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A simplified version of the Bali-Chew-Pignotti amplitude for multi-Regge-pole particle production is
given using the recently developed projection-operator technique to construct many-particle states. This
amplitude is generalized to a multi-Toller-pole expansion to avoid singularities which otherwise occur when
any momentum-transfer variable goes to zero. It is shown how to determine the M value of a Toller pole
by measuring the distribution as a function of a Treiman-Yang angle.

1. INTRODUCTION

HE formal theory of the multi-Regge model of
particle production has been given by Bali,
Chew, and Pignotti! as a development of earlier work
by Toller.2 In Sec. 23 we give a somewhat simplified
rederivation of their result, using the projection-
operator technique for constructing many-particle
states that has recently been developed by the authors.
A formal defect of the multi-Regge expansion is that
it is intended for use as an approximation to the
particle-production amplitude in the limit of high
subenergies and small momentum transfer. However,
in the usual physical situation, the limit of the ampli-
tude when the momentum transfer in any part of the
multi-Regge diagram tends to zero is nonuniform, just
as in the two-particle scattering case (see Freedman
and Wang?®). This difficulty is removed in Sec. 4, by the
techniques previously applied to two-body scattering
(see Ref. 4 for further references), in which we go over
to the multi-Toller expansion. The expression is given
in terms of O(3,1) functions with arguments which are
angles between four vectors. The required limit is then
well defined.

We discover that if a subprocess is dominated by a
Toller pole with quantum numbers M and o, the value
of M can be determined by measuring the distribution
in an azimuth angle ¢ in a suitably chosen kinematic
region of the multiparticle process. This angle is the
Treiman-Yang angle, or is related to it by crossing.

For simplicity the argument is given in the first place
for zero-spin particles, but the generalization to arbi-
trary spin is straightforward and is outlined in the
final section. We also make there the trivial extension
from the production of particles to the production of
particle clusters.
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2. MULTIPARTICLE STATES

A relativistic single-particle state is conventionally

given as
1£,3:0), (2.1)

in which the labels specify the four-momentum (with
p*=m?), spin, and helicity, respectively. The spin label
7 is defined so that

W2(p)| £,4,0) = —m2j (j+1) | p,5,\),

W#(P) = _%ew)\p-’”‘j’p 5 (23)

and X is the eigenvalue of some component of W,(p).
Under a general Lorentz transformation parametrized
by 7, which transforms p into p’, the spin is trans-
formed by a (Wigner) rotation. Thus

€xp —%iﬂ“”fuv]lﬁ;]',wz U(ﬂ) ] P?])‘)
=§ |P/aj;)\/>d)~’)\j[0(17l;"7fp)]' (24)

(2.2)
where

An alternative construction has recently been proposed
by the authors® in terms of the projection operators
O(p), defined by the relation

L0 (2) 1=3(pu0s— 1,00 (p) , (2.5)
where
8u=0/9p* (2.6)
and
0(P)0(9)=0(QO(p)=0(p)o*(p—¢).  (2.7)
From (2.5) it follows that
UmOp)Ut () =0(p"), (2.8)
and from (2.7) that
/ O(p)d*p=1. (2.9)
If we now define
re= [ 0wy, (2.10)

it is easy to show that P, has the required commutation
relations with J,, to be interpreted as the energy-
momentum operator.®

8 Formally these equations are satisfied by O(p)=8t(P—p). It
sometimes avoids ambiguity to write O(p)=0(P, ).
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Fic. 1. The (V+-2)-particle amplitude,

We now define representations of the homogeneous
Lorentz group
|M,o; 5\, (211)

where the labels and states are defined in (A21)-(A24).
Then, single-particle states?” may alternatively be
defined as

IP: (M;U);],MEO(P)U(P) l Mo; j)>‘>7

where U (p) is a boost which takes the four-vector to
the value p, from its rest value m,=(m,0) in some
particular frame; if

U(P) =g~ tJ20p—iK3e "

(2.12)

(2.13)
pu=p(coshe, sinhe sind,0, sinhe cosd). (2.14)

It is easy to show that (2.12) is an eigenstate of the
same operators as (2.1), and transforms in the same
way [see (2.4)] under Lorentz transformations.

The N-particle state is simply an outer product of
single-particle states. Thus (with ¢, standing for the
pair M, o,)

|P1)(‘71);j1r>‘1; P27(0'2)7j2:)‘2; oo
=0(p1)0(p2)- - -O(pn)
XU[U (Pl)Ulz] (ﬁ2) LUV (PN)
X oy, 71,015 02, J2, 25 . -5 ON, INAN)

O(pn)=0(Pr,pn),

and UMW (p,) are constructed from the operators® P,*
and J,,[»! which operate on the nth particle only (and
commute with the corresponding operators for the other
particles).

; Py (UN)’].N;)\N>

(2.15)
where
(2.16)

7In this paper, we shall not discuss the labelling of intrinsic
parity (which requires reducible representations M, o) but refer
the reader to I.

8 A more consistent notation might be to denote the single-
particle momentum operators by P*, but we find in practice
that this notation is unnecessarily clumsy. However, for the
0(3,1) generators, we must distinguish between operators on
particular particles, J, [, and operators specified in particular
frames J,,(™.
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If all the particles have zero spin, the factors U
reduce to unity, and

Mn=jn=)\n=0,
on=1 (for all ),

which is the trivial representation of the homogeneous
Lorentz group for all particles. We denote such a state
by |0). Thus the state of NV spinless particles is

[p1,02,- + o) =0(p1)O(p2) - - -O(pn)|0). (2.18)

(2.17)

3. MULTI-REGGE MODEL

Consider the N-4-2 spinless particle amplitude,
illustrated in Fig. 1. If we allow the time components
of the four-vectors p,* to take on positive or negative
values, this figure has many physical interpretations
(provided the masses are such as to allow for energy-
momentum conservation). Three processes which
interest us particularly are:

(a) the decay of pyy1into po, P1, ..., Pw;
(b) the multiple production process

potpai1— prtPot - +Pw; (3.1)
and
(c) the multiple production process
prtpe— PPt -+ Dy,
where (3.2)

ﬁnz"'Pn-

The processes (b) and (c) differ only in their ordering,
which is defined below and in Fig. 2. In addition to its
dependence on the N4-2 particle masses, the amplitude
may be described in terms of

V=3(N+2)—10=3N—4 (3.3)

independent scalar variables. For the processes (a)-(c),
it is convenient to define

kn=pn+kn—-l, n—.:()’ ceey N (34)
where
ko= po,
and to take the independent scalar variables to be
th=k? (n=1,2,...,N—1), (3.5)
Sn= (pn+pﬂ+1)2 (n=17 27 ceey N_l) ) (36)
and
Sa=(patpuprtpuie)® (=12, ...,N=2). (3.7)

There are, respectively, (NV—1), (NW—1), and (N—2)
such variables, which form a possible complete set. The
significance of these variables is apparent from Fig. 2.
In the decay process (a), the variables ¢, are the masses
of the intermediate particles if the (V-1)-fold decay
takes place as a cascade of two-particle decays. In the
multiproduction process (b), the s and §’s are gen-
eralized momentum-transfer and energy variables,
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F16. 2. The configuration of the am-
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plitude of Fig. 1 which leads to the P Prst Pr Py

chosen sets of scalar variables ¢y, s,

and S, Or fa, O, and ¢n. XN < I < ———— <
PN+1 KN—1 kn.u Kﬂ_ k'n-( kl F°

respectively. We will be interested in (b) and (c),
particularly in the limit of s, — =, ¢, — 0 for some or
all of the (su,tz), and will obtain them by analytic
continuation from the amplitude for process (a). The
required amplitude® is

<ﬁN+1] TlPN,' <3Py "pf’-)Pl;pO)E(T)
=010@N)TO(pw) -+ -O(pa)- -
O0(p2)0(p1)0(p0)|0), (3.8)

where the O(p.) are defined in (2.15) and (2.16).
Define operators® K, analogously to (3.4),

K.=P,+K, 1, (3.9)
and the operator

Qn=0,.Kn+b,Ps, (3.10)

where @, and b, (#%0) are constants chosen so that the
variable

Gn=0nkntbppn (n=1---N), (3.11)

is positive timelike. It is important to note that for
arbitrary @, and b,, ¢,* is a function only of the
“masses” at the nth vertex, f,, {»—1 and p,2. Now by
(2.16) and (3.9)-(3.11)

O(pn)O(kn1)=0(gn)0(ks) (n=1,2,...,N). (3.12)
By repeated use of this relation in (3.8),
(T)= (0IO(P,LENH)TO(P,kN)O(QN) T

where we have used the fact that for the initial state
P|0)=|Po+P1+---+Py|0)=Kx|0), (3.14)
and for the final state

O P=(0|Pyy1. (3.15)

Now since
[T,P]=0, (3.16)
O(P,pn11)TO(Pkn) =0 (P,pny1) T (kn—Pwy1). (3.17)

Thus,
<T>=<OIO(P,§N+1)TO(QN)' ++0(ga) - '0(91)!0>

N+1

X6( go pa). (3.18)

9In order to obtain the formal expansions given below, we
could equally have started with the amplitude for the process
potpit- - +Pn = PrprtPoiet- Py

10 The reader should not confuse these momentum operators
K, with Lorentz transformation generators K defined in the
Appendix.

In the subsequent equations we omit the & function
contained in (7).

To display the dependence of the amplitude (T") on
the variables (3.5)-(3.7), consider Fig. 2 as a succession
of pseudo “scattering” processes of which the nth
typical example is

kn—l—{—Pn g kn+l+§n+1 . (3.19)

Define the corresponding nth c.m. scattering frame to
have its time axis », in the direction of %, (assumed
positive timelike), 2 axis v, along the “incoming beam”
k.1, and y axis B, perpendicular to the ‘“‘scattering
plane.” The (n+1)th frame is related to the nth frame
by the boost B.(X.). [See (A12)-(A15) for details. ]

We also introduce the boost of ¢, in the nth frame,"
namely,

U i (g = iR o (3.20)
where by (2.13)
coshe(kn,gn) =Fn*Gn. (3.21)
This boost has the property that
0(gn)=U () (gn)0(qn ) U (my™(qn) (3.22)
where!!
¢»"=[(g.)"2,0]," (3.23)

in the nth frame.
Now consider two typical operators in (3.18). Using
(3.22),

0 (Qn+1)0(qn)
=U (411 (@n10)0(@n+17) U a1y (@)
XU (2)(gn)0(ga ) U (ay™(gn)
=U (41) (@n41)0 (@ni1) Ba(Xn) U ¢y (gnt1)
XBy ' (Xn)Un (qn)o(qn(r))Bn—l(xn—O
XU -1y H(gn) Bno1(Xn—1)

where in writing (3.24) we have used (A20).

Between the factors Uy(g.) and 0(¢g,) one can
insert a complete set of states in the nth frame based
on (2.11) and the eigenvalues w of the other operators
necessary to complete the set:

U (ny (qn)O(qn(T)) =2U(gn) |‘°,M;07j;)\>(n)
X (n)<w,M:‘7;j7)‘ l O(‘In(”) ’ (325)

11 The operator K;™ is defined in (A10). From the definitions
of ¢s, (3.11), and the nth frame, ¢, has only a “0” and “3” com-
ponent. That is, gn*=vn*(¢n¥n) F+¥n*(gn-vn). If (gn-vs) is nega-
tive (i.e., if the three-vector ¢, points in the negative ‘“3”
direction), (3.20) must be multiplied by an additional factor
exp (—imJ ™). We shall, for simplicity, omit writing this extra
factor. Note also that the rest vector [Eq. (3.22)] is ¢gn™*=wy#
X (qn2)1/2.

(3.24)
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where the summation is over the labels appearing in
the states and the states are defined? in (A21)-(A24).

Similarly, between the factors B, (X,) and U (sy™(gnt1)
one can insert a complete set of states in the nth frame:

Bu(Xu)U (i (gns1)
=2_Ba(X,) lw:M:""j’)‘>(n)
X(ﬂ)(“’aM’”;ij U (ay™(gns1)
=2 I‘*’:M»":j:)‘>(n+l)
X ({0, M0, § N U (ay ™ (@ns1)
where we have used (A25). By making such insertions
in (3.18), it can be seen that (7) is made up of a product

of two types of factor, one of which is the form factor
of the nth vertex,

(3.26)

(m(&)',M’,U',j,)\ I O(Qn(’)) ]w;M:ij:)‘>(n)

=Gy M0 M0

(3.27)

From the remark following (3.11) and the definition
(3.23), it is clear that this is a function only of the
vertex variables:

G ny =G () (tnytn—1,P4") - (3.28)

The other basic factor®® is

", M0’ 5 N U ay™ (gnr) Ba™ (Xa)
XU (ny(gn) |0,M,0,5,\) (ny
= () (w’, M ,0", 7' N | €375 #ngiKa™ e (kn,ant)
X €720 (at1,ani k) g—iKs ™ e(ankn) | o M 15, 7N ()

(3.29)

EDﬂl,a.j',)\’,j,)\ (lpn)aMﬂ/!’aaa’wa' 3

where the only dependence™ on # is through the angles

Yn=(bns€(qn11,%2),00,€ (qns%1))

which are defined in (3.29). [For the notation see (A18)
and (A28).]

Some care must be taken of end effects, which, how-
ever, are quite simple. Thus

0(g1)]0)=U 1y (g)0 (1) U 1" (g1) | 0)
ZZ U(l) (ql) Iw,oya30)0>(1)

(3.30)

X(l) <w,0,0’,0,0] 0 (91 <T)) I 0> ) (331)
where we have used the relations
Uw™(gn)]0)=10), (3.32)

2 The boosts Uy (¢n) do not affect the degeneracy label w and
the states defined in the Appendix are labelled only by the homo-
geneous Lorentz-group parameters. .

18 In deriving the right-hand side of Eq. (3.29), we have used
(A29) which gives exp[iK3™e(kni1,gni1)] exp[2Ks ™ e(kn,kni1)]
= exp[iKy el gus) ).

14 This is so since matrix elements of the operators J(, K in
the nth frame are independent of # and depend only on the labels
in the states. From now on, when no confusion arises, we shall
drop the labels # on states and operators.
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where [0) is the state with
M:j:k:o’
o=1,

(3.33)

and that
[AD0()]=L759,0(g:)]=0.

The final term in (3.31) is G(1y, and U 1y (¢1) is a required
factor in D ({1).
At the other end,

0]0(P,px+1)TO(gw)
=2(0l0(P,px1)TU ) (qw) |@,0,0,7,0) )
Xan <""107‘7:j’0| 0 (qN(T)) ! w’yM,7°',;j;O> (N)
X anlw’,M’,0',5,01 U oy~ (gw)

where the sum is over w, o, o, M’, ¢/, and j. The
values of the labels entered in the states follow since,
first, pyr1=Fky, second, T is an O(3) scalar, and,
finally, U w)(gw), O(gn), O(P,pny1) commute with
J3@®). The matrix element of O(gy ") is just Gy and
Uy (gw) is a required factor in D (¥n—1). The first
matrix element in (3.34) refers only to the Nth vertex.
We define

OlOP,px+1)TU @y (gn) |0,0,0,7,0) )
=F7i(pyy®,patit) .

(3.34)

(3.35)
Thus finally,

(TY=FGu\DWn-1)Gw-1 GyDW¥1)Gw,

which is to be understood as a matrix product in the
space labelled by w, M, o, 7, \.

The factors F and G in (3.36) depend only on vertex
variables. Note that since in ¥, the variables €(k,gn 1)
and €(gn,kn) also refer only to the (n+41)th and nth
vertices, respectively, the entire s,, S, dependence of
the amplitude is contained through 6, and ¢,. We may,
in fact, regard ¢,, 6., and ¢, as a complete set of scalar
variables alternative to (3.5)-(3.7). To obtain an
alternative form of the amplitude, we can collect
together all the ¢, dependences by combining the pure
boost factors in D(¥,) with the G factors. Thus we
define a new vertex factor

(3.36)

’ 7.7
gny® Mo w, M, 0,5, 5N
_ Y] —i (AP
'—Z: (M 30 5] ,)\[6 1K3t(q"’kn)lM 50 7.75)\>
J

XG(n)w’.M’ v0! w0, M ,5,7,\

X<M?O—lj’xl e":K35(kn—Iyqn) IM70.’.7‘7A> ’ (3'37)

which also depends only on the scalar variables of the
nth vertex, f,, f,—1, and p,?. Similarly, we define

di.)\’,)\ (0m¢n) = <j7>\, I eihqbneih(’n I jy)\>

=eNondani(0,), (3.38)

which contains all the dependence of the amplitude on
s» and S,. The dy7 are the usual O(3) functions. The
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factor Uvy(gqy) in F [see (3.35)] is absorbed in g,
and the remaining factors are defined to be f. Then

(T)= fgand(On-1,9n-D)g -1 - - d (01,91, (3.39)

which is again to be understood as a matrix product.!

If some or all of the summations over the j’s that
are implied in (3.39) are replaced by integrals of the
Sommerfeld-Watson transform, this expansion over
O(3) functions [in the decay region-process (a) of
(3.1)] can be continued into regions of multiparticle
production processes such as (b) and (c) of (3.1). The
expansion then would be over O(2,1) functions and we
would pick up the Regge poles in the vertex factors
gy in the standard way. To obtain the multi-Regge
model for process (b), we would perform the Watson-
Sommerfeld transform in the j’s canonical to all of the
0.

From (A13) we have, for large s,, Snt1, Sz, and finite

by

COSPn~a+bSn/SnSni1, (3.40)
and (for small but nonzero ¢,),
d)\/)\j(en)’\’sn‘i. (341)

If the high-energy limit for process (b) is taken so that
cos¢p, is kept constant, and it is assumed that the
integrals over j are each dominated by a single Regge
trajectory a(f) with factorized residues, the high-energy
behavior of the amplitude is of the form

N
<T>~ H v (¢nytﬂ7tn—1ypn2)5na” (tn) .

n=1

(3.42)

This is in agreement with the result of Bali, Chew, and
Pignotti.!

The analytic continuation into the region of process
(c) will be useful when sy is large but the other s, not
necessarily so. Since here the variable #, is timelike, the
process we are describing is the high-energy production
of a “ky” resonance

prtpa— Potks,
followed by the cascading decay of “ks.”

(3.43)

4. MULTI-TOLLER MODEL

The above expansion has been applied to particle
production in the limit

Sp—> 0, t,—0.

@.1)

However, this limit of cosf, is not uniform, since it
depends on (s#) and the boosts in D(y,) [see (3.29)]
that have been combined with G(.) to form g, are
singular. This is the well-known difficulty pointed out
by Freedman and Wang® for two-body scattering. It

15 Multi-O(3) expansions of the type given by (3.39) have been
obtained previously by many authors. See, e.g., A. J. Macfarlane,
Rev. Mod. Phys. 34, 41 (1962); and W. H. Klink and G. J.
Smith, II, Phys. Rev. 175, 2010 (1968).
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may be solved in a similar manner by returning to the
expansion (3.36).
According to (A27), we can write (3.29) as

Dt nr,in (@)
= <M;°'7j,’>\l I €xp (1]3¢n) eXp(_—i]20nL)
X exp(iK 3€,.°) exp(iJ20,8) | M 0,5, \)  (4.2)

=32 ey (007)dj g™ (€20)dmn? (02F) (4.3)
where [see (A18)]
0nT=0(kn,qn; qni1) (4.4)
0" =0(kn,qn+1; qn) , (4.5)
and
€’ =€(qn,qns1) - (4.6)
Note that
[ M| <min(5",7), 4.7
and
|m| <min(4",7). (4.8)

In the limit s, — «, {,— 0, with #,_1, {41 held finite
and fixed,

0.5, 0,F~1,12 (4.9)
coshe,C~s,, (4.10)
so that!®
DWn)at o, v, i~ 2 exP (iN'@) T
T Xm0 (411)

which is nonsingular at {=0. The leading behavior for
large s, is given by the term m=M, which gives as
the leading term in this limit

Dy,o,it i\ (n)

~ exp (iN o)AV FAIL AN oL (4.12)

Performing all summations implicit in (3.36) except
over those labels on which D(¢¥,) depends, we can write
(3.36) as

= X

M,o,5" N5\

TMwd" NN Dag g e pe ia W), (413)

where the entire s, and ¢, dependence!” is contained
in the explicit functions D(¥»), and the coefficients T
depend on all the other scalar variables. We shall be
interested in using (4.13) in regions in which s, is an
energy and £, is a momentum transfer. There are many
processes for which this is true [see, e.g., (4.16) and

16 For the behavior of the variables 6,%, 6,%, and €,C for large
sn and small ¢,, see (A33), (A34), and (A36). For the behavior of
the 0(3,1) and O(3) d functions in this region, see, e.g., Appendix
C of I or K. M. Bitar and G. L. Tindle, Phys. Rev. 175, 1835
(1968). The F sign in (4.11) depends on whether cos6Z
(cosf®) — =£1 in this limit. This in turn depends on the size of
the masses pn?, pnii? relative to fny1. The subsequent discussion
does not depend on this sign.

17 We are here choosing the independent variables to be the set
ti, si (or 6;), and ¢;.
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(4.17) below]. With this in mind, we make the assump-
tion that, after performing a suitable Watson-Sommer-
feld transformation in the ¢ plane, we obtain a repre-
sentation for the amplitude describing processes such
as (b) and (¢) of (3.1). We further assume that
T3 2,5 g dominated by a Toller pole with quantum
numbers M and o(¢,) and that it is not singular for 2,
small. It follows using (4.12) that the leading terms for
san— o and ¢, small coming from the sums over A and
\" are those for which

A==+M, N==+M.

Substituting into (4.13), this determines the depen-
dence!® of (T') on ¢, to be of the form

(TMA-T-M) cosMpn+-i(TY —T—H) sinM e,

for s, — o, ¢, — 0.

It is instructive to consider the special case of N =3,
illustrated in Fig. 2, with the momenta ordered as
shown. The five independent variables can be taken
to be

tl :k12,

(4.14)

t2=k22, S2=(P2+ﬁ3)2:

s1=(prt+p2)?,

and

S1=s=(p1+patp3)2= (patpo)*. (4.15)

In place of s, we use'” the angle ¢;=¢ defined generally
by (A13). One can see that the 3,* defined in the
Appendix are all spacelike unit vectors for all physical
processes implied by Fig. 2 (i.e., all the p,* are time-
like, positive or negative). Thus cos¢ as a function of
the variables defined in (4.15) will (for physical
processes) always lie on the range (—1, 1). In fact, for
whatever process one discusses, ¢ is the angle between
the planes whose directions are given by piXp, and
p3Xpq in the frame p.=0. For the process (b),

Potpa— P1tDatDs, (4.16)

¢ is what we shall call’® the “Toller angle,” whereas for
the process (c),

p1+p2— Po+Ds+Ds, 4.17)
¢ is the Treiman-Yang angle.?0
For N =3 the general formula (3.36) becomes
(T)=FGsD(¥)G2D(1)G1. (4.18)

We use the results of Sec. 3, especially Egs. (3.31),
(3.34), and (3.35), to obtain the labels which will
appear on the D(y¥;) matrix in the expansion (4.13).

18 To obtain this result, we have used the fact that if a Toller
pole leads to a term in the amplitude of the form 7™ exp ((M¢,),
parity conservation requires the existence of the term 7—M
Xexp(—iMen). Here, TM is an abbreviation for the amplitude
in (4.13) multiplied by s,

1 The decomposition of a process such as (4.16) has been
written down earlier by T. W. B. Kibble [Phys. Rev. 131, 2282
(1963) ] and K. M. Ter-Martirosyan [ Nucl. Phys. 68, 591 (1965) 7,
who introduce the angle ¢.

% S. B. Treiman and C. N. Yang, Phys. Rev. Letters 8, 140
(1962).
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Thus, using (4.3), (4.4), and (4.6), we have
Do,o.in000) =22 e™drn?(0:%)dj,m, o (1),  (4.19)

and the expansion becomes

(Ty= 22 T0os™00Dy 4 in0,0(1),

0,5\

(4.20)

where the ¢ and s; variables appear only in the explicit
D(yy) function and not in the 7. We now assume that
we can take the limits s;— e« and {;— 0 inside the
summation sign? in (4.20). Using (4.11) and (4.12),
it follows immediately that (T") is independent of ¢ in
this region of the (s1,t;) plane.?? That (T') is independent
of ¢ is because we have been assuming the particles to
have zero spin. When one includes spin (see Sec. 5),
the sum in (4.20) will also run over M, with

where jo and j; are the spins of the particles labelled
“0”” and “1,” respectively. Thus, in general we will have

Jo+i1 .
(Tsrow 0= 2o [fu(s2,ts)e’™®
M=0(}) .
+f—M (32112)6_””‘#]31”_1 ]

and the assumption of the dominance of the amplitude
by a single Toller pole with quantum number M will
lead to a unique ¢ distribution in the high-si, low-t;
region of the process.

In particular, let us consider the specific reaction

N1+7r2-——> N0+7I'3+7l'4, (423)

corresponding to the labelling (4.17) where the N’s are
nucleons and the #’s are pions. In this case s; is the
total energy of process, #; the momentum transfer from
initial to final nucleon, and ¢, the energy squared of the
(ws,ms) system. If we assume that this amplitude is
dominated by a pion Toller pole in the variable ¢, the
M value of this pole can be obtained by studying the
distribution in the Treiman-Yang angle? for the large-
energy, low-momentum-transfer region of the process.
The value {=0 is not physically accessible in this
reaction. However, the minimum value of |4 is

(4.22)

my?(la—mi2)*/se?, (4.24)

for large s1. For ¢ in the neighborhood of m,2, say, small
values of |1| /ma® are reasonably accessible.

| »Processes in which the value #;=0 lies within the
physical boundary can easily be found. Choosing the

2L If the sum over o appearing in (4.20) is only over a finite
number of terms (i.e., if there are a finite number of Toller poles),
then this interchange is clearly possible.

2 The angle ¢ is the angle between the normals to the (po,$1,22)
and (pq,ps,ps) ‘‘scattering planes.” The ¢ dependence of the
matrix elements has been obtained for those events for which the
angles 6;~ and 6,® are small (i.e., #; small as s; — ). It is im-
portant that neither 6:% or ;% is actually zero, since then the
“scattering planes” are not defined.
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labelling (4.16), the necessary conditions are

mot > mi? N (425)
and
M42 <Sz. (426)
For example, _
No+Ny— mitmetms (4.27)

would be such a reaction provided that we stick to
events® for which the energy in the (ms,m;) system is
larger than my. Note that in this case, ¢ is the Toller
angle, ie., the angle between the (Nim;) plane and
the (Vo,m1) plane in the rest frame of the m,. Also large
sy means large (m1,m;) energies, and ¢ is the momentum
transfer from Ny to my.

5. CLUSTER APPROXIMATION AND SPIN

Only trivial changes are necessary if, instead of a
single particle at each vertex, there is a cluster of, say,
C.+1 particles at the nth vertex with specified masses
and four-moments by, be, ..., b¢,, bc 11,

Cnt1

Pn= Z b;.

=1

(5.1)

Each cluster gives rise to 3C, scalar variables—to be
referred to as the cluster variables—additional to those
considered in Sec. 2 which may be taken to be the
directions of the vectors b:* (1=1,2,...,C,) in the
nth frame. The other variables can be taken exactly
as before, with the new definition®* (5.1) of p,. (This,
of course, reduces to the old definition when C,=0.)
The dependence of the amplitude on p,? may still be
regarded as dependence on the external masses, since
the value of p,?is determined by the specification of the
mass of the (C,+1)th particle in the cluster (which
reduces correctly to p,’=m,? in the no-cluster limit
when C,=0). The general analysis of the amplitude
given in Secs. 2 and 3 is immediately applicable, pro-
vided only that G, is allowed to depend also on the
nth cluster variables.

Finally, we briefly sketch the formalism for particles
of arbitrary spin for the amplitude which, for simplicity,
we take to be that of Secs. 2 and 3 (that is without
clusters).

2 For processes of the type (4.27) the ¢ dependence can in
general be somewhat more difficult to extract in the “multi-
Toller” region, i.e., where s; and s, are both large and #, #; both
small. In this region the ¢ dependence can be governed by M1, M,
or a combination of M; and M5, depending on the relative (si,ss)
and (f1,t;) values. An analysis of events of type (4.27) in the high
s1, S region has been made by Chan Hong-Mo, K. Kajantie, and
G. Ranft, Nuovo Cimento 494, 157 (1967). They assume that
(T) is a slowly varying function of ¢. See also I. T. Drummond,
Phys. Rev. 176, 2003 (1968).

24 Qur coordinate frames differ from those of Bali ef al. (Ref. 1)
in that they are defined in terms of “scattering planes” rather than
“cluster frames.” The advantage of our choice of frames is that
there is no difficulty in passing to the “no-cluster” limit (i.e.,
Cn=0, all #). Also the dependence on ¢, is always explicitly
displayed.
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The general n-particle state was defined in Sec. 2,
Eq. (2.15). The implication of that definition is that
the spin components of all z particles is measured in
some fixed frame. It is convenient for the later ex-
pansions to take the spin components such that the
spins can be combined consecutively in a given order.
That is, we shall specify the spin components of
particles “0” and “1” to be the helicities in the (0,1)
c.m. frame, the spin component of particle “2” to be
the helicity in the (0,1,2) c.m. frame etc. To this end,
we define the nth-particle state in the nth frame thus?:

|0 3nAa}=0 () U™ (pn) | omyfnhn) oy (5.2)

where the index [#] implies that the boost U is a
function of the operators J,,!™ which operate only in
the space of the nth particle; and the suffix () implies
that the boost is the #th-frame boost [see Eq. (3.20)].
In (5.2) the label o, is an abbreviation for the pair of
labels M,, ¢, which specify a representation of the
homogeneous Lorentz group.

The argument then goes essentially as before, pro-
vided we note that in the expression [see Eq. (3.22)]

0(gn) =U (»y(g2)0(¢2) U (™" (gn) , (5.3)

only those operators J!“ are involved for which?®

i<n. (5.4)

The combination of factors appearing in (3.24)
which go to make up D(¢..) [defined by equation (3.29)]
also involve these same JUl operators times an addi-

tional factor
LU an "1 (gns) I

This latter operator depends only on the J,,!*™! and
so commutes with all the B; and O(g;) operators to its
right. In can then be combined with the operator
U a1 (pay1) In (5.2) for the (n-+1)th particle to
form a spinor. Thus, for the nth particle, we define

(5.5)

(an’jﬂlak"/ I Un [ an,j”)"ﬂ)
=(0n, 70/ M’ | Uy 1" (gn) U () 1™ (p0) | 0y fnshn) - (5.6)

The final result for the amplitude is then? of the general

2% The \, are thus eigenvalues of the ‘“covariant helicity”
operators W ,["ly,# where W[l are the Pauli-Lubanski operators
defined by (2.3). Note that W,lly»=0. For this particle we
specify W,[0y#. Thus, we are specifying the spin components of
particles “0” and “1” to be the helicities in the (0,1) c.m. frame.
Also W,IWHlyyr=0. Since the process under discussion is the
decay of particle N+1, we can choose its spin component to be
the z component of J,, N1 where yy* is taken as the z axis.
See G. Feldman and P. T. Matthews [Phys. Rev. 168, 1587
(1968) ] for the properties of “covariant helicity.”

26 This is immediately obvious from the definition of the oper-
ators Qn given by (3.10) and (3.9).

27 A possible choice for ¢. is pn [see Eq. (3.11)7]. This would
be a great simplification by reducing all but two of the v, to unity.
Thus, in the initial state, we would have remaining o= U 1yl (p1)!
XU (po), and in the final state a factor vy = Uy (pn).
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form

(T)=(ons1,jv+1, 41| FG anvw
XD (Yw-1)G w-n¥n—1D Yx—2) - - -Geyva
XD 1)Gwyv1vo| oo, ooy« « .o, JxAw) s

where v9=U 1)1(g1)™U 1y (o) .

The matrices Gy and D(¥.) are diagonal in the
space of all particles ¢ for which 7> #. The nth-particle
labels enter the matrix product in (5.7) from the right
in a nontrivial way through the spinor v,, and are
active in the matrix product in factors which lie to the
left of v,.

The spinor factors are well behaved in the s — oo,
t— 0 limit, so the multi-Toller approximation goes
through as before.

(5.7

6. SUMMARY

Using the projection-operator technique developed
previously,* we have obtained a multiple expansion of
the N42 particle amplitude into O(3) and O(3,1)
functions. This amplitude may be regarded as a series
of pseudoscattering processes. The Toller variables!:?
(in the no-cluster limit—only three lines at each vertex)
are just the angles that appear in the transformation
from one scattering frame to the next. In particular,
the “Toller angles” ¢, are just the angles between the
perpendiculars to two successive ‘“‘scattering” planes.
The use of frames of reference defined in terms of
“scattering” processes, rather than the cluster frames
used by Bali et al.,! leads to a minor simplification in
the phase factors, which appear in the final formula
(3.39).

By suitable analytic continuation of the O(3) ex-
pansion into the high-partial-energy regions (s, — ),
we obtain the multi-Regge expansions previously
derived by Bali et al.

The expansion in O(3,1) functions shows that prob-
lems of analyticity in the multi-Regge region for small
momentum transfers (¢,— 0), can be removed in a
manner similar to that for scattering processes. In
addition, we see that the value of the M quantum
number of a Toller pole can be found by measuring the
distribution in the Toller angle for large energies and
small momentum transfer. In a suitable region of the
other variables, the Toller angle is just the Treiman-
Yang angle. Further, if we assume that we can inter-
change high-s limits with summations over O(3,1)
amplitudes, it is possible to show that the dependence
of the production amplitude on ¢ (in the small-# region)
is a Fourier series with the maximum frequency given
by the sum of the spins at the ¢ vertex.

APPENDIX

In this appendix, we define the #th frame and obtain
the Lorentz transformation which takes the nth frame

G. FELDMAN AND P. T. MATTHEWS 1

into the (n4-1)th frame. The nth frame is defined by
the orthogonal tetrad?®

(Vn#)anﬂ)ﬁn“fyn”) )

where
vVt = /%n ,
kn“=z Pi”, (Al)
i=0
Vn”'(Vn' Vp— )‘Vn— ®
o= T (A2)
[(Vn' Vn..1)2— 1]1/2
(Bn)w= €urnpkn1"n k1 /[ (kn-s,knbns1) 72,  (A3)
and
(an)n = en)\rpyn)‘ﬁnmynp ) (A4)

and ®(a,b,c) is a Kibble function. (See I, Appendix A.)
Thus,

— 4D (kn_1,kn,kont1) =4bn—tbptni1+ Enttn1—pa)
X (tn+1+tn - pn+l2) (tn+1+tn~1 -Sn)
- (ln+tn—l _Pn2)2tn+1 - (tn+1+tn —Pn+12)21n—1
- (tn+1+ln—1 -sn)ztn .

For the multidecay process (3.1a), all the k,* are
positive timelike and thus

(AS)

vai=—anti=—Fpt=—vy.2=1. (A6)
Note also that successive frames are such that
Vn+1'ﬂn)=7n+1'.8n=ﬂn+1'Vn=an-hl'1’n=0- (A7)

In each frame », we define the set of Lorentz gen-
erators that implies that the unit tetrad (v.*,en®,BxYn*)
is taken to be the coordinate frame (f,x,y,2). Thus we
shall have, e.g.,

T =T, Ean"]ﬂ)\ﬁn)\ , (AS)
JoW=J3 ™ =74 pan?, (A9)
KyW=Jp™=p,m] vy, (A10)
and
(J(n))2= (ﬂn”]u)\'}’n)\y'{" (7"” “)‘a")\)2
+ (T BaM2.  (Al1)

By operating on the unit vectors in the (4x,y,)
directions, respectively, it is easy to see that the Lorentz
transformation which takes the nth frame into the
(n+1)th frame is B,(X.), where

Bn(xn)EBn(én,on,d)n) =exi)(_i0nj2(n))
Xexp(—ieaKs™) exp(—igas™), (A12)

28 The nth frame has been chosen to be the c.m. frame for the
pseudoscattering process (3.19) (i.e., »»* is the time axis). The
z direction vy,* is the direction of the incoming “beam’” particle
kn—1, in this c.m. frame. The y direction 8,* is the normal to the
““scattering” plane.
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where
— 08¢0 =But1-Bn =3[ nttn1—p:2) Cnr1Ftn—pari®) (nrattari— puy®) + (bnprttao1—5) Gnaottn—Sni1)
X (tnp1ttn—prpr?) F4batni(tarettn1—S0) = 20 (tar1Htn1—52) (bnyattng1— Pass?)
— (g1t tn—Prp 1) (tnyattn1—Sn) = 2tni1(tngot-tn—Sny1) (bnt-tn1—pn?) ]
X[@ (kn—l,kn,kn+1)q) (kn,kn+1,kw}—2)]~1/2, n= 1, 2, ooy N-=-2 (A13)
coshe, =vn11Vn=Fni1-Bn=Fni1- Bn/ i tked) V2= (tattni1— pup2) /2 (nbny )2, n=1,2, ..., N—1 (A14)
and
€080, =080 (YnyYni1} V)
=C080(qn,Gnt1; Vn)
=080 (PnyPni1; V) (A15)
=C089(kn_1,kn+1; Vn)
= _"Yn"Yn+1/Vn' Va1
2tn(tn +tn— "‘Sn)_(tn_!—ln— _P‘nz)(tn +tn_Pn 2)
o I ! ~ Y w=1,2,...,N—1 (A16)
A (ln,tn+1,Pn+12)A (tn—l,tn;Pn2)
where (J (n))2| M:"':j;)‘>(n) =](]+1) IM)U7j7)\> (n) (A23)
A2(x,y,2) =a2+yrtat—2ay—2y2—2zx,  (AL7 . )
and (x g Z) ¥ +y +Z xy - Zx ( ) ]3(n) ! M,O',],)\>(n) =\ I M:U;]7)‘>(ﬂ) b (A24)
cosb(a,b;c)=dc-b., (A18)  with
M<jg.
where d. is the unit three-vector in the direction a in .
the frame in which ¢=0. The various equalities in From (A20) it follows that
(A15) follow from the definitions (3.4) and (3.11) and | M 0,5\ nr1y =Bn(Xa) | Moo, Ny, (A25)

the fact that all the vectors in (A15) lie in one plane.
Note that the factors which appear in B, (X.), defined
through (A13)-(A15), have very simple physical inter-
pretations in terms of the nth and (z-1)th “scattering”
subprocesses (3.19). The rotation through ¢, aligns the
scattering planes, that through 6, aligns the ‘“beams,”
and the boost e, relates the two total momentum four-
vectors. Of course 8, is also the c.m. scattering angle in
the nth subprocess.
If we take the tetrad (vi*,0.*,8.*,v*) in the (¢x,y,2)
directions, respectively, then we obtain
Vny1*= (coshen, sinhe, sinf,,0, sinhe, cosby,) ,
an1*= (0, cos, cospy, sing,, —sinb, cosp,
+1 ( ) ¢ ) ¢’ ‘ ‘ ¢ )) ( Al 9)
Bay1*= (0, —cosb, singn, COSPy, Sinb, sing,) ,
Yny1*= (sinhe,, coshe, sinf,,0, coshe, cosy) .
From the definitions of B,(X,) and J ™ we have
T = B (X)) J W B, 1(X,). (A20)

We introduce “nth frame states,” which are repre-
sentations of the homogeneous Lorentz group, by
defining them as follows:

(J2_K2) l M;":j)‘)(ﬂ) = (M2+‘72—- 1) IM,G’,j,)\)(,,) ’ (Azl)

J K[ M10'7j:)\>(") = '—iMG'I M)”;j)‘)(ﬂ) ’ (AZZ)

Thus, substituting for B,(X,) from (A12), we obtain
(M(M’)o',)jl?)" ' M7U;j))‘> (n+1)
=850 (ny(§'N'| €xp(—i0nT2™) | 5Ny
X (m(M,O’,]",)\ ! exp (—1e,K3™) iM,O',]',)Q(n)
X my (A exp(—idnT 5™) | N} (n)
= 0050 dan? (04)d i (€n) exp( —i\pn) , (A26)

where the d7() and d™?(e) are the conventional O(3)
and O(3,1) functions, respectively.

A useful identity which helps to transform O(3)
expansions into O (3,1) expansions is (see I, Appendix B)

exp[iKse(a,b)] exp[iJ 10 (b,c; @) exp[ —iKze(c,a) ]
=exp[ —iJ20(a,c; b)] exp[iKse(c,b)]
Xexp[iJa0(b,a;¢)], (A27)

where @, b, and ¢ are any three timelike four-vectors and
coshe(a,b)=a-b, (A28)

and cosf(b,c; a), etc., are defined in (A18). Tor the
special case of @, b, and ¢ in the same plane,

exp[[iK ze(a,b) ] exp[iKze(c,a) ]=exp[iKse(c,0)]. (A29)
We may also write (see I, Appendix A)

4 (a-c)(b-c)—(a-b)c"]
A(a%,2, (a£0)?) A(B%,¢% (b==c)?) ’

cosf(a,b;c)=

(A30)
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and | and
4 P (a,b,c) ]2 0 Yot 12
sinf(a,b; ¢) = CoA3) o 0(knsgniss gn)~ a2 (A34)
M@, (a£0) AW, (b0) imilarly, o
Sn—Pn" — Pnt1
If for example we take @, b, and ¢ to be &y, pn», and coshe(pn,pnr1) = m 435
Pas1, respectively, one finds that as s, — , (pupnit®) (A35)
0(kmﬁn; Pn«}-l)'\/lnllz, for tn small. (A32) ~Sp, A4S Sp—> .,
Choosing ¢, and gn41 as in (3.11), we find also that as Similarly,
Spn—> 0, coshe,= coshe(qn,qnt1) (A36)
g(km‘In, Qn-{-l)’\’tnlm, (A33) ~Sp aS Sp—> O,
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Simply Factorizable n-Point Amplitude
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A general z-point amplitude based on tree diagrams which has Regge asymptotic behavior and poles in all
channels, but which is not dual, is explicitly factorized, and the coupling of three or more Reggeons is
computed. The degeneracy of levels of the factorization of the n-point function is #2, the same as in the
four-point function. Group-theoretical implications are briefly discussed.

I. INTRODUCTION

T is of interest to have an #-point amplitude con-
taining infinite multiplets of states that is explicitly
factorizable in every channel. One can then define
arbitrary amplitudes with external particles of arbitrary
spins through the factorization, in particular, the
coupling of three or more Regge poles or composite
particles.

For the #-point functions' based on the Veneziano-
type four-point function, the factorization problem is
very complicated and exhibits a high degree of de-
generacy of the type ¢¥”.2

Here we present a model based on the four-point and
n-point representations given by one of us® which allows
a very simple factorization with the same #? degeneracy
as the four-point function. The model has crossing sym-
metry and Regge asymptotic behavior in all channels.

* Supported in part by the U. S. Air Force Office of Scientific
Research under Contract No. AFSOR-30-67.

t Supported in part by the National Research Council of
Canada.

1K. Bardakci, H. Ruegg, Phys. Letters 28B, 342 (1968);
Chan Hong-Mo, :bid. 28B, 425 (1969). For further references,
see Chan Hong-Mo, CERN Report No. TH.1057, 1969 (un-
published).

2 S, Fubini and G. Veneziano, Nuovo Cimento (to be published).

3 J. W. Moffat, Nuovo Cimento 644, 485 (1969); J. W. Moffat,
Nuovo Cimento_Letters 2, 773 (1969).

It does not have the so-called “duality” in the sense of
the Veneziano model that the sum of the s-channel
poles alone also contains an infinite number of poles in
the ¢ channel. On the phenomenological level, all the
experimental successes of the Veneziano model can be
reproduced in an equally if not more satisfactory way
with this model.3~5 On the theoretical side, whether
there is a duality in the strict sense of the Veneziano
model is a matter of dispute. What we want to show is
that a reasonable model exists in which the coupling of
all higher spin states is explicitly obtained from the
amplitude and to exhibit general amplitudes with
arbitrary spins. This information is crucial for a group-
theoretical understanding of the multiplet, which we
also briefly discuss. If we are working with a definite
composite system, which has a certain degeneracy, we
can put a physical requirement on the #-point amplitude
to the effect that the factorization of an #-point ampli-
tude should give the same degeneracy as the four-point
amplitude. This is the case for the present model.

In Sec. IT, we discuss the prescription for constructing
the “pole” diagrams for the amplitudes described by
the multiperipheral diagrams (Fig. 1) and other

4 H. H. Aly, Fayyazuddin, and J. W. Moffat, Nuovo Cimento
Letters 2, 327 (1969).

5J. W. Moffat, University of Toronto report, 1969 (un-
published).



