, f, and go.
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TABLE IV. Resonance parameters and production
cross sections in xN Nn'+x .

Expt. Resonance

po

f 0

go

po

f 0

go

Mass
(GeV/c2)

0.780 + 0.003
1.264+ 0.004
1.68+ 0.01

0.783+ 0.003
1.274+ 0.005
1.65+ 0.02

r
(GeVt~')

0.165~0.010
0.194+ 0.015
0.16+0.04

0.145+ 0.010
0.170+ 0.020
0,07 + 0.02

(Wb)

352+ 70
258+ 25
50+ 20

387+40
231+ 30
28+ 10

the m P data we can make a rough estimate of the
number of small-t events missing in the m'd data
because of Pauli exclusion. It appears that for
M(tt's )& 0.9 GeV/c' we lose from 30 to 45% of
the events with I t [«0.02 (GeV/c)' while the loss
at larger t is negligible. This loss is consistent
with Pauli exclusion assuming approximately half
spin-flip and half spin-nonf lip. In the f' region
the loss of events with ( t [& 0.02 (GeV/c)' is 5-10%
(It (= 0.014 at the f').

IV. m-7I' SCATTERING IN xlV ~ Nm'm

A. Procedure

The w-m scattering is usually parameterized in
terms of phase shifts 6', and inelasticities 0, (I
=angular momentum and I =isotopic spin of the
tt-s system). For M(sw) s 1.0 GeV/c' the Tt-w phase
shifts have been studied by many authors. "-"

Recent experiments have clarified the behavior
of the phase shifts in the p' mass region and pro-
vided data in and above the fo mass region. ""

Since the reaction mm mw cannot be studied di-
rectly, one is always dependent on a model to ex-
tract m-m scattering data from some other reac-
tion. With the QPE model as first developed by
Goebel" and by Chew and Love' the idea was to
extract m-m phase shifts from the reaction xN'

-Nmm by extrapolating in the variable I, from the
physical (off mass shell. ) to the unphysical {on
mass shell) point at t = m, '. Other than direct ex-
trapolation procedures the methods for using the
QPE model to study m-w scattering fall into two
general categories. The first approach, as used
by Ferrari and Selleri, "attempts to allow for off
mass shell effects by introducing form factor func-
tions of t at the upper and lower vertices of the
OPE diagram. Durr and Pilkuhn modified this
procedure by adding angular momentum barrier
penetration factors to the vertex function, and
Benecke and Durr did a relativistic Durr-Pilkuhn
treatment. "

The second method of modifying the simple QPE
model is to adjust the formalism so as to take into
account the strong absorption of the low partial
waves in the entrance and exit channels of the re-
action. In the absorption-modified one-pion-ex-
change model (AOPE) as originally developed by
Gottfried and Jackson" the absorption in the initial
and final states is approximated as being similar
to elastic m-nucleon scattering. In our analysis

I. I 8 —I.54

200—
I.02- I. I 8 6Q—

160 .
) 40 .

l.54 —I.42

M~~ & Q.68
60—

(3
cu 40 -I

20—
I—

0
0 0.2 0.4 0.6 0.8 I.Q

Ill Gev/c)'

FIG. 10. Momentum transfer (t) distributions in ~+d-p, p~+7I for various M(&+7r") intervals. The curves result
from fits to the data with 0.04 & ~t ) & 0.24 (GeV/c)t yielding exponential slopes, p, as shown.
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TABLE V. Forward differential cross sections for
nN p~¹and a'N f DN' at 6.95 GeV/&.

&N~p N mv fo¹C
cfog 4'—(mb/GsV )

i i
t —(mb/Gevt)

ltl (Gsv')

It &-0.03
0.02- 0.04
0.04 —0.06
0.06 —0.08
0.08 —0.10
0.10—0.15
0.15—0.20
0.20 —0.25
0.25 —0.30
0.30 —0.35
0.35 —0.40
0.40 —0.50
0.50 —0.60
0.60- 0.80
0.80 —1.00

2.78 + 0.19
3.56 + 0.21
2.36+0.14
1.90+ 0.12
1.44+ 0.11
0.90+ 0.05
0.49+ Q.05
0.31+ 0.03
0.22 + 0.03
0.15+0.02
0.11+0.02

0.078+ Q.QH.

0.080 + 0.011
O.Q47 + 0.006
0.024 + 0.004

It h, l-o 03
0.02 —0.04
0.04- 0.06
0.06- 0.08
0.08 —0.10
0.10—0.12
0.12 —0.14
0.14 —0.16
0.16—0.18
0.18—0.20
0.20 —0.22
0.22 —0.26
0.26- 0.30
0.30 —0.34
0.34-0.40
0.40 —0.50
0.50 —0.60
0.60 —0.80
0.80 —1.00

2.05+ 0.27
2.45+ 0.15
1.94+ 0.11
1.43+ 0.09
1.09+ 0.08
0.82+ 0.07
0.75+ 0.07
0.58+ 0.06
0.44+ 0.05
0.40+ 0.05
0.33+0.04
0.26+ Q.03
0.14+0.02
0.13+0.02

0.107+0.014
0.068+ 0.009
0.044+ 0.007
0.020+ 0.003
0.014+0.003

The m~ data have been corrected for Pauli exclusion
effects assmning pure spin flip at the nucleon vertex.

The pe differential cross section is normalized to an
integrated cross section of 300 pb for iti & 1.0 Gsvt.

The f 6 differential cross section is normalized to an
integrated cross section of 350 pb for it i & 1.0 Gevt.

~ 200-
O

Z IOO-
LIJ

4J

7r p~A 7T' 77 2925 EVENTS

Tr A~PVT 7r 5II6 EvENTs

Q„&0.5 (GeV/c j

0.4 0.8 I.2 I.6 2.0 2.4
M(7T+7r ) (GeVrc2}

FIG. 11. M(x+w ) for compilation of n' p and n'+d data
with it„& i&0.3 (Gev/c)t.

we have used the AOPE formalism of Durand and
Chiu. ~ For a detailed discussion of our analysis
see Refs. 9 and 10.

For the purpose of making a phase-shift analysis
of the n'm system we have combined the m'd data
of this experiment with the 6.98-GeV/c s P data'
to obtain a total sample of 10845 n+n events. For
this study we use only the data with a momentum
transfer iti&0.8 (GeV/c}*. In Fig. 11 we plot
M(w+s ) for the 8039 events which survive this t
cut. We confine our study to the mass range 0.58
&M(ss) & 1.5 GeV/c'. In Figs. 12 and 18 we plot

the m-m scattering angles, cos8 and the azimuth-
al angle y, in the Jackson frame. We use 40-MeV
bins except for the mass range 1.22& M(s+s )
& 1.34 GeV/c where we use 20-MeV bins. The
angular distributions plotted separately for the
s P and s'd data (not shown) are in good agree-
ment. In the p' region of Fig. 12 we see the for-
ward peaking in cos8 resulting from the S-P wave
interference. Around 1.0 GeV/c' there is peaking
in the backward direction and above 1.14 GeV/c'
there is a strong D-wave signal characteristic of
the f'. Near the p' the azimuthal distributions
(Fig. 18) tend to peak near (p =O'. This peaking
is mell described by the absorption model. Above
1.0 GeV/c' the data are consistent with isotropic
distributions in y. The curves in Figs. 12 and 13
are the result of fitting these angular distributions
to determine m-w phase shifts.

The differential cross section for nN-Swm can
be written in the form'

~m ag 8cos8ey P»~ 2 && z
=c, — J(p) 'I&I) )I'

C =normalization constant,

(8)

P» = incident laboratory beam momentum,

k =momentum of outgoing m in mn c.m. system,

p, = helicity of the dipion system,

A.', A. = helicity of the outgoing and incoming
nucleons.

The amplitudes ( p X'i Ti 1) can be expanded in
terms of spherical harmonics and the m-w phase
shifts. Appendix B of Ref. 9 gives explicit forms
of these amplitudes with the absorption modifica-
tions as used in this analysis. 34 The only free
parameters in (8}are the sw phase shifts, inelas-
ticities, and normalization constant, C.

For each w-n mass interval in Fig. 12 we made
a least-squares fit to the cos8 and rp distributions
simultaneously with the phase shifts and inelastic-
ities as the only free parameters. Normally we
used bins of 0.1 in cos8 and 18' in y, i.e., a 20
x10 matrix. For a given trial set of phase-shift
parameters we performed a numerical integration
of Eq. (8) over the t interval it i & it i&0.3
(GeV/c)' for each point of the 20x 10 matrix in
cose and y (the integration was carried out in
terms of cos8, ). A fit with 27 degrees of free-
dom typically yielded a X' of 29 to 35.

The over-all normalization in Eq. (8) was fixed
so as to maximize the agreement between the fit
values for 5& and the predictions of a Breit-Wigner
resonance form for the f' in the mass range 1.25
& M(s' s ) & 1.82 GeV/c'. Good agreement can only
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the bin size is 0.2. The solid curves show the AOPE model fit results.

be obtained on the low-mass side since we find the
I =0 D wave to be significantly inelastic at and
above the fo peak. We estimate that this proce-
dure allows the normalization to be determined
to =10%. In order to obtain values of {)I at the p'
peak in good agreement with a Breit-signer res-
onance form we had to use a normalization 13%

larger than that found at the f' peak. For M(v's )
& 0.98 GeV/c' we have used the larger normaliza-
tion found at the p' peak. Occasionally we have
constrained a particular parameter so as to main-
tain reasonable continuity from one mass bin to
the next; usually this was not necessary and the
solutions were unique.
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FIG. 13. Azimuth {Treiman-Yang) angle for 40 MeV/c2 bins in M(~+x ). The bin size is 18 in p except for 0.90
& M(m+x ) &1.06 GeV/c where the bin size is 36'. The solid curves show the AOPE model fit results.
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n p-pm m'.

For N(s's ) & 1.2 GeV/c' we used the f =2 phase
shifts of Baton et al.22 as shown in Fig. 14. Our
m'n data in this mass region support these re-
sults. Studies of the reaction"

(9)

B. I = 2 phase shifts

The m'm data are rather insensitive to the I =2
phase shifts and inelasticities: qs, 5~, q» and DD.

To fit the m'w angular distributions we have fixed
the I =2 parameters at values determined from
the reaction

with the phase shifts determined by Baton et al.
To determine the I =2 parameters above 1.2

GeV/c' we have fitted the s II' angular distribu-
tions from the 6.93 GeV/c data as shown in Fig.
15. The over-all normalization has been adjusted
so as to maximize the agreement between our fit
results and those of Baton et al. in the mass range
0.98 —1.22 GeV/c'. The P wav-e parameters were
fixed so as to agree with the m'm fit results. The
resulting fits to the n m' angular distributions are
shown in Fig. 15, and the fit parameters q» 5~,
and 5D are plotted with error bars in Fig. 14. Al-
though the data are consistent with q3D= 1.0 for

also support the general features of the I =2 anal-
ysis of Baton et al. In Fig. 15 we plot n-w angular
distributions for reaction (9) from the data of Oh

et al. ' with P» =6.93 GeV/c. Fitting these data
in 80 MeV bins for 0.98 &M(s so) & 1.22 GeV/c',
we find that the resulting 5~& and 5& also agree
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from Ref. 22. The shaded bands indicate roughly the
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6&~ has been shown to rise rapidly through 90' (see Ref.
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C. The po region: N{w'n ) & 1.0 GeV/c2

For the purpose of discussing the n'm fit re-
sults we consider the data above and below 1.0
GeV/c' separately. This division is prompted by
the dominance of the resonant parameters 5& and
6~0 for M(w' v ) below and above 1.0 GeV/c'. With
the I = 2 phase shifts fixed as discussed above we
fit the m'w angular distributions in the p' mass
region with the I ~0, 1 phase shifts and inelastic-
ities as the only free parameters. The resulting
best-fit parameters are shown in Figs. 14 and 16.
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FIG. 16. 7(-7r phase shifts 6&~, 5p~, and 6&0 from the
AOPE model fits to the x 7r angular distributions. The
shaded bands indicate roughly the area between the
upper and lower limits. The break in 6&0 for 0.9 & M(~~)
& l.0 GeV/e2 indicates the region in which 6qo rises rapidly
through 90' {see Ref. 24).

M(vv) & 1.58 GeV/c', we cannot rule out the pos-
sibility that q~~ is somewhat smaller than 1.0 above
1.46 GeV/c'. Above 1.2 GeV/c~ we find 62~ is fall-
ing steadily and gradually becoming inelastic. The
errors are large since in addition to limited statis-
tics we must contend with a low 8-wave unitarity
bound. The D wave, 52» is relatively constant
near —16' for 1.25&M(wv) & 1.55 GeV/c'. For the
purpose of fitting the m'm data we have used the
smooth curves drawn through the fitted results
above 1.2 GeV/c' in Fig. 14.

The AOPE model fits well the general deviation
from isotropy in the azimuthal angle distributions.
Some details of the cos8distributions such as the
sharp forward peaking near cos(9 = 1.0 are poorly
fit. A previous analysis which included nucleon-pole
terms in the production amplitude was also unable
to fit this forward peaking. '

The fit I =0, 1 phase-shift parameters are tab-
ulated in Table VI. The quoted errors for 5, are
usually taken from the least-squares fit. Occas-
ionally the fitting program has trouble determining
the error for a particular fit parameter, e.g. , 6D

near 0' in the 0.8-1.0 GeV/c' region. In such
cases the errors have been estimated from fits
with the particular parameter in question fixed at
various trial values. The error estimates for g&
have usually been found in the same manner, i.e.,
by trial and error. Because q, and 5, are usually
highly correlated the fitting program has difficulty
determining reasonable errors for these two pa-
rameters simultaneously. The quoted errors do
not include the = 10% uncertainty in the over-all
normalization; however, we note that a change in
the normalization of = 12% at the f' peak moves 6',

and 5~ by 5-6'.
The various families of I =0 8-wave phase shifts

in the p' mass region have been the subject of consid-
erable controversy in the litex ature. The up-up
set of phase shifts as shown in Fig. 1'l(a). was orig-
inally proposed by Hagopian and Selove." This
solution received support in the work of Malamud
and Schlein, "and Gutay eI, al.~ The now accepted
up-down family was first proposed by Walker
eI; aL.39 Several experiments on the 2n system
including this one now clearly indicate that the up-
down solution is correct in the p' region (e.g.,
Bensinger et al. '). The Berkeley experiment of
Protopopescu et al.~ which showed a sudden jump
in 5~0 in the 900-950 MeV mass range, finished
any controversy regarding the S wave in the p' re-
gion. In Figs. 14 and 16 we have indicated that
5& rises rapidly through 90' by the break in the
data for 0.9 & M(vv) & 1.0 GeV/c', although our
m'n data cannot resolve this behavior.

Our 2' data from reaction (3) also favor the
down solution for 5& above the p' peak. In Fig.
17(b) we plot do/dm, corrected for q' and &u'

contamination, along with the prediction of Mala-
mud and Schlein" for "down-up, " "up-down, " and
"up-up" solutions for 5&. For the cross-section
curves of Fig. 17(b) we have used the I = 2 S-wave
phase shifts of Baton et al.~~ The Malamud and
Schlein predictions give absolute cross sections
and are not renormalized for our data. For
M(w'v') & 0.5 GeV/c', our 2w' cross section is
systematically larger than the Malamud and
Schlein predictions and is inconclusive with re-
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M(x+x )
{GeV/e')

TABLE VI. &-& phase shifts and inelasticities {6 in degrees).

0.60
0.64
0.68
0.72
0.76
0.80
Q.84
0.88
0.92
0.96
1.00
1.04
1.08
1.12
1.16
1.20
1.23
1.25
1.27
1.29
1.31
1.33
1.36
1.40
1.44
1.48

44+ 20
47+ 25
59+ 25
65+ 20
55+15
62+ 15
67+ 15
86+ 20

222 + 20
245+ 18
242 + 25
248+ 30
256+ 20
257+ 40
263+ 30
274+ 35
288+ 35
290+ 35
296+ 40
310+ 17
308+ 34
291+ 30
330+10

1.0+ 0.05
0.95+ 0.05

0.77+ 0.2
0.71+0.2
0.62+ 0.15
Q.38 + 0.35
1.0+ 0.2
1.O+0.2
1.0+0.2
1.0~0.2
.95+0.2
1.0~0.2
1.0+0.2

0.80 +0.2
0.96+0.2
0.82+ 0.2
0.68+0.2

18+ e
20+ 9
34+ 9
52+ 7
69+ 6
98+10

128+ S
138+5
145+ 5
151+5
158+10
149+ 10
158+11
156+12
157+12
159+10
166+20
177+ 7
176+ 10
176+10
174+ 8
$78+ 9
176+ 5
175+ 6
178+12
177+4

1.0+ 0.05
0.95+ 0.1
o.co+ 0.1
O.SO+ 0.1
0.75+ 0.1
O.7O+O. 1
0.68 +0.1
0.75+ 0.1
0.79+ 0.1
0.85+ 0.1
0.88 + 0.1
0.89+ 0.1
0.94+ 0.15
Q.S9+0.15
0.82+ 0.15
0.70+ 0.15
0.81+ 0.15
0.85+ 0.15
0.87+ 0.15
0.85 + 0.15
0.86+ 0.15

0
1+3
2+5
3+7
3+5
6+4

21 +10
14+11
25+9
28~10
38+9
44+ 6
59+ 15
72+10
93+10

100+15
117+12
123+ 14
136+7
147+10
152+8
158+4

1.0 + 0.05
0.93+ 0.1
0.85+ 0.15
0.73+ 0.15
0.70+ 0.15
O.6S+ 0.15
0.58+ 0.15
0.59+ 0.15
0.65+ 0.2
Q.54+ 0.2
0.60+ 0.15
0.64+ 0.15

0+5
1.2+ 5
2.4+ 5

IBO- UP

0 90—

0.4 0.8
M(ww ) GOV/c

2

gard to the various solutions for 50&. In the mass
region from 0.'f to 0.9 GeV/c' our data definitely
favor the "down" branch of the "up-down" or
"down-down" solutions. In the interval 0.6-0.9
GeV/c' the "down-up, " "up-down, " and "up-up"

solutions have a X' of 12.3, 0.1, and 10.1, respec-
tively (3 degrees of freedom}. The upward curv-
ing branches of the "up-down" and "down-up" solu-
tions above 0.9 GeV/c' in Fig. 17(b) show the
effect of including a D wave aa found in our m'm

analysis. Below 0.9 GeV/c' the D-wave correc-
tion is negligible. Apparently the D wave below
1.0 GeV/c' is not enough to account for the failure
of the "up" branch for 5~.

As an additional check on the consistency of the
s's' and s's data we compare o(s's') with o(s's )
in the p' peak region. Using the data for 0.'7

&M(ss) &0.8 GeV/c' we find

Al~

OP

CQ

O

lo-

(I)
DOWN -UP

----UP-DOWN--—UP-UP

= 13.1 + 4.1 .o(s'n -P e'w')

The large error results from the low statistics
of the 2m' data. Nevertheless this ratio is con-
sistent with that expected for P wave to 8 wave at
the unitarity limit

0.6 0.8
M {w w ) (GeV/c )

l.O

FIG. 17. (a) Diagram of four possible solutions for
bso in the p mass region. (b) M(v v ) with curves show-
ing the predictions of Malamud and Schlein (see Ref. 37).
The alternate upward curving branches near 1.0 Gev/c2
show the effect of including a small D-wave contribution.

o, (13+ ut) sh'
~9&+

The 2m angular distributions are plotted in Fig.
18 for events which fit reaction (3) using the mea-
sured y directions. The data shown have ) t )

& 0.3
(GeV/c}'. We have fitted these angular distribu-
tions with 5~ and 5~ as free parameters and the
over-all normalization adjusted so as to maximize
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2 vr ~ DISTRIBUTIONS [)t(&0.5(GeV/c} ]
M~~ (.S-I.O) M~~(I.O-I.I5) M7y 7y(I.I5-I.25} M~~ (l.25-I.35)

20— —20

e l80' 0' l804 Oe
-" AZIMU

ISO 0 I 80'

-20

—IO
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l

I.O 0 I.O 0 I.O 0 I.O

FIG. 18. cos8«and azimuthal angle distributions for
~+e-p&o~o. The curves show the AOPE model Qt re-
sults with d) and dn» as given in Table Vii.

the agreement with 50~ as determined from our
w'w data in the f' peak region (i.e., at the f' peak
only 5s is being determined by the fit). Low statis-
tics demanded the use of large mass bins and con-
sequently the fit is often averaging over an inter-
val where one of the parameters is known to vary
rapidly. The AOPE model fit results for 5z and
5& are given in Table VII and the curves in Fig.
18 show the resulting fits to the Rm' angular dis-
tributions. For 0.8 & M(ww} & 1.0 GeV/c we find
5cn larger than our w'w results (see Table VI).
However, in this mass interval 5~ agrees with
the data of Protopopescu et aL.~

TABLE VII. I =0 m-m phase shifts in x+ promo at
6.95 GeV/e.

I~„o~o)

{Gey/c2) Events
boa

{degrees)

0.8-1.0
1.0 —1.15

1.15—1.25
1.25 —1.35

38
65
84
81

119+38
256~ 30
269+ 26
319+12

16+10
20+4
31+9

104+10

» Partially constrained to SI}results of Table VI.

D. The fo region

With the I =2 phase shifts fixed, there are six
free parameters to be determined: @~0, 5~0, q~, 5~,
g&, and 6~. Of these the I =0 S-wave parameters
are most difficult to fit because of the low S-wave
unitarity bound. We find that the l =3 partia, l wave,
5~, becomes important only for M(ww) & 1.4 GeV/c'.
As shown in Fig. 16 the I =0 D wave, 5&, rises
steadily from 10' to 45' from 1.0-1.2 GeV/c '
while 6& holds in the interval 150' to 160 . In the
mass range 0.98-1.14 GeV/c' the cose distribu-
tions of Fig. 12 become sharply peaked near cos6)

= —1. This results in the negative F,' moment of
the m-m angular distribution in this mass interval
between the p' and f' peak regions. " In a plot of
M(w'w ) for cose& -0.8 we see no statistically
significant structure. This backward peaking in
cos8 must be produced by the interference of two
or more states of opposite parity, e.g., S-P,
P-D, or S-P-D interference. Our results mould
favor P-D interference, i.e., a fairly constant
P wave interfering with a rising D wave (Oh et al.'
arrived at this same conclusion).

For 0.9 & M(w' w ) & 1.2 GeV/c' both the S and P
wave have inelasticity q & 1.0. Above 1.2 GeV/c'
q} stays mostly in the interval 0.8-0.9 (see Fig.
14), while the S-wave inelasticity reaches a min-
imum near 1.16 GeV/c' (somewhatabo, ve KI7
threshold) and is consistent with geo= 1.0 near the
f' peak. Near 1.1 GeV/c' the inelastic S wave is
associated with the S*(1060)resonance decaying
into KK. From data on

mP nKK (10}

at 4 and 6.2 GeV/c, Beusch et al.»' estimated 0
& g&S0.6 and 6& near 90' or 180' at the S* peak.
From a compilation of data on reactions (10) and

m'd-P, PK'K,
Diamond et a/. 4' found that the KK system is dom-
inated by the I = 0 S wave in the 1.0-1.2 GeV/c'
mass range. As shown in Fig. 14, we find q~o= 0.74
+0.2 for M(w'w ) ~ 1.06 GeV/c'.

In the lower half of the f' peak region, 1.14-1.28
GeV/c', the cose distributions are nearly symme-
tric about cos8=0 and sharply peaked at cos8=+1,
indicating the dominance of the 7,' term. At larger
M(ww) there is a stronger peaking in the forward
direction at cose =~ 1. The azimuthal angle distri-
butions (Fig. 12) are relatively isotropic through-
out the fc mass region, especially in comparison
to the p. Apparently absorptive effects are more
important for the p than for f' production. " In
the f' peak region we find 6sc rising slowly through
270', i.e., an S-wave resonance. " From a study
of w'P &"w'w at 8 GeV/c, Beauprd et al.»'

found 6cs near 90' at the fc peak, and in a w-w

phase shift analysis using data on reaction (5) at
17.2 GeV/c, Estabrooks et al."also observe a
large S-wave phase at the f' peak. This large S-
wave phase accounts for the near absence of
events near cose =0 at the f' peak.

The 2w' data (Fig. 18}agree reasonably well
with the results for des and den in the f' peak region.
As shown in Table VII, the AOPE model fits to
the 2@0 angular distributions also yield an S-wave
phase shift passing through 90' near the f' peak.
The errors given in Table VII do not include an
uncertainty in the normalization of = 25%. The
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cos8 distribution for 1.15 & L)f(wewe} & 1.25 GeV/c'
has some peculiar structure and the fit 5~ is = 15'
too small. Otherwise the 2m' results for 5g) agree
within errors with the n'm data.
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E. Non-2x decay modes of the f and qD

With regard to the inelasticity of the I =0 D e'ave,
g&, it is interesting to look for non-2n decay
modes of the f'. In Fig. 19(a)' we plot the missing
mass from reaction (1) for events with one or
more y's which failed to fit 2m . In addition to a
definite signal at the f' there is a broad structure
around 1.L GeV/c' and a general background sug-
gestive of Sm phase space. The number of events
at the fe is larger than expected from the fitting
program inefficiency for reconstructing the 2m

system. A Monte Carlo study of the 2no fitting
procedure (see the Appendix) predicts = 6 events
above background per 50-MeV bin in the f' region
of Fig. 19(a). From our w'w w' data [reaction (I)]
we estimate that the reaction n'n PA,' with A,'
—t)ewe should contribute = 6 events to Fig. 19(a}.""
Another source of structure in Fig. 19(a) is the
KK decay mode of the fe. Diamond ef aL ee hav. e

estimated this branching ratio to be

R = e ~ =0.035+0.00"L.
1(f'-KK)

Events with associated V's have been excluded
from the reaction (1) data. Assuming that the
structure observed near 1.3 GeV/ce in Fig. 19(a)
results from an all neutral f' decay mode other
than 2n', we estimate the cross section to be

o(w'n -pf', f'- all neutrals c 2w' or K'K')

=7.5+4 pb.
This cross section includes the above-mentioned
corrections for A,'-t)'w', f'-K K', and ineffici-
ency in the 2m fitting.

Other possible all-neutral f' decay modes aref'- geq' and f'-4w'. Reaction (1) events with
four or more measured y's were fitted to the hy-
pothesis

m'd -P,Pq'g', (12)

P P7T (13)

at 6 GeV/c, Anderson et «.4' estimated a branch-
ing ratio of (5.5+ 1.0)% for f'- w'w'w w (see
Table VIII). In this experiment we have studied
the reaction

PQg Tj' 1T 7 (14)

TABLE VIII. Non-27( f 0 decay modes.

Decay mode
{xx)

Cross section
(Vb)

Z go-xx)
R= r (fo- ~'~-)

with q'- yy (a two-constraint fit). In Fig. 19(b) we
plot L)f(t)'q') for the 15 events which fit reaction
(12)—this plot includes 1-prong events. The ac-
cumulation of these events near the f' suggests
the possibility of an q'q' decay mode. Assuming
that all of the remaining 7.5 p, b in the all-neutral
topology (discussed above) results from f'-t)'t)'
yields a cross section of cr(w'n-f'-q't)') =15+8
)tb. This cross section for f'-t)'t)' is corrected
for a branching ratio of 0.711 for q' all neutrals.
However, we cannot exclued the possibility that
all or part of the 7.5 p.b in the all-neutral topology
results from f'-4w'.

In addition to f'-4w' there are two other possi-
ble4wdecaymodes, f'-w'w'w w and f'-w'w w'w'.

From a study of the reaction

I.Q I .2 l.4 I.6 I.8 2.0 2.2
M (q'7) ) (GeV/c )

FIG. 19. (a) Missing mass for 2-prong events with one
or more associated 7's which failed to fit &+d —p~p&0~0.

{b) M(W q ) for 4y events which fit w+d —p,pqeqe with
This plot includes 1-prong events (spectator

proton unseen).

&o&a

x+x+x m

x'n 7t'~'

~Reference 42.
Reference 44.

0.035 + 0.007
0.06 + 0.03

0.055+ 0.010
0.02+ 0.01
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by reconstructing the 2w' system using the mea-
sured y directions. The 2m' fitting procedure is
basically the same as that used to study reaction
(3) (see the Appendix) except that TVGp and SquaW
mere used for the reconstruction and fitting. In

Fig. 20 we plot M(s's s'vo) for events with 2, 3,
or 4 y's which fit reaction (14). There appears to
be some structure above background at =1.25
GeV/c', especially in the data with 1 I „~ [& 0.3
(GeV/c)'. There is also some structure in the
g-meson region. In addition to f'- s'w s's' there
is the possibility of B'(1235}-co's' contributing
to this lom-mass structure. Correcting for B'
—co'm' and A,'- q' m' me estimate"

o(s'n-pfo, fo-s's s'so) =6~3 itb.

This cross section must be taken as a lower limit
since we have not corrected for y conversion and
2m' fitting program inefficiencies. Homever, a
plot of M(w'w + missing mass) for events with 0
or 1 y observed shoms no evidence for structure
near the f'.

Using the estimates of non-2s f' decay modes
summarized in Table VIII, we estimate @~=0.79
+0.04 in the fo peak region, 4' withe(fo-s's )
=258+25 p,b and c(fo-s's') =110+20 itb. If the

f ' peak in Fig. 19(a) is interpreted as a 4w' decay
mode instead of f'- got}o, then we obtain t}n=0.82
+ 0.03. The error for @~0 is simply statistical and

does not allow for any systematic error in our
cross-section estimates. The m-m phase shift
analysis gave a smaller value of g&=0.70+ 0.15 at
M(ss) =1.2I GeV/c' (see Table VI and Fig. 14).

Our calculation of qoa could be in error if me have
neglected some non-2w decay modes of the f', or
overestimated o(f'-ss). It is also possible that
some final states are more readily absorbed by
the nucleon or deuteron than others. The above
value for g ~ does agree within errors with the
results of our m-~ phase shift analysis. %e con-
clude that the I=0 D wave is significantly inelastic
near ihe f' peak.

V. p - u INTERFERENCE

Clear evidence for p-~ interference has been
seen in several high-resolution, lar ge-statistics
experiments. 4' In this section we discuss the ob-
servation of p-&u interference in reaction (2). In
Fig. 21 we plot M(s's ) in the p' mass region and
observe a four-standard-deviation peak for 0.78
& M(v's }&0.8 GeV/c'. Only 4-prong events with

~p, ~& 0.3 GeV/c are plotted. The 3-prong data
(i.e., spectator proton unseen} show no evidence
for a sharp peak near the (d mass. This difference
between the 3- and 4-prong samples is compatible
with the m-m mass resolution which we estimate to
be 25 and 16 MeV/c' for the 3- and 4-prong data
near the p'. As shown by the shaded events in Fig.
21, most of the ~ peak comes from the data with
If I&0.1 (GeV/c)'. The s-s decay angular distribu-
tions show no statistically significant differences
for mass intervals below, at, and above the e
peak.

The surprising feature of Fig. 21 is the presence
of a peak rather than a dip, since a Regge model
based on s Bexchang-e degeneracy" predicts that
me should observe destructive interference in re-

60—
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~p, I
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E3 Itl&0.5 (GeV/c)~
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~~ 50
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4 —PRONG C3 It 1 & O. l {GeV/c)

Q
0.5 1.0 1.5 2.0 2.5 5.0

M(7r+m 7r'7r')(GeV/c )

FIG. 20. M(s+s 7l07l } for 4-prong events which fit
x+0—p~pm+ m ~omo with two or more measured p's.
y's in this final state were measured and fitted for
roughly 2 of the 650000-picture exposure.

0.5 0.6 0.7 0.8 0.9 1.0 I. I

M (7r'rr ) (Gev/c )

FIG. 21. M(m+~ ) for 4-prong events which fit ~+d

-p,ps's with (p, ~& 0.2 Gev/c The curve shows the.
result of a fit with interfering Breit-signer amplitudes
for the p and ~.
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action (2). While our 8-prong data do not show a
peak, there is no evidence for a dip in the w re-
gion. In a 2.15 GeV/c v'd experiment Bensinger
and Erwin~' also observed no indication of a dip in
M(v'w ). However, Ayres et aI."have observed
destructive interference in a study of reaction (2)
using the Argonne Effective Mass Spectrometer.

We have fitted the mass spectrum in Fig. 21 to
a distribution similar to that used by Hagopian
et al. and Allison et al. ,~ i.e., two Breit-Wigner
resonance forms for the p and ~ with a relative
phase y between them:

=f (m)(A 'If,„(m)I'+A, 'I f, ,(m)I'

+2~A~A Re[e'"f» (m)ff„gm)]+ { }~

Here m=M(v'v ), f,(m) is a phase-space factor,
and the functions f» and f» ~ are P wave-
Hreit-%'igner amplitudes for the ~ and p, respec-
tively. " A and A~ are the (real} amplitudes for
decay into v'v, a is a coherence factor (0~ a ~1},
and C is a constant for the phase-space back-
ground.

The p' resonance parameters were fixed at Mp
=0.'l80 GeV/c' and I'~=0.18 GeV/c' as found from
a fit to the total v'v mass spectrum (including
3-prong events). For the &u we used M =0.790
GeV/c' and I' =0.012 GeV/c'. This slightly high
value of M improved the fit to the peak in Fig. 21;
in reaction (7) we found M =0.784+ 0.014 GeV/c'. "
We must also make some choice for the parameter
e. Using o. = 1 corresponding to complete coherence
yields alower limit on A and is the usual procedure.
The phase angle q is rather insensitive to n; chang-
ing a from 1.0to 0.2 changed y by only 10'. Withthe
resonance parameters and a fixed there are four
free parameters: A~, A~, q, and C. Perform-
ing a least-squares fit to the data from 0.5 to 1.0
GeV/c' we found a best fit with }{'= 58 for 46 de-
grees of freedom and a phase y = -1'+39'. This
result together with the + cross section in the
v' v v' channel" yields a branching ratio R (e»/
&u-3w}=(3.9+3.5)%. With y fixed at 180' and
all other parameters at their best-fit values we
found y'=103, while A =0 yieMed X'=67. The
phase does not depend critically on the p res-
onance parameters, e.g., usingM~=0. 787 GeV/c'
gave cp =+8', while I'~=O. IV GeV/c' yielded q&= -8'.
Both of these results are well within errors of the
best-fit value of y=-1'+39'. WithM~ fixed at
O.V84 GeV/c' the fit results are y= -48' and fl
=2.3% with a fit }{'=60.

These results are quantitatively similar to pre-
vious observations of p-+ interference except that
we find constructive rather than the expected de-
structive interference. As pointed out by Quigg"
this anomaly could be explained by a strong natur-

al-parity exchange contribution to p-(A) production.
The original prediction of Goldhaber et a/. 4' of
destructive interference in

VL THE m - NUCLEON SYSTEM

Although p and f production account for roughly
-', of the reaction (2) events it is also interesting
to consider baryon resonance production. The
M(Pv') spectrum shows little or no evidence of
any low-mass resonant structure. %'ith the other
m-nucleon combination we observe considerable
structure at small M(Pv ) in Fig. 28(a). On top
of a rapidly falling OPE background there are
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FIG. 22. M(~+r ) for 4-prong events which fit &+d

p,p~+w with Ip, I&0.3 Gev/c. {e}M{w+x } weighted by
pp()' (b) M(~+'ff ) weighted by p&& + pf $. See Ref. 18 for
density matrix elements.

(15)

assumed unnatural-parity exchange. For natural-
parity exchange the Regge-pole exchange-degen-
eracy arguments imply constructive interference
for reactions (2} and (15}. This would show up in
the p»+p, j combination of the density matrix ele-
ments. While we have found a natural-parity ex-
change contribution to p' production with I t I &0.8
(GeV/c)', " the p-&u peak in Fig. 21 comes mostly
from lower t events. In Figs. 22(a) and 22(b) we plot
M(v'v ) weighted by p~ and p«+ p, , as a function
of mass. Essentially all of the p-& peak structure
is associated with the p~ component. It is inter-
esting to note that Protopopescu, et al.'~ have re-
ported observation of constructive p-co interfer-
ence in reaction (15}at small momentum transfer
and in the p~ state. This would be quite consis-
tent with our results.
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FIG. 23. M(pn ) for m'+d p~p71+7t' . The curve results
from a fit using a handdraen background and Breit-
Vfigner resonance forms for the dP and N* peaks.
(b) M(n~ ) and M(p~ ) for ~ p-g~ ~ and r ~-p~'~ .

peaks at approximately 1.24, 1.38, 1.5, and 1.65
GeV/c'. The location of the first peak is consis-
tent with the &(1286), while the last two peaks
are near the N~(1520) and N~(1690), respectively.
The explanation of the peak at 1.88 GeV/c' is not
clear since this is slightly below the usual loca-
tion of the "Roper" P» resonance at = 1.47
GeV/c', S2 (this could be the result of interference).

Much of the broad structure at small M(Pv ) is
a reflection of OPE in the p and f regions of
M(w'v ) and perhaps the result of interference
mith these amplitudes. As shown in the shaded
portion of Fig. 23(a), when we demand M(v's )
& 1.4 GeV/c' we get a rather smootMy falling low-
mass structure inM(Pv ) with a shoulder in the
1.65-GeV/c' region. Momentum transfer cuts ont, the four-momentum transfer from m' to m', „„
do not help to disentangle the overlap. It seems
likely that some peculiar features of the m-w angu-
lar distributions (e.g. , a sharp spike in the for-
ward direction of cose~ near the p) are related to
the overlap between N* and p or f production. ~

Using simple nonrelativistic Breit-%igner res-
onance forms plus a hand-drawn background, we
have fit'ted the mass distributions of Fig. 28(a) for
M(ps )«2.0 GeV/c'. The resonance widths were

4 orN* mass (Gev/c~) apl* px ) (pb)

1.26 + 0.015
1.37 + 0.02
1.50 + 0.02
1.65+ 0.02

32+15
28+18
26+ 16
33+15

fixed at 60-60 MeV/c' —these rather small widths
were necessary in order to reproduce the observed
structure. The fitted resonance masses and cross
sections are shown in Table IX (the fit y' = 84 for
87 degrees of freedom}. The large errors reflect
both the statistical uncertainty of the observed
peaks and the uncertainty in the background shape.
Our cross sections for &(1286) and iV~(1520)
agree with those of Anderson et al. ,

~ who observed
w p - n N* in a missing-mass spectrum at 8
GeV/c.

In Fig. 23(b) we plotM*=M(nv')+M(Pw ) from
the 7 GeV/c v P and w'd data, respectively. The
peaks at 1.24 and 1.4 GeV/c' are poorly defined
in the M(em+) distribution. The M(pw-) mass res-
olution of ~8 MeV/c' in the low-mass region is
probably somewhat better than for M(nv+). In
Fig. 24(a} we plot M ~ for M(v's ) & 1.4 GeV/c' and

[«0.2 (GeV/c)', and observe a broad low-mass
structure suggesting a diffractive production pro-
cess. For [f 1&0.2 (GeV/c)' in Fig. 24(b) there
are possible enhancements at =1.5 and 1.65
GeV/c~. The structure from 1.6-1.7 GeV/c' is
most definite since it persists either as a peak
or a shoulder for most of the cuts that we have
tried. This probably indicates that we are observ-
ing more than one resonance in this mass region.
The I, distributions in both experiments are well
fitted by exponentials of the fox m e"' where 0. de-
pends on M~, the w-nucleon mass. In Fig. 25(a}
we plot a vs M(ps ) and find a variation of a with
mass in good agreement with the M(sv') data (see
Ref. 9). The slope is roughly a factor of 2 smaller
in the 1.5-1.7 GeV/c' region as compared with the
1.2-1.4 GeV/c* region, in agreement with the data
of Anderson et al.~ In Fig. 25(b} we plot a for
the combined 7-GeV/c v P and v'd data with
M(v'v ) & 1.4 GeV/c' to eliminate the overlap with

p and f production. This cut is seen to reduce a
slightly while leaving the same general dependence
on hf*.

To study further the low-mass M* system we ex-
amine the nucleon-nucleon scattering angle,
cose~, as defined in Fig. 26(a). We must demand
M(w' v ) & 1.4 GeV/c~ if we want to observe features
of the angular distributions which may be charac-
teristic of the m-nucleon rather than the m-m sys-
tem. The cos8~ distributions forM(s'v-) &1.4
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suggestive of 8-I' wave interference. In the mass
interval 1.4-1.48 GeV/c' the forward peak has
become sharper indicating that D wave is becom-
ing important. The distribution from 1.58-1.7
GeV/c' is most unusual, since in the backward
direction it looks like a spin-flipped D wave and
is fitted rather well by cos8sin8~ F,'. This situa-
tion is reminiscent of the A, which is also pro-
duced in a spin-flipped state. " Like the A., the
structure from 1.58-1.7 GeV/c' also lies on the
falling edge of a large diffractivelike background
and is enhanced by discarding the small-momen-
tum-transfer events.

VII. DEUTERON EFFECTS

I I I I I I

I2 I4 )6 )8 20 2 2

M(n7T )+M(p7T ) {GeV/c }

F&Q. 24. M(nx+) and M(pr ) for combined x p and 7I+d

data with M(w+m )& 1.4 Gev/ct. (a) (t«(i& 0.2 (GeV/c);
(b) it, „i&O.2 (Gev/c)'.

GeV/c' are shown in Fig. 27. For [t„[&0.2
(GeV/c)' the distributions are almost flat, espe-
cially in comparison with the large [t,„[ data of
Fig. 27(b). The small t data appear to be con-
sistent with production via diffraction dissoci-
ation"; cos8~ seems to be mostly 8 wave with
the exception of M~(1.58-1.70). For [t i&0.2
(GeV/c)' cosa~ is strongly peaked in the forward
direction, and the data with M~ & 1.4 GeV/c' are

Deuterium is often used in experiments as a
means of obtaining a neutron target. Ordinarily
one imagines that either the proton or the neutron
is struck by the high-energy projectile and then
escapes without further interaction. This picture
of the interactions is probably moderately accu-
rate. Looking at the momentum spectrum of the
spectator protons, one can account for about 80-
90% of the spectrum by means of the Hulthen wave
function of the deuteron. Beyond a spectator mo-
mentum of =200 MeV/c other processes probably
constitute a modest fraction of the nominally neu-
tron events.

As an example of an effect that we have observed
we show Figs. 28 and 29 in which the dipion mass
spectrum from reaction (2) has been plotted for
different cuts on the spectator momentum. For
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FIG. 25. Exponential slope parameter, n, from fits to the t«distributions [fitting the data with ~g„„Ig0.4 (GeV/c) ]
(a) Variation of u with M(p~ ) for 7I'+d p,p7I+m; (b) variation of & for combined 7r p and 7I+d data with M(7I7I) & 1.4
GeV/c2.
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Nin

tions for events with ~p, ~
&0.3 GeV/c. In this ease

the f' is practically gone and only the p' is clearly
visible. The angular distribution of the decay of
the p' shows a dominance of the p«moment of the
distribution which is characteristic of the QPE
process. The problem is then how to account for
an QPE dominated process and a high-energy spec-
tator.

A possible explanation of the effects observed
can be given by considering the diagram shown
in Fig. 26(b). In this case the virtual w' from the
upper vertex is absorbed by the deuteron produc-
ing a diproton state. The cross section at the pion
pole is given by the usual expression for the QPE
process:

d 6 1
d *dM*d -4~P, E '

1 +2x ww(PM o w),

FIG. 26. (a) Diffractive scattering diagram showing
the definition of t«and the nucleon-nucleon scattering
angle, 8~&, defined in the center-of-mass frame of the
7I-nuc1eon system. (b) OPE diagram for n'd-pp7)m.

the case of the invisible spectator the mass spec-
trum shows p', f', and go peaks [Fig. 28(a)]. For
visible spectator protons ([p, ( a 80 MeV/c ) the g '
has disappeared and the fo is slightly diminished
as shown in Fig. 28(b). Figures 29(a) and 29(b)
show M(w'w ) and the p' decay angular distribu-

where

P„E=center-of-mass momentum and energy,

m~, M*=m-m and P-P invariant mass,

K, P =virtual m momentum in m'w and md

center-of-mass systems,

and o„„,a„~ are the "on the mass shell" cross
sections for m-m and nd -Pp interactions. Figure
30 shows our observed diproton distribution. We
show also the distribution expected on the basis
of the Hulthen distribution and the distribution

t: vr Yr &0.2 (GeV/c)

/.08-/. 28 / ZB- /. 4 Ie4-/e46

LIJ
Z'-

/ 08-/28
O~ 20-

/. 4 -/. 46/28-/ 4

t'777f' &0.2 (GeV/c)

+~ 20-

~ ~0-

/.46- I.SB

P,o "I'JlP'

-I 0 I

I.SB-/. 70 / 70-/. 90

Z Qii
I

-I 0 I -I 0 t

—I0-
J

CC~ 40- /. 46-/. S4

—50-
L

20-
M~ l0-

UJ

-I 0 I

/e58-/. 70 /. 7- /. 90

-I 0 I -I 0 I

COS (8„„)
FIG. 27. coast distributions for the w p and w+d data in intervals of M(w nucleon) as shown. (a) Data with ~t«[& 0.2

(GeV/c); (b) data with ~t«[& 0.2 (Gev/c)t. i)zz and t w„are defined in Fig. 26(a), and M(ww) &1.4 GeV/c' The curve. s
show cos 8 sin8 distributions.
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FIG. 3D. The diproton mass spectrum, M{pp), for the
reaction Tr+d -ppp0. The curve is calculated using the
OPE model.

calculated on the basis of the OPE cross section.
The interesting feature of the process m'd- p'PP
is that the reaction can go over a wide range of
the diproton mass distribution with the virtual pion
very close to the real pion, i.e., close to the pion
pole. The curve shown on Fig. 30 is close to an
absolute prediction. It was calculated using OPE
and then normalized with respect to the observed
process n'p- p'&". Beyond a diproton mass of
2.10 GeV/c our experimental distribution is = 20-

40%% low because of cuts made at the scanning
level —correcting for this would tend to make the
agreement better.
In Sec. V on p-~ interference we found a large

difference in the mass spectrum depending on
whether or not one observed a spectator. This
effect is perhaps larger than can be accounted
for by differences in resolution. It is possible
that here we are also observing specifically di-
nucleon effects.

CV

EJ

'21 40~

D
~ 20-
Vl

Z
LLJ

4J

0.6

eV/c

NTS

l0 I4 le 22 26
M{m+m ) (GeV/c }

- (b}
hl(0.88-0.92}

ls 50-
20-

M (0.68-0.92)

o 'o—l 0 0.0 l.0 0 90 lso

COS(ew 7r )

FIG ge. The reaction s'd-p, prr+v with )p, )&O.S
GeV/c. {a)M{~x ); {b) cos8«and azimuthal angle dis-
tributions in the po mass region.

VIII. CONCLUSIONS

From AOPE model fits to the m'm angular dis-
tributions we find strong evidence of resonant be-
havior in the I=0 S wave near the f' peak. There
is a rapid change in r)se for 1.0 & M(sv) & 1.2 GeV/c',
while near the f' peak r)so=1 and (),'=270' implying
a large imaginary S-wave amplitude. Our 2m data
are consistent with this behavior. The I=0 D wave
is significantly inelastic at the f' peak (r)op=0. "IO)

and this observation is supported by estimates of
non-2rr f decay modes. We find evidence for r)'r)'

d m'n ~omo decay modes of the fo The branch
ing ratio for this 4m decay mode is not consistent
with that one would predict from f'- rr's'rr rr

assuming the decay proceeds through a pp inter-
mediate state.

%'e observe constructive p-~ interference in
m'n-Pm'm in disagreement with most current
theories. In the m-nucleon mass spectra, there
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are small signals from H* production superim-
posed on an OPE background. Finally the events
with [p,[a 0.3 GeV/c show evidence of specifically
deuteron effects in the QPE process.
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APPKNMX: 2xo Fm'ING WITH 1' s

In this appendix me discuss the procedure me
used to fit the reaction m'd -P,Pn'n' using the
measured y directions. Our method is basically
the same as that used by Morse to study the re-
action v P-Pw n'n' at 7 GeV/c. " We also discuss
an analysis of this fitting procedure using Monte
Carlo generated events.

As part of our normal scanning procedure all
events were checked for associated y's in the two
tantalum (Ta) plates and in the deuterium. All
2-prong reaction (1) events were also checked a
second time by y editors, mho mere experienced
scanners with special training concerning the use
of the Ta plates to detect y's. All y's mere classi-
fied as either "definite" or "questionable" depend-
ing on hom mell the y pointed at the vertex of the
event, whether or not the origin of the y waa am-
biguous between tmo or more vertices, etc. Our
procedure in fitting mas never to discard definite
y's, e.g., a Sy event mith two definite y's would
be fitted to n' m using all 3 y's and using only the
two definite y's. Approsimateiy 64% cf the y's
measured mere definite.

Since me have only measured the y directions
as two point tracks me loose one constraint for
each y produced. Consequently unless we observe
aQ 4 y's from the decay of tmo m~a me must make
some approximations in order to fit the event. The
approximations me make are based on mell-known
kinematic features of the decay n'- yy. Vhe open-
ing angle 6} from the decay of a n' of mass p, and
momentum P„satisfies the inequality

tan-,'8& g/P, .

From the opening-angle distribution, "
1 —v a —'8

we compute the probability &(8) that a v' of veloc-
ity v mill decay into tmo y's with an opening angle
8 or larger,

[+2 c s2 (
& 8)]1/2

e sin(~ 8)

As shown in Fig. 31(a), P(8) is sharply peaked
toward the minimum opening angle 8~, and con-
sequently if me know the m' momentum me can
make a good estimate of the probable y-y opening
angle. Conversely, if me have a measure of the
opening angle for a particular ~'-yy decay me

can estimate the v' momentum. We define &(P„)
to be the probability that the m' momentum mill be
P„or larger for a given minimum momentum P . .
In Fig. 31(b}we have plotted J'(P„) as determined
from Monte Carlo generated 2m' events. The
sharp peaking results partly from the kinematic
restrictions of this experiment, i.e., as P in-
creases the allowed values of P, are restricted
by the finite amount of missing momentum (~6.6
GeV/e). With this introduction we proceed to dis-
cuss the 2m' fitting procedure for events with 1,
2, or 3 measured y's; see Hefa. 10, 48, and 56
for additional details.

1. 1y events

For events mith one measured y we made a
0-constraint fit by pointing m', in the direction of
the measured y and allowing the fitting program
to calculate the momentum of m', and the direction
and momentum of r,'. A diagram of this situation
is shown in Fig. 32(a}. Since this is only a cal-
culation there is little or no discrimination against
events mith more than tmo n' s, however, the fol-
lowing factors speak in favor of this procedure.
For events with MM & 1.0 GeV/c' the only appre-
ciable Sn' contribution comes from g 3m', Sec-
ond, if me see only ly from a 2m event it is likely
to have come from the more energetic of the two
v~s. A 4 GeV/c v'has —,'8 =1.93 and the prob-
ability is only 0.13 for 8& 28 [see Fig. 31(a)],

o pointing the ~0 in the y direction will often be a
good approximation. In analyzing these events me
have demanded that the calculated momentum of
m, be larger than the lower limit imposed by our
estimate of the y energy. Finally, the most con-
vincing argument for using these ly events ia that
their fitted M(v s') and angular distributions are
similar to the 2y-3y-4y events. The most obvious
difference between the ly and the 2y-Sy-4y fits
is that the former have slightly more events with
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FIG. 31. (a) Probability that the yy opening angle 8 for ~ -~ will be larger than the minimum opening angle 8 . for
various ~ momenta (p =pion mass). (b) Probability that the ~~ momentum p for ~~-~ will be larger than the mini-
mum momentum p . for a given yy opening angle 9. The curves are Monte Carlo results for p~. in the indicated
intervals.

M((('(('} & 1.5 GeV/c' and show a somewhat stronger
D wave at the f' peak.

l'=: ea

P

FIG. 32. mo direction assignments for kinematic fitting
using measured p directions. (a) One y observed from

and none from ~2, (b) one y observed from each m;
(c) two p's observed from ~& and none from m2. MN de-
notes the missing momentum in n+d-pp +neutrals.

2. 2y and 3y events

For 2y events there are two possibilities to con-
sider: type 1—one y from each n' is observed [see
Fig. 32(b)]; type 2—two y's from one w' and none
from the other are detected [Fig. 32(c}].

For type 1 events we began by taking the v' di-
rections to be the same as the y directions and
solve for the n' momenta using the angles 8, and

8, between the n' directions and the missing mo-
mentum (=P„):

P y cos8, +P, cos8, = &„,
P, sin8, —P, sin8, = 0.

Using these estimates of the n' momenta we de-
termine the corresponding minimum opening angle
8 .„ for each m' and constrain the ~' directions to
lie within cones of half-angle 1.258 g2. Actually
it might be more correct to constrain the direc-
tions to lie within conical shells but the standard
bubble-chamber kinematic fitting programs are
not amenable to this type of a constraint. %e also
constrain the n' momentum to be P, +0.2P. , where
P, is the initial guess.

For type 2 events, two y's from one m', we take
the initial ~', direction along the bisector of the
two y's and calculate the minimum n', momentum
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from the y-y opening angle,

P
Pmin t &gany

As shown in Fig. 31{1)the actual w' momentum is
usually only slightly larger than the minimum,
especially for fast m~s. The n', momentum was
constrained to be =1.1P . +0.2P . The m', direc-
tion was constrained to lie in the plane of the two
y's aqd allowed to vary between the y directions
in this plane. As an aid in discriminating between
2y events of type 1 and type 2, we defined the
angles e and P as follows:

P„= missing momentum,

a = cos '[(g, xg, }P „j, 0 ~ a ~ 180'

If y, and y, are actually associated with the event
in question then e should be close to 90 . Distribu-
tions of n for both fitted 2n' and Monte Carlo gen-
erated events are sharply peaked at e =90'. The
2y events of type 1 are all within e =90'+ l2, and
94% of the type 2 events are within n = 90'~ 12'.
The azimuthal angle P is very useful in deciding
between 2y fits of type 1 and 2. Type 1 events are
peaked toward P =180', mhile type 2 events peak
near P =0' with P usually less than 90'. Our Monte
Carlo studies indicate that this angle alone is suf-
ficient to distinguish between type 1 and 2 for 0.94
of the fake events. This agrees mell with a ratio
of 0.9S for real events. %'e found these angles to
be just as useful as the X' for selecting the correct
fit.

For Sy events there are three possible permuta-
tions of the y's corresponding to which pair of y's
is assumed to come from m', . Consider the case in
which y, and y, come from m', and y, from m,'. In-
itially we take m', along the bisector of y, and y,
and point m,

' in the direction of y, . Now we can
solve for the m momenta and find errors for the
direction and momentum of m,

' just as for type 1 of
the 2y events. In fitting this hypothesis we demand
M(y, y, ) = p and use the artificially constructed
track for m,'.

3. y detection efficiency

%e have checked our y fitting procedure with
Monte Carlo generated events. There are two
points of interest: (1) What is our y detection
efficiency, and (2) what is the program efficien-
cy for fitting the 2m' events'F %e should also con-
sider the effect of the non-2m background in the
missing-mass spectrum. %'e mill assume that
this background is predominantly Swo for MM &N .

Initially we consider the problem of our y detec-

tion efficiency. There are tmo efficiencies of in-
terest, the "geometrical detection efficiency"
(GDE), and the "actual detection efficiency"
(ADE}. The GDE is a measure of the effective
solid angle subtended by the plates and depends
simply on the fraction of y's which hit the plates.
The ADE is the probability for detecting n out of
N produced y's from a given reaction. In addition
to geometry it depends on the y-conversion prob-
ability (which is a function of the incident photon
energy) and the "survival probability" (P, ) of the
e' pairs. P, is the probability that the e' mill
escape from the Ta plates with enough energy to
be detected.

To determine these efficiencies we generated
Monte Carlo events of the type m'd-P, P+ nm'

with n = 2 or S. The events mere generated with
t distributions of the form e ~' with P =4.0 and 2.2
(GeV/c} ' for 2v' and 3v' events, respectively.
In Figs. 33(a) and 33(c) we plot the GDE for 2m'

and Sm' events. Since the multi m system has a
net momentum of 6-7 GeV/c our GDE is very
good. Here me have neglected the strong D wave
in the v-w system above 1.0 GeV/c'.

For each y mhieh hits the plates me decide in a
random fashion whether or not it converts and if
it converts whether or not it produces a visible
e' shower (see Appendix B of Ref. 56 for details).
The ADE for 2@0 and Sm' events is shown in Figs.
33(b) and 33(d). Obviously we cannot hope to study
the 2n' system using only 4y events. The problem
is a low y conversion probability; the survival
probability is of secondary importance since most
of the y's are fast and P, =1 for E,+ ~O.S GeV.
The two 8 -in. Ta plates provide 2&0.76 radiation
lengths yielding a conversion probability of = 0.69
for E&a1.0 GeV (0.03 of the measured y's con-
verted in the deuterium). The increase in conver-
sion probability for photons not incident normal
to the plates is somewhat compensated for by a
decrease in the survival probability.

The encouraging feature of Fig. 33(b) is that
most of the 2n' events produce at least one ob-
servable y. The fraction of events with 0 y's is
less than 0.1 out to M(mv) = 1.7 GeV/c'. For com-
parison, 10% of the 2-prong missing-mass events
had no measured y's {see Sec. II). In Table X we
list the fraction of reaction (1) events with 1, 2,
3, and 4 y's for various M(wov') intervals (these
ratios have not been corrected for Oy events}.
For compari'son me list the corresponding ratios
for the total sample as predicted from our Monte
Carlo study. The agreement is good considering
that we have neglected the fitting program efficien-
cy and the Sm' background. The largest discrepan-
cy, which is for the Sy events, will be seen to be
related to the fitting program efficiency.
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4. Efficiency and resolution of 2m fitting

To check our procedure for reconstructing 2m'

events with less than four observed y's we have
used the Monte Carlo generated events as input
to the reconstruction and kinematic fitting pro-
gram. The events were processed through the 2w'

y fitting programs using the same procedure as
for real events. The program efficiency is de-
fined to be the fraction of events which yield a
good fit by the same criteria as used for real
events. The efficiency for fake 2y and Sy events
is given in Table XI. While the recovery rate
for the 2' data is quite satisfactory, the discrim-
ination against Sm' events is low. The statistical
uncertainty in the efficiency within the various
mass intervals is typically + 0.2. The reason for
the rather low Sy efficiency is not known. The g
distributions for the fake 2m events are similar
to those for real events whereas the Sm' y' dis-

tributions are rather flat. This would indicate a
small Sm' contamination in the real fitted events.

For 1y events the program recovery rate is
= 1.0 for both 2n' and Sm' events, i.e., no discrim-
ination against Sm . The advantage of the fitting
procedure for 1y events is that we get some informa-
tion on the m' directions. For M(ww} %1.4 GeV/c'
phase space alone yields some discrimination
against Sm'. The fitting also gives little or no
increase in mass resolution since the direction
and momentum of the proton are usually much
more tightly constrained than are the m" s.

In Fig. S4 we compare the m' directions and mo-
menta as reconstructed by the fitting program
with the actual Monte Carlo generated m' direc-
tions (for 2v' events). Figure 34(a) shows the
angular resolution —the angle between the Monte
Carlo generated and fitted m' direction for each
event —for the various y topologies. For the
worst case of the 1y events the resolution is =2'

TABLE X. Fraction of fitted and Monte Carlo Wo

events in different y topologies.
TABLE XI. Fraction of 2m and 3xo Monte Carlo events

with an acceptable 2m
0 fit.

27 2y
M«(GeV/c2) ly 2y Type 1 Type 2 3Y 4Y

M (3~~ 0)

(Gey/c ~)

2~0 events
2Y 3Y

37t' events
2Y 3Y

min- 0.7
0.7 -1.1
1.1-1.4
1.4-1.8
1.8 —max

Total
Monte Carlo

0.20 0.50
0.30 0.53
0.34 0.49
0.41 0.43
0.62 0.37
0.38 0.46
0.35 0.41

0.30
0.25
0.23
0.24
0.14
0.23

0.20
0.28
0.26
0.19
0.23
0.23

0.25 0.05
0.16 0.01
0.11 0.06
0.16 0.00
0.01 0.00
0.13 0.03
0.20 0.04

Inln —0.7
0.7 —1.1
1.1 —1.4
1.4 —1.8
1.8 —max

Total

0.95
0.95
0.90
0.92
0.83

0.59
0.80
0.88
0.79
0.81

1.0
0.71
0.61
0.39

0.71
0.24
0.24
0.06

0,90 + 0.1 0.79+ 0.1 0.56+ 0.1 0.30+ 0.07
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in the laboratory frame of reference. For 3y
events the resolution is 1' or better. In Fig. 34(b)
we plot the fractional difference between the
Monte Carlo and fitted no momentum. Again we
see the progressive improvement as we go from
one to four measured gs. Two v' events of type
2 (2 y's from 1 v') are seen to be more tightly
constrained than type 1 events (1 y from each w').
Finally in Fig. 84(c) we plot the difference in
cos8 as calculated for the Monte Carlo and
fitted n' directions in the mm center-of-mass sys-
tern. For ly and 2y-type 1 the resolution is =0.2
while for 2y-type 2 and Sy the resolution is at
least 0.1. For 4y events the resolution is smaller

than the binning in the plot.
The above results indicate that our 2m' fitting

procedure allows us to recover useful informa-
tion on the n directions. %'hile there is little i~

any improvement in mass resolution there is
some discrimination against 3n, especially for
M(3v) &1.2 GeV/c'. The fitting procedure does
not produce any systematic shift of M(vv) with
respect to the missing mass. For M(vv) &1.0
GeV/c' we find M(vv) is always within 0.025
GeV/c' of the missing mass. The fitting proced-
ure is rather insensitive to small changes in the
error assignments for the ~' directions and mo-
menta.
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