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We examine the formal foundations of quantum electrodynamics in the infinite-momentum frame.
We interpret the infinite-momentum limit as the change of variables 7=2"11(¢+3z), Z=2"Y1(}—3z), thus
avoiding limiting procedures. Starting from the Feynman rules, we derive a 7-ordered perturbation expansion
for the S matrix. We then show how this expansion arises from a canonical formulation of the field theory
in the infinite-momentum frame. We feel that this approach should lead to convenient approximation

schemes for electrodynamics at high energy.

I. INTRODUCTION

HE infinite-momentum frame first appeared in

connection with current algebra! as the limit of
a reference frame moving with almost the speed of
light. Weinberg? asked whether this limit might be
more generally useful. He considered the infinite-
momentum limit of the old-fashioned perturbation di-
agrams for scalar meson theories and showed that the
vacuum structure of these theories simplified in the
limit. Later, Susskind?4 showed that the infinities which
occur among the generators of the Poincaré group when
they are boosted to a fast-moving reference frame can
be scaled or subtracted out consistently. The result is
essentially a change of variables. Susskind used the
new variables to draw attention to the (two-dimen-
sional) Galilean subgroup of the Poincaré group. He
pointed out that the simplified vacuum structure and
the nonrelativistic kinematics of theories at infinite
momentum might offer potential-theoretic intuition in
relativistic quantum mechanics.

Bardakci and Halpern® further analyzed the struc-
ture of theories at infinite momentum. They viewed
the infinite-momentum limit as a change of variables
from the laboratory time and z coordinates to a new
“time” 7=2"12(¢4+2) and a new “space” coordinate
Z=2"12(t{—z). Chang and Ma® considered the Feynman
diagrams for a ¢? theory and quantum electrodynamics
from this point of view and were able to demonstrate
the advantages of their approach in several illustrative
calculations.

In this paper, we examine the formal foundations of
quantum electrodynamics in the infinite-momentum
frame. We interpret the infinite-momentum limit as
the change of variables 7=2"12(t+42), Z=2"1%(t—z),
thus avoiding limiting procedures. We derive a 7-
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ordered perturbation series and show how such a series
arises from a canonical formulation of the field theory.
We feel that this approach should lead to convenient
approximation schemes for electrodynamics at high en-
ergy. In particular, we hope to discuss, in a future
paper, the recent extensive results of Cheng and Wu’
on high-energy processes in electrodynamics.

We divide this paper into several sections. In Sec. II
we introduce the change of variables which defines the
infinite-momentum frame and review briefly the struc-
ture of the Poincaré group in the new variables. In
Sec. III we deduce, beginning with the Feynman rules,
the rules for the construction of scattering amplitudes
from r-ordered diagrams. The results are similar to
Weinberg’s results concerning the infinite-momentum
limit of scalar-meson theories, but the appearance of
spin results in new terms in the infinite-momentum
Hamiltonian.? In Sec. IV we look at the field-theoretic
basis for the infinite-momentum scattering theory rules.
We begin with the usual Lagrangian and develop the
theory along the lines of the canonical formalism usu-
ally used in an ordinary reference frame. In the infinite-
momentum frame, several new features arise. This is
because the planes “7”’=const play a preferred role in
the canonical formalism, and in the infinite-momentum
frame these planes are lightlike rather than spacelike
surfaces. We find, however, that it is possible to postu-
late equal-“‘time” commutation relations which give a
formally consistent theory, reproduce the free-field the-
ories if the interaction is turned off, and give a formal
S-matrix expansion which agrees with the rules found
in Sec. ITI.

II. CHOICE OF VARIABLES

We will regard the “infinite-momentum frame” as
the reference frame obtained by choosing new space-
time coordinates (7, x, ¥, Z) related to the usual co-
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Frc. 1. Coordinate axes of the
infinite-momentum frame.

ordinates (3, «, ¥, 2) by
7= (t+2)/V2,  Z=(t—2)/V2. (2.1)

Thus the 7 and Z axes of the new frame lie on the light
cone, as shown in Fig. 1. The infinite-momentum frame
is not a Lorentz reference frame, but is, in a certain
sense, the limit of a Lorentz reference frame moving
in the —z direction with nearly the speed of light.?

It will be convenient to use the usual covariant tensor
notation for quantities in the new coordinate system.
Let &#= (3%, &', 32, %)= (4, , v, ) be the coordinates
of a space-time point in the ordinary coordinate sys-
tem, and x*= («% «', 2% &%) =(r, x, v, Z) be the new
coordinates of the same point. Then

xk=Cr,27, (22)
where
2712 0 0 2717
0 10 0
Cr,= (2.3)

0 01 0

2712 0 0 —271

In general, we use careted symbols for vectors and
tensors in the ordinary coordinate system, uncareted
symbols for vectors and tensors in the new coordinate
system. In particular, we use g,, for the metric tensor
in the new coordinate system:

8ur= (C—l)al@aﬁ(c—l)ﬂv- (2~4)

We take for the ordinary metric tensor go=1, g11= o=
233= — 1. Then
(0 0o o0 1)

0 —1 0 0

Sur= (2.5)
0 0 —1 0
1 0 00

We use gu» to lower indices, so that gy=a?, az=4a°; this
may seem confusing, but it has important consequences.
For instance, the wave operator 9,0*=20¢93— 0101— 9202
is only of first order in dy=9/d7.

9 Cf. Refs. 3 and 4.

J. B. KOGUT AND D. E.

SOPER 1

Let us consider the generators of the Poincaré group
in the new notation. Our conventions for the Poincaré
algebra in the ordinary notation are

[13“: 13,:|=0’ [MI“'; Pp]=i(§vppn_§ﬂpﬁy),
[Mu 2] Mpv] = i(guvap‘I'gvpzrlucr_gan vo §VUMI‘P) )
(2.6)

The generators of rotations and boosts are, respectively,
M ;;j=eijJr and M= K. Using the matrix C*, to trans-
form from the usual notation to the new notation, we
obtain

P”Z(PO:-PI)PZ;Pa):(’?’PI;P27H) (27)
and
( 0 =5 -5 K,o,]
St 0 Js B
M= , (2.8)
S2 _]3 O .B2
(-K: —Bi —B, 0
where
n=(P+PYNZ,  H=(P—P) N,
Bl= (I<1+J2) /'\/2, Bz= (Kg—]l) /\/2, (2.9)

Si= (Ki—Jo) /N2,  Sa= (Ko +J1) /V2.

The commutation relations among these generators
are, of course, given by (2.6) without the carets. The
commutation relations among the operators H, P, P2
n, J3, By, and B, are particularly interesting. They are
the same as the commutation relations among the sym-
metry operators of nonrelativistic quantum mechanics
in two dimensions with

H—Hamiltonian, Pr—momentum,

7—>mass, Js—angular momentum,

B, and By—generators of (Galilean) boosts in the x and
y directions, respectively.

Indeed, we have
I:H; ij:[H: 77]: [PT, 77]=|:13> H]

= [J3: 77]= [B7 7’]=07
[Js, B*]=teniBY, (2.10)
[Bx, P*]=—1dum,
where ea=—ex3=1, e;=€2=0. The commutation rela-
tions (2.10) are the result of an isomorphism between
the subgroup of the Poincaré group generated by P¥,
Js, and B and the Galilean symmetry group of non-
relativistic quantum mechanics in two dimensions. This

isomorphism results in a nonrelativistic structure for
quantum mechanics in the infinite-momentum frame.!

[Js, P¥]=ien P,
[Bka H]= "1Pk7

10 Cf. Refs. 3-5.
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As one example of this isomorphism, we note that the
mass-shell condition, m?=P*P,=2nH—pr?, for a free
particle implies that the free-particle Hamiltonian takes
the nonrelativistic form

H=pr?/ 2+ Vo,

where Vo=m?/2y is a constant potential.

It is easy to verify that the subgroup of the Poincaré
group generated by P, P2, g, Js5, By, and Bs leaves the
planes 7=const invariant. Thus these operators might
be called “kinematical” symmetry operators.

Consider now the operators .Sy and S; in connection
with our nonrelativistic analogy. We find that S; and
Sz commute with each other and with the Hamiltonian
H. Thus they play the role of the “dynamical” symme-
try operators sometimes encountered in nonrelativistic
quantum mechanics."! The operators Si, S form a
vector S under rotations: [J3, Sk]=1e:5:. The com-
mutation relations of S with 9, Pr, and B are

[Sk: "7]—: —iP¥, I:Sk, Pl:|= —0uH,
LSk, Bil= —ier s+ 100 Ks.

(2.11)

(2.12)

Finally, we find from the commutation relations that
the operator K3 serves merely to rescale the operators
we have considered so far:

exp(iwK3)n exp(—iwkKs) = en,
exp (iwKs) Pr exp(—iwK3) = Py,
exp (iwks) H exp(—iwKs) =¢H,

exp (iwKs)Js exp(—iwKs) =T, (2.13)

exp (iwK;) B exp(—iwK3) =B,
exp (1wK3) S exp(—iwKs) =e™S.

The fact that the operators P* and M, in the infinite-
momentum frame transform under z boosts according to
simple scaling laws suggests that the infinite-momentum
frame may be particularly adapted for high-energy
approximations.

III. SCATTERING THEORY

In this section, we regard the theory of quantum
electrodynamics as being defined by the usual perturba-
tion expansion of the .S matrix in Feynman diagrams.
We rewrite the theory in the infinite-momentum frame
by systematically decomposing each covariant Feyn-
man diagram into a sum of noncovariant 7-order dia-
grams. We consider the Feynman expansion as a formal
expansion; thus we shall not be concerned in this paper
with the convergence of the perturbation series, or
convergence and regularization of the integrals.

1t Cf. L. 1. Schiff, Quanium Mechanics, 3rd Ed. (McGraw-Hill,
New York, 1968), p. 234f.
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A. Propagators

If we wanted to derive #-ordered diagrams from the
Feynman diagrams, we would begin by writing the
Feynman electron propagator in the form

Sr(x) =0 (2) SP (x)+0 (—£) SO (x). (3.1)
We will try to do the same thing using ©(7) instead
of O(¥).

We start by considering the Klein-Gordon propa-
gator:

Ap (%)= (2m) [ d*p exp(—ipux*) (p*pr—mP+ie) ™!
(3.2)
= (2m)~*[&pr[dn exp[—i(nZ—pr-Xr) ]
X [dH exp(—1iH7) (2nH— pr*—m?+ie)~L.  (3.3)
We can evaluate the H integral by contour integration,
closing the contour in the lower (upper) half-plane if

7>0 (7<0). Thus we have the required decomposition
for Ap(x) 2:

_ —i 2 ”@
8= gy [ o [
X[O(7) exp(—ipua*)+0(—7) exp(+ipu*) ],

where

(3.4)

po=H (n, pr) = (pr*+m?) /29 (3.5)

is the free-particle Hamiltonian. Notice that
@*prdn/n=d*p/p°

is the invariant differential surface element on the

mass shell.

We can use the decomposition (3.4) of Ap(x) to
derive a decomposition for the electron propagator,

Sr(x) = (10, y*+m) Ap (). (3.6)

[In keeping with our convention, the v* are the y ma-
trices in the new notation. We use 9* for the v matrices
in the ordinary notation; thus y°=2"12(4°443%), etc.
Table I in Sec. IV contains some useful identities for
the new v matrices.] When we differentiate Ap(x) in
(3.4), we get a term proportional to ®(7), a term pro-
portional to ©®(—7), and a third term proportional to
3(7) =00 (7). As we will see, this third term results
in an extra term in the infinite-momentum-frame Ham-
iltonian. Doing the differentiation, we get

'—"L ) o d_n
s ] [

XLO(r) (p+m) exp(—ipyar)
+0(=7) (—ptm) exp(+Hipu)]

8(r)° f &pr /_ :d—:eXp[—i(nZ—pr-xT)]-
3.7

12 Here and elsewhere, we encounter a singularity at n=0. In
this paper it will not be necessary to specify the precise nature of
these singularities.

Sp(x) =

1

+ 2(2m)3
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Fic. 2. (a) Typical Feynman diagram in coordinate space, and
b) in momentum space after 7 ordering.

We will also need a decomposition for the photon
propagator. We start with

Dy(x)er=(2m)* [ atp
Xexp(—ipu) [— g/ (puprtie) ). (3.8)

As we will see, a great simplification in the theory will
result if we choose the gauge A°=0, which might be
called the infinite-momentum gauge. To write the pro-
pagator in this gauge, we define the polarization vectors

61(?) “En_l(07 M 0: P1)7 62(P) “Eﬂ_l(o; O; LB P2)
(3.9)

These polarization vectors satisfy the orthogonality
conditions exte,u= — &, ex(p) *pu=0. By direct calcula-
tion, we find

2
—g= f‘:’ ex(p) *en(p) > —n"o¥sp”— P67
=1

+ (1/4%) (29H— pr?) 6#:673

Let us make the replacement (3.10) in our integral for
Dr(x)**. We note that the gauge terms % 16%p” and
7 1p#87; will not contribute to any physical process be-
cause of current conservation. Thus we may drop these
terms without changing the theory. This leaves us with

(3.10)

Dyp(x)# = (2r)~* / d*p exp(—ipx*) er;iﬁif:zzp) v
o (2m) 555 / B exp(—ipyr) - o5 pf; - (1

We can do the H integration in the first term by
contour integration, just as we did for Ap(x). In the
second term, p.p*/(pup*+ie)—1 as e—>0 so that the
H integral gives a factor 6(7). In sum, then, our photon
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propagator takes the form
—t 2 ® d_?} U v
sy [ o [T awram)]
X[@)(T) exp(—ipu*) +0 (—7) exp(+ipur*) ]
8(7)03483” /dZPT/ dn exp[—i(nZ—pr-Xr) ],
(2 )? 7
(3.12)

DF"”'(Z)C) =

where
po=H=pr?/2n. (3.13)

The 6(7) term in Dpt?(x) will result in an extra term
in the Hamiltonian which is analogous to the Coulomb
force term which appears in quantum electrodynamics
in the Coulomb gauge.

B. Diagrams

We start with the usual Feynman rules in coordi-
nate space. For definiteness, let us consider a particular
diagram, say the one shown in Fig. 2(a). We fix our
conventions by writing out the contribution of this
diagram to the .S matrix:

M= (—ie)® [ d*xd*xadus[ Pn (21) v, (21) ]
X [Pa(%2) ¥ 48Sr (32— %3) Yoo () JiDp (02— 1) #7€” (w3) *.

(3.14)
The electron wave functions used here are

¥(x) =[2(2m)*] 7 exp(—ipuct)u(p, s), (3.15)

where p and s are the momentum and spin of the
electron and the spinors #(p, s) are normalized to
@iu=2m. For positrons we use the charge conjugate
wave functions

Y () e=[2(2m)*T exp(Fipust) u(p, 5)., (3.16)

where p and s are the physical momentum and spin
of the positron. The photon wave function is

e#(x) =[2(2m)* 17 exp(—ipua*) en(p) 4

where ex(p) is one of our infinite-momentum-gauge
polarization vectors. Finally, it may be useful to note
that although the v matrices appearing explicitly in
Eq. (3.14) are, as always, the “new” v matrices, the
old 4° still plays a role in y=y4°

We begin the program of deriving the rules for 7-
ordered diagrams by inserting the momentum expan-
sions (3.7) and (3.12) for the propagators into (3.14).
Let us, for the moment, ignore the contributions to
Sr and Dp** proportional to §(7). Then each of the
3! possible 7 orderings of the vertices determines a
r-ordered diagram; let us consider, say, the ordering
n<r<rs. For this diagram we draw the picture in
Fig. 2(b). The corresponding contribution to the §
matrix is obtained by inserting O (r3— 72)® (rz—71) into
(3.14). Thus only one of the @(r) or O(—7) terms
survives from each propagator. We can do the Xy and

(3.17)
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Z integrations to give (27)36%(Pr in— PT out) 0 (Nin—"out)
at each vertex. The 7 integrals in this example are

delded‘m@ (Tg'—‘ T2)® (Tz"“ Tl) exp{ - ’L[ (H1— H;:,'—' He) T

+ (Ho— Hy— Hy) 1o+ (Hi+Ho— Hy) 151}, (3.18)
With the change of variables
To=m, 71="T,,
Ti=r—71, 1=Tot+T,
To=13—713, 13=To+T1+Ts,
the 7 integrals become
[T AT dTO(T1)0(T3) exp{—i[ (3¢;—3¢;) Ty
=+ (30,—3¢,) T1+ (30— 3C,) T}, (3.19)

where J3C;= H;+H, is the total “energy” of the initial
state, 3C=Hs+He+H, is the total “energy” of the
first intermediate state, 3Co=H;+H,+Hr+H, is the
total “‘energy” of the second intermediate state, and
3Cs=Hs+H,+H; is the total “energy” of the final
state. The integrations can now be done using

/ dT exp(—i3eT) =2m5(3¢),

i (3.20)
5e+ie

Thus we get an over-all factor of (27)6(3C,—3C;) and
a factor of 7(3¢,—3C+14¢) ! for each intermediate state.
With a little thought, one can convince himself that
this result is completely general.

We now have to consider the effect of the 6(7) terms
in the propagators, which we have so far omitted. To
the contributions to the S matrix from a particular
Feynman diagram so far obtained, we should add the
contributions obtained by replacing the 750 parts of
Sr(x) and Dp(x)*” with the §(r) part in any of the
internal lines. We will use the pictures in Fig. 3 for
the 6(r) parts of Sp(ws—ax1) and Dp(x2—x)**. Dia-
grams containing one or more of these 8(r) internal
lines are then treated as before except that we con-
sider structures such as those shown in Fig. 4 as
single vertices when we do the 7-ordering. Thus we
get (27)%0%(Pr in— D7 out) 8 (Nin—70ut) at each end of a
6(7) internal line, an over-all (27)8(3C;—3C;), and a
factor #(3C,—3C+14¢)~! for each intermediate state be-
tween two different “times.”

At this point, let us notice that diagrams in which
two or more 8(r) parts of propagators are linked to-
gether give a zero contribution to the .S matrix. Indeed,

[ dT exp(i3CT) =
0

(a) X*H'

Fic. 3. (a) Pictures used for the X2
5(r) terms in the electron pro-
pagator and (b) the photon
propagator. (b) Fomn v
X, X
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F16. 4. Structures considered as
single vertices. Structures like (c)
and (d) give zero.

consider a diagram containing a part like that shown
in Fig. 4(c). The corresponding contribution to the
S matrix contains 4%y,y° times Dg#” or e*. Because of
our choice of gauge, only u=1, 2, 3 occurs; but, since
Y'=g"%=0, we have Yvy'=—v""71=0, Y'vn'=
—7""2=0, and y%3y'=7"""=0. Hence y'v.y’*=
Yy Y’Dr#*=0. Now consider a diagram in which the
structure shown in Fig. 4(d) occurs. The correspond-
ing contribution to the .S matrix contains a factor

855057 (v + oy e o +) =835+ 7 0y50 - )
=03+ (+ o o y0y0e <) =0.
We are now in a position to summarize the rules for
7-ordered diagrams. With our choice of gauge there
are three types of interactions as shown in Fig. 5.
These interactions are to be 7-ordered in all possible

ways. We then associate the following factors with the
parts of the diagram®:

(1) wave functions u(p, s), @(p, 5), %e(p, 5), (P, 5),
and ex(p) for the external lines;

(i) (p+m)= > u(p, s)@(p, s) for electron propa-
gators; (—p+m)=— 2, u,(p, s)4.(p, s) for positron
propagators; >_» ex(p) *ex(p)” for photon propagators;

(iil) (4m) %2y (Pous—0in)82(Pr out— Pr in) for each
vertex as shown in Fig. 5(a);

[62/4(27") 3]63“63 v ( 1/7702) 0 (nout'— 7]in) 62(pT out— Pr in)
X""YM""Yy"'
for each vertex as shown in Fig. 5(b), where 7 is the

total 5 transferred across the vertex;

[52/8(27") 3]’}' v’YO’Yu(l/ﬂo) 5(‘flour— ﬂin) 52(91‘ out™ Pr in)

for each vertex as shown in Fig. 5(c);

(iv) an over-all factor of —2mi8(3C;—3C;), and a
factor of (3¢;—3C+14e)~! for each intermediate state;

(v) the usual over-all sign from the Wick reduc-
tion, determined by the structure of the original Feyn-
man diagram;

(vi) an integration

Jor |75

for each internal line.

13 We have done the momentum integrations over the &(7)
lines and rearranged the factors of =, i, etc.
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Frc. 5. Vertices in the infinite-
momentum frame.

(b) M
o™

Note that since each line carries positive 7 and 7 is
conserved in each interaction, vacuum diagrams like
those shown in Fig. 6 cannot occur.

In Sec. IV we shall develop the canonical field theory
for quantum electrodynamics in the infinite-momentum
frame. As we will see, the Hamiltonian we will obtain
reproduces the scattering theory we have developed
here.

IV. CANONICAL FIELD THEORY

A. Equations of Motion

We base our field theory on the usual Lagrangian
density'
£(5) = =9 (3id,— eA ) Y= —1FF,  (4.)

where the electromagnetic field tensor F*» is related to
the potential A* by F**=9*4*—9*A4”. Variation of the
fields ¥, ¥, and A* give the Dirac equation and Max-
well’s equations:

[(i0u—ed,)y*—m]¥=0,
(9)\F”)‘= e‘i”Y”‘I’EJ“.

(4.2)
(4.3)

It will be convenient to work in the infinite-momen-
tum gauge, 4%(x) =0. In this gauge, the field tensor is
related to the potential by

For= —04r=—gd*  (u=1,2,3).

In order to specify the gauge completely, we must
choose boundary conditions for A#(x). For reasons of
symmetry, we will require that A#(«% «!, 4%, 4o )=
— A#(a% &L, &2, — ). With these boundary conditions,
the solution of (4.4) is

(4.4)

Ar(x) = =3 [dE e(a®—E) PR (a0, o, o% £), (4.5)
where
e(x)=1, x>0
=—1, x<0.

It is perhaps not obvious that the gauge conditions

14 We use the notation aT?:.b for a(9ub) — (9.a)bd.
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we have imposed are consistent with Maxwell’s equa-
tions. Thus it is reassuring to note that the definition
(4.5) of A»(x) works for the classical electromagnetic
field. If the field F#»(x) is produced by a current
which, say, is nonzero only in a bounded space-time
region, then the components F%(x) go to zero like
(2*)72 as | a®| —ow. Thus the integral (4.5) is well
defined. Using the homogeneous Maxwell’s equations,
QHF M9 FM- 9 F#r =0, one can easily show that the
potential A* defined by (4.5) satisfies 9”4 #—09#4>=F#*
for all indices u, ».

We have eliminated one component of 4#(x) by our
choice of gauge. Only two of the remaining three com-
ponents can be independent dynamical variables, since
the three components of A*(x) are related at any
“time” x° by the differential equation

63(01A1+62A2+63A3) = —6,,F°"= ——JO. (46)

It will be convenient to regard A* and A? as the inde-
pendent components. Then 432 satisfies

63631‘13: b 6‘36,-/1 j'—]o.

(We adopt the convention that Latin indices are to
be summed from 1 to 2.) The solution of this equation
which equals A3 as defined by (4.5) is

Ad(x) =—5[dE | 2 —& | [050,47(a, o7, &, £)
+70(af, o, 0, £) 1. (4.7)

To see that this equation reproduces our definition of
A3 in terms of F%, write it as®

A¥(x) = —3[dE | 4| 3" (o, &', o*, &)
=—3JdE(8/0%% | A —E | ) FB (a0, o, o7, &)
= —%fdé €(x3—£) F03(x0’ xlr .’)C2, E) . (48)

Thus only two components, A'(x) and A%(x), of
A#(x) are dynamical variables. 4°(x) is identically
zero, and A3(x) is determined at any ‘“‘time” a® by
Al(x), A%(x), and ¥(x) at that a® by means of Eq.
(4.7). This reduction in the number of independent
components of A* is a familiar feature of quantum
electrodynamics in any reference frame.

\@\\iﬁ/

F1c. 6. Typical diagrams that vanish because
of 5 conservation.

1 For classical fields, the integral (4.8) converges because
33F% goes to zero like (x%)73 as a*— . Furthermore, no surface
term arises in the integration by parts since F% falls off like
(4*)~2 as x3— . Note, however, that it is not permissible to
integrate by parts in Eq. (4.7).
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In the infinite-momentum frame, we find that the
number of independent components of the electron
field ¥ (%) is also reduced from four to two. In order
to show this, we pause briefly to examine the proper-
ties of the infinite-momentum v matrices, y*=C*#4".
The “ordinary” v matrices 4* are chosen to satisfy
{##, 47} =28* and 9*'=4,. Thus the infinite-momen-
tum vy matrices satisfy {v*, v’} =2g*, y*'=+v,. From
this it follows easily that P,=3v*" and P_=3v%? are
Hermitian projection operators with P,P_=0 and
Pi+P_=1. These facts, as well as some others that
we will need later, are listed for convenient reference
in Table 1.

It will be helpful to have a specific representation of
the v matrices in mind. We will consistently use

01 0 —o*
'?oz b ’?a: (a: 1’ 2’ 3)’
10 ' 0

(4.9)

where ¢, ¢2, and ¢% are the usual 2X2 Pauli matrices.
With this choice for the y*, we find that

1000 0000
0000 0100

Py= , P.= (4.10)
0000 0010
o o0 1) o 0 0 0

By applying the projection matrices Py to the elec-
tron field ¥(x), we obtain two two-component fields
which we call ¥, () and ¥_(x):

2 0
0 Wy
v, =P, V= R V_ =P ¥= (4.11)
0 A
(2 Lo

With this preparation completed, we are ready to
examine the dynamics of the electron field ¥(x). If we
multiply the Dirac equation by 4° and recall that
Yv°=0, we obtain

(93— eAs) Yy ¥ =+[— (19— ed ;) y+m]¥.
Using our y-matrix identities, this becomes
(95— eAs)VU_=1[ (i0;— eA ;) vi+m T,

This differential equation is considerably simplified be-
cause of our choice of gauge, A3=A°=0. Thus
3= —3i[ (19— ed;)Y+m ¥, (4.12)

For reasons of symmetry, we write the solution of Eq.
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TaBLE I. y-matrix identities.

v v} =2¢,

Pi=3yy’,  P_=iy*
P:!:T: (Py)?=Py

P,4+P_=1, P,P_=P_P,=0
Y’Pr=P4*=0, YP_=Pyi=»
VP_=Py"=0, A 'Py=P'=o°

= (1/V2) (¥+49%) = (1/VZ) (P_A Py 4-P1*P-)
'?070=\/2.P+1 ")"0732“/21)—

(4.12) as
V_(x) = — [ dte(x*—E)
X {[#0;—eA;(2% X, £) Iyi+m}y" ¥, (2% xr, £).  (4.13)

Thus the two components of ¥_(x) are dependent
variables in the infinite-momentum frame. They are
determined at any “time” «° by the independent fields
¥, (x) and A7(x) at the same 2% We recall that the
dependent variable 43(x) is determined at any «° by
A7 and J° at that a9 It is reassuring to note that the
dependence of J°(x) on the independent fields ¥, and
A71is very simple:

JO0= Uy = e 10 =V2eW W, (4.14)

What are the equations of motion for our independ-
ent fields 49(x) and ¥, (x)? For A4%(x), we have the
Maxwell equations

9,(07Ai—diA") =TI,
or
26083Af= JH—&)JG JAT— aiaiA".

= Ji+0903A%+070,45— 0,014
=J4 379543+ 9;F . (4.15)
Using the definition (4.5) of 47 in terms of F%, we have
0049 (x) =% [dt e(2*—£) 09547 (20, X7, £). (4.16)
Substituting into (4.16) from (4.15), we obtain
00A (x) =307 [dE e(#*—£) 33 A°(a, Xr, £)
+ifdke(*—E) [T (2", Xr, £) +0:F (20, Xr, £) ]

Since the integral in the first term is just 243(x) be-
cause of Eq. (4.5), we have, finally,

004 (x) =3074%(x) +1 [ dt e(— E)[JI(«, r, £)
+9:F (%, X1, £) ], (4.17)

We can obtain the equation of motion for ¥, (x) by
multiplying the Dirac equation by +¥°. After making
use of some of our y-matrix identities, we obtain

AWy (%) = —1eA3(x) Ty (x)
—3i{[i0;—ed;(x) Iyi+m}vy¥_(2)."_ (4.18)
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B. Momentum and Angular Momentum

The invariance of the Lagrangian under the Poincaré
group provides us, using Noether’s theorem, with a
conserved momentum tensor 7,*(x) and a conserved
angular momentum tensor J,,M(x) :

T =¥ ()0, U+ (0,4, F—ge,  (4.19)
Jur=x,T > —x,T M S0, (4.20)
where
Sy = %i‘i’(')’)‘[’)’m 'Yv:H‘ [:'Ym 'YVJ'Y)\)‘I"“‘F)\IAA —I,A e
(4.21)

If the fields satisfy the equations of motion, then
T,» and J,,* are conserved:

AT =0, WJu*=0. (4.22)
Thus the total momentum,
Py= [@xrdx*T,0, (4.23)
and the total angular momentum,
M= [@xpds®T 0, (4.24)

are constants of the motion. In our quantum theory,
P, and M,, are the generators of the Poincaré group.®

We recall from our discussion of the Poincaré group
in Sec. II that the operators Pi, Ps, Ps, M1, M1s, and
M3 are “‘kinematical” symmetry operators in that the
subgroups of the Poincaré group which they generate
leave the planes r=const invariant. Thus we might
expect that they take a particularly simple form. In-
deed, we find that

TO=\2U (3i) 0¥ s — (9.47) (834s)  (a=1, 2, 3),
(4.25)
Jied= 0 TP — wyTO+V2W, F (32) yrysll - A1 (9547)
—A2(3,4Y), (4.26)
J1= w1 T0— %3740, (4.27)
Jof= 22 T0— 23 T30, (4.28)

Note that these operators involve only the independ-
ent fields ¥, and 47 and thus do not depend on the
coupling constant e.

The most important operator in the theory is, of
course, the Hamiltonian H= P,. From the definition
(4.19), we have

TO=" (31) ey T+ (o4r) F
— V[ (3i0u—eA )y —m U+ 1FwFy,.

The first two terms cancel the terms in the Lagrangian

16 Or course, this remains to be verified using the commutation
relations of the fields, which we discuss in Sec. IV C.
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containing do, and we are left with

3 -
TP=—V(%i Y 3,y —m)¥+ed Fy+¥

y=1

+LFRF,— 1(3;4%) (3549) — (9;47) (3547).  (4.29)

C. Momentum-Space Expansions of the Fields;
Commutation Relations

Let ¥, (pr, n; 7) be the Fourier transform, at the
“time” 7, of ¥, (%), so that

\I’+ (T’ Xr, E) = (27!") -3/2fd2PTd71
Xexp[ —i(né—prxr) N (pr, n; 7). (4.30)

It will be useful to define operators &(pr, 7; s; ) and
d(pr, n; s; 7), where s takes the values 43, by

27412 (pry 05 +35 7) =Vqa(pr, 15 7) for 1>0,
272 (pry n; — 35 7) =V4a(Pr, 15 7) for >0,
272G (pp, 5 +3; 7) =Vyu(—Pr, —n; 7) for n>0,
27U 124Y (pp, m; — 55 7) =V4a(—pr, —n; ) for n>0.
(4.31)

Then our Fourier expansion of ¥, (x) takes the form

W, (r, %0, 2) =242y [ @pr [" g E
0

s=41/2

X {w(s) exp[—i(nZ—pr-Xr) Jb(p; ;5 7)

+w(—s) exp[+i(nZ—pr-xr) 1a(p; 55 7)1}, (4.32)
where the spinors w(s) are
1) 0
0 0
wHH=| |, w(=9= (4.33)
0 0
o (1)

Let us see what the electron parts of the momentum
operators Py, Py, and P; look like in momentum space.
Taking the operators P, from (4.23) and (4.25), and
doing a little algebra, we get

Pretentron = / PordZNY, (7, Xp, Z) 3104 (1, X1, T)

= /dﬁpr:@ > Pl b (p; 55 ) O(P; 85 7)

N s=+1/2
—d(p; s;0)d(p;5;7)]  (a=1,2,3). (434)

Up until now we have not mentioned the commuta-
tion relations of our independent fields. The form of
(4.34) makes a very clear suggestion as to what com-
mutation relations to chcose. We are led to interpret
b(p; s; 7) and d(p; s; v) as destruction operators for
electrons and positrons, respectively. [The minus sign
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in (4.34) can then be disposed of by normal ordering. ]
We thus postulate the covariant anticommutation re-
lations

{o(p; s;7), b1(p'; "5 1)} =1{d(p; 55 7), dT(p'5 5'5 7))
=583’775 (77—77,)52(1)1'—" pT') ) (435)

with all other anticommutators vanishing. Transform-
ing back to coordinate space, we obtain the following
equal-r anticommutation relations:

(Y (7, X1, Z), V. 1(r, 2/, Z')}
= P8(Z—Z') & (xr—x7") V2,
{‘I’+(T, X, Z), \I’+(T) XT,J Z/)} (436)
= {‘I/+T (T’ Xr, Z) ’ \I,+T(T7 xT,) Zl) } =0.

We will use the same procedure to find commutation
rules for the field 49(x). Since 4%(x) is to be a Hermitian
field, we write its Fourier expansion as

i _— 3 1/2 2. w‘_izz = .

Ai(r, X, Z) =[2(2m) 5T fdefo TS

X {exp[—i(nZ—pr-Xr) ] a(pr, n; \; 7)
+exp[+i(nZ—pr-xr) J o' (pr, n; A5 1)}, (4.37)

In terms of the operators a(p; \; 7), the photon part
of the momentum P, is

Py (photon) = — [d2deZ .4 (7, X7, Z)034 (7, X7, Z)

ood 2
= [@pe [*Z 5 X 8alp % Dot (p5 5 7)
o 7 =1

+at(p; N5 1)a(p; N5 7) ]

The interpretation of (4.38) is clear if we let the oper-
ators a(p; N; 7) be destruction operators for photons
and normal-order the expression for P,. Thus we are
led to postulate the covariant commutation relations

La(p; s 1), a' ("5 N5 1) J=8amd(n—2") 8 (pr—pr'),
La(p; N5 1), a(p’, N, 7)]=0. (4.39)

Transforming back to coordinate space, we obtain easily
the equal-r commutation relations

[63/1’(7’, X7, Z); Aj(7'7 xT,a Z’)]

(a=1,2,3). (4.38)

=—3i0;6(Z—Z") 8 (Xr—%7"). (4.40)

Utilizing the relation (4.5) between A*? and 9;4°=

— F% we obtain

[Ai("'; Xr, Z)) Aj(‘r) xT’: Z,):l
=—1i8;e(Z—Z) 3*(xr—x7"). (4.41)

We also assume, of course, that the photon creation
and destruction operators commute (at equal 7) with
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the fermion creation and destruction operators. Thus
L4%(r, %r, Z), Wy (7, X0/, Z) ]=0.  (4.42)

Our field theory in the infinite-momentum frame is
based on the equal-r commutation relations (4.36),
(4.41), and (4.42). We would expect, a priori, that
dynamical effects could propagate from one point to
another in a plane r=const along a line Xr=const
(i.e., along a light cone). Thus we might expect that
the commutation relations would depend on the cou-
pling constant e. The commutation relations among
the independent fields of the theory are in fact inde-
pendent of e. However, the electrodynamic interaction
does affect in the equal-r commutation relations among
the components of the complete fields 4#(x) and ¥(%),
since the charge ¢ appears in the definition of the
“auxiliary” components A% and ¥_ of the fields. We
find, for instance, that :

I:A3(T: Xr, Z)7 \I,+(T) XT,: Z,)]
=le| Z—Z | 8*(xr—x7" )V (7, X7, Z).

We can gain further confidence in the equal-r com-
mutation relations by using them to show that the
operators P, and M,, actually generate translations
and Lorentz transformations when commuted with the
independent fields of the theory. The verification for
the “kinematical”” operators is particularly simple be-
cause these operators involve only the independent
fields. One finds

iLPj, Ai(%)]=09;4%(x), [ Pj ¥y (%) 1=0,%4 (),
i, A%(x) J=08:4(%), iln, Wi (%) J= 0594 (%),

i[Js, A(x) = (210e— 2201) A%(x) — €549 (%),

i[Js, ¥y (%) 1= (2102 2200) W () +Fv172 %4 (),

i[Bj, A*(x) 1= (20— x;05) A*(x),

iLBj, Wy (x) J= (30,— x,03) ¥y ().

It is considerably more tedious to show that the opera-
tors H, Si, S2, and K3 have the proper commutation
relations with the fields. We present in Appendix A
some details of the calculation which verifies the crucial
assertion

iLH, A¥(x) ]=004% (),

(4.43)

i[H, ¥, (x) ]J=00¥ (x).

(4.44)
Similar but lengthier algebra gives
[ K3, A%(x) ]= (x005— x390) A7 (%),
[ Ks, Wy () J= (2003~ x300) ¥ (%) +3V4 (), (4.45)

i[Si, A3(x) J= (%:80— %00:) A7 (%) — g7:do(x) +07As (),
iLSs, Wi (%) J= (:00— x09:) ¥y () +-Fvivob (x)
—deA; (%) ¥ (%),
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where A;(x) =3%[d¢ e(x*—£) A:(2°, Xr, £) is that func-
tion which preserves the gauge during the Lorentz
transformation.”

D. Free Fields

Let us see how the methods of the preceding sections
work if the interaction is turned off. Consider first the
electron field ¥(x). With no interaction, each compo-
nent of ¥(x) satisfies the Klein-Gordon equation

(20095 9:0"+m2) ¥ () =0. (4.46)

Using this in the Fourier expansion (4.32) of ¥ (x),
we find that the operators b(p; s; 7) and df(p; s; 7)
satisfy the differential equations

[—2in(8/0r) +pr*+m*Jb(p; 55 7) =0,
[+2in(8/07) +pr*+m*1dt (p; s; 7) =0.
Solving these equations, we get
b(p; s; 7) =exp(—ipor)b(p; s;0),
d'(p; s; ) =exp(Fipoer)d’ p;5;0),  (4.47)

where po= (pr*+m?) /27 is the free-particle Hamilton-
ian. Thus the Fourier expansion for ¥, (x) takes the
form

dn

¥ () =200 T [ @pr /0 ® =
X X

s=+1/2

+ 2P (—s) exp(+ipua)dt(p; 55 0)1.

{214 20 (5) exp(—ipux#)b(p; s; 0)
(4.48)

The auxiliary field ¥_(x) is given in terms of ¥, (x)
by Eq. (4.13),

V_(x) = — 11 [dE e(a®—§) (10,77 +m) vV (o, X7, £).
(4.49)

We have now only to add ¥, (x) and ¥_(x) to obtain
the complete field ¥ (%) :

¥ (x) =[2(27)° ] / Ppr /wd_;v

0
X 2. {u(p,s) exp(—ipu*)b(p; s; 0)
s=+1/2

+o(p, 5) exp(Fipuat)dt(p; 55 0)}, (4.50)

7 Cf. J. Bjorken and S. Drell, Relativistic Quantum Fields
(McGraw-Hill, New York, 1965), p. 88ff.
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where

w(p, +3) =242 :

u(p, —3) =274y ,

(4.51)

v(p, +5) =271y ;

o(p, —3) =2V

If the field ¥(x) which we have obtained in the
infinite-momentum frame is to be equal to the usual free
Dirac field, then the spinors #%(p, s) should be solutions
of the Dirac equation normalized to @(p, s)u(p, s') =
2mbse and the spinors »(p, s) should be related to
u(p, s) by charge conjugation. Indeed, a quick check
shows that this is the case.

The destruction operator b(p; s; 7) destroys an elec-
tron with momentum p described by the Dirac spinor
u(p, s). Using the explicit form of #(p, s), we can
clarify the physical meaning of the spin index s. In a
short calculation presented in Appendix B, we find
that s is the helicity of the electron as measured in a
Lorentz reference frame moving with (almost) the
speed of light in the —z direction.

We can also check to see that, with the interaction
turned off, our field A#(x) is just the usual free-photon
field (in the appropriate gauge). The calculation is
completely analogous to the calculation for ¥(x), so
we just state the result. With e=0, we find

() =C2(2my T [ e [T 5 o)
0

P

X [exp(—ipuat)a(p; \; 0) +exp(+ipua)a’ (p; 2;0)],
(4.52)

where the ex(p)* are just the infinite-momentum-gauge
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polarization vectors defined in Eq. (3.9). Using the
explicit representation of the polarization vectors, we
can"clarify the physical meaning of the index . An
easy calculation shows that the creation operators
271U at(p; 1; 0)=ia’(p; 2; 0)] create photons with
helicity 1.

E. Scattering Theory

We have seen that infinite-momentum quantum
electrodynamics is the same as ordinary quantum
electrodynamics in the trivial case e=0. The two the-
ories can be compared for €0, at least formally, by
constructing the S matrix in old-fashioned perturba-
tion theory in the infinite-momentum frame and com-
paring it with the .S matrix given by the r-ordered
diagrams of Sec. ITI.

The perturbation expansion of the S matrix takes a
familiar form once we have divided the Hamiltonian
into a free part and an interaction part. To make this
division, we start with the Hamiltonian density 7¢°(x):

T0=— [ (3i0,— ed;)vi—m I —¥ (3i) ¥
+eAN YU +3F 21— 5(9;4%) (9:4%) — (9;4°) (8:47).
(4.53)
The integrated Hamiltonian can be somewhat simpli-
fied if we realize that the first term is equal to —2 times
the second term after an integration by parts in the
transverse variables !, #2. To see this, write —2 times
the second term as
Fidgy T =W 401030 =V2U_tidgy_.
Using Eq. (4.12) for 9;¥_, this is
—_t[ (18— ed ;) vi—mI¥. /N2
— U M [(—id—ed;)yi—mI¥_/V2.
With an integration by parts in the transverse vari-
ables, we can replace i9; and —id; by 1id; and obtain

—WH (PO P+ PyyP)[ (30— ed;) yi—m N2,
But P_y°P,+ P,y P_=~"4~3=V24° so this is just
— [ (30— edy) yi—m]¥.
Thus the Hamiltonian density can be rewritten as
TO=F L0y U+ eAXTy O+ LF12F,,
—%(0s4%) (0s4%) — (9;4%) (9:47).  (4.54)

At this point we realize that part of the interaction
is buried in the dependence of ¥_ and A% on e. In
order to bring out this dependence we write ¥_ as the
sum of a “free” part ¢_ and an “interaction part” T,
where

Y (x) = — ifdE e(6®—£) {10,774+ m}v ¥y (o« X1, £),
(4.55)
T (x) = tie[dt e(x®—£) 4;(2% X1, £) vy ¥4 (2, X1, £).
(4.56)

We also define ¢, =¥, and ¢y=y,-+¢_. Similarly, we
write 43= @3¢, where

@ (x) = —5[dE | ¥~ | 050;47(a0, X1, £), (4.57)
¢(x) = —%fdf l x3_£ l ]0<x0’ Xr, 5) ) (458)

and we put @’=A47% @°=0. Let us insert ¥=y¢+7T and
A#=@*483#¢ into our Hamiltonian density (4.54) and
simplify the result.

From the first term in 7, we get four terms

TLi0p W =VIV_t1i950_ =2 _tLidah V2T Lid,T

VI iy 0-VIT G, (4.59)

The first two terms can be left as they stand. The inte-
grated form of the third term can be integrated by

parts so that 3i; is replaced by id;. This integration
by parts can be justified simply by using the definitions
(4.55) and (4.56) to write

— [dZ 33y (Z)1(Z)
= —L[dZdt Ot (Z) e(Z— ) 95T (£)
=+1[dzds 9%t (Z)e(E—Z) 3T (£)
=+ [dEY-T(£)a:71(8).

Similarly, we can replace %id; by —ids in the fourth
term. Then, making use of the definition (4.56) of 7T,
we obtain for the sum of the third and fourth terms
of (4.59)

(e/N2WN (PP Piy’P_) Gy =eQily#.  (4.60)

Turning now to the second term in 7, we write
simply

AN = e AN AT, = e QY +-edPyy.  (4.61)

The third term in 7° can be left unchanged since it
involves only 47=@’ The fourth term requires some
work. With an integration by parts we can make the
replacement!®

—1(934%) (9543)—+54%930545.
Writing A3=@®@%+¢, we obtain the sum

%@36363@3—!— %¢6363¢+ %Maﬁa@s—}— %@33363(;'). (4.62)
We write the first and second terms simply as
1@%030,@3 = — 1@%9:0,GQ7 (4.63)
and
19006 = —36T0= —degPry.  (4.64)

We see, with use of the definitions (4.57) and (4.58),
that the integrated forms of the third and fourth terms

8 We may find some reassurance about this in the fact that,
in classical electrodynamics, the surface term A23;A4% vanishes
like z72 as Z— .
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in (4.62) are equal. Indeed,

JdZ[8:9:¢(Z) Ja(Z)
=%[dZd{ 9:0:9(Z) ] | Z— £ | [9:050°(¢) ]
= [d£ $(£) [9:9:G°(£) ].

Thus we can write for the sum of the last two terms
in (4.62)

10030305+ 3@303030 330503 = — $339,@7.  (4.65)

Finally, we consider the fifth term of 7%?, which we
write, using an integration by parts in the variables
«' and #2 as

- (6 jA3) (63A7') —>A3636jAj= ¢636j@,j+@3333j@j. (4.66)

The integrated Hamiltonian is now in the form we
wanted. Adding up the pieces, we have

H=H+V, (4.67)
where
Ho= [@xpdZ[V2Y_1Lideh_+ LF1F -+ 16%50,07],
(4.68)
V= [ @ardZ[eQuiyp+VIT3ids 0+ 2edPr v ] (4.69)

If we work in the Schrodinger picture, we can evaluate
all Heisenberg operators at “time” 7=0. We note that
the Fourier expansions of the fields ¢(x) and ®@*(x)
at =0 in terms of creation and destruction operators
are the same as the expansions (4.50) and (4.52) for
free fields. Thus the free Hamiltonian H, generates the
free motion of the quanta created by a'(p; A; 0),
bt(p; s; 0), and d(p; s; 0). The remaining part of
the Hamiltonian, V, gives rise to the scattering of these
quanta.

We can formally calculate the scattering matrix with
the aid of the “old-fashioned” perutrbation-theory ex-
pansion

Sﬁ= 1— 21’55(3(3,'—3(3.') [V+ V(JC—Ho—l-ie)_lV-l— .o '].
(4.70)

In a field theory in an ordinary Lorentz frame, this
formula leads to a set of rules for calculating scattering
matrix elements using time-ordered diagrams. In the
present case, we are led in the same way® to rules for
7-ordered diagrams.

These rules are the same as the rules developed di-
rectly from the covariant Feynman rules in Sec. III.
This can be seen by calculating a few matrix elements
of the interaction Hamiltonian V. One finds that the
interaction term

Vi= [@xrdZ eQ v (4.71)

19 Of course, we encounter most of the usual problems too. Cf.
W. Heitler, The Quantum Theory of Radiation, 3rd ed. (Oxford
U. P., New York, 1966), p. 276ff.
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gives the “ordinary” vertices of Fig. 5(a). The second
term in ¥, when written out in full using the definition
of T, is
Va=—tie*[dxrdZdf e(Z—£)¥/(0, Xr, Z)v*Qu(0, Xr, Z)
X¥"Cy(0, xr, E)Y(0, X1, £).  (4.72)

Using

JAZ exp(inZ) e(Z) = 2i/, (4.73)
one finds that the interaction V, gives the vertices of
Fig. 5(¢).

The third term in V, written out in full, is

V= —%e2fd2deZd§ I Z—§ | 52(07 X7, Z)'YO‘I/(O’ Xr, Z)

XJ(Oy Xr, 5)7011/(()? Xr, E) (474)

[dZ exp(inZ) | Z | =—2/7%, (4.75)

it is easily shown that the interaction V3 gives the
“Coulomb” vertices of Fig. 5(b).

Thus when we formally calculate the .S matrix from
canonical field theory developed in the infinite-momen-
tum frame, we get the same results as when we directly
transform the S matrix for ordinary quantum electro-
dynamics to the infinite-momentum frame.
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APPENDIX A

In this appendix we will show that the canonical
Hamiltonian presented in Sec. IV B generates the cor-
rect equations of motion for the independent field oper-
ators A%(y). We begin with expression (4.54) for the
Hamiltonian,

H= [dx[i2-"20_1330_+ A3J0— 33, 4%054°
41FUF,—0,;4%,47]. (A1)

In order to compute [H, A%*(y)] we need to first
compute two rather complicated equal-r commutators
which we list here:

[V-(a), 450) T o= —se [ dk elab=8)e(—)

><62(XT— YT)'YLYO\I,+(y07 yr, E): (AZ)
[43(x), A% (y) ] loomyo= (1/40) | &*—»* | 06* (X — 7).
These relations follow from the definitions of the auxil-
lary fields, ¥_(y) and A43%(y), and the basic equal-r
commutators of the independent fields.
With these preliminaries done, we can compute

[H, Ai(y) 1= 22dx[¥_ () 3i0¥_(x), A%() Jrys
+ fdx]"(x) [As(x) y Ai(y) ]z°=y°
— 3 [dx[0s4%(x) 9543 (), A¥(9) Jary?
+3 [ ax[F2(x) Fio(x), 4%() Jooyo
- de[aiAs(x) 9347 (x), Ai(y) :Iz"=y°-

Using

(A3)
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For convenience we label these five terms (I), (II),
(III), (IV), and (V) and compute each in its turn:

(D) =22 [dx[ ¥ () }ide¥—(2), AN Tome (AY)
=327 [dx{¥_T (%) [0:¥_(x), A*(y) Jeye
+LP-1(x), A%(y) Jroyds¥ ()
— 050 (2) [ (2), 4%(y) Jooy?
—[0s¥_1(x), A¥(y) Jor—yo¥_() }
=42712[dx[ — Lee(x*—9?)
X & (xr— yr) U1 (2) v*y ¥4 (%)
—feefd e(x*—§) e(E—9°)
X & (xp— yr) ¥4 (5%, Xr, £)vPy'0s¥_()
+sefdE e(x?—E)e(E—9°)
X8 (xp— yr) 9V (2) vy (5, Xz, £)
+iee(wi—9°) 8 (xr— yr) Uyt () Yy () ]
=14e27712 [dxde (x5 —y*)
XLE_1(y°, yr, #) vy ¥4 (5% Yr, 2°)
+2. (0 yr, 2y, yr, %) ]
— 16272 [du? [ df e(2*—£) e(§—°)
XL (50 yr, ) VPr9s¥- (5" ¥, &%)
+5¥ 1 (5%, yr, )Yy (5% Y1, £) ]
= (1/440) Jdt e(y*— £) T (Y, yr, £).
We have observed in this calculation that

V_(y) =3Jdt e(y*—£) 0¥ _ (3%, yr, £)

(AS)

and

Ji(y) =272 (0T (y) 7"y 4 () +T4 T (0) Y'Y - (9) }.

Continuing,

(IT) = fdx J°(x) [A°(x) , A*(y) Jooy? (A6)
= (1/41) [dx J°(x) | x*—y? | 3%6*(Xr— Yr)
=— (1/4) [do? | £3—y* | 9T°(3", yr, &%). (A7)
Next,
(III) = — 3 [dx[0s4°(x) 834° (x) , A*(y) Jeoy? (A8)
=— Jdx 634°(x)[0s4°(x) , A*(3) Joomy?
= (1/4) Jdx 0:4% (%) 0:6*(Xr— yr) e(a*— »°)
=— (1/47)0*[dx® e(y*— ) 9:43(4°, Y1, 2°)
=—(1/2:)9°4%(y). (A9)

We have applied here the definition (4.5) of A3(x).

The fourth term becomes
(IV) =3 [dx[F*(x) Fua(x), A*(y) Jooy®
= [dx F2(x)[6°A" (%) —9'4%(x), A*(y) Joomy?
= (1/44) [dx F'(x) [6::0%*(Xr— yr) e(+°—¥")
—5,0'8%(Xr— yr) e(*— %) ]
= (1/44) [81: [ dx’e (53— v*) 0:F2(¥°, yr, &°)
+80: [ dae (23— y*) ALF(3°, ¥, 2°) ]
=— (1/40) [do*e(y’— 5*) 0;F (5", ¥r, 2°).
Finally,
(V) =— [dx[8;4°(x) 9547 (x), A*(y) Jaoy?

= — [dx{9;4%(x) %[ A7 (2), A (y) Jreye

+9,L4%(x), A*(y) Joyrds47(x) }

= — (1/41) [dx[3;4%(x)8:;6*(Xr— Yr) Oe(2*— )

+0;0°%(Xr— yr) | °—»*| 9:47 (%) ]
=— (1/44) [dx[20;43(x)8*(x—y)

+ | 4P —y* | 8930;47 (%) 8*(Xr— yr) ]
=—(1/24)9:4%(y)

— (1/40) 0 [dx3 | 83— | 3:0;47(9°, yr, #°).
Collecting these five terms, we have the result
[H, Ai(y)]= (1/44) [da’e(y*— ")

XT3, yr, #)+8;F7 (5%, yr, 2%) ]
— (1/4)9fds? | 37 |
X [9:0;47(3°, yr, #*) +T°(5%, yr, #*) ] (Al4)
Recalling the relation (4.7) for 43(x), we have, more
simply,
[H, A'(y)]= (1/4) [da*e(y*— ") [T (3", ¥r, &°)
+9;F% (yo, yr, o) I+ (1/20)0°4%(y).  (A15)

Referring to (4.17), we see that we have indeed veri-
fied our claim,

(A10)

(A11)

(A12)

(A13)

[H, A%(y)]= (1/9)80A*(y). (A16)
The verification of the Heisenberg relation
[H, ¥, (y)]=(1/3) 9%+ (y) (A17)

is also tedious but straightforward.

APPENDIX B

We will discuss here the physical meaning of the
spinors appearing in the expansion (4.50) of the free
Dirac field. We will show that these spinors are eigen-
states of helicity referred to a Lorentz reference frame
moving with (almost) the speed of light in the —z
direction. To do this, we consider, using the representa-
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tion (4.9) of the y matrices, the helicity operator in
the laboratory frame

#P -0 0

! b P
ho(p) = = 22 = , (B1)
20ol " Tel o 0 4 5

LO 0 7y —P3J

where2;p, = p'=+ip2 Then the operator which measures
helicity from a reference frame moving in the z direc-
tion with a velocity v,= — tanh (w) is*

ho(p) = exp(—30vv*) ho(g) exp(Gwy™’), (B2)

where
q“=A(w) kyp?y

coshw 0 O sinhw
0 10 0
A (w) ”V =
0 0 1 0

Lsinhw 0 O coshw J

20 In this appendix all quantities are referred to the ordinary
coordinate system. We omit the carets.

21 Cf. J. Bjorken and S. Drell, Relativistic Quantum M echanics
(McGraw-Hill, New York, 1964), p. 18ff.
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We compute

1% —¢ 0 0
ho(p) = (B3)
la] 0 0 ¢ eq-
Lo 0 ey —g
Now let w— . Then
|0, goben (44 47) =2 e
and
1 00 0
1(V2pe/m —1 0 0
ROSVROEE (B4)

0 0 1 VZp_/n|

-1

We can now verify that the spinors listed in (4.51) are
eigenstates of /4, (p):

kw(?)”(?; i%)=i%“(P» i%)’
heo(p)v(p, £3) =Fo(p, £3).
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Model amplitudes are discussed which can accommodate nonlinear trajectories, satisfy duality, and have

a nondegenerate spectrum of daughter resonances.

ONSIDERABLE activity has been generated

recently by Veneziano’s suggestion! of an elegant
approximate form for scattering amplitudes which
embodies many of the features thought to be possessed
by real scattering amplitudes. This expression is con-
structed from functions of real linear Regge trajectories
and correlates a rich resonance spectrum with Regge
asymptotic behavior in a crossing-symmetric manner.
On the other hand, not only is it restricted to linear
trajectories, but also it fails to accommodate Regge
behavior for real energies (except in an average sense)
or finite-width resonances. Moreover, the requirement
of factorized resonance residues demands a degeneracy
of secondary resonances at J—# (J being the spin of

* Work supported in part by the National Science Foundation.
1 G. Veneziano, Nuovo Cimento 57A, 190 (1968).

the leading resonance at a particular mass value) that
increases very rapidly with ».2 It is, therefore, of interest
to explore alternative model amplitudes which contain
additional desirable properties not possessed by the
Veneziano formula while retaining most of its virtues.
The fundamental reason for both the requirement of
linear trajectories and the high degeneracy in the
Veneziano model is that the resonance residues are
polynomials in the trajectory functions. The degeneracy
is introduced in the transformation from the momentum
transfer variable to the cosine of the scattering angle.
We propose a model which can accommodate nonlinear
rising trajectories with right-hand cuts and even left-

2K. Bardakci and S. Mandelstam, Phys. Rev. 184, 1640
(1969) ; S. Fubini and G. Veneziano, Nuovo Cimento 644, 811
(1969).



