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Mass dependence of the momentum-transfer distributions in m+p~psrr at 11.0 GeV/c*
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Bubble-chamber data for the reaction n+p -p8m at 11.0 GeV/c have been analyzed from the

standpoint of a new procedure which emphasizes the mass dependence of the momentum-transfer

distribution. The technique shows a promise of resolving different types of production mechanisms. It is

shown that analysis of the structure observed in these variables allows discrimination among some types

of models for this extraordinarily complex reaction.

I. INTRODUCTION

Recent theoretical attention has been directed
to the problem of the momentum-transfer depen-
dence of reactions of the form A+B-C+D, ' where
D actually is a system consisting of two or more
long-lived particles, not necessarily resonant,
and thus has a broad continuous spectrum of mass.
It has been shown' that if the four-momentum
transfer dependence is described by an expression
of the form

da'
-exp(pt „c),

AC

where p, is a function of M D, the mass of D, then
p, is expected to decrease with increasing M~.
The symbol t „c represents (P„-Pc)', where P„
and P~ are the four-momenta of particles A and

C, respectively. This result is obtained under a
variety of different dynamical assumptions, and
is in qualitative agreement with the experimental
data '

It is also of interest to study and similarly at-
tempt to understand the behavior of the momen-
tum-transfer under the much more complicated
conditions present in high-multiplicity reactions.
In this case both "particle" C and "particle" D

may be assumed to be systems consisting of more
than one long-lived particle, and thus both may
have broad continuous mass spectra. It may be
possible to shed some light on the production
mechanism of such events from this type of study.

We have chosen a reaction of very high multi-
plicity. Most of the particles produced in this re-
action do not participate in clear, well-defined
resonance production, though the number of com-
binations per event renders statements about res-
onances extremely dif'ficult. Because the momen-
tum transfers to produce them are necessarily
large, such multiparticle production reactions

are associated with relatively deep penetration
into the incident particles.

This paper will discuss a systematic study of
the properties of the four-momentum transfer,
as described by a single exponential slope parame-
ter. The motivation for such a choice of parame-
ter will be discussed in Sec. III. That section will
also present a discussion of the characteristics
of the data, analyzed in this manner. It will then
be shown in Sec. 17 that these results may be in-
terpreted with the use of general characteristics
of the multiperipheral model. In particular, the
fact that the model implies an ordering of the par-
ticles in the production process will be discussed.
Section V will compare the results with two mod-
el calculations.

II. EXPERIMENTAL PARAMETERS

The BNL 80-in. bubble chamber, filled with
liquid H„was exposed to an 11-GeV/c m' beam
for 25000 pictures. All eight-prong events were
measured on film plane digitizers and processed
through MATCH- TVGP-SQUAW-SUMX. The ioniza-
tion estimated for each track on the basis of the
fit was compared with the actual ionization ob-
served on the scanning table, and inconsistent
fits were rejected. Each kinematic fit was re-
quired to have a confidence level of at least 31.
Of the eight-prong events, 171 events were found
to belong to the final state'

~'p -p4~+3~-~0.

All proton-m+ ambiguities were removed by the
ionization consistency requirement. Assisting in
this procedure is the experimental fact that most
of the protons are produced backward in the cen-
ter-of-mass system, and are therefore slow in
the laboratory. The total number of eight-prong
events can be accounted for, with reasonable as-
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sumptions, with no necessity to assume that any
events of reaction (2) have been improperly elim-
inated by this procedure, or any other (excluding
unmeasurable events).

The possibility of contamination in the data has
been studied in great detail. The most obvious
sources are from events belonging to the final
states m+p-P4m'3m 2m' and m'p-5m+3m w'n, and
incorrectly identified as reaction (2}. However,
in these data we are fortunate that these channels
are kinematically suppressed, relative to (2), be-
cause of the large number of particles for the
available energy. Experimentally, the distribu-
tion of the square of the mass missing when only
charged tracks are counted (which may be nega-
tive when the missing momentum exceeds the
missing energy) is symmetric about m, ,' for
these events. This is in agreement with expecta-
tions and indicates the lack of serious contamina-
tion from the above reactions.

The reactions m'P -p4m'3m and m'P -5n+3m n

may be fitted with four and one constraints, re-
spectively. Ambiguities between the 4C fit and
reaction (2) were resolved in favor of the 4C fit.
Ambiguities between reaction (2} and the 1C neu-
tron channel were largely removed by the ioniza-
tion requirement. In any case, each of these re-
actions accounts for no more than 50 fits, and can-
not therefore seriously affect the results, which
are intended to be qualitative.

A problem may also arise from misidentified
e'e and K'K pairs. The former can often be
identified on the scanning table, and therefore re-
jected. Further, such tracks might be expected
to produce an excess of events at relatively low
mass in the m'm mass distribution. Although
background in the m'm effective mass is, of
course, large, the low-mass region is adequately
explained by Lorentz-invariant phase space, with
no excess required by the data. Therefore this
problem cannot be large.

The results of this paper are based on statistical
samplings over groups of particles. No anomal-
ous effect is observed for two-body groupings.
We therefore conclude that the present results
are not sensitive to contamination from incorrect-
ly identified particle pairs (e.g. , e'e, K'K, PP).

III. EXPERIMENTAL BEHAVIOR OF THE
FOUR -MOMENTUM TRANSFER

This section will develop in a systematic way
the principal characteristics of the data. Inter-
pretation of these results will be postponed until
later sections.

To reduce purely kinematical effects due to the
boundaries of phase space, the data were fitted'
to an expression of the form

where t '= ~„~ —~„~&0, and I„~ is the largest
(signed) value of t„c (which is negative). In other
words, t„~ is the value of t„~ for production of
particle C in the forward direction. The "slope"
X is a positive quantity measured in (GeV/c) '.

The choice of Eq. (2) is motivated by Regge the-
ory. A single parameter exponential does not al-
ways give a good fit to the data; however, for
most regions of M~, M~, and t', the fit is more
than adequate. The introduction of additional pa-
rameters does not appear to be justified for the
present analysis.

The slope and its error (assumed purely statis-
tical) were estimated by a maximum-likelihood
method. 4 To ensure sufficient statistics in the
low-t ' region, all calculations were required to
include at least 25 combinations with t ' ~ 3.0
(GeV/c)', though the fit accepted events with t '

up to 1.0 (GeV/c)'.
The outgoing particles from the reaction (2)

were arbitrarily grouped into two "bodies, " called
C and D. Figure 1 illustrates such a grouping
and its possible relationship to a multiperipheral-
model production mechanism. '

In this experiment, the predominantly backward
(in the center-of-mass system) production charac-
teristics of the proton imply that it is most natural-
ly placed in D. Further, placement of the proton
in C almost invariably results in extremely poor
fits to (2) (usually because of a dip at low f ').
Therefore, for the present analysis the proton
will always be included as a member of "particle"
D. To assist in the discussion, we will define
the term "submultiplicity" to refer to the number
of particles (in this case, pious) which are
grouped to form body C.

The variation of A. with the mass of C or D for

c =Vs,

S

FIG. 1. Schematic of the restructuring of a multipe-
ripheral diagram into the single-peripheral form. Pions
from the multiperipheral diagram, (a), are considered as
grouped in two "blobs, " C and D, as shown in {b). The
term submultiplicity shall be used to refer to the number
of particles assigned to C.
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the particular configuration with six pions in C

and the proton plus two pions in D is shown in

Fig. 2 in 100-MeV/c' bins. By definition, the
submultiplicity is six. Overlapping data points
are displaced slightly from the center of the bin
for greater clarity. This configuration illus-
trates behavior which is typical of all submulti-
plicities. Figure 2(a) shows a as a function of
Mc, averaged over Ms. Figure 2(b) shows X as
a function of M&, averaged over M~. The three
nonexotic (i.e., singly charged or neutral) states
of combination C are displayed. There are twelve
positive, six negative, and four neutral combina-
tions per event for this case. The following con-
clusions are supported by this presentation:

(i} No statistically significant differences exist
among charge states for a given submultiplicity.

(ii) The slope X is an increasing function of Mc,
and a decreasing function of M~.

(iii) The largest values of a (i.e., steepest
slopes) encountered are approximately 1
(GeV/c) ', and are thus an order of magnitude
smaller than typical slopes for elastic scattering,
which are of the order of 'l-10 (GeV/c) '.

Conclusion (i) is not significantly altered by res-

onance production. ' This is possibly a consequence
of poor signal-to-background ratios for resonances
in these data.

The "mirror-symmetry" effect of conclusion
(ii) is at least partly a consequence of kinematics,
since for large M~ only a small range of Mc (at
low Mc) is available for the reaction, and so
forth. Also, the specific effects observed, name-
ly decreasing A. for increasing M&, are related
to the momentum-transfer distribution of the pro-
ton, which can be fitted to a slope of -1 (GeV/c) '.
Then a low-mass proton-plus-pions grouping (low

MD) will not have steeper slope than the proton
alone. High-mass proton-plus-pions groupings
require pions which are not well aligned with the
proton; their presence will act to increase the
average momentum transfer from the incident pro-
ton.

Conclusion (ii} is not valid at large MD (for sub-
multiplicities not depicted in Fig. 2). A rise to-
ward steeper slopes is observed [see Fig. 3(c}].
Since the range of I,

' is restricted for many events
in this region by the boundary of phase space,
there is a kinematically induced concentration at
low t '.
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FIG. 2. The slope & as a function of (a) ~ averaged over M~, and (b) MD averaged over Mc. Three different charge
modes are plotted in the case of six pions assigned to C. The small horizontal bars indicate the location of the maxi-
mum-likelihood value, and are not error bars. Overlapping points are shifted slightly to permit easy resolution.



YQST, MQRRIS, A LBR IG H T, AND LANN UT TI 10

1.4-

1.2-

1,0-

0.8-

2 BODIES
u

4 II

5 il

6 II

7 II

(a)
DATA

c
AVERAGE OVER MOI

0.6-

Q 4 j!

1.4-

1.2

1.0 j

0.8- '

0.6-

0.4-

(c)
DATA

l, va Me

AVERAGE OVER c
',.i

l

l

I

—SINGLE PION—2 BODIES
II

4—5
&I

7 II

I

i

. +. .+ wfT

0.2-
Y

0.2-

OJ M, (GeV/ )

II2 06 10 14 Is 22 26 30 34
(3

1.4-

Mo(G eV/c')

1.2 1.6 2.0 2.4 2.8 5.2 5.6 4.0 4 4

1.4-

1.2-

I .Q. ——2 BODIES-"- 3
4

08-
7 II

0.6-

PHASE SPACE
s Mc

AVERAGE OVER Mo

1.2-

1.0-

0.8.

0.6-

—SINGLE PION
—2 BODIES

3 u

4 11

5 u

7 u

PHASE SPACE
Xvs M~

AVERAGE 0 ER Mc

0.4- 0.4-

0.2-
Mc(6eV/c')

II.2 0.6 1.0 1.4 1.6 2.2 2.6 3.0 3.4

0.2-

12 16 20 24 28 32 36 4.0 4.4

FIG. 3. The slope for different submultip1icities (number of pions assigned to C), as indicated by the key, averaged
over all charged states, (a) as a function of ~ (averaged over Mz); (b) the same as {a), phase-space prediction; (c)
as a function of M& {averaged over M&); (d) the same as (c), phase-space prediction. Most error bars have been re-
moved for greater clarity. See discussion in text.

Noting that A. is not strongly dependent upon

charge, in what follows we sum over all charge
states (including exotics)' for a given submulti-
plicity. Then the behavior of A, may be studied as
in Fig. 3. The legend "2 BQDIES," ete. refers to
the submultiplicity. Most error bars are omitted
for clarity. Curves involving only one data point,
or two points with large error bars, are also
omitted. ' The slope as a function of M~ and multi-
plicity is shown in Fig. 3(a); the phase-space pre-
dictions are shown in Fig. 3(b). These curves are
smoothed approximations to the results of a Monte
Carlo calculation with ten times the statistics of
the real data, ' and with a center-of-mass proton
longitudina1. -momentum cut as in the actual data. '
Similarly, Figs. 3(c) and 3(d) give A, as a function
of MD. The phase-space curves are given for com-
parison to reveal possible effects due to kinemat-
1Cs.

General conclusions can be drawn from these
distributions as follows:

(iv) There is a clear submultiplicity dependence
of the behavior of A. .

(iv a) For a fixed Mc [Fig. 3(a)J, this depen-
dence takes the form of an ordering, such that an
increase in submultiplicity results in a decrease
in slope (i.e., "flatter" f ' distribution). This or-
dering agrees with the phase-space ordering.
However, the magnitude of the slope at any point
is not consistent with phase space.

(ivb) For a fixed MD less than 3 GeV/c' [Fig.
3(c)], the ordering of the data is opposite to the
phase-space prediction [Fig. 3(d)], in contrast
with the above. For M~ greater than a "cross-
over" region between 3.0 and 3.5 GeV/c', both
the ordering and the magnitude of the data appear
to be the same as predicted by phase space, i.e.,
the kinematic rise at high mass shows clearly.

(v) The extrema (maximum and minimum X) at-
tained by the data are consistent with being inde-
pendent of submultiplicity; these extrema occur
at different values of Mc (or M~) for each sub-
multiplicity.

%e now investigate the behavior of A. for simul-
taneous M~ and M D selections. Previous distri-
butions have involved averages over the entire
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range of MD when Mc is plotted, and vice versa.
Typical results are presented in Fig. 4(a). The
slope is plotted as a function of M~ for MD in the
interval 2.0 to 2.2 GeV/c'. As before, all charge
states (including exotics) are included for each
submultiplicity. Only submultiplicities of four,
five, or six have sufficient data (for MD in this
range) to be plotted.

For simultaneous M~ and MD selection the phase-
space solution is nearly independent of submulti-
plicity. " The single curve thus obtained is indi-
cated on the figure. Figure 4(a), in conjunction
with the distributions obtained with the other pos-
sible MD selections (not shown), supports the fol-
lowing statement:

(vi) For fixed Mc and M~ the data indicate a
submultiplicity dependence inconsistent with phase
space. The ordering is the same as in Fig. 2(a),
namely, lower submultiplicities have larger
slopes.
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The dependence of A. on M~ and M~ for a given
submultiplicity is shown in Fig. 4(b} for a sub-
multiplicity of four. The general behavior of the
data for a relatively narrow MD selection is estab-
lished by Fig. 4(a}; broad mass selections (400
MeV/c in width) are employed in Fig. 4(b) to im-
prove the statistics and reduce the total number
of curves, Representative error bars are shown.

A family of U-shaped and J-shaped curves is
observed. The corresponding phase-space curves
form a family of J-shaped curves only [as in Fig.
4(a)]. As M~ increases for fixed Mc the data ap-
proach the phase-space prediction (not shown).
Symmetrically, as in Fig. 4(a), the data approach
the phase-space prediction at large M~ for fixed
M~. Thus,

(vii) The data are in maximum disagreement
with phase space for values of M~ and MD inter-
mediate between their maximum and minimum.
For either large M~ or large MD, the data are
very nearly identical to phase space, and in con-
sequence show no dependence upon submultiplicity.

A further point is obtained from a comparison
of the results for the different submultiplicities
(not shown):

(viii) The maximum a obtained for simultaneous
selections in'~ and MD is approximately the
same for each submultiplicity. The same is also
true for the minimum A., with the exception of the

highest submultiplicities.
The other submultiplicities exhibit the same

characteristic behavior in these variables. A
measure of submultiplicity independence seems
to be achieved if the data are plotted as a function
of Mc(max) -Mo andMD(max) -M~ (not shown).
However, even in this case, a weak dependence
may exist.
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FIG. 4. (a) The slope ~ as a function of Mz for 2.0
—Mz ~ 2.2 GeV/'c, for submultiplicities as indicated.
Also sketched is the phase-space prediction, which does
not depend on submultiplicity. (b) ~ as a function of Mc,
for broad Mz selection as indicated, with a fhred sub-
multiplicity of four (i.e. , four pions in C). Most error
bars have been omitted for greater clarity.

These results may be qualitatively understood
with the aid of multiperipheral concepts. " Only
general properties of the multiperipheral model
will be used in this section; no attempt has been
made to fit a specific model. Further, no distinc-
tion will be made between models with "particle"
exchange and models with "Reggeon" exchange.
Complications involving more than one particle
emitted at a given vertex, resonance production,
and so forth, are inessential.

An important consequence of the multiperipheral
picture, Fig. 1, is the concept of an ordering of
the final-state particles. The effects of this order-
ing could reasonably be expected to be visible in
the momentum-transfer dependence 7I'-C, where
C (and thus D) is chosen by an arbitrary partition-
ing of the particles, "as in Fig. l(b). The argu-
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ment proceeds as follows: If peripheral production
occurs, then the distribution of the momentum trans-
fer is damped, i.e., db/dt' falls with increasing t '.
This damping would be correctly measured only if
the emitted particles were correctly assigned t20 C
and D. The effect of misarranging the particles
would, on the average, be to increase the measured
momentum transfer. In the limit in which all parti-
cles inD are incorrectly assigned to C, then the mea-
sured momentum transfer n+ -"C"would in physical
reality be the cross-channel momentum transfer
u, which is usually large for t -channel exchange.

In Figs. 3 and 4 it was shown that there are max-
ima in the A, distribution as a function of the
masses which are not of kinematic origin. This
fact suggests that damping of the momentum-trans-
fer distributions can be observed experimentally,
and further suggests that a study of the masses
M~ and M~ may provide a means of selecting the
correct orderings of the particles.

Thus, it is suggested by Fig. 4 that it is possible
to select a group C of n particles according to
criteria which depend only on the number n, the
effective mass M~, and the effective mass MD
(of the remaining 9-n particles), such that the
four-momentum transfer t ',+ ~ shows a statis-
tically significant damping when compared with
random phase space. For n =4, it follovs from
the figure that it is necessary only that M~ and

M& are chosen such that if plotted in Fig. 5 the
event would fall in the closely shaded region. A

2.8—

diagram similar to Fig. 5 can be constructed for
other values of n .The lighter shading indicates
the limits of phase space.

The multiperipheral" model imposes the con-
dition

Mc Mn
S

(4)

where s is the usual square of the center-of-mass
energy, situal to 21.5 (GeV') in this reaction. Fur-
ther, a maximum in the probability amplitude is
expected to occur near minimum Me~Ms'/s. "A
contour of constant Mc'Ms'/s, near minimum,
is sketched in Fig. 5, and passes through the
closely shaded region. Further, for X= 1 (see
discussion below), condition (iv) is satisfied in
this region.

If for each 1 &n & 9 we assign particles to groups
by the prescription suggested by Fig. 5 (or its
analog, for no4), then the multiperipheral con-
ditions are satisfied, and we observe the pre-
dicted peripheral four-momentum-transfer de-
pendence. It is not difficult to show that for a
given n, we can obtain the proper conditions for
n+ I by transferring one properly selected par-
ticle from group D to C, on the average. We
therefore conclude that an ordering of the parti-
cles as suggested by the multiperipheral model
is consistent vith what we observe.

The value A =—1 (GeV/c)' can be read from Fig.
4 as the slope of the t ' distribution for the proper
choice of C and D. The same value obtains for
other n [conclusion (viii) above]. Selection of a
given n corresponds to selection of a given ex-
change. Therefore, this analysis suggests that
the average amount of four-momentum trans-
ferred by each exchange of Fig. 1 is the same.
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FIG. 5. ~ vs MD phase space for a submultiplicity of
four (shaded region). The region of steepest momentum-
transfer slope is indicated by the darker shading. A

contour of fixed {M&M&)~/s is also shawm.

V. COMPARISON WITH OTHER MODELS

An attempt has been made to describe these
results in terms of two models designed for high-
multiplicity reactions. The calculations were per-
formed by means of the Monte Carlo technique,
with ten times the "statistics" of the actual data.

First, the CfA (Chan Hong-Mo-f, oskiewicz-
Allison" ) model, which attempts to include in an
average sense both the fully Reggeized limit of
high subenergy for neighboring particle pairs on
a multiperipheral diagram [Fig. 1(a)] and a fea-
tureless phase-space limit at low subenergy, is
discussed. Only diagrams with nonexotic meson
exchange were included. "

The results are shown in Fig. 6, which shouM
be compared with Fig. S. The CfA model has
correctly predicted the gross features of the data,
including the "cross-over" region of Fig. S(c).
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imations to the results of a Monte Carlo calculation. Compare with Figs. 3 and 7.

We note that this model incorporates as input
an average slope of the momentum-transfer dis-
tribution between neighboring particles roughly
equal to unity, in agreement with the present re-
sults for the data. Analysis of the C7A "events"
by this technique successfully recovers this aver-
age slope.

The second model to be studied was the Ziemin-
ski F(t) model. " In this model, one attempts to
account for the over-all features of the data in
terms of a single quantity, namely the proton four-
momentum transfer. For the current data, a sin-
gle-parameter exponential, with a fitted slope of
A. =1.24, was adequate to describe that distribu-
tion. No pion dynamics is included in the model.

The results are displayed in Fig. 7, which
should be compared with Figs. 3 and 6. The most

striking effects appear in Fig. V(b), showing the
slope as a function of M~. Until phase-space ef-
fects take over at large M~, the predicted curves
are indistinguishable within the accuracy of the
Monte Carlo errors.

It would appear that the effect of the F(t) model
is only to displace the phase-space curves [Fig.
3(d)) until they coalesce at low M„and that some
pion dynamics is needed in order to displace them
still further to agree with the data, consistent
with our earlier discussion on the evidence for
an ordering of the pions.

VI. CONCLUSIONS

We have demonstrated a new analytical tool for
the study of high-multiplicity final states. Ap-
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function of Mz (averaged over MD), (b) as a function of M~ (averaged over ~). The curves are hand-smoothed approx-
imations to the results of a Monte Carlo calculation. Compare with Figs. 3 and 6.
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plied to reaction (2), it has been shown to give
results consistent with multiperipheral concepts.
In particular, a "favored" ordering of the pions
may be indicated. Properly extended, this tech-
nique may make possible the study of particular
exchanges in a multiperipheral chain. It has been
demonstrated that this technique is usefU1 in the
attempt to distinguish types of models. In this
case, it has been successful even though the data
are at such an extreme multiplicity for the avail-
able energy that it might be assumed that they
would resemble only uniform phase space. It is to be
hoped that application of the technique may prove
useful at the high energies and correspondingly
high multiplicities encountered at the new acceler-
ators.
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