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We continue our study of the contribution of a Regge-pole family to the scattering amplitude. Total-spin
states are constructed, which allow us to expand the off-shell scattering amplitude in a series of representation
functions of the Lorentz group. The contribution of the family is transformed into a form which strongly
reminds one of a Lorentz-pole contribution, even at nonzero momentum transfers ¢£. The most general
dependence of the Regge-pole residues on the total helicity A and daughter index « is given in terms of two
arbitrary functions of composite variables £5(j4-1) and AX, where A= {[{— (m1—m2)2[t— (m1+m»)2 ]} 2.
The contribution of a family to the scattering amplitude constructed from these residue functions and the
trajectories given in a previous paper is the most general one satisfying all kinematic constraint relations

at t=0, pseudothreshold, and threshold.

I. INTRODUCTION

HIS is the second of a series of papers in which we
set out to solve the general problem of con-
structing a Reggeized scattering amplitude satisfying
all requirements of Lorentz invariance and analyticity.
The first paper of the series! deals with the determina-
tion of the most general behavior of a family of Regge
trajectories consistent with the above requirements. In
this paper we discuss the most general form of the Regge
residues. Our aim is to give a form for the residue that
can be easily parametrized for phenomenological
analysis.

Since unitarity requires that the residue of a pole be
factorizable, we shall work with Regge vertex functions,
i.e., the vertices which couple Regge trajectories with
two-particle states. The problem to be solved here is the
determination of the most general structure of the
vertex function such that the contribution of a Regge
family to the scattering amplitude is analytic at vanish-
ing momentum transfer, £=0, and at the same time
satisfies the constraint relations at thresholds and
pseudothresholds. To achieve this, we study the depen-
dence of the vertex function on the following variables:
«, the daughter number; A, the total helicity of the two-
particle state; and o and M, the quantum numbers
which characterize the family at ¢t=0.! Although our
method differs from that of Cosenza, Sciarrino, and
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Toller,? we essentially accomplish the task outlined in
their series of papers.

The underlying group-theoretic part of the problem
is described and solved in I for a less general scattering
process in which both the initial and final state have a
spinless particle. This arrangement avoids the difficulty
of having to couple the spins of a two-particle system in
a covariant way. A crucial step in our solution to the
general problem is the use of “total-spin” amplitudes
based on ‘“total-spin” states. This concept of total spin
is the covariant generalization of the “north-pole-
frame total spin” introduced by Toller.? The total-spin
states, defined and discussed in Sec. II, transform as if
only one of the particles has spin. Hence the amplitudes
based on these states can be treated in exactly the same
way as in I. Having disposed of the problem of spin, we
return to the line of approach of I in Sec. I1I to give the
expansion of a Regge vertex function in a series of
representation functions of the Lorentz group. In spite
of the fact that the trajectories are in general non-
parallel, we are able to sum up the contribution of the

‘whole family into a form which resembles the contribu-

tion of a single Lorentz pole. This form is convenient for
establishing analyticity at =0 as well as the fulfillment
of the constraint relations at {=0 (equal-mass case).

The Regge vertex in the form of an infinite sum of
representations, however, is not convenient for practical
use. Specializing to the unequal-mass case, we study in
Sec. IV the behavior of the representation functions
near the special values ¢=0, threshold, and pseudo-
threshold. With the help of the method of composite

% G. Cosenza, A. Sciarrino, and M. Toller, Nuovo Cimento 57,
253 (1968).
8 M. Toller, Nuovo Cimento 53A, 671 (1968).
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1 REGGE TRAJECTORIES AND RESIDUES. II

variables,’* the infinite sum is reduced to a closed,
compact form useful for parametrization. It is also
shown in Sec. IV that the unequal-mass constraint
relations at threshold and pseudothreshold are satisfied
by the contribution of each daughter alone. The pro-
cedure of Sec. IV is repeated in Sec. V for the equal-
mass case. Here, however, for reasons to be seen later,
our results are in a less convenient form and are perhaps
less general. The constraint relations at threshold are
again satisfied by each daughter alone, but the same is
not true at pseudothreshold (which coincides with ¢=0);
the constraint relations are satisfied only by the family
as a whole. All the important results of this and the
previous paper are summarized in Sec. VI.

Two appendices are included. They carry the more
technical parts of the discussions of the paper.

II. TOTAL-SPIN AMPLITUDE

In I we have shown that the wave function of a two-
particle state has a simple expansion in terms of the d
functions of the Lorentz group if one of the particles is
spinless. When both particles have spin, the spins have
to be combined to form a “total spin” before the simple
expansion can be used. At special values of total energy,
i.e., threshold and pseudothreshold, the total-spin states
are well known.5 Since at these values both particles are
at rest in the c.m. frame, their spins combine just like
angular momenta. At threshold,

iPl,i’z,SJ\)"’ > (51)\1, 52_')\2‘5')\)
A1h2

X[ psA)® | pasahe),  (2.1)
and at pseudothreshold,
IPI;Pz,SNNXZX (—1)=22(sh, s2—N2|sN)
b X|p1sA)® | pasaha) . (2.2)

The extra phase factor in the latter arises because the
momenta of the two particles are not in the same
light cone.

The problem of this section is to define a covariant
total-spin state which (i) transforms like a one-particle
state with spin s and helicity A and (ii) reduces to Eqs.
(2.1) and (2.2) at threshold and pseudothreshold, re-
spectively. To this end, we generalize the transforma-
tion rule of a one-particle helicity state,®

U(L) IP,S,)\> = U(L) U(AZ’) |P07s’)‘>
=2 DD (A7 'LA,),  (2.3)
“
by introducing a new state,

IP,S:)\(k»:Z Ip’sﬂ“‘)Du)\s(AP_lAk) ) (24)

4 P. K. Kuo and P. Suranyi, Phys. Rev. Letters 22, 1025 (1969).
5 M. J. King and P. K. Kuo, Phys. Rev. D 1, 442 (1970).
6 The notation is the same as in I.
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where D,\* is the (2s-+1)-dimensional representation
function of the SU(2) group generalized to the SL(2,C)
group.” It can be verified that this new state transforms
according to

UL) | psAl) =2 | Bys,u(B)) Dy (AxLAL),  (2.5)

where p=Lp and k=Lk, i.e., the spin transforms as if
the momentum of the particle were £.8 Having freed the
spin from the particle momentum, we can define a
two-particle state for which both spins transforms via
the same Wigner rotation:

[ $1,51,M(R)) @ | p2,52,Ma(k)) -

So, combining these states together by means of
Clebsch-Gordan coefficients, we obtain’ the, total-spin
states

| Ply?%&M@) = )\Z}\ (51)\1,82)\2 I S)\)
X | p1sna(B))® | pasaha(k)).

It follows immediately that this state has the desired
transformation property

UL) | p1pesh(k)) =2 | pr,pasu(l)) D (A5 'LAL),  (2.8)

(2.6)

2.7

where p;=Lp;. For convenience, we choose k=p;
(assuming m;>m,) and denote our total-spin state

simply by | pip2,s\):
| prpash) =sz (A1, SN —A1|SN) | p1sihs)

h ® | pasahe) Dapn—n®2(As~ A1), (2.9)
whose transformation rule is

UL) | prpesh) =2 | prpasu)Din®(Ar*LAy) . (2.10)

In the c.m. frame, the D function in Eq. (2.9) becomes

Dy ™Ay Ay) = ettt O tiginmgy, 4y, (2.11)
where
t+mi2—mo? t—mi2+mo?
coshfy= ——— , coshfy= ——«—
2t1/2m1 2t1/27ﬂ2

At threshold, {=(m;+m,)? and £=£§=0, so that Eq.
(2.9) reduces to

lPd)gS)\) = ('—‘1)82 Z (S1)\1, Sz*)\ﬂé‘)\)
A2 :
X IP131)\1>® ]p232)\2>. (2.12)
At pseudothreshold, ¢=(m;—m2)?, £,=0, &y=1ir (since

7 G. Cohen-Tannoudji, A. Morel, and H. Navelet, Ann. Phys.
(N. Y.) 46, 239 (1968).

8 The transformation rule for spinor states is obtained if we
choose £ to be the null vector.



3426

m1>ms); Eq. (2.9) reduces to
|p1pash)= 3 (=1)222(s 1Ny, s2—N2|sN)
AA2

X | p1siA)® | pasahe).  (2.13)

We have seen that the total-spin states defined by Eq.
(2.9) satisfy all requirements. We are now in position to
discuss the total-spin amplitude which is the S-matrix
element between the total-spin states. It follows directly
from Eq. (2.9) that

Tovaa=2 Trgprurana(SANSaA —A1| X)) Dagr—n*2(As~ A1)
N

X (s3\aS N — Nz S'N) Dy a™ (A 1As) . (2.14)

The transform rule for T follows from Eq. (2.10):
Tonan(prpepsps) =2, Torwsu(Prpapsps)
|77

XD,,)\‘?(AI_ILAl)D,u)\'s’*(Ag_lLA:;). (215)
This rule is the same as for the helicity amplitude with
sa=54=0, s;=s, and s3=s’. It then follows that all the
results of I apply equally to the total-spin amplitudes.
From this point on, we shall restrict our discussions to
the total-spin amplitudes. Once their structure is known,
the structure of the helicity amplitudes can be obtained
immediately from the inverse of Eq. (2.14):

Toaovnme= 2. Tonsa(sthsah —A1|sN) Dyapn, (A1 A9)

shs’N

X (Sg)\ss,;)\' —\s3] S/)\')D)\'_)\3)\4“*(A3_1A4) . (216)

The threshold and pseudothreshold constraint rela-
tions for the total-spin amplitudes have been discussed
by King and Kuo?®; they again agree with those for
helicity amplitudes with s;=s5,=0, s;=s, and s;=y¢".

The problem of total spin has often been mistreated
in the literature by building the two-particle state by
combining one-particle helicity states simply through a
Clebsch-Gordan coefficient (s\|si\1,52M2). The total spin
defined in this way is certainly not covariant and the
expansion coefficients of the representation functions
of the Lorentz group will be helicity dependent. Such a
helicity dependence was noted in a paper of Bitar,?
where it was required that at threshold and pseudo-
threshold the amplitude has extra factors, thus giving
rise to the right combinations given by Egs. (2.1) and
(2.2). This requirement is still not enough, however, to
satisfy the constraints at the singular points; we have
constraints on the expansion coefficients of the ampli-
tude around these points as well. A correct treatment
of the problem of total spin was outlined in a paper of
Frazer et al.,'® who, however, described in detail only

9 K. M. Bitar, Phys. Rev. 180, 1477 (1969).
o W. R. Frazer, F. R. Halpern, H. M. Lipinski, and D. R.
Snider, Phys. Rev. 176, 2047 (1968).
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the case of one spinless particle in both initial and final
states. Nevertheless, the method they offer, namely, the
application of spinor amplitudes, leads to correct results.

III. EXPANSION OF RESIDUE FUNCTION AND
LORENTZ POLE FORM OF CONTRIBUTION
OF FAMILY AT ¢#0

In the first part of this section we shall give the Regge
vertex functions (the product of which gives the residue
function) as a sum over representation functions of the
Lorentz group, da;7®(£). At first the most general ¢ and
« dependence of the expansion coefficients will be given.
This result is a more or less trivial consequence of the
introduction of the method of composite variables!* and
the treatment of total spin given in Sec. II. We do not
distinguish between equal- and unequal-mass cases until
Sec. IV and, therefore, do not specify the value of the
boost angle &.

As one can see from Egs. (3.17) and (3.18) of
I [(X3.17) and (I3.18)], the wave function satisfying
equation Ky =0 agrees with the Regge vertex function.
Of course, a normalization constant remains undeter-
mined by the homogeneous equation, so we shall work
at first with an arbitrary normalization and defer this
question to Appendix A.

As a first step, we introduce the parity-conserving
combinations for the partial-wave projections of the
wave function defined by Eq. (I 3.23):

'l'fﬂM(i) (9251) =¢joM(q2;t) :t‘//jU‘M(gat) .

It follows from the orthogonality of the functions
A" M@ that the wave function ¢,°M &) (g2f) satisfies
Eq. (I3.24) with K;j7#o'#'(p2 g%1) substituted by
KoMo s @ (p2,g21) and ¢;70(g%1) by ¥, & (¢g2,1).

Using standard techniques of perturbation theory,
one is able to calculate the wave function in terms of
those at ¢=0:

3.1)

Y7 M (g20) = bo5 0™ & (¢?)
KoM (g2, g% 1)
K e (g2 % 1) — K77 (g, ¢ 1)
X‘/’OUM(:E)(QIZ)_I‘ ey

-|-47r2/dg’2 q'?
3.2)

where yo"M@)(¢%) is the solution of the eigenvalue
equation (I 3.24) at t=0. The quantum number I is
determined at {=0, while & is the solution of Eq.
(I 3.33), ) =a,F(¢) +«. We note that ¢ and M differ
from & and M by integers.

Using Egs. (I3.31) and (3.2), and repeating the
considerations of Sec. III of I, we obtain the most
general 7 (or k) dependence of ;" &) (f) [from now on
we omit the ¢® dependence of ;M) (g2,¢) which is
inessential from the point of view of our further
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considerations J:

I(o>+j+2) T(o>—j+1)

I'(o<+j+2) T(o<—j+1)

T(M>+j+1) P(j—M<+1)7

(M <+j+1) I'(f_M>+1):|
X[a(t,t)%tud(tt)],

¢].°’M(i)<t) =[”°/2[

3.3)

where no=|M —M|+|oc—¢&| and o> and M are the
larger of o, @ and M, M, respectively.

The residue of the daughter trajectories is given
essentially by the partial-wave projection of Eq.
(I3.23),

YO =5 daMBOPIO@).  (34)
M

This expression, together with Eq. (3.3), will serve as
a basis of our further considerations in the following
sections, where we shall give the most general form for
Regge vertices, which will be useful for parametrization.

Let us turn now to the question of normalization. The
partial-wave scattering amplitude near one of the
daughter poles has the form

(£) (B)* / ’
T~Nj2(t)¢(l)] (9o, |Q|jt)*//(2>; (¢d,1q |,l)’
J—a(?)

(3.5)

where ¥ 1);® and ¥ (); are the wave functions for
initial and final states, respectively, normalized to unity:

twwafww&MMﬂ»Mmaumw=L

In Appendix A we show that N2(¢)|j—a, ) canbe
given as

N l jmax B0y =G(t, 11, £157)

13 1
x[l— —F(t, t, itﬂz)]
aj

where G(Z, t1, Z=157) is a regular function of its variables
near (=0, while F(i, t, tz)=f(t,t1)Eimg(tt) was
defined in Eq. (I 3.33).

Using Egs. (3.4)-(3.6), we finally obtain, for the
normalized Regge vertex function,

Faa @)= T da S (@)
o, M

, (3.6)

Je=a (1)

» 3.7

j=a (5)(t)

9 —1/2
X[l— —F(t, t, im)]
aj

where we have absorbed function G(¢, #, ®¢3) into
b)),
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The summation over M extends from O to s, while in
o it extends from j to infinity.

The coefficients of the expansion (3.7) were studied
in several papers. The x dependence of the first few
derivatives of ¥,”M &) (¢) in ¢ at =0 was determined in
papers of Domokos and Suranyi! and Kuo and
Walker.!? Bronzan!? was able to give the x dependence
of arbitrary order of derivatives of the functions
7.2 (). In a recent paper, Durand, Fishbane, Klein,
and Simmons! have given a form for the coefficients
Y7 ME)(), but their approach is entirely different. So
a direct comparison with our results at this stage is
very hard.

We regard Eq. (3.7) only as an intermediate step
towards the final formulas we shall obtain in Secs. IV
and V. The infinite sum in Eq. (3.7) is certainly not
useful for practical applications (parametrization,
phenomenology). Even from a fundamental point of
view it is not satisfying: It does not give the right
number of independent constants in a given order of ¢.
We shall show in the following sections, after a study of
the structure of functions d;);° &) (¢), that the residue
is completely determined in terms of one or two arbi-
trary functions of the composite variables instead of
infinitely many.

In the following part of this section, we shall give a
useful form of the contribution of a Regge-pole family
at arbitrary values of £ This form will be useful for the
proof of the following statements.

(i) The contribution of the family to the scattering
amplitude is a regular function of ¢ at {=0.

(ii) The constraint relations are satisfied at ¢=0
(equal-mass case).

The contribution of a daughter pole with daughter
index k and parity index 7 to the scattering amplitude
has the following form [see Eq. (3.7)]:

Teoen@@= X dof OO0 Odri(6)
MI

o, M,o’,

X (= E W )

o —1
X 1= =1, 00| (33)

97 dmar (1)
Equation (3.8) can be recast as

1
Tenen@O==— P dj T 3 day™ ()

T o, M o M’
XYM O day (0)dgrn i M O (—¢)
X¢" M O@OLj+r—F (¢, by £tm) I

11 G. Domokos and P. Suranyi, Nuovo Cimento 564, 445 (1968) ;
57A, 813 (1968).

2P, K. Kuo and J. F. Walker, Phys. Rev. 175, 1794 (1968).

13 J. B. Bronzan, Phys. Rev. 180, 1423 (1969).

“ L. Durand III, P. M. Fishbane, S. A. Klein, and L. M.
Simmons, Phys. Rev. Letters 23, 201 (1969). We thank Dr.
Durand for a correspondence.
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where the zero of the denominator is inside the integra-
tion contour. Equivalently, by introducing ¢ = j+«, we
may write

1
Tionsrv () = — fdo" 2 2 dae ST MO(E)

2w 0 MM
X‘pi_xzﬂrq,M('r)(i)d)\yff—x(o)dsl)\,&7K&+77'M/ (r)(_ gl)

X P O[5 —F(, 1, £Lz) T (3.9)

For any contour of integration, there exists a value
of ¢ small enough that (6—F)~! can be expanded in
powers of {;=1(¢—«k)(¢—«-+1) and

tr=[T(E—x+M+1)/T(6—k—I+1) 712,

The powers of #; and =if; can be absorbed into
YoM E)(t) without altering its structure.

Using the notations of Appendix B and the form of
the Clebsch-Gordan coefficients given by Eqgs. (I 3.29)
and (I3.30), we may write these modified functions
M E(1) as

c M| M n 0
¢jdﬂl(i)(r) :Z tn/?[( ) ] )11/71,1"1”(1)
n 7 mlj m 0 O
c =M & M n 0
:1:( )tM<xp,,,2”M(t):|, (3.10)
7 mlj m 0 O

where ¥,,1°Y () and ¥,,2°M(¢) are regular functions of
t. In Eq. (3.10) the j dependence is explicitly factorized
in the Clebsch-Gordan coefficients. By making use of
the Clebsch-Gordan series for the functions dq;7%(£)
[Eq. (B9)] and summing over « and 7, we obtain the
contribution of the whole family of Regge poles. Using
the addition theorem for the functions de;°(£)'5 and
performing the circuital integration, we obtain

0
Ta)\s')\"\’z Z Tx,s)\s')\’<f)

k=0 7=+4

“E 3 S T ot ()

55 k=1 n n 1,
X2 12070 (£)d oo™ O(— £)
X (sN|8N; 70) ("N | &'\ 5 #/0) (d/d&)+—1
X [Dgngx"?fﬁ(Az_lAl):l:n(— 1)s+8—r—1’

XDgxs'wa‘M(Aa‘lAl)] lsmr00, (3.11)

where 5 is the product of the internal parities of the

scattered particles.
The functions ¢ are analytic at /=0. In addition, it is

1 A. Sciarrino and M. Toller, J. Math. Phys. 8, 1252 (1967).
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clear from the construction that if 2>n/2-+4#n’/2, then

Caors sk O M ()~ O 2" 12) (3.12)

Equation (3.11) is rather interesting from the point of
view that it is essentially a one-Lorentz-pole form for the
contribution of the family even at /0. The infinitely
many derivatives of the function Den (A7 A,)
introduce a “nonlocal” effect, which results in the
appearance of nonparallel trajectories. If the trajectories
were parallel, no derivatives of the D functions would
appear [because the function F(t, 1, -tf5) would be
independent of 4 and =¢5z]. On the other hand, the
“number of derivatives” depends on the external masses
as well. For equal masses, as d.0"°(¢) is a bounded
function of ¢ near ¢=0, it follows from Eqs. (3.11) and
(3.12) that the kth derivative of the amplitude in
variable ¢ at =0 would only contain the kth derivative

of function Das ¥ in the variable . For unequal
masses the functions d,0"°(¢) are singular at (=0, so
17/%d,00"°(£) is finite and infinitely many derivatives of
Dg)\gl)\/&M appear at 1=0.

It is easy to see that the form (3.11) is an analytic
function of ¢ (assuming the convergence of the sums)
near ¢=0. The multipliers of the Dsxsa*™ are analytic
functions of ¢ The functions Dssn?, together with
their derivatives in the parameter & at a place
&=F(1,0,0), are analytic as well.16

We remark that the derivatives of Dsg?¥ in the
variable & lead to additional logarithms in the asymp-
totic behavior. If we sum over the derivatives, these
logarithms sum up to a fractional leading power of s,
giving rise to the right value of the leading trajectory.

If we disregard the effects of nonparallel trajec-
tories (that is to say, the derivatives in &), the form
(3.11) coincides with that of Delbourgo, Salam, and
Strathdee,!” except for the treatment of total spin. Their
form, however, is not applicable in the case of unequal
masses, when “perturbations” to the total-spin value
appear even at =0.

IV. UNEQUAL-MASS CASE

For the case of unequal masses, a convenient variable
to use for the d function is x=¢—%,

coshé = (t+m2—m,2) /24 %m,

in the c.m. frame. At t=0, x=0, and at both threshold
and pseudothreshold [¢= (mi=ms)?], x=1. From the
definition (B1) of Appendix B, the d function has the
following power-series expansion:

dono () =2t G N=0) (ggf-grat-asn®+ - - -),  (4.1)

16 The analyticity of the Dy, »%¥ functions at /=0 has been
discussed by D. Z. Freedman and J. M. Wang, Phys. Rev. 153,
1596 (1967).

" R. Delbourgo, A. Salam, and J. Strathdee, Phys. Letters 25B,
230 (1967).
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where the first coefficient ao is given by

I (e—jo+ DT e+
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2j+1D)2s+DT(Go+j+ DT (Jot+s+1)

aU = ]\78)\]-'7.7'0 =

T(jo—N+1)

if jo>\. The case jo<\ is obtained by interchanging 7o
and X in the above expression. It is convenient to define
a new function f;7%(¢) by

dsx;"(§) =A7s)\j"j"x}(’j"*)‘l“")fs)\j"j‘)(x) . 4.3)
Then the function f is normalized at x=0:
fan"®(0)=1. (4.4)

Comparing Eq. (4.3) with Eq. (B8), we see that for
Jo=S$,
fa 00 =(1—=x)*
XF[j—0, —j—o—1; —o—=N\;z/(x—1)]
=(1—x)—+1
XF[—\—7; =\ +j+1; —o—N; 2/ (x—1)].
4.5)

The second form follows from the first by a transforma-
tion of the hypergeometric function. It is useful to show
that fo;7¢ is a regular function of the composite
variables & and x;=x7(j+1) near x=0. Indeed, the
(r+1)th term of the hypergeometric function is equal to

T(=A—j+n)T(—N+j+14)T(—o=N)/ @ )
T(—A— )T(—A+j+- DT (—o—A+7)r! \x—1
B T'(—a—N\) / x )’
B I‘(-—o—)\—{—r)r!\x—l

XTI L) e D= jG+DT. (46)

=0

The last product is a polynomial of 7th order in j(j41)
and it is multiplied by %7, thus yielding a polynomial of
x and x;. Our next step is to show that this fact holds
for all fo;°% by using the recursion formula which can
be translated from Eq. (B4) to read

(27[x+(x—1)x(d/dx)]
— (=1 (jo—=N) (0 — jo+1)} fri"(0)
=(Jo=N)(o— Fot1) far;7 ()
[7G41) = jo(Go+1) ITs(s+1) — Fo(Go+1)]
o (0=70)(Go—2+1)
Xafos o (x)  (4.7)

LT (o— j4+ )T (= job DT (o j+2T(GAA+1)

I(G—A+1DT(s—\+1)

1/2
, (@2
I‘(a—s+1)I‘(s—jg—l—l)I‘(a—I—s—}—Z)I‘(s—l-)\—{—l)]

for jo>\. We start with the maximum value of jp=s,
and use Eq. (4.7) to decrease jo by unity each time until
we reach the value jo=A\. By induction, every fo;7%(x)
is a regular function of x and x;. The situation 7o<\ is
handled by the symmetry relation

Jon7®(x) = foi™ (%),

which follows from Egs. (4.3) and (B3). Since in the
c.m. frame

x=4tma2/ ({+m2—mo2+A)2,
where
A= {[t—(mi—my)* ][t — (mr+-m2)*]} 112,
if fa;7®(x) is a regular function of x and x; near x=0,
then it is also a regular function of ¢ and #; near {=0.
Before we proceed any further, let us define the short-
hand notation
t)=1T(o+j+2)T(o— j+1),
ty=tM[T(j+M+1)/T(j—M+1)].

Then, from the above considerations, we can write

(4.8)

(4.9)

Lijol

t,,'t])\[

1/2
ds)\j"joz: (2]+1)1/2< ) hs)\‘?‘jﬁ(t,tl) if j()Z)\

¢l

1/2
= ) har®(Lty) i N> jo. (4.10)
o Lol

- @i+
Furthermore, we can write Eq. (3.3) as
‘/’jVM(i)(t) = (zﬂ>,lM>/tU<,tM<)1/2[a(t)t1)ilM<b(l’t1)] )
so that
Y M B 7 ® = fo (N don™™

For(=Ndan 7, (4.11)

where

ﬂmm—-—(

&Ma’(tytl)

’
tcr> lﬂl>> 1/2 ds)\jaM
SAj

7
lo .

tos tarstar \ V2 dor”M
H=50)

: —b(tt). (412)

ta< SAJ

It can be easily verified that f,a is a regular function of
¢t and #; near t=0. We may now sum over ¢ and M in
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Eq. (3.4):
Y (1) =2 P M B M E
oM
=f(t7j:)‘)d8)\i&ﬂ-l:*:f(t, j7 —k)ds)\ia—[{ ) (413)

f=ZMfVM:

where

and it is a regular function of ¢ and # near {=0. The &
and M are the quantum numbers of the family. We
must be cautious about one point, however. When
M > s,'8 since dq;7=0, Eq. (4.13) has to be modified.
In Eq. (4.11) we use d.;/*° instead, so that in place of
Eq. (4.13) we obtain, for M >,

r(j+M +1)F(j—s+1):|1/2
PG—H+DTG+s+)
X[f([;ji)‘)dﬂfh:!:f(t: j; —)\)ds)\j6~s] .

We have only discussed the ; dependence of f and Z.
For the purpose of discussing constraint relations at
threshold and pseudothreshold, we must also determine
the X dependence as well. This may be done as follows.
From Eq. (B8) we see that, near x=1, for jo=s,

_[F(j+>\+1)F(j—>\+1):|1/2
L DA DT (s—A+1)
X(l_x j«sf(l_.x’ (l_x))‘);

¥, B =ﬁ(ﬂ_a)[

(4.14)

s
SAJj

(4.15)

where f is a regular function of 1—« and (1—x)\ near
x=1. Furthermore, this property is obviously not
destroyed by the recursion formula (B4), so that
d\°M has the form of the right-hand side of Eq. (4.15)
as well. The function f depends on \ only through the
ratio of d functions with the same s, \, j. The numerical
factor in Eq. (4.15) cancels out in such a ratio; we
therefore conclude that, near x=1,

F=Fi(l—x, (1=x)\).
Since
1—x=2A/(t—l—m12——m22—l—A) )

and at threshold and pseudothreshold A=0, the A
dependence of f is such that it is a regular function of
composite variables A and A\. So we can state the final
result for the unequal-mass case: The most general form
of the Regge residue, for the trajectory j=a,*(7), is

Pe,n (O =L1(, 5N £ (t, §, —=Ndan™ ]

a —1/2
x[l — —F(t, ts, :HM)]
a3

G=jtx; j=ax®(®)
if s>M, (4.16)

18 This situation certainly can occur; for example, a two-pion
state can couple to a trajectory belonging to an M =1 family.
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I'(j+M+ I)P(j—s+1)]1/z
I(j—M+DT(j+s+1)
X[f(t’js)‘)ds)\j“:i:f(t, j, -—-)\)ds)\ji—a]

P (f) =1 (vas)I:

9 —1/2
x[l— —F(t, b, im)]
]

F=jtk; Jmax®(t)

if s<HT, (4.17)

where
FE 7N =AGLi(GG+1)) near =0  (4.18)
and
f(t:j>>\) = fi(A;A)‘)
near (4.19)

A={[j—(m1—mg)* [t — (m1+m2)2 ]} 1/2=0.

The above vertex function has been shown to give
rise to a Regge-family contribution analytic at ¢=0. Our
remaining chore in this’ section is to show that it
guarantees the fulfillment’of the kinematic constraint
relations at A=0 as well.

The constraint relations for the total-spin amplitudes
at threshold and pseudothreshold have the same form?®:

> AnCe A oy a~A* near A=0, (4.20)
A

where Ay,*=d (37). We first show that Eq. (4.20) is
satisfied by any term in the expansion (3.4), which
gives the N dependence of Tynan™ in the form
A" &) (£;)da%(6:). When this is substituted into Eq.
(4.20) and use is made of the identity?®

d}\')\j(et) =Z ei()\—)\’)%wA)\, ,mjA)\Mje—imﬂt ,
m
we have

> Anifdan M B (&) Anmie ™t Ay i~ AP near A=0.
Am

Since sinh£;~A and cosf;~1/A, the above will be true
if we can prove that

3 Ay dan M E) (£1) Anmi~ (sinh )™ as £ — 0.
A

The above follows quite readily from the addition
theorem of the d functions.!®?° It remains to be shown
that Egs. (4.16) and (4.17), with any f satisfying Egs.
(4.18) and (4.19), are also consistent with the constraint
relations (4.20). It is a necessary step because we have
shown that any wave function of the form (3.4) leads to
a vertex of the form (4.16) or (4.17), but we do not

¥ A. R. Edmonds, Angular Momentum in Quantum Mechanics
(Princeton U. P., Princeton, N. J., 1957).

% We remark that it perhaps takes much less than the addition
theorem to prove this. The left-hand side is simply the matrix
element (oM s\=k | e K181 |gMja=), whose £ =0 behavior can be
established by studying the differential equations satisfied by the
matrix element. This proof has some advantage over the addition
theorem since the latter is only asymptotically true for continued
values of j.
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know if Eq. (4.16) or (4.17) is too general. To complete
this last step, we observe that if f is expanded in the
powers of \, because of Eq. (4.19), each power of \ is
accompanied by at least one power of A. To absorb all
the powers of A, we can use the recursion formula
for Ayn®

Myt =aAy 2 +0A\*+cAy-12?,

where the coefficients @, b, and ¢ do not depend on .
The charged values of N are compensated by the powers
of A. This completes the proof.

The t~0 or the A~0 behavior of the vertex function
can be further simplified by substituting Egs. (4.10) or
(4.15), respectively, into Eqgs. (4.16) and (4.17).

V. EQUAL-MASS CASE

The behavior of the Regge vertex functions near =0
in the equal-mass case (mi=ms and/or mz=m,) is
essentially different and much more complicated than
in the unequal-mass case. The physical origin of this
difference is, on the one hand, the higher symmetry of
the equal-mass problem; on the other hand, in the
equal-mass case the point {=0 is the pseudothreshold
as well. Mathematically, one of the consequences of the
different circumstances is that the function dq;%0(¢) is a
regular function of cosé=#/2/2m; at cos¢=0. It is much
harder to give a useful form for the function d.;?(£)
near this regular point than around singular points £¢=0
or f=w (x=0o0rx=1).

In the first part of this section we shall show that the
kinematic constraints for helicity amplitudes are auto-
matically satisfied, and later on we shall study the
possibility of simplification of the form (3.7).

For the sake of simplicity, we discuss only the equal-
mass—equal-mass (EE) case; the (EU) case may be
obtained using the known structure of unequal-mass
vertices (see Sec. IV) and factorization.

The constraints for a (EE) total-spin amplitude can
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be written in the following form?®:

D Aunf A farsrar~O(t1s=#1) |
A

(5.1)

where An*=dn*(37). We prove that the constraint
relation (5.1) is satisfied by the contribution of a Regge-
pole family as given by Eq. (3.11). At the same time we
have to emphasize that the contribution of a single
daughter pole does not satisfy the constraint rela-
tion (5.1).

As a first step we can see that a single-Lorentz-pole
contribution satisfies Eq. (5.1)2!:

2 AnnAunDane v (A5 1A4)
¥
=2 dn*(p+im)dae ®(@)dn’' (— ¢’ —37), (5.2)
1y

where a, ¢, and ¢ are given by the addition formula of
Lorentz transformations!®; ¢ and ¢’ satisfy sin(o-+%7)
~sin(¢’43m) =0(#'/2) for t — 0. Making use of the be-
havior of the function d,*(¢+37) near sin(¢+37)=0,
we obtain

Z AM)\JA/A')\’BIDs)\s’N”jo(AS_lAl)
AN
AT BN (@) HE N =0 (R1e) . (5.3)
A

The differentiations with respect to ¢ do not make any
difference from the point of view of kinematic con-
straints. We have to study, on the other hand, the role of
the coefficients of the functions Das ™ (A51A,) in Eq.
(3.11). The inequalities #>7 and #’' >7' are always satis-
fied and d,00™°(£) is a bounded function of ¢ at =0, so the
important ¢ and A-dependent multiplier of the coeffi-
cients is #/2(s\|8\; 70). The contribution of a special
term of expansion (3.11) to the constraint relation (5.1)
has the form (we do not write the differentiations
explicitly)

20 A A i 205X 3N 70) (s™N | 8N 7/0) Diars a0 (A5 1A4)

=TS S AphP Dy n¥ Bgg" Ao (1| S — 1)

AN

AN g’

7

X ("W |81 —n'; #'n") Dangra T~ tri2+e (24 lamm—p' b’ | = O (gHlu—w'1)

In Eq. (5.4) we have made use of the Clebsch-Gordan
series for the functions A,% Eq. (5.3), and the in-
equalities 7> | 5], 7> |7'].

Equation (5.4) establishes that the constraint rela-
tions (5.1) are satisfied by the contribution of a family
of Regge poles as given by Egs. (I 3.33) and (3.7), or by
Eq. (3.11).

We can now turn to the question of simplification of
Eq. (3.7). For this aim we apply the same device applied
in Sec. IIT for the derivation of the Lorentz-pole form
of the contribution of the family, with the only excep-
tion that we do not now expand the normalization

factor
[1—(3/97)F (2, t1, 1) T2,

(5.4)

We get

L
e E () = 2 droa™(E)m?
§=I1 cMnr

o M|é M n O ~
x[( )w,lvM(t)dmw(s)
s A s N 7 O
o M| —M n O _
i< )m,z«M(z)dm&—M(a]
s A K A 0

X[1=(8/87)F(t, tr, £1i0) T2 jmas > 12 -

2t K, M. Bitar and G. L. Tindle, Phys. Rev. 175, 1835 (1968).



3432

Using the A dependence of the Clebsch-Gordan coeffi-
cients as obtained from Egs. (B11) and (I 2.3) and
summing over ¢, M, n, and 7, we obtain

Ten @ ()= 2 #5=sl(s\|8\; [s—5]0)
=M

XLfs( N dan® ()= f5(8, —112N)dan" 7 (£)]
X[A—=(38/d)F(t, tr, i) TV jmer )00

where f5(4,61/2\) is a regular function of its variables
at £=0.

By the successive application of the recursion relation
(BS), we can reduce the § values in Eq. (5.5) to s and
s—1if M<s:

7, n (1) = {01(td/dt 1,1 2N ) d o7 (£)

+01(1d/dt, t, —t2\)d o7~ (£)

+O0a(td/dt £, 2N (s+N) (s—N) ]2 dan” 7 (£)

0u(td/dt, t, — NPT (s+N) (s—N) ]2 denn® 7 (8)}

X[1=(8/NF(t, ikt g) T2 jmay - (5.6)
If M >s, then §>s and we obtain

D A\+1) T —\+1)7"2
P(s—A+1) P(s+x+1>]
X [01(td/dt,t,1"°2\)dipn ™ (£)
+0:(1d/dt, 1, —t2\)din 7 (E)]

(5.5)

rn,s)\(i)(i) =t%|1l_{—s[|:

a —1/2
x[l— —F(l, ts, im)] (5.7)

a7

In Egs. (5.6) and (5.7), the operators O; and O, are
regular at the point (0,0,0).

Expressions (5.6) and (5.7) are less useful than the
corresponding ones for the unequal-mass case given by
Egs. (4.16) and (4.17) because of the lack of a simple
closed analytic form of the functions d.;7%(£).

For the special case s=0, however, we can write the
d functions in the following simple form?2:

Ao (£) = (o+1) (sinh )~ ¥ [x1*T (M +1) I
[P(a—M-I—l) T(G+M+1)
T(o+M~+2) T(j—M+1)
rGle+H+1) T(%(tf—j—H))]“2
TGe—7)+1) TGle+7+3))
XEG(140—7), 3(0+7+2); %; coth’®), (5.8)
2 In Egs. (5.8) and (5.9) we make use of the form of the func-
tions dgo;7° given by G. Domokos and P. Suranyi [Nucl. Phys.
54, 529 (1964)7, recursion relations given by A. Sebestyen,
K. Szegd, and K. Toth [Fortschr. Physik 17, 167 (1969)], and an
expression for Gegenbauer’s functions in terms of hypergeometric
functions given by W. Magnus, F. Oberhettinger, and R. P. Soni,

Formulas and Theorems for the Special Functions of M athematical
Physics (Springer, Berlin, 1966).

j=ag ) (1)
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if (¢—7) is even, and

2 cosh
Gy (E) = — (o-1) (i) -t
2T (M 1)

T(o—M+1) D(+M+1)
[P(G+M+2) T(j—M+1)
G (o+7+3)) r<%<a—j>+1)]”2
PG o+7)+1) PG o—j+1)

XEG Q40— j), 3o+i+3); 3; cothd),

(5.9

if (¢—7) is odd. The hypergeometric functions appear-
ing in Egs. (5.8) and (5.9) are regular functions of ¢ and
i1 (cosh £=1112/2m), and the powers of sin{ are regular
functions of ¢ at £=0 as well. Substituting into Eq. (5.7)
and taking into account that an operator O(id/dt,t)
applied to a regular function of ¢ and #; gives again a
regular function of ¢ and ¢;, we obtain

7O =120 007(8) [t 1) | imaxn-  (5.10)
These Regge vertices are different from zero for only
one choice of parity, 7, depending on the internal
parity of the external particles. For this reason we
suppressed the index + in Eq. (5.10).

Equation (5.10) shows that in contrast to general
belief, the odd-order daughter trajectories are de-
coupled only at ¢=0.

Finally, we discuss the constraints at the threshold
i=4m.% At the threshold the behavior of x=e¢"2% is
identical with that for the unequal-mass case, so the
discussion of constraints in Sec. IV can be applied
without any change to the equal-mass case. This dis-
cussion would result in the following form for the
operators O; at threshold:

0:=04(4,AN), A=[i(t—4m?) ]2,

where O; are regular functions of their variables at A=0.
More generally, since the d functions themselves are
regular functions of A and A\, we can write

0i=04((t—4m?)d/dt,A,AN) . (5.11)

A simple way to combine the requirements on operators
O; at t=0 and threshold is

0;=04(A%/d1,A,AN) (5.12)

where the O; are regular functions of their arguments at
the point (0,0,0).

Thus our final result for the Regge vertices in the
equal-mass case is

7i,aa @ () = {01\ dar T (£) = 01(—N)dn 7 (£)

FO:NAL(HN) (s—N) J2ds—n M (£) £02(—N)A
XLEAN =N (0} | jmartn  (5.13)
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if M <s, and

T (M AN1D)T (I —\1)712
T(s+N DI (s—N+1) ]

XL[O1(N)din " (£) £01(—Ndin® () 1| imeeor
(5.14)

7,“3)\(:1:)(0 =t(117~a)/2|:

if M >s, where the operators O; are of the form (5.12).
For the zero-total-spin case our result is given in Eq.
(5.10).

VI. SUMMARY AND DISCUSSION

For ready reference, we collect here all the important
results of I and this paper.

(a) The most general behavior of the «th trajectory
function of parity &1, j=a, ¥ (#), is the solution of the
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functional equation
j+K=f(tytl):ttMg(t)t1) =F(t) tl: :ttM) ) (I 3'33)

where ti=tj(j+1), tar=t"[T(j+M+1)/T(j—M+1)],
o= f(0,0), and M are the Lorentz quantum numbers of
the family at =0. f and g are regular at {=0.

Note that the above trajectory formula requires the
equality of trajectories of opposite parity up to order
M —1 in powers of .

(b) The total-spin amplitude is defined by

Ton;n=2 Tagpnaamne(Sthz; S2h—A1| SN) Dagn—n®2(Ag A1)
N

X(Sg)\;g; 54)\,—>\3 ! s’)\’)DM)\/_)\g“*(A;flAg) 5 (214)

where A; is the three-parameter Lorentz transformation
which transforms the four-vector (;,0) into $;.

(c) The contribution of the entire family to the
scattering amplitude is of the form

Tova=2 2 2 X cararr ™™ M OB d 0™ (£1)drr00™ 0~ £5) (88; 70| sN) (N5 /0| s'N') (d/dor) *

58’ k nn’ 71’

where
t+mi2—mo?

coshéy = ,

2t4my
The function ¢ is regular at =0, and when k> %(n+#'),
c()~O(t—1+tn") For parallel daughter trajectories,
k=0 only. If we do not require any further conditions
on the coefficients ¢ in Eq. (3.11), then this form is more
general than a contribution of a family of Regge tra-
jectories, and could include cut effects as well.
(d) The Regge vertex of the «th pole (unequal mass)
has the general form:

() for M<s,
AF(t, tr, £tar) T 12 . _
—‘—‘] [ds)\jJ+KM(£1)f(t7j7)‘)

(4.16")

r,(,,,)\(ﬁ(t) =|:1 —
97

£daME U 7, =N a3
(ii) for M >s,

T'Ks)\(i)(t) =ﬁ(M—s)[

F(j+M+1>P<j—s+1>]1/2
T(j—M-+DT(j+s+1)

AF(t, try F=tm) T2 ) _
><|:1— _“———:I Ldani?t(£01(t,5,N)

(4.17")

97
£da(E)FE F, =N im0

X[Dsnvan (A5 Ay)+7(— 1)+ =" Do M (A5 A ]| o=r 0,00, (3.117)

t+ms2—ma4?
coshfg= ——
26mg

Near t=0, fis a regular function of composite variables
tand #:

j= f)\(t)tl) )

and near A= {[{— (m1—my)2 ][t — (mimy)2]}112=0, fis a
regular function of composite variables A and AX:

f=7i(a,a%).

It is interesting to note that while the trajectories for
parities +1 and —1 are equal up to order M —1 in
powers of {, the residues have a lower degree of con-
spiracy: They agree up to order p, where

p=min{\,M}—1.

(e) The Regge vertex of the xth pole (equal mass) has
the general form:

(i) for s> M,

6F(t, t1, ilM) —1/2 d .
reaaE () = l:l - ————:I [01<A2— ,A,A)\)ds)\jJ+KM(S1)

a7 dt

d d
:1:01<A2;-, A, _A>\>ds)\jj+x,—-M(£1)+O2<A2d_,A,A)\)[(s+)\)(S—)\)]lledq_1)\jj+xM(£1)
i i

d
:1:02<A2;1—, A, —A>\>A[(s+>\)(s—%)]l”ds—w’”f“M(&)]
)

;o (5.13)

J=ax 5 ()
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(ii) for s<M,

7'“)‘6:)0) =l(M—8)I2[I‘(M+>\+1)P(M—)‘-’_l)]lml:l

L(sHA DT (s—N+1)

d d
X[Ol(Nd—,A,A)\)de”‘M (51):1:01<A2d—, A, —M)dMM’U“"M (51)]
i 3

where O, and O; are regular near (0,0,0);
(iii) for s=0,

7((8) =12 oo 70(&1) f(t, 1) [1— 8/ ) F (tt1,t50) 72| ity -
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AF (¢, t1, &=tum)

—1/2
)

, (5.14)

j=a CEN (1)

(5.10")

Note that the odd-order daughters are not decoupled at nonzero values of £
It is interesting to remark that the following special forms satisfy the constraints at /=0 and at threshold as

well [they are less general than Egs. (5.13) and (5.14)]:

aF(i, t1, Z=tar)
rux(i)(t)=|:1— T =0
97

and

7oA (1) =ﬁ(M*“)I:

THNHDT(s—A+1)

fis a regular function of #;, A, and AX.

—1/2
] [ /(8 AN a5 85)

r(M+>\+1)1‘(M—>\+1)]1/2[1 AF (1, +=t, zM):I—”“’
<y

(f) The behavior of the d functions near the special points are as follows.

(i) Near t=0 (unequal mass),
(2541)1/2 —dol—o)
ds jaju_:
[(C(e+i+2DT(e—j+1)]?

ft,t) X[

£1(t, A, —ANdo M (61) ]| jmar* 2y for M<s; (6.1)
XLf(t, 0, AN danni M (£) £ f(t1, A, —AN A M(£1) ]| jmae )y for M>s. (6.2)
(G4 jol +1)T(G— 7] +1)]”2 .
y  JoZ
(=70l +FDT (4N 1
G= 170l +DT G+ N[ +1) 4.10)

(2]’-}—1)1/2;%(])\—1'0[—6)
 [M(o+j+2)0(o—j+1)]"
(i) Near A={[{— (m1—ms)?][t—(m1+ms)2]}1/2=0,
but ##0,
] ,jo_[l‘<j+,\+1>r(j—X+1>
ML P A DT (s—A1)

1/2
:| A F(AAN).
(4.15")

The formulas listed above can be used for phenomeno-
logical applications, by parametrizing the function f,
etc., in a suitable way. In these parametrized expres-
sions, dynamical singularities can be taken into account.

Finally, we should like to remark that Eq. (3.11')
gives the contribution of a family in terms of ¢-channel
helicity amplitudes. To apply this expression to high-
energy phenomenology, we have to calculate the
crossed-channel helicity amplitudes. The differential
cross section can be obtained, however, directly from
Eq. (3.11) because of the orthogonality of the crossing
matrix.
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APPENDIX A: NORMALIZATION
OF REGGE VERTICES

Differentiating the equation K7'=1I in the variable
¢, we obtain
0K oT
I'—T+ — =0.
at ot

(A1)

Taking the most singular part of the partial-wave
projection of the matrix element of Eq. (A1) between
states {ps,E,s)\| and |py,E,s',\'), we obtain with the
help of Eq. (3.5)

Nﬁ(t)/dqﬂdpolqlZiplZdlpldlqlsbz.j‘i”(q(],lql,t)

61{1‘(:6(40: lq I ;PO) Ipl 1t)
X
at

+N 20 ® () | jmae ™ 9 =0.

S‘”l-j(i)(po) ‘p ] )t)

(A2)
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We shall use a shorthand notation for Eq. (A2):

K;@®

[¥1)

ot jmax ()

a
N4yo| + N2, (()=0. (A2)

Using a similar notation, we may write the homogeneous

equations for the wave functions as
Ko #300® |¢h1)=0
(2| Koy @ =0.

(A3)
(A4)

and
By making use of Egs. (A2)-(A4), we obtain

d
0= —{2| K; ¥ [¢1)
dt

Je=a (E) (1)

K ;&

=] [¥1)

at

J=ae (1)

K&

‘_ 2%
¥

R OL(2Y (AS)

j=ax CE()

Comparing Egs. (A2’) and (AS5), we find

P —1
el Zguikiolun |
9j

f=ax“:)(l)
0
=[fquodlql lq|%dpod|p] |p|?
]
X2 (g0, |q |, 081, (po, | p1,1)

(A6)

XKj(i)(qO: !ql’p0|p|;l)I

J=ay (F)(2)

Using the expansions of ¥;,;¥ and K;& in a series
of d functions and diagonalizing, we obtain

, (A7)

j=ag ()

P —1
N2= S—EF(]+K’ M, t, ﬂ:tM)}
J

where F(o, M, ¢, t1, =ty) is the diagonalized matrix
element of operator K defined in Eq. (I 3.32).

As F(o, M, t, t1, =tx) has a simple zero at o= f(1,t1)
+tyg(tt) [see Eq. (I 3.33)], we may write

F(j4x, M, t, by, 1) =G(j+r, M, 8, 11, Z=tar)
X[j4c— ) Fiugtt)]. (A8)
Substituting Eq. (A8) into Eq. (A7), the normaliza-
tion constant has the form

N2=G(t, tr, £10)[1—(8/0) (f£t18) I imax >y, (A9)

where G(t, t1, Z=txr) is a regular function of its variables
at t=0.

It is interesting to note that the second multiplier of
the right-hand side of Eq. (A9) can be brought to a
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somewhat different form as well:

I:aa"(i)(t):l_l
jma (1) do ’

APPENDIX B: PROPERTIES OF REPRE-
SENTATION FUNCTIONS OF HOMO-
GENEOUS LORENTZ GROUP

3
{ 1——[ f(t,t;)d:tMg(t,tl)]}
9

where o= f(0,0).

We compile here some useful relations for the general
d function of the SL(2,C) group. Our sources of informa-
tion are the works of Sciarrino and Toller,' of Freedman
and Wang,2® and of Sebestyen, Szegd, and Toth.?? We
begin with the definition of our notation:

da™(E)=da @Y (£)
=3 (ap; DN —u| jN) (ap; DA—p|sN)e®DE, (B1)
"

where o=a-+b and jo=a—b. The above definition is
continuable in ¢ and j, keeping o— j=x« at fixed integer
values; s may be an integer or half-integer, and jo, A=s5,
s—1,..., —s. All the relations listed here are com-
patible with these conditions. In the O(4) region £ is
purely imaginary; hence,

mEE T A () =dag (=) =dp (=) . (B2)
Other symmetry relations are
dons(E) = ds—rj"(E) = dsjoi ™ () - (B3)

The recursion formula for j, is given by

[jo(x+14-2(x—1)ad/dx)+(x—1) (0 + 1N Jdars7 ()
=& [ (s+ 7o) (s—jot DG+ o) (G — o+ 1) ]2
Xdani#=1(8) = [(s — jo) (s+Jo+1) (5 — jo)
X(G+jot1) Ty (8)} 5
where x=¢~2%. The above formula can be interpreted as

a recursion formula for A because of the symmetry
relation (B3). There is also a recursion formula for s:

(s—=1,; 10l5)‘),03—1”ds—1 AR+ (51,0 10‘5)\)
X poy1®dsg1 2 0(§) =121%(d/dE)dansP(£)

(B4)

—(sX; 10| sN)psdani”@(£), (BS)
where
. {Es2—<o+1>21[s2—jo21}1/2
P s(s+1) ’
[(s+1)2—(o+1)2][(s+1)2—jo*]) /2
s+18= y B6
P { s+ () } ®o

pet=2ijo(c+1)/s(s+1).

For the special case of jo=s, a simple explicit form can

% D, Z. Freedman and J. M. Wang, Phys. Rev. 160, 1560 (1967).



3436 KING, KUO, AND SURANYI 1

be given:

Qi+DTG=A+DT (e —s+1)T(j+s+1)T(2s+1) }1/2
(s DT (s =M+ 1D)T G+ (o4s+2)T(j—s+1)T(0+j+2)T (o —j+1)
Xate = (1 —x)=F(j—0, —j—0—1; —o—\;x/(x—1)), (B7)

do"*=T(c+N 1)[

or, equivalently, by transforming the hypergeometric function,
B (2j+1)1/2|‘I‘(j—|—)\+l)I‘(zr—{—j-i—Z)I‘(j—)\-i—I)F(j+s+1)F(2s+2)P(a——s-{—l)]”z
1+l DA DTN (e— j+ DT (—s+1)T (o-Fs+2)
Xt =31 —x)i=F (j—0, j—A+1; —25; (x—1)/x). (BS)

T8

s\,

Finally, we give the generalized Clebsch-Gordan series for the 4 functions:

i

7Jo . a'jo" " jo
Jsrso=x (O "
DY ait NN N

190

(O"jol o’ Jo

SIAI sll}\ll

G'jo
A

>ds'w"’j"'(E)ds'w'ﬂ""'”"”(E) ) (B9)

where the Clebsch-Gordan coefficient couples the two states |o’jo's'N") and |’/ 70"’s”"N’) into |ojosA):
p.

1217

: oo’ i | oo\, . :
lojosh)= X ( N N la” 5o"'s"NY® | o’ jo's'\'). (B10)
S'N TN s s s
It is related to the 9-j symbol through!! )
’ ’
’ it IR . a a a
a Jo o Jo ajo
=[(2s s a s\ s s ,
(w i s)> [ +D@"+D@a+D@F+DIVHN; "N [N 67 b (B11)
s s s
where ¢+b=g, a—b= 7, etc.
For the special case of s’ =0, it simplifies to a 6-j symbol:
% 7] . 1/2 Y
<0' Jo o0 U]O)=[__—(2a+1)<2b+1)] (—1)b+a’+a”+s{s ¢ b } . (B12)
SNo00 | osa 2a"+1 d’ b a




