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The Lagrangian of Lee and Zumino is generalized to include several vector mesons. Their mutual
interactions are chosen so as to guarantee a current-vector—fields proportionality relation analogous to
the original current-field proportionality relation of Kroll, Lee, and Zumino. Implications of the new
Lagrangian for the electromagnetic couplings of charged vector mesons are studied. It is shown, in
particular, that the p*(770) can carry any magnetic moment in this scheme.

1. INTRODUCTION

The vector-dominance idea, namely the idea that
the electromagnetic (em) field couples to the had-
rons via the neutral vector mesons, found its La-
grangian formulation in the 1967 paper of Kroll,
Lee, and Zumino,' where an extensive review and
enumeration of previous formulations can also be
found. In a further paper? Lee and Zumino utilized
the proportionality of the em current and the neu-
tral vector field, as formulated in Ref. 1, to de-
rive the general structure of the hadronic part of
the total Lagrangian and the explicit form of the
em interaction.

Recently, new neutral vector mesons were indi-
cated,® and it seems proper to consider their pos-
sible effects on the ideas and results of Refs. 1
and 2. For this purpose one can adopt two alter-
native attitudes: First, one can retain the Lagran-
gian of Ref. 2 and consider the higher vector me-
sons as further excitations of the fundamental vec-
tor field 5;1 or as continuum excitations of its prop-
agator. This attitude was, for example, adopted
by Shtokhamer and Singer in Sec. III of their paper*
which investigated the continuum contributions to
the em moments of charged vector mesons. An
alternative approach to vector-meson proliferation
is to look at the Lagrangians in Ref. 2 in the spirit
of the “effective-Lagrangian” approach.® In this
spirit the Lagrangians in Ref. 2 correspond to the
situation where only one vector meson is involved,
described by the field 5,.° The presence of heav-
ier vector mesons dictates, in this approach, the
introduction of further vector fields into the La-
grangian. In particular, attention must be paid to
possible interaction terms among the various vec-
tor fields. This brings in a qualitative change in
the structure of the Lagrangian as compared with
Ref. 2. Our task now is to introduce these new
mutual interaction terms among the different vec-
tor fields in such a way as to guarantee some gen-
eralized form of vector dominance or of the field-
current proportionality relation. It will be shown
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that this restricts the mutual interaction terms
considerably but does not fix them completely, in
contrast with the corresponding situation in Ref. 2.
It will be further shown that the different possible
mutual interactions of the vector mesons result al-
so in different couplings of these mesons to the

em field.

The organization of the paper is as follows: In
Sec. II we review briefly Ref. 2 in the spirit of the
effective-Lagrangian approach for the case of one
vector meson. This enables us to introduce the
concepts and notations used in Sec. III for a for-
mulation of a two-vector-meson effective-Lagran-
gian model. Our conclusions will be summarized
in Sec. IV.

II. EFFECTIVE-LAGRANGIAN FORMULATION OF
VECTOR DOMINANCE -THE ONE -MESON
CASE

It is not our purpose here to repeat the very
clear exposition of Refs. 1 and 2, but only to re-
capitulate those aspects used afterwards in Sec.
III, to stress the effective-Lagrangian attitude
here adopted, and to introduce our notations and
conventions. The field p:',, where i=1,2,3 is the
isospin index and p =0,1,2, 3 is the Minkowski in-
dex, corresponds to the vector-meson triplet with
mass m. Because of the field-current proportion-
ality and since the charged p meson does interact
with the em field, there must also exist a strong-
interaction term between the neutral p meson and
the charged p meson. Such a term should be pro-
portional to (G}, p} — G%, p;)p5, Where c‘;w =9 ,p,
-3,p,. From isospin inXariance this interaction
term is proportional to (G,,*p,) *5,. Thus one as
sumes the strong-interaction Lagrangian of the p-
meson system to be of the general form

£==3G,, P +3m*(B, ) +3gG, - (B, xP) +F(B,),
(2.1)

where F is assumed to depend only on p, and to be
invariant under isospin rotations. Because of the
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field-current proportionality and the current con-
servation, one has to fix F so as to guarantee

3 J)“ =0. To this end recall that isospin invariance
of £ implies conservation of §, =(0L/805,, )%,
where b, , =9 ,5,. Explicit calculation of $, uti-
lizing (2.1) yields

8, =[-G,+5B, xp) x5, (2.2)
The equations of motion implied by (2.1) are
2L e G 3 8F
al/ abp,u =m pu g(Guvxpu)+ 3.5“ N (2'3)

Since 8£/8p, , is antisymmetric in y and v, one
has

8,0, 22 -0
0u,v
and so
- - - oF
0=m23upu—ga“(wapu)+8u a.)— (2.4)
I

Substituting (2.2) into (2.4) and utilizing 8,5, =
one obtains

~m,B, =0, 5= B BB, @5)
so 9,p, =0 will be satisfied if F is so chosen that
9F
5, ¢ 2Dy XPy) XP - (2.6)
This is achieved for
F==3g%p,xp,). (2.7

To conclude: The Lagrangian for the vector field
dictated by the necessity of having a
(Gwpu ,,pu)p“ in it and being in conformity with
8,0, =0 is given by

£=_L(auu)2+%m2(5“)2
+38G,, - (B, xB,) - 582(B, x5,V (2.8)

Let us now turn to the introduction of em inter-
action terms into (2.8) which satisfy the field-cur-
rent proportionality relation as well as the gauge-
invariance constraints. This, according to Ref. 2,
is achieved through the replacement

p3 =% +(e/g)A, (2.9)

in all terms of (2.8) except in the mass term
sm?(p,)?. To show this, consider that piece £, of
the Lagrangian (2.8) containing p and its deriva-
tives,

L3==1(G3 2 +3m? (%) +3g G3 k3%,

+38 Gk}, +38 Gk,

pv

—ig%h )’ - 1g%h3, ) (2.10)

where h »=P, Xp, and where k? contain p? (lin-

early) and k3, does not contain p3 or derivatives
thereof. So we can write

£4==1(G},)+38 G5 k5,4 smP(pd P~ J(p3)  (2.11)

with
J(pL)=gJd 0 + &%, 0%y, (2.12)
where J, and J,,=J,, do not depend on p? or its

derivatives. The equations of motion for pi ob-
tained from (2.11) are

9
3,(Gyy —gh},) + m?pd = —_Jg
ap’,

=gJd, +28% 0}
=j3. (2.13)

Because of 8,p% =0 and the antisymmetry of
G}y, h3, we have 9,73 =0. Substituting (2.9) into
(2.11) and (2.12), one obtains the following inter-

action between p, and A :

. 1
£P—A = 2 g Ga + 5 ;“/h::ur
£4,73 +0(e? 2.14
-gAuJqu(e), (2.14)
with
FuutauAu_auAp
The total Lagrangian is therefore
£ =—%(Fuu)2+£p_‘4 "'£3- (2.15)

£ is gauge-invariant since in £,_,, A, couples
only to the conserved currentjf‘. Moreover, from
(2.15) one obtains the following equation of motion
for F,,
e e e .

BUFW+ gauGiu—ggal,h ?“,2—;]1. (2.16)
Utilizing (2.13) and the antisymmetry of F,,, one
finally obtains

3, Fy,=(em?/g)p%, (2.17)

i.e.,

"= (em?/g)p}, (2.18)

as expected.

Let us now consider the explicit form of that
part of £, which corresponds to a ppy vertex.
This part is obtainable directly by substituting
(2.9) into the third term of (2.8), and gives—after
some straightforward algebra, partial integra-
tions, and the use of 8,5, =0—the following result:

(2.19)

It is easily seen by taking p*=(p, +ip,)/V2 that
this vertex corresponds to u, =2, k, =0 in the usu-
al definition’ of the em vertex of charged vector

£ppy :eAu(pb upu)+zeFuz/pupl
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mesons:
Loy =l A (05 ,p,) + uppr;pU
+ 5k /m )@ oF 570 6F 1) (038 ,06)] 5
(2.20)

where i1, is t e magnetic moment of the charged
p meson in p magnetons and

Kp==5(Q, +1,—1), (2.21)

with @, the quadrupole moment of the p in units of
1/m?. We conclude therefore that the effective-
Lagrangian formulation of vector dominance in the
one-meson case not only determines the Lagran-
gian (2.8) but also the ppy vertex uniquely.

III. EFFECTIVE-LAGRANGIAN FORMULATION OF

GENERALIZED VECTOR DOMINANCE -
THE TWO-MESON CASE

In the spirit of the effective-Lagrangian ap-
proach,® one introduces two fields p} and p//, with
i=1,2,3, ©=0,1,2,3 as before. The Lagrangian
can now also contain in addition to the previously
mentioned (G,, xp,) - B, term, terms representing
the interaction of the charged p’ meson with the
em field via a p, meson, i.e., terms of the form
(G, 0% - ‘Lf,p,,‘)p“, leadmg to the isospin-invari-
ant interaction term (GW Xpu) p,. Other conceiv-
able interaction terms are (GWva) 5;‘,
(G,wxp,,) p,, and (wap,,) p,. As in Sec. II we
now assume a strong-interaction Lagrangian in-
cluding these mixing terms and try to construct it
in such a way as to guarantee

0, (m?p,+m’?p},)=0. (3.1)

This we do in the expectation that after the intro-
duction of the em interaction it will turn out, as a
generalization of (2.18), that

12,13

jsm=(e/g)Xm®p> +m'%p,®). (3.2)

Equation (3.2) will now be considered as a gener-
alized field-current proportionality relation or as
a formal expression of generalized vector domi-
nance.®

We shall begin with a strong-interaction Lagran-
gian containing only a restricted subset of the
mixed interaction terms, namely, with the La-
grangian
£==3(G,) +im*@,F +3¢Gy, - (B, xBy)
+%ag—G’W-(p“ xp.) +(same with p—p’, m— m’)

-%aG,, G, +F(B,, b)) (3.3)

The direct mixing term G“,, ~6;,, in (3.3) is re-
quired, as will be shown immediately, for the
achievement of (3.1).

In analogy with (2.2) we now construct

oL .
T
:l _éuu - a‘é;“, + g(ﬁu x-51/) +0{g(5{, Xﬁx’;)] x-ﬁzr
. (3.4)
8, - 2L 5
9Py, u
=| same with p— p’].
Isospin invariance of (3.3) now implies
8,(5,+8,)=0. (3.5)
The equations of motion implied by (3.3) are
oL . — -
a”<35u,u > :mzp” —g(Gqupu)
=, .. @F
"ag(Gqupu)“*‘ a—ﬁu ’
a£ 12 ol b4
Y <65L v > =m pr -8(Gj, %p;)
- - oF
-ag(G,, Xp)) + = (3.6)
ap,

Since 8£/8p,,, and 9£/8p,, , are antisymmetric in
u and v, one has

EY 9
auau 3 = g :’Q -
apu,u apu,u
and so

0=0,(m?p, +m’?p),)
- g9,1(G,, xB,) +a(G}, xB,)
+(Gly %Py +a (G, <51
OF oF
+3 — (3.7)
“(89“ Bpu>

Substituting from (3.4) and (3.5) into (3.7), one ob-
tains that (3.1) will be satisfied if F is so chosen
that

OF OF _ s o) s
T (B xB) +a By x D)l xB,
+[ same with p— p’], (3.8)
i.e., for

= _%gz(bu ><—5u)2 - %agz(ﬁu X-/Su) * (5;1 >(51’1)
g Bl P . (3.9)

The Lagrangian (3.3) and (3.9) satisfying (3.1)
has, as it stands, an unpleasant property, namely
the mixing term G, -G}, in its kinetic-energy
part. One has now to diagonalize the free part of
the Lagrangian

£free = —%(_éuu)z - éaauv ¢ a:n/ - }I(a;’w)z
+im?@, P +im 2B, (3.10)

by means of a linear transformation of the fields 5“
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and T)L. The appropriate transformation is

1

1
o=37 AL (3.11)

where

and where

- )\a 0 _ 7t
A-(O )\b>«TKT. (3.12)
The matrix K represents the kinetic-energy part
expressed in terms of the dilated field ¢, =M,
i.e.,

1
m?  mm'’

K = o 1 . (3.13)
mm’ m’?

The free Lagrangian in terms of the transformed
fields pf, 5% has the standard form

Liree = _%(67“/)2 +éma2(5z 2
—i(ézu)2+§mb2(§f,)2, (3.14)
with
nlnz()\a)_uz) mb:()\b)_l/z- (3.15)

To obtain the matrices X and 7, we express K in
terms of the Pauli and the unit matrices:

1 1 1
K—§<m2 * m’2>1

+%<;}—2-711,—5>o3+;l—f’701. (3.16)
Utilizing the Pauli algebra, we can easily see that
T =exp(i300,) =cos36 +isin36 o,, (3.17)
where
6 =arctan(B/y)
and

e 111
P m YT o\ e T )

The resulting matrix A is

A= %(mi . ;lﬁ)mﬁ 2ey?)ig, (3.18)
A particularly simple result is obtained for the
special case m=m’. Here

B=a/m?, y=0, 6=31, T=2""*1+io,),
a 1 /1+a O ) (3.19)

1
A= — —_— = —
m"’[“Lsz3 m2< 0 1-a

With (3.10) transformed into (3.14) with the aid

of (3.11), it is obvious that also the interaction in
(3.3) will undergo a corresponding transformation.
It is, however, not necessary for our purposes to
exhibit the transformed interaction terms explicit-
ly. Rather, we shall now introduce the em inter-
action and investigate its gauge invariance and the
generalized vector-dominance relation (3.2) in
terms of the original fields 5, and 5.

The em interaction will, in analogy to Sec. II,
be introduced through the replacement

ph—~ph +(e/2)A,, (3.20)

pl=p+e/9)A,

in all terms of (3.3) except the mass terms. To
demonstrate the gauge invariance of the resulting
em interaction, one again considers that part £,
of the Lagrangian (3.3) containing p%, p/® and their
derivatives:

__1(~3 \2 1 3 3 1 3\2
£3‘_I(Guv) _zacuu G;w"‘l(G;,w

+3gG3 (RS, +ah ) +5g Gl b +ahs,) +5m®(p,

+hm 2 (p 2R +d (03, p%), (3.21)
where
=7 =34(GL 5, + Gk ) +38(G ik 2+ Gllh )
+308(GL R+ Gk )+ 3ag(G k% ,+G kY,
-8 %(h P+ (RS, =20 (R k) +h2 R 2

+(hILP +(h2)) (3.22)

uv pv

2 r2

and
Ry, =5} xB,. (3.23)

As before and because of its symmetry under
p-—p’, J can be written in the form

J=gd (0} +p°) + g% (0500 +p,%p) %)
+ &%, (050, +p,%00) (3.24)

where J,, J,,=d,,, J,,=J,, do not depend on

pz, p;f or their derivataves. The equations of mo-
tion obtained from (3.21) are

e}
o

<

|

)

i =Jus

0,(Goy +aGyi—ghi, —agh|?) - m*pi, =

QO
= w

(3.25)

’ ’ ’ aJ 3’
aU(GU;? +aG3p_gh)’/3-aghip)_m zp":i: ap,a 5]“3.
u

Because of the antisymmetry of G}, G}, &3,
k3 and of (3.1), we obtain
8,(5%+j,%)=0. (3.26)

Now the substitution of (3.20) into (3.3), except in
the mass terms, gives the following interaction
between p, p’ and A:
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le
Lon==73 ;Fw[ciy +a (G5 +G3,) +G 3
—ghs, +h ) ~aghd, +h3)]
~(e/g)A (75 + j®) +0(e?). (3.27)

Again £,_, is gauge-invariant since A , couples to
a conserved current. It is also not difficult to see
how, in analogy to the derivation of (2.18) in Sec.
I, one derives its generalization (3.2) from the
equations of motion for A , following from the La-

J

Lyvy =eA, ()5 ,00)+al(p)'8,00) + (0,8 0, %)) +(p, ' 5,0, 2)}
+eF,, [(2+a)o,pd +alp, ol +php, %) +(2 +a)p)'p; ]

grangian

L=-5(F )P +8, 4 +£, (3.28)

and from the equations of motion (3.25).

We now consider, as in Sec. II, that part of £,_,
which corresponds to a vector-meson-vector-me-
son-photon vertex. This part is obtainable direct-
ly by substituting (3.20) into the third and fourth
terms in (3.3) and also into the corresponding
p— p’ terms there. After some straightforward
algebra and partial integrations the following ex-
pression is obtained:

+eA {0, p)0% - (0,000} +al(d, p) )p? = @, 0,20}, + (6, pL)pL% = 0, 02, ] +[(8, 0, 0,2 = (8, 0,20, ]}

The term in the last curly bracket in (3.29) is not
a genuine VVy term since the divergence terms
3,p5,9,p,}, which vanish for a =0, are expressible
for a #0 through Eqgs. (3.4)-(3.6) in terms of ex-
pressions which are at least bilinear in the vector
fields. The first two terms in (3.29) when ex-
pressed in terms of 5%, 5, in the special case m
=m’ give the following VVy vertex:

Lyyy=eA (018 ,052) +(p] 15 ,00r%)]

+eF,{2p509%+[2/(1 - @] Pl 037}, (3.30)

According to (3.15) and (3.19), one has m,
=m(l+a) "% m,=m(l -a)"?; hence for >0,
me<my, upE®=2, u(E)=2/(1-a)>2, i.e., the
lighter vector meson has magnetic moment 2,
while the heavier one carries a magnetic moment
which is greater than 2. On the other hand, for
a <0; My~ My, H(Pa)=2, H(Pb)=2/(1 + ’(! ')<2)
i.e., the lighter vector meson carries, in this
case, a magnetic moment smaller than 2.

The whole reasoning of this section can be re-
peated, with only minor modifications, for a had-
ronic Lagrangian containing a different subset of
mixed interaction terms:
£y = =1 +) Gy +5m*(, ) +12 Gy - (B, ¥P)

+30gGy, [(, xB)) - (B %))
+(same with p— p’, m~—m’)
-3aG,, -G}y +Fy(By, B1) - (3.3b)

J

(3.29)

r

Again it can be shown that (3.3b) leads to (3.1),
that electromagnetic interactions can be intro-
duced in a gauge-invariant way through (3.20), and
that the field-current proportionality relation
(3.2) is also satisfied here.

The diagonalization matrices are now somewhat
different since the kinetic energy matrix now has
the form

Ara) = 2
K,= , (3.13b)
o 1
7 (1+a) F)
mm m

so in this case B=a/mm’ as before but

(3.17b)

The matrix A now has the form

l+a
A = ;

1 1 )
f— )7 2 2\1/2 . 3.18b
(mz"'mlz +(B2+y?) o ( )
For the special case m=m’ we now have

N __1_<l+2a 0)
°7 m? 0 1/

The vector-meson-vector-meson-photon vertex
resulting from substituting (3.20) in (3.3b) is now

(3.19b)

Lovvy =eA {(1+a )b ,02) +al(p,8,02) + (0,80, )] + (1 +a)p; ' 0, %)}

r1.2

+eF,,[(2 +a)pypl +3a(p) 'l +pup,%) +(2 +a)p

ISR (3.29Db)
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In (3.29b) we have already omitted the divergence
terms (6, p,)p% A,, etc., which, as before, are not
genuine VVy terms.

When expressed in terms of E‘L and ﬁi, for the
special case m=m’, (3.29b) takes the form

a,l s

£b,VVy =6Aul(pu oup;‘/'z) + (Pz’! 5‘1’)3'2)]

a,l_a,2

+eF 5[ 208052 + (2 = 2a)p) 0y )
(3.30b)

According to (3.15) and (3.19b), one has in this
case m,=m(l +2a)""? m,=m; hence for a >0,
Mma<my, w(p?=2, w(pe’)=2-2a<2, i.e., the
lighter vector meson has magnetic moment 2 and
the heavier vector meson carries a magnetic mo-
ment which is smaller than 2. On the other hand,
for @ <0, m,>m,, pw(pE?=2, u(p’)=2-2a>2, ie.,
in this case the lighter vector meson carries a
magnetic moment which is greater than 2, in con-
trast with the conjecture of Shtokhamer and
Singer.* Our study of the simplified situation
m=m’ in (3.3) and (3.3b) already showed that the
lightest charged vector meson can carry any mag-
netic moment, depending on the mixing scheme
and on the mixing parameter «. For the general
case m #m’, one has also nondiagonal magnetic
terms, i.e., terms of the form pr‘;"p,'j'z, in
(3.30) and (3.30b). The A, terms always diagonal-
ize to the unit matrix, as can be easily seen and
as is obviously required.

The inclusion of other fields does not pose seri-
ous problems and follows closely the treatment in
Ref. 2. Let ¢ represent all other matter fields
and let £,(¢, 8 ,¢) be the isospin-invariant matter
Lagrangian. Then the total strong Lagrangian is
given by £, +£,(¢, D,¥), where £, is our previous
(3.3) or (3.3b), and where D,y is related to the

matrix representation ~iT of the isospin genera-
tors on ¢ by

D,y=8,4+T (G, +G' Py,
with

G+G'=g.

(3.31)

(3.32)

The em interaction with the additional matter fields
is now obtained by using (3.20) in £,. It is easy to
show, following the reasoning of Ref. 2 and of this
section, that gauge invariance and the relation
(3.2) hold unchanged.

IV. DISCUSSION

The introduction of mutually interacting vector
mesons has been shown to be compatible with the
vector-dominance idea. In fact the latter allows
for more than one form of interaction between the
vector mesons. In Sec. III only the simplest case
with two vector mesons was analyzed. However,
this analysis can, in principle, be extended—with-
out serious modifications—to any number of vector
mesons.

We have also seen that the interaction scheme
between the vector mesons strongly influences
their magnetic couplings to the em field. These
can in principle be studied in photoproduction ex-
periments.® Specifically, one looks at yN— p* N
or yN- p*A. There are strong indications!® that
vector-meson exchanges play a significant role in
these processes. This provides a good opportunity
to study the vertices pyp, pyp’. In the simplest
cases, o =0 or m=m’, only the pyp vertex appears
since there are no mixing terms in (3.30) and
(3.30b). Generally, however, the possible rele-
vance of p’, p”,... exchanges has to be kept in
mind.
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