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It has been shown that the solution of the quantum-electrodynamic problem for a strong field
can be determined according to a known solution of the corresponding semiclassical problem.
Series expansions for the operators in the Heisenberg representation according to deviation
of semiclassical results from quantum-electrodynamic results have been written.

1. INTRODUCTION

This paper is the conclusion of the investigation
of the connection between nonrelativistic quantum
electrodynamics and the semiclassical approxi-
mation begun in Refs. 1 and 2, in which the deri-
vation of the semiclassical approximation from
quantum electrodynamics has been described.

It follows from these papers that there is a pos-
sibility in principle of recording the operators

in the Heisenberg representation, in the case

of strong fields, in terms of the fields determined
by semiclassical electrodynamics. In this paper
we want to show how one can find an explicit form
for such a record for the operators of a medium
and a field in the Heisenberg representation and
for the density matrix of the medium interacting
with a quantum field. For these values we obtain
the series expansions according to the deviation
of semiclassical results from the exact ones

that allow one to obtain the solutions of quantum
electrodynamics at large field occupation num-
bers ng > 1 according to solutions of the semi-
classical problem.

In Sec. II we obtain equations determining the
evolution operator g(¢) (the symbols coincide
with those of Refs. 1 and 2 in terms of the semi-
classical evolution operator é). The equation
for the unitary operator U is written in which
all quantum corrections for the operator G are
taken into account.

In Sec. III the operators of a medium and a
field in the Heisenberg representation are written
in terms of solutions of semiclassical electro-
dynamics. A semiclassical estimate of the quan-
tum -electrodynamic density matrix R(/) and
reduced density matrices of a medium and a
field is given.

1. EVOLUTION OPERATOR

Previously,"? it has been shown that the quan-
tum -electrodynamic evolution operator g(f) sat-
isfying the Schrodinger equation
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in - g(t) =Ho(t)glt), £(0)=1
(1
Hogl(t) = = 25— B(t) - AP (F, - 1)

j 7

=D(t) - [AP (1) +aA(0))

can be represented as g(/)=G(¢)Q(¢), where G(!)
depen_gs only on the operators of the classical
field AP and is determined by Egs. (22) from
Ref. 2, and Q(¢) satisfies the equation

in SI—Q(t)=G"_ISG~AK(t)Q(/). (2)

It has been shown that there is a one-to-one
correspondence between definite terms G and the
semiclassical evolution operator G, and in ful-
filling the requirements determined in Ref. 2,

G =G, where G satisfies the equation

9~ = =

ih=G=B (Rp(1)):6

- - 3)
CARP () =AF (1)

i'f‘<c' Hog (1), A% ()] G(7)), d
= A (1) [ Hor (7), AP (£)] G(7)), dT,

where (- - ), denotes the averaging over the
initial density matrix of medium 7. The eigen-
value (3) in the basis of eigenfunctions of the
vector potential gives essentially semiclassical
electrodynamics.

From Eqgs. (1) and (2) it follows that the non-
unitary operator satisfies the equation

)
lﬁaIG

=P(t) - | AP (1) +AA() =G(DAA(G=(1)]| G(1).

4)

It can be seen from Egs. (3) and (4) that the op-
erator G can be written as G =G6, where 8 de-
scribes evolution of “classical’” noise corrections
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and is defined by the equation rections for the semiclassical approximation.
The equation for U follows from the definition
ﬁ—e G-M1)PG(t)- [ AP (1) +G'aA(t)G and Eqs. (3) and (5):
~(AP (1)), - 6AA(2)616(1). in 59’7 Ut)=G='BG - [ AP (t)+ G- (t)aA(t)G(t)
(5) -
-(AR ()] U. (6)

Now we can introduce the operator U=6Q,
determined by the evolution of all quantum cor- Using Eq. (3) one can write Eq. (6) in the form

J

in a'itmz):c-lr:c AP () = (AP (1)), +N(t) + AA(D)| U (1)

(7
- i 2 t T B - - 3 < . -
N(¢)= (;) f f G UTPLG(T) [{(GN7) [ Hop(T), AP (D] G(7))), , AA(8)| G(T)d7dT,
\ 0 70 oo,
where a=1,2,3 numbers the orthogonal unit [II. OPERATORS IN THE HEISENBERG REPRESENTATION
ve;t?;')s of the Coorfm;itf ss;lstem.l Esmg Eqs.t(G) The operator of a quantum medium in the
an , one can C? culate the evo u'1on oper.a or Heisenberg representation is
by use of the solution of an appropriate semi- A -
classical problem and interpreting classical fields By(t)=U"" ()G~ () B()G(1)U(1) .
as eigenvalues of operators of classical field. whence and from Eq. (7) follows the expansion
i (= - - - - ~ <
B,,(t):B?,(t)+ﬁf [ PH(T) - (AP (7) =CAFP (7)), +N(7)+AA(T)) ,BUt)]dT++ -+, BY(t)=G'B(t)G(1).
0
(8)
For ng > 1 the terms with AA carried out to the right may be neglected® and Eq. (8) is rewritten
Bl =BY0)+ £ [ 1 B0, BYON- (A (1)~ Rip (1), + R0 a7
< ) f f Py(7)- Z M(Tx»x ,AK(T)] [PgH(Tl),B([){(tH dTtdT + . (9)

The field operator f,,(t) can be similarly represented:

Pty = Fer0 1 [ ZP?,,,(T ) [AzP(7), Font)| d

/N2 t r 3
() L2 UPRatr), PR LA (01, Fo (0] (AR (7) =AU+ Nelr ] s

o,B=1
_(if)fff 2 Pan(r) [Pha(7a) Pu(n)] LA (7)), 8 A(m)] [A (), FR(Odrydridrs -
\ 0 ‘rl o,8,y=1

Averaging Eqs. (9) and (10) over the initial density matrix we obtain the possibility of determining ap-
propriate physical values according to the solution of the semiclassical problem.
Likewise we can write the density matrix

R(t)=g()p(t)T(t)g~\(t),
where g(t) is the evolution operator satisfying Eq. (1), and p(¢), T(¢) are the 1nitial matrices of a field

and a medium in the interaction representation:

R(1)=G (1) {o(tmn =i [ 1B ) =B, R« sk o1 s L6, a
[¢]
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Averaging Eq. (11) over the states of medium values of interest without solving the quantum -
or field, one can obtain the density matrix of electrodynamic Schrddinger equation (1).
a field and a medium, respectively.
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