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The "threshold epoch" of classical cosmology is first discussed from a classical point of view. It is shown
that if the density fluctuations at this epoch are proportional to Ã " (where Ã is the number of particles
in a disturbance), then z must exactly, or very closely, equal the value -', in order that such fluctuations
develop into protogalaxies. This result is independent of the value of the threshold epoch, and of the equa-
tion of state for the very early universe. Arguments of a speculative nature are then presented which indicate
that the threshold epoch occurs at the Planck density. It is also proposed that the initial conditions of
galaxy formation are metric fluctuations at the threshold epoch of classical cosmology. The evidence in
favor of this theory is (i) the density Auctuation obeys the n=-, rule, and (ii) the spin fluctuation gives
an eventual angular momentum of the order Ã'~3k, in reasonable agrement with that of the Galaxy.

from (1) and (2),I. INTRODUCTION

tt=ap~X "(t/to) (3)
1

~
~F the various problems encountered in the study of

galaxy formation, the most perplexing is the
nature and origin of the initial conditions. It is argued
elsewhere' that the initial inhomogeneities which
eventually develop into galaxies cannot arise spon-
taneously in an expanding universe, and must therefore
already exist in primitive form when the universe
begins to expand. In this discussion it is proposed that
the initial inhomogeneities are Quctuations in the
metric at the threshold of classical cosmology. '

An attractive possibility is that the initial conditions
of galaxy formation consist of density variations in an
otherwise uniform. universe. ' " These variations are
expressed generally by the relation po=constxLO "',
where tz=hzo/p, 6p is a density perturbation of wave-
length L, e is a constant, and a zero subscript denotes
the value at an initial epoch to. Hence,

In order that p, attain sufhcient values to lay the
foundations of a structured universe, it is usual, for a
given m, to postulate appropriate values of either po and
tp in (2), or rt and to in (3) . In this discussion, we adopt
an alternative approach; instead of postulating initial
conditions that appear appropriate, we set to equal to
the threshold epoch t* of classical cosomology, and show

quite generally that density fluctuations must obey an
e= —', law in order to evolve into galaxies.

In the following we discuss fi.rst the threshold epoch,
and show that e is closely or exactly equal to —'„ inde-

pendently of the actual value of F. It is then argued
heuristically that 3* is the Planck time and shown that
metric fluctuations at this epoch conform to the a= —',

law. In addition, it is shown that the spin component
of the fluctuation gives an angular momentum in
reasonable agreement with the observed value for the
Galaxy.

tto
——p~lV ",

where E~ Lo' is the number of particles in the perturbed
region, and Ps is a constant. (Thus in the case of thermal
fluctuations rt= —',, Ps~1.) From linear theory, tz grows
with time in the early Friedmann models according to

II. THRESHOLD EPOCH

(2)ts = atso (t/to)

for t))to, where a and ns are constants, and therefore,

(dR/dt) '= C/R', C= SzrGpR'/3,
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where R(t) is the scaling variable and C is a constant.
It follows that

pts = 3/32zrG, (5)

where time is measured from the singularity p = ~ . I.et
mc' be the mean particle energy, and )„amean inter-
particle distance defined by the density tz=3zzt/4zr), o'.
A typical particle gravitational length is Xo=2Gzrt/c',
and hence, from (5), t= (X„s/4'. )'' The Hubble
distance (or "particle horizon") is XIr= cR/Pc= 2ct,
and therefore an equivalent way of writing (5) is

(6)
I 2726

It is assumed that the early universe is represented

by the Friedmann models in which the pressure is
provisionally p= spc'. The curvature term is negligible
in the early stages from the dynamic point of view and
therefore
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As we go back in time, the mean particle energy in-
creases, and since X~~ t, X„~ (mto)'», it follows that
X~/X„~(t/m)'" and therefore that the ratio X~/X„
diminishes.

The continuous Quid models are acceptable represen-
tations of the universe when the Hubble distance is
large compared with the mean interparticle distance, or
when X~))X„))X„from (6). But as t goes to zero, we
enter an impossibly bizarre era of X~(X„&X,in which
the continuous fluid representations break down' (for
example, particles recede from each other at speeds
greater than c and are smaller than their gravitational
length). Our models of an expanding universe apply,
therefore, only when t) t*, where t* is a "threshold
epoch" dehned by 2ct*=X*, and P &=X~= X,=—X*.

The e= —', law discussed below is independent of the
actual value of t*; we shall need, however, the following
result: At the threshold epoch, the number of particles
in an initial region of radius I,"- is 1V= (X*/V)o, and
hence, from (5),

8~Gp*L*3=3c~E»3.

III. n= -3 LAW

(7)

So'K/C=8C/C= po P~E ". ——

Thus (9) becomes

(10)

(dS/dr)'=C/(1+po) S ' poRo 'j, (11—)
and density and total energy perturbations are equiv-
alent.

To relate t and r, we use"

By Bp/Br Bp/Br

Br p+ pc' 4p

"L.D. Landau and E. M. Lifshitz, Classical Theory of Fields
(Pergamon, Oxford, 1962), p. 332.

We consider the effect of density Quctuations and
ignore rotation. At time t* a perturbed region of
E))1 is large compared with the Hubble distance, and
(because the spatial derivatives are small) it can be
treated as a section of a Friedmann model. ~ ' "Thus, in
a perturbed region,

ds =dr S'(I' 'dr'+r'dQ') (8a)

P2 $ gr2

where S(r) is a scaling variable, and dQ'=do'+
sin'Hdqrs. In place of (4), we now have

(dS/dr) '= (C+8C) S '—~. (9)

The initial perturbations in "kinetic, " "potential, "
and total "energy" per unit mass are 8(dS/dr)o',
8(C/S')o, and —~, respectively, and we suppose the
perturbations originate at time rp. For convenience, it
is assumed that So=Ro (dS/dr)o=(dR/dt)o, and,
therefore, from (1) and (9),

where dr=ddt. If p, is the density in the perturbed
region, then p, S4=po(1+go) Ro', pR4= poRo4, and

and, therefore,

p/p. = S'/(1+ po) R' (12)

Pe

dp/4p =1nPS/(1+ go) '"Rj.

S=St sin|P, 0= (pot/to) '" (15)

and maximum expansion occurs at tt=(o'or)'to/po.
Alternatively, from (11),

S=S'P1- (1 r/r') 'J-", (16)

and the time to attain St is rt= (3/87rGp t) '»=2to/po.
Hence t and r are related by

r/rt = 1—cosP.

The contrast density p= (p,—p)/p is

p= (4/sin4)' —1,

(17)

and at maximum expansion the density is p, = pp'pp

and is (-,'vr)' times the unperturbed density. Finally,
let r~ be the epoch when the Hubble distance equals the
radius of the perturbed region, that is, 2r~ ——S~r~,
where f denotes the boundary. From (15) and (17), it
follows that

2~GpopoRo'r, ~ = 3 tan'(-', Prr) . (19)

At the threshold epoch the radius is L*=, R*cr~, and
since p ~1/t', R ~ tU', we obtain, from (7) and (19),

poN'»t*/to ——4 tan'(g~), (2o)

where P~= (pot~/to)''= oor(tlr/tt)' '. The treatment of
perturbed regions as sections of Friedmann models is a
reasonable approximation while r&rII or
thereafter, the approximation breaks down and bound-
ary conditions become important.

From these results we show first that e in (1) has a
lower limit. The perturbed region is part of the uni-
verse and not a separate closed Friedmann model
if I")0 in (8a). From (7), (8b), and (10), the bound-

ary value F& is given by

1—r, '=8orGpopoRo ro /3=Pe% "+'»8/to. (21)

The relation between the proper intervals of time dt in
the unperturbed region and dr in the perturbed region is
thus

R(1+po) "4dr = Sdt. (13)

Equations (4), (11),and (13) give

ds/dR= (1+Jtl )'"(1—S'/S t)'" (14)

where St= (1+go ')' 'R is the maximum value of S.
For t))tp we can neglect the small quantities tp, Ep,

and with pp((1 it follows that
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Thus when F~'(0, or when

ln(P t*/t, )
inÃ

(22)

p~= 2pgX "+'~'t*/3to.

Hence all values of e given by

ln(2P~t*/3p to)""+

(25)

(26)

are excluded on the grounds that p~(p
The perturbations are too strong for e given by (22)

and are too weak for m given by (26), and therefore

0((~—23) lnX+in(to/P~t*) (in(2/3y ) (27)

determines the possible values of e. The assumptions
underlying the derivation of this result are: (a) The
density perturbations are of the form po ——P~X " and
commence at time to) t*; (b) the perturbations can be
treated as sections of Friedmann models for t(t~, and

(c) the contrast density y~ cannot be less than p .
In the derivation of (27) we have assumed p=

o'pc', with n= ~3 ~ However, a more general treatment
with arbitrary n, involving somewhat cumbersome

equations, does not alter the main conclusion. Equa-
tion (7) is unchanged, and in place of (22) we find

in+ (8/t, ) j (22')
lng

where q=(6n+2)/(3n+2); and, in place of (26),
we find

n1 6n 6 ~t*

3n+1 15n+7 p to
(26')

The main modification is therefore in (26'); and since
n(is, it implies that values of N)w+O(1/1n X),

J. Silk, Astrophys. J. 151, 569 (1968).
"See also C. W. Misner, Rev. Mod. Phys. 29, 497 (1957).

the perturbations are too strong and form closed
metrics.

We now show that e has also an upper limit. It is
easily seen that the tII epoch occurs in the radiation era
for all galactic masses of 10'ufo(3II(10"3'. Also,
when @II is small, p ceases to grow and oscillates' for
t) III and, furthermore, is subject to damping" during
the remainder of the radiation era. But at the end of the
radiation era, p must have a value of at least p ~10 '
for galaxy formation. " Thus, when p&(p, the per-
turbations are in fact too weak to form galaxies, and
under these conditions (i.e., f~(&1), we obtain from

(18) and (20)

PH=2P04I/3t0=2PE& "4I/3to, (23)

Ill = FÃ2/3. (24)

f More exactly, from a first-order treatment of (14),
p= po$1+-', (t/to —to "/t") g,

and for t~)&towe obtain (23).I From (23) and (24), we

have

where m& —, are excluded on the grounds that pII(p, .
However, throughout the radiation era n is very
closely equal to —, and it is only prior to the radiation
era (inthe "hadronera"), when T)m c'/k (where Tis
temperature) or t(10 ' sec, that there is uncertainty in

the value of cx. Because III))10 4 sec, and n= 3 through-
out most of the lifetime of the perturbation, (23) and

(24) are found to be essentially unchanged and there-
fore condition (26) is still true. Hence (22') and (26)
give, for arbitrary n in the hadron era,

0((N——) lnX+1n[(1/P ) (to/t*)']

(1 L(2/3 -) (t/t*)' 'j (27)
It has been argued' that perturbations which evolve

into galaxies are part of the universe from the beginning
of its expansion and cannot arise spontaneously at
some later epoch. The earliest epoch in classical
cosmology is P; hence we have to 8, and——(27) and
(27') both give

0((N ——', ) 1nlV —lnPs(ln(2/3p ). (28)

It is evident that when X is large, e is close to —', for a
wide range of P~. If X„ is the present number of nu-

cleons in a galaxy, the original number of particles

up to the time of photon decoupling at the end of the
radiation era is" X~N„q ', where g=b(hc/kT)'
10, b 10 ' cm ' is the present average nucleon

density, and T~3'K is the background radiation
temperature. Thus we have /~10'~ for a galaxy of
mass 10"Mo. If, for example, P~=10 ', 2/3p =10',
then from (28) we find 0.65(N(0.68.

Our conclusion is that e has a value either close to
or exactly equal to —', . When I=-', exactly, then (28)
gives1)P~&10 ', also we find

p2 —1 pr2/r2 (29)

and, at maximum expansion, the radius is Ps times
the Schwarzschild radius.

It must be emphasized that the e= —', rule does not
assert that there is a spectrum of wavelengths for which
e=-', for all values of S. The rule merely states that
those fluctuations which develop into galaxies (for
which X has a limited range of values) must obey
e= —', . lt is conceivable, for example, that the clustering
of galaxies is due to longer-wavelength perturbations
of e&-', .

IV. FLUCTUATIONS AT THRESHOLD EPOCH

In this section some speculative comments are
offered on the possible nature of the fluctuations at the
threshold epoch. The question of whether or not these
comments are correct does not affect the validity of the
e=-', rule.

Quantum fluctuations of the metric discussed by
Wheeler'~ apparently provide an additional reason for

'6 E. R. Harrison, Phys. Rev. 16V, 1170 (1968).
'7 J. A. Wheeler, Ann. Phys. (N.Y.) 2, 604 (1957); Geometro-

dynamics (Academic, New York, 1962), pp. 76—77; in Re4tivity,
Groups, and Topology, edited by C. DeWitt and B. DeWitt
(Gordon and Breach, New York, 1964).
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the failure of the classical cosmologies at the threshoM
epoch. We follow, with slight modification, Wheeler's
argument, "which is based on the Feynman propagator

(fsos/fioi)= g exp(iS/r), (30)

where f& and f& are field configurations on hypersurface
boundaries a~ and 0-2, and the summation is over all
possible fields, classical or otherwise, with appropriate
normalization. The dimensionless action is

Sr/ ——(cs/16nGfi, ) f.R„&(Q g) d—4x,

and variations due to field Quctuations are

and, therefore,

(36)

X@—ps+—2/s (37)

where y=3oP/SsGp and Ps is a second undetermined
constant. The angular momentum is J~p*cv*I.~5, or

is the energy fluctuation, and pz is an undetermined
constant. Also, if co is an angular velocity, then sim-
ilarly the spin Quctuation is given by'

8g X*'8R„" co*st*' s)*'/Gp*,

and it follows that

&S~= (8w) ~') 'f&(R "v'—g) d'~ (31) J=Aps"N4/% (38)
In this equation, X&=fr/m&c=2Gmp/c' is the Planck
length. I.et bg represent a Quctuation in any of the
metric coeKcients g„„; then 0 (R„s+—g) contains
terms of k'8g and (keg)', where k=2rr/L for wave-
length L. From (31) and d4x L4, it follows that

8S/r ——ram(L/Xi)'&&terms of order 6g and (8g)'. (32)

The significant contributions in (30) are 8S// ——sar

and, according to (32), they form a spectrum of fluctu-
ations of

L&&X~ (33)

with Sg 1 at wavelength L=)~.
A variety of arguments, commencing with (33), lead

to the results expressed below in (36) and (37). A
particularly simple approach' entails the plausible
hypothesis that Xi Xa=S/m*c at the threshold epoch;
hence,

t*= (GS/2cs) '"= (3/32mGp*)'"~4)&10 4' sec, (34)

and p*=3m*/4s. X*' is the Planck density

p*=3c'/16' G%~3)&10"g cm '. (35)

According to this picture, particle masses of m*c'=
(pcs/2G)' 10' GeV, for which Gm*'/fic 1, are the
basic constituents created by interactions with the
metric at the Planck energy density. One advantage of
this hypothesis is that the short-wavelength Quctu-
ations of 8g 1 explain why classical cosmology has a
threshold epoch. When the age of the universe is large
compared with t~, the classical models of nested hyper-
surfaces orthogonal to cosmic time are little affected
by the quantum states of the metric. At the threshold
epoch, occurring at the Planck energy density, the
microcurvature resonances of wavelength X* smear
together all hypersurfaces of t& t*, and the conventional
concepts of a space-time manifold break down. Thus
again we have reason for believing that classical
cosmology holds only when t& t*.

Since the Planck length and X* are of the same order
of magnitude, (33) now becomes Agan% '/', for X&)1.
At time t& t~, we have, from the Einstein field equation,

8g~h*'oR„"~t*'G8p*~ (op/p) *

and A is a constant of order unity.
It should be stressed that (36) and (37) have not

been derived by formal analysis and depend on, among
other things, the validity of (32) at the threshold
epoch. An interesting consequence of (36) and (37) is
that all Quctuations are resonant states at the Planck
energy density. "The basic resonances have mass m*
and spin s 1; these are grouped to form massive
resonances' of M =Em*, s E' ', and wavelength
L s5/'J(/Ic GM//, */c'.

V. COMMENTS

We have shown that initial density variations in the
universe must obey exactly or almost exactly an e= 3

law if they are to develop into galaxies. This result is
independent of the actual value of the threshold
epoch, and of the precise form of the equation of state
in the hadron era.

It is suggested that the universe is initially structured
with quantized Quctuations of the metric, or massive
resonances, and among other things this structure
contains the initial conditions of galaxy formation. In
favor of this undoubtedly speculative theory is its
conformity with the m=3 law. It also predicts ac-
ceptable values for the angular momenta of galaxies.
For if photons decouple from a rotating region at the

'8 See, for example, J. L. Synge, Relativity: General Theory
(North-Holland, Amsterdam, 1960), pp. 331—337; R. Adler,
M. Bazin, and M. SchiGer, Introdlction to General Relativity
(McGraw Hill, New York, 1965), pp. 367—377."Whether or not these states are associated with baryon
inhomogeneity (Ref. 16) is a matter for speculation.

20 One might indeed argue that initially the universe itself is a
resonance, of wavelength L„*and P@=1, embracing all states of
I.*(I.„*,pa (1.We notice that if X =5/mc, where m is the nucleon
mass, then L */X~X '"m//m* p, which may be no more
than a numerical coincidence. The present angular velocity of
the universe can be calculated from (37) and is given by co t~
10 6Pg"2. From the anisotropy of the microwave background
radiation, observed by R. R. Partridge and D. T. Wilkinson
/Phys. Rev. Letters 18, 577 (1967)g, it is estimated by S. Hawking
t Monthly Notices Roy. Astron. Soc. 142, 129 (1969)g that

10 '~' in a closed universe, where s is the red shift since the
radiation was last scattered. Since 8(a&103, depending on the
thermal history of the intergalactic medium, it is by no means
certain that the observed anisotropy is due to rotation of the
universe.
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end of the radiation era then J, given by (38), is ap-
proximately the present angular Inomentum of a
galaxy, with allowance made for viscous damping in the
fireball and subsequent tidal interactions. It is shown"
that viscous damping is not important for masses of
3E)10"Mo. Moreover, it is argued that tidal inter-
actions are generally not of great importance in the
determination of galactic spin. For a galaxy of mass
~= 10~~~o, we fnd

10"APs"g cm' sec' '.

The estimated value" for the Galaxy is 1.4&10"g cm'
sec ' and this is in reasonable agreement for pa of
order unity. "

In Sec. III rotation is ignored and, in effect, we
consider the case of PB equal or close to zero. Rotation
will cause anisotropy in the expansion, and lacking a
formal theory of rotating Friedmann models, we can
regard x=3cos/8trGp as a measure of the departure from
uniform expansion. Since AS and pS are constants for
a pressure P=sipc', it follows x=7f*s'/R*'. If P~=O,
then

(39)

from (24) and (37), and therefore xrq
——Ps. When Pa is

not zero,

from (15), (36), and (37), and gt =Pa/Pa. Elsewhere"
it is argued that Pu(Ps/Pu(1 and Ps)Pa lead to
distinctly different configurations, which later develop
into elliptical and spiral galaxies, respectively.

The possibility that galaxies originate in the early
universe from therma, l fluctuations of rt=-', , Ps 1 has
been considered by many authors. '4 With these values

"E.R. Harrison, Monthly Notices Roy. Astron. Soc. 147, 279
{1970);148, 119 {1970).

"Estimated by P. J. E. Peebles PAstrophys. J. 155, 393
(1969)J from the models of K. Innanen LAstrophys. J. 143, 150
(1966)j."E.R. Harrison, Monthly Notices Roy. Astron. Soc. 148, 119
(1970).

'4 In Hagedorn's theory PR. Hagedorn, Nuovo Cimento Suppl.
3, 147 (1965);6, 311 (1968); Nuovo Cimento 52A, 1336 (1967);
R. Hagedorn and J. Ranft, Nuovo Cimento Suppl. 6, 311 (1968)j,
the statistical fluctuations are of the form Bp/p {X /X)"', where
X =ft/m, c and SccX, in the limit of high density. This fiuctua-
tion expression applies only when the density is less than p
3II/X '~m 'c4/GO~10'4g cm ', where tM' is the mass in a nucleon
volume and GM'/c2~X . At this density, the Hubble distance
equals the pion wavelength, and t 10 2' sec. At higher densities
and earlier epochs the low-mass end of the hadron spectrum has
wavelengths greater than the Hubble distance. This suggests
that the low-mass states are depopulated, and Hagedorn's
equation of state and fluctuation expression require modi6cation.
At the Planck density the only surviving particles are presumably
those of mass m*~(hc/G)~'2. Nevertheless, if correlation can
exist over distances of X even at the threshold epoch, then we
have the interesting result that the mass in a nucleon volume is
M~p*X ', and the eventual material mass is Mg g3f, or j/Ig~
gm (hc/Gm ')'~10"3E. The order-of-magnitude value of q is
(Gm /etc)u, and therefore 31Io~m (hc/Gm )'~, as comPared
with 3fO ~m„(hc/Gm„) "2.

of rt and P~ in (27), we obtain

1(ts/N't't*(2/3tt„. (41)

In the case of a typical galaxy, with 2/3tt =10', it
follows that 10"(l/t*(10's as in Peeble's model"
Thermal Quctuations must therefore originate in an
era beginning at $~10 '0 sec and ending at t~10 '8

sec. Those Quctuations existing prior to this era are too
strong and form closed metrics, whereas those develop-
ing after this era are too weak to form galaxies. Until
we discover reasons for believing in a special era in
which thermal Quctuations suddenly emerge, this
theory remains in a rather unattractive state. There is
also some room for doubt concerning the reality of
statistical Quctuations of wavelength X))ct in the early
universe. In the case of metric Quctuations this ob-
jection is circumvented by the argument that they
originate prior to classical cosmology.

A significant result of the present discussion is that
the structure of protogalaxi. 'es is determined by the
energy and spin fluctuation parameters P& and Ps.
According to the usual view, protogalaxies are slight
inhomogeneities of p &10 ' in the fireball. Instead, we
now propose that the fireball, and particularly the
radiation era, is populated with relatively dense em-
bryonic galaxies that possess spin. This presents a
picture in some respects similar to the lagging-core
theory, " and has much in common with an Ambart-
sumian-Weizsacker type of cosmogony. The energy
fluctuations specified by p~ lay the foundations of an
Ambartsumian'~ cosmogony in which galaxies develop
from dense embryos, and the spin Quctuations specified
by Ps endow the primordial cosmic medium with
turbulence-like properties as in the Weizsacker'8
cosmogony.
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