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We discuss the interaction between a pseudoscalar and two vector mesons within the context of chiral
SU(3)@SU (3) symmetry. Assuming that the interaction transforms like a combination of zeroth and
eighth components of a (3, 3*)@(3*, 3) representation, we are able, in a phenomenological Lagranigan
treatment, to reproduce a previous SU (3) parametrization of the related meson decay rates. In addition we
obtain interaction terms for the decays of the X° meson. We study also the mass spectrum of the vector,
axial-vector, and pseudoscalar mesons when these last belong to a nonlinear representation and when
they are part of a linear representation which includes scalar mesons. In the latter case we find that the

k-K* mixing is negligible.
I. INTRODUCTION

BOUT one year ago we discussed! the interaction
vertex involving two spin-1 mesons and one spin-
zero meson in the framework of broken chiral SU(2) ®
SU(2) symmetry, using the effective Lagrangian ap-
proach. This vertex, which we shall here call “wpr”
interaction, plays an important role in the vector-
dominance picture*™ of production and decay processes
of mesons. The generalization to broken chiral SU(3) ®
SU(3) is, however, not very simple to do, since it
involves the fixing of parameters in a so-called® “‘super-
Lagrangian,” which contains nonets of spin-zero and
spin-1 fields of both parities. While the choice of which
terms to retain in the Lagrangian is (as always) arbi-
trary, our criterion of simplicity leads us to keep all
chiral symmetric terms leading to bilinear and trilinear
terms in the fields, and similarly for the symmetry-
breaking part, which transforms as a (3, 3*) @ (3%, 3)
representation® of chiral SU(3) ®.SU(3). The problem
of determining the parameters in the chiral Lagrangian
and the breaking parameters, and consequent renormal-
ization of the fields, in terms of the mass spectrum and
partially conserved axial-vector current (PCAC) condi-
tions turns out to be the main part of this work.

The formulation of the “wpr” interaction in the
framework of chiral symmetry has been considered by
several authors™ who use different approaches and
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reach somewhat different conclusions. All authors are
in agreement, however, that either the chiral field
algebral® or strict PCAC must be relinquished in for-
mulating wpr. Accordingly, in Ref. 9 a phenomeno-
logical model of PCAC breakdown is proposed and
leads to the GMSW-type interaction. In Refs. 7 and 8,
however, it is claimed that a stronger momentum
dependence than is contained in GMSW follows from
the requirements of current algebra, even when field
algebra and strict PCAC are abandoned. This strong
momentum dependence is not consistent with the exper-
imental situation. Subsequently we examined the wpr
interaction in a convenient O(4) formulation of chiral
SU(2)®SU(2) symmetry, and were led to precisely
the GMSW interaction, when the requirement of either
explicit field algebra or strict PCAC was relaxed.
Earlier we considered radiative and strong decays of
vector and pseudoscalar mesons,* as well as electro-
magnetic mass differences in the pseudoscalar octet,?
using the vector-dominance approximation. In those
works, as in the present one, the vector fields were
treated as massive Yang-Mills gauge fields, while the
symmetry assumed was octet-broken SU(3). In this
paper the generalized wpr interaction transforms as a
(3, 3*)@(3*% 3) representation of chiral SU(3)®
SU(3) and involves the ninth pseudoscalar meson X?,
as well as axial vectors and scalars. For the interactions
of the pseudoscalar octet and the vector mesons the
results agree with those already given in Refs. 11 and 12.

II. EFFECTIVE LAGRANGIAN

From nine vector fields V,* and nine axial-vector
fields 4,2 (¢=0,1,2, ...,8), we form matrices

8
Vu=V271 30 VN, (1a)
0
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8
A=V27130 A,0 (1b)
0

where A\ are the three-dimensional SU(3) matrices

(for a=1, ..., 8) and A is the unit matrix multiplied
by v/%. The fields
VM:‘:'G': (1/\/Z> (Vua:i:Aua) (2)

form representations (8, 1) and (1, 8), respectively,
of SU(3)*®@SU(3)~ for a=1, ..., 8, and representa-
tions (1, 1) for a=0 (see Appendix A). Analogously,
we define

ViE= (1/V2) (V,*+A,%) 3)

and write for the spin-1 Lagrangian, with kinetic-
energy breaking and current mixing,®

Q= 44, 4)
with

SV:*: —_— iVlw:I:,aKab V‘w:l:,b_l_ %_m2 V“:I: .0 V‘I‘:{:,a7 (5)
where
Vut=a N A-o VA VA VAL (©)

and K is an SU(3)-breaking numerical matrix.
Similarly, we consider nine scalar fields ¢* and nine

pseudoscalar fields 7¢ (¢=0, 1, ..., 8) and introduce
Pt=g4-1n, (7
where
8
o=V2"13" go)\e, (8a)
0
8
T=V2"1>" 7wo\e, (8b)
0

The fields P#4 belong, respectively, to representations
(3%, 3) and (3, 3*) of SU(3)+*®SU(3)~. We introduce
also the covariant derivatives of the P,

P,=D,Pt+=09,Pt+ig(VP+—P+V,"), (9a)
P, =D,P =09,P+ig(V, P-—P-V, ). (%)

The gauge-invariant Lagrangian for the scalar and
pseudoscalar fields, which consists of chiral invariants
that are at most trilinear in the fields P and in their
derivatives, together with the simplest terms which
break chiral invariance, is

fp=3a tr [P,*P,]—juc tr [PTP~]
+iy(P,F xP - P++P,~xP,~-P)
+3u2(det P++4det P)
+tr [fo +3 (Pt xP+-f'4+ P~ xP~-f').
In expression (10),

(10)

£=2 3 v, (11)

1S, Coleman and H. J. Schnitzer, Phys. Rev. 134, B863
(1964).

L. M. BROWN AND H. MUNCZEK 1

and similarly for £/, while
A xA-B=(trA)2 trB—2 tr Y tr (AB)
—tr(AYA) trB+2 tr(AAB). (12)

Equation (12) is a generalization of the determinant
term and in the notation of Appendix A we would
write it, for example,

fEX Pt = @i+l—8j+m—gﬁk +n—ei+ ke P

Our super-Lagrangian, Eqgs. (4) and (10), does not
contain invariant terms that, when expanded, have
lowest-order pieces that are quartic in the fields and
their derivatives, and differs in this respect from that
of Ref. 5. It differs also in containing the last term in
Eq. (10). When only the constants fy’ and f5’ are re-
tained, the divergence of the axial-vector current re-
ceives contributions linear and bilinear in the spin-zero
fields. Therefore we have a modification to strict PCAC
which is added to the one produced by the wpr inter-
action.

The wpr interaction will be discussed in Sec. IV.
For the present we remark that it transforms like a
C- and P-invariant combination of zeroth and eighth
components of" (3%, 3) @ (3, 3*) representations. Thus,
our final Lagrangian will consist of

8=8V+8P+8wp1r,
with &y given by (4) and £ given by (10).

(13)

III. NONLINEAR THEORY

In this version of the theory, the o® are considered
to be dependent on the pion field. We let?

a’+o?=F? (14)

and consider ¢ to be a function of w and the constant F2.
Accordingly, we drop the constant term

— 3 tr(PHP-) = — Ju P (15)

from Eq. (10). Expanding (14) to bilinear terms in m,
we get
0*=V3F%— (1/2V2F) d*°xbre. (16)

We now use (16) to write the terms in Eq. (10)
which are at most bilinear in the pseudoscalar fields.
The result is

Lo, tree= 320w+ 3y F (7,010 — 3m,0m,0)
— $uFro10— ( fo/ V3F) wome— ( f3/2V2F) d¥%exbre
— (fd'/V3) (mwomo+ 3n%7°) 4 2V3fs'nn®

— (f'/V2)d®egexd,  (17)
It is evident that there are more parameters in (17)
than are needed to fit the pseudoscalar masses and
satisfy PCAC. While the general case of diagonalizing
a Lagrangian of the form of Eq. (17) is treated in
Appendix B, we shall here, for simplicity, put y=u=0
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and a=1. Defining also

Fo=(v3L(fo/2F)+£], (18)
Fs= (V3 L(fs/2F)+fd'], (19)
we have, in the notation of Appendix B,
ap=a1=1, B1=2F+Fs,
Bi=2F,—1Fs,  Bs=2F,—Fs, (20)

ﬁo = 2F0+ 2\/3][0’, 608 = 2\/2F8— 4\/3](3/.

Using now the mass relations in Appendix B and
the empirical values of the masses, we determine all
the remaining parameters in Eq. (17) as follows (in
GeV2): Fo=0.0845, Fs=—0.150, 2V3fy'=mx+m,2—
2mg?=0.732, 4V3fs’=—0.635. The mixing angle is deter-
mined to be 6=9.6°, from cos26=0.944. Finally, from
PCAC we get F=-—f,/V2, as well as fa=fx=f,=/x.

IV. “@on” INTERACTION

Before considering the linear version of the spin-zero
Lagrangian, we shall study the form of the wpr inter-
action. For simplicity we exhibit first the space-time
form of the interaction, suppressing internal indices:

YmoeBir 5V, P, (21)

Next we consider the C- and P-invariant parts of
(3%, 3) @ (3, 3*) representations, formed of two V’s and
a P. These are three in number:

A=—3i(P+—P") tr(V+V+4-V-V),
B=—i(V-P+V+—V+P-V-),
C=—i(P+V+V++V-V-P+—P-V-V-—V+V+P-).

(22)
(23)

(24)
Accordingly, we write
' = §(a0A o+ asAs+boBo+ bsBs+-coCo+csCs) (25)
with
A= (1/V2) tr(AN), (26)

and similarly for B; and C;. Thus, ¥ transforms in the
same way as the terms leading to the PCAC condition,
and it modifies this condition by adding a multiparticle
contribution to the standard divergence of the axial
current. As discussed in the Introduction, this is essen-
tially the only way of obtaining the wpr interaction
when one has a purely mesonic Lagrangian. If fermions
are included, Adler has shown that one also obtains
a (model-dependent) modified PCAC condition. What
the origin of ¥’ is does not have relevance to our ensuing
discussion.

Selecting the interactions of two vector fields and
a pseudoscalar, we obtain

L pr = [ (@034 a50%) + (1/+/6) (bo+20) debe
+ bsd&zkdkbc_i__% (263— bg) dabkdkc8] X %e"‘ﬁ“”Va aVWbﬂ.c.
(27)
43, L. Adler, Phys. Rev. 177, 2426 (1969).
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We shall interpret Eq. (27) as being valid only for
a, b0, since otherwise we would be postulating a
nonet form for V rather than the octet-plus-singlet

_form that we have assumed. For ¢=56=0, there is an

interaction

1PV oV 00 (don®+-ds®) (28)

that we shall not discuss further, since we assume there
is no SU(3) singlet electromagnetic current.

In Ref. 11 the wpr interaction was written in the
general octet-broken SU(3) form:

Lupr =162 (BDV o5V 0 2w+ ND®V 52wV ,0),  (29)
with
Dbo= gobo{\Zey dobk dH5o4- 13eq (daekd o dbokgise)
+ (es/V3)8°%5%,  (30)
Db = §4-V3e,d%, (31)
and with a, b, etc.=1, ..., 8. When one vector meson

is the SU(3) singlet we shall complete Eq. (27) with
a term whose coupling matrix is given by (31), and it
is then evident that Eq. (29) has the same form as
Eq. (27), except that #° appears in Eq. (27) as part
of the pseudoscalar nonet, permitting the discussion
of # and X° decays.

To compare the parameters of Eqgs. (27) and (29)
we eliminate the explicit appearance of the SU(3)
index zero by using the identity

% ( 6a8§bc+ 5686ac+ 6085&1;) = dabmdm08+ dacmdmb8+ dbcmdmaS,

(32)
the indices taking on values 1, ..., 8. There results
h= (V%) (bo+200),  V3erh=cs+3bs,
V3esh=3bs, (&/V3) h=ag+3(cs—bs). (33)

Using these identifications and the form (31) for the
interaction when one of the vector mesons is an SU(3)
singlet, and neglecting the small 7-X° mixing, the
results of Ref. 11 are unchanged.

The interactions with the ninth pseudoscalar can
now be written

Lodyy =3BV ooV 1L (V/Z) (14 €5) 62
F+V2herd®84+V2Ned8W],  (34)
where, for convenience, we have let ap= (1/%) hes. Again,
we shall not be interested in the case a=5=0.
In a recent communication’® Singer has considered
the radiative decays involving the X°(958) meson,
neglecting 7-X° mixing, and using the formalism of

Ref. 11. This interaction (for e, 57%0) is that of Eq.
(34), with the bracket replaced by

By (8%+V3Bd™3). (35)
The present formulation thus contains one less param-
15 P. Singer (unpublished).
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eter, for we identify

= (V) h(1+e),  Bho=(3)ha.  (36)
Since it is shown in Ref. 11 that
(m2h2/47) (14€6)2=0.10, &=0.77 or =13, (37)

the radiative decays involving the X° meson will de-
pend on only one new parameter, namely, e. In the
following sections of this paper, we shall show that the
field renormalizations and mixing parameters assumed
in calculating the decay amplitudes of Ref. 11 and
electromagnetic mass differences of Ref. 12 are essen-
tially unchanged by the requirements of broken chiral
symmetry.

V. SPIN-1 LAGRANGIAN IN NONLINEAR THEORY

In this section we consider the mass relations of the
vector and axial-vector mesons. Spin-1 mass terms arise
not only from Eq. (5), but also from Eq. (10) as a
result of the use of the covariant derivative. Assuming
the nonlinear relationship, Eq. (14) or Eq. (16), and
assuming y=0 as in Sec. ITI, the contributing term of
the Lagrangian [Eq. (17)] is

29=1a tr(P,P,~)

~tate| (s 5 fo, 8 (ot £ o, A )+,
(38)
where only the relevant terms are exhibited. Using
Eq. (16), we have
{o, A} =2FA,, (39)
and performing the indicated trace we get
0= 3t (0,m 0,4 2V2gF O, A, o+ 2P FP A, 2 A o4+« )
(40)

The familiar mixing of the spin-1 and spin-zero fields
can be eliminated by the substitution

A= W— (B/m)dym;
in general B is a matrix.
We assume that there is an axial-vector SU(3)
singlet. Requiring the mixed terms to vanish, and the
coefficient of 9,7%9,m* to be 3, results in

B=V2gF/m=p

(41)

(42)
and

a=(1-p)"" (43)

The free Lagrangian of the spin-1 mesons takes the
form

Q) = i % Ma,f/wb Kb %mz VoV ,0— %Qtlwagl’“yb K ab
+30m?/ (1—42) A,
Vt=8,V,2—d,V.,8,
A, =0,0,2— 9,32

(44)
with
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If B=1, we get (ms®)2=2(my")?, where ms® and my®
are the axial-vector and vector meson masses, respec-
tively; F=— (v/%)fx, and gfx=V2m [Kawarabayashi-
Suzuki-Riazuddin-Fayyazuddin (KSRF) relation].

In the case that no axial-vector singlet exists, the
pseudoscalar kinetic energy takes the form

10,9, + 300,709 7, (45)
where ¢’=1, ..., 8. In this case the mass relations will
. (ma")?=2m;%,  (mga)’=2(mg*)* (46)
and

(ma¥)2=2 ( t ir =1.816 GeV2.  (47)
3mg*>  3m,?

That is, m48=1350 MeV, lying between the observed
mesons D and E.

VI. LINEAR THEORY: K*-x MIXING

The linear theory, in which the scalar mesons are
treated as real particles, is more demanding in that it
requires us to fit (or predict) the scalar-meson mass
spectrum. It also includes the possibility of mixing
between the K* and the «, related to a possible nonzero
vacuum expectation value of ¢%.

The terms in Eq. (10) which can contribute to the
spin-zero kinetic energy are

LP=3a tr (P, P,)
+iy(PHXP PP, XP,-P).  (48)

Using Egs. (9) and retaining terms at most linear in
the spin-1 fields, we get

PE=(1/V2) (R=£1S,2)N7, (49)
with
R= 0ot —gFV s, (50)
S‘La=a“7ra+g2mA”c’ (51)
where
Frea= O.SfSca, (52)
Sea = o.bdabc
= (V%) 0 0%+ asd®s. (33)

Here oo= (¢°) and o3= {¢®), the other {(¢*) being zero.
After some calculation it becomes apparent that Eq.
(48) has the form

8 PO — X_abRﬂaRMb_}_ X+ab Sya Sﬂb} (5 4 a)
X o= Sad O, (54b)
with
Q= — 1\ (4960 35%)
— 03 (61186170_'_6!1061)8_ (\/%) dabS)]‘ (55)

Since Eq. (54) contains terms which mix ¢ and V
and also 7w and A, our first task is to diagonalize the
Lagrangian. Because of the space-time antisymmetry
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of the V,,= [Eq. (6)7, the kinetic-energy part of the
spin-1 Lagrangian will not be relevant to the diagonal-
ization. We therefore consider only the spin-1 “mass
terms” and define

L®=X_2RR I +5m*V 2V .0, (56)
Lra’=X #5080+ 1m?4,24,°. (57)

We diagonalize these expressions by the substitutions

V2 ="0,94A_%9,0°, (58)
A=A+ A% dyme. (59)
If we write Eq. (56) in the form
Ly'=X_%9,0%0,0"+ C_29,0°V 2+ D_sV Vb, (60)
we see that diagonalization requires
C_ab4- 2D oA _ca=0(), (61)
and, using this condition, Eq. (60) becomes
R’= (X_43C_2A®) 9,00+ D_50,20,0.  (62)
From Egs. (52) and (46), we see that
C b= —gX Im(Rbigme- Fomgla) (63)
D_o=g2X ImFolRbm{ Ly2500 (64)
Considering Eq. (59), we get the analogous results
C 42D, A ce=0, (65)
£oi0= (X, -+H1C,o2A,9) dned,a-+ Dy, (66)
Cy= gXIm(pnef Tm5ie), (67)
D, o= g?X  ImBalFbm{ Lyy250, (68)

At this point it will be advantageous to continue the
development of Eqgs. (56) and (57) separately because
of the different properties of F® and Z®. We note
that F* is nonzero only if a, b=4, 5, 6, 7, so that
[e.g., in Eq. (63)]

X_imfdl— X _Impbl
= X Fom, (69)

where we have used the notation ! to mean an index
which takes only the values 4, 5, 6, and 7. From Eq.
(55) the quantity X is

X=3%a—(v/23/6) (V2oo+os). (70)
Using also the relation
FomFm= 35257, (71)
Eq. (57) yields
A P=2XFH i §geiX) ", (72)

which means that only the strange components of o
and V are mixed.
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We note that Egs. (69)—(71) showed that
C b= —2gXFb, (73)
D o= % g20.82555+%m25ab’ (74)

with consequent simplification of Eq. (62). Referring
to Eq. (5) and letting

m"?= 3¢, (75)
we write the (free) vector Lagrangian now as
841 — K0, 0+ P00+ 3 002, (76)
with
Vw?=0,0,4— 0,07, (77)

and the current-mixing matrix K% having the form
Kb — 6‘”’—{—\/3 €d?8 4,696 g (5a05b8_+_ 5«;861;0) . (78)

In terms of the empirical masses 7, and m* of the p
and the K* mesons, we obtain

Ki=14e=m2/m,z, (79)
Kit=1—e= (m+m)/(n®):,  (80)
which determine 2 and e as functions of m'.
Also, letting
V2= —sinf Q,+cos B, (81a)
V2= cosf Q,+sinf &, (81b)
we obtain
tan20= —2(V2e+es) / (eote), (82)
o—e=M,—2, (83)
c0s20= (eg+e€) M _, (84)
where
M =m?/m2=m?/my?. (85)

In the case that o3=0, we solve these equations to
get €=0.21, ¢=0.10, m=3847 MeV, and 6=27.5° as in
Ref. 11. In general, requiring that | cosf [<1 leads to
the restriction that m'2/m?<0.38. However, the equality
corresponds to the case of no w-¢ mixing, and in the
realistic case we expect m/*m?, small K*-x mixing and
gosm [Eq. (75)7].

VII. LINEAR THEORY: PSEUDOSCALAR-
AXIAL-VECTOR MIXING

Although Eqgs. (65) through (68) are rather compli-
cated in general, inspection will show that the matrices
X, Cy, Dy, and (therefore) A, are all diagonal in the
isospin-1 and % sectors. Accordingly we let C,1'=C®,
etc. (dropping the subscript plus), and similarly for
the other diagonal matrices. Thus, Eq. (65) now reads

C@42D@DA@ =0, (86)

Referring first to the isospin-1 sector, we require the
coefficient of 9,7'9,7! to be 3 [Eq. (66) ]. Thus,

2XDOFCOAD =1, (87)
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Next, we note that the (free) Lagrangian for the axial-
vector mesons now reads

L= — 5K, 0,0+ DAL, (88)
so that
mA12= 2D+11/K“= ZD(I)/KII
=2(m,2/m?) DO, (89)

where we have used Eq. (79). Setting m4,2=2m,?, we
obtain

DO =pp, (90)
Since CW=2gXWZM® and DO=g2XDOZO24Im? we
conclude from Eqs. (86), (87), and (90) that

X0 = 1’ CO= (2m2)1/2_ (91)

(For =0, this corresponds to a=2.) Also, letting
o=V200, X = (3m?/2g%)'2, we have

3(ZW)2= (o 05) 2=a2. (92)

By a similar argument, using Eq. (80), and letting
= (mx ,/m*)*,

2D® =2 (m24-m") . (93)

For mx,=1240 MeV (1330 MeV), 2=1.94 (2.24), so
that for our present purpose it will be sufficient to
assume 72=2. We then get [from Eq. (75) ]

DO =X @ (30)2+ Y= Yot 14 (9/4) (o%/47) .

(94)
For y=0, using (92), we get

(1F30s/x)*= +3(0s/%)?, (95)

so that (e3/x) =0, FF4. The nonzero values are excluded
by the requirement of a real mixing angle for the vector
mesons. For mx,,=1240 MeV (1330 MeV), we obtain

os/x=0.02 (—0.08), (96)

and, accordingly, we shall assume (o5/x)=0. With this
assumption, Eq. (94) gives

XO=p—1, (97)

and since
X9=%a+v0/2/6=XDV=1, (98)

we are required to have 72=2. We see also that (m')?
is negligible, and reach the important conclusion that
K*-k mixing is very small.

In view of the experimental uncertainties with regard
to the isospin-zero axial-vector mesons, we shall not
consider further the problem of mixing them, but pass
instead to the spin-zero mass spectrum.

VII. LINEAR THEORY: SPIN ZERO

In the previous sections we found 050, in which
case Egs. (54b) and (55) simplify to diagonal matrices:

X4 = (Yaztyo/20/6)545, (99)
X, 0=3atv0/+/6, (100)
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where 4, B=1, ..., 8, and, in addition [Eq. (91)],
Latryo/24/6=1. (101)

In consequence, Eqs. (65) through (69) give for the
pseudoscalar-meson kinetic energy

20,40, 44320, 7, (102)
2= X, 0(14X %)~
=(a—3%) (a—%)" (103)
Since, in Eq. (66),
D, %=Lm?(14X %), (104)

X,% is determined by the masses of the isoscalar
axial-vector mesons, but in view of the experimental
uncertainties we leave z undetermined, at least for the
present.

Similarly, for the scalar-meson kinetic energy we find

(a—1)0,040,044 (2— %) 0,6°9,0°. (105)

Requiring positivity for each kinetic-energy term in
Eqgs. (102) and (105), we find

4>a>4, (106)

Turning now to the remaining terms in the spin-zero
Lagrangian [Eq. (10)], we find first that linear terms
in the scalar field (‘“tadpoles”) are eliminated by
choosing

VZfo= (o= 2¢0) o, (107)
2fs= gso, (108)
where we have set
go=4f'/"3, (109)
gs=4V2f3' /V3. (110)

With ¢3=0, the term 3u?(detPt-+detP~) gives the
same type of mass contribution as the last term in
Eq. (10), so we set it to zero.

We thus obtain, as the free pseudoscalar Lagrangian,

e =30, 40, A+320,m°0 70— Jugwene

— 3g(3nn0—rom)

—3gs(V3dWrond—3V2n073),  (111)
while the free scalar Lagrangian is
L= (a—1)0,049,04+ (2—3a) 405%9,0°
— 3u0’0°0°+5g0(30%°— 0%0%)
4145 (VBdHBe0d— 3V20%%),  (112)

it now being understood that in Eq. (112), {(¢*)=0,
a=0, ...,8. From Eq. (111) we see immediately that

(113)
(114)

M= po®— gotgs,

1
ME®= po*— go— 38,
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and, from Eq. (108),

M=% (ui*+go—gs) / (@—1), (115)
mi? =5 (uoP+go+3gs) / (a—1). (116)

Thus,
Mt —mg 2 =% (mx>—m,*) [ (a—1) (117)

and we necessarily have . >mg . Considering only
the restriction on « in Eq. (106), they can be nearly
degenerate or differ in squared mass by as much as
0.34 BeV2 In the latter extreme case, mg =800 MeV
if m980 MeV; however, we shall see that we cannot
take a as small as 3.

Using the mixing theory of Appendix B, we define
the particle fields n and X through

(v/2) 7= —1 sinp+ X cosep, (118)
w=1 cosp+X sing, (119)
and obtain
tan2ep= (8%/4/2) (Bo/2—Bs) 7Y, (120)
mx’+my=Bo/2+Bs, (121)
mx*—mg?= (8%/~/2) (sin2¢) 2, (122)
with
Bo= no*+2go,
Bs=uc®—~ go— g, (123)
B%=—gs/V2.

Using Eqs. (113) and (114) gives (in GeV?) u®—go=
0.169, gs=—0.150, determining Bs, and ¢=10.4°. All
remaining parameters are also determined: go=0.0143,
u?=0.183, and 2=0.236. (This last is equivalent to
a=1.54.)

These parameters, and in particular the large value
of @, result in disastrously low values for the scalar
meson masses 7. and mg., Eqgs. (115) and (116),
namely, m.2=0.321, mg2=0.113. The masses of the
isoscalar-scalar mesons are still lower, which is an
unacceptable situation.

Remaining within the limitations set in this work,
there appears to be no way out of this difficulty.
However, if we allow the chiral-invariant mass term
sue? tr(P*P++P~P~) to be further broken by allow-
ing, for example, an additional SU(3)-invariant term
31/%0%* the situation can be much improved. Since the
scalar-meson masses are not really known, we give the
following two examples of what results.

If 42=0.5 GeV?,

=885 MeV,  mg.- =755 MeV, my=710 MeV,
mxr=515 MeV,  @s=15°40".

If u2=0.6 GeV?,
=935 MeV,  mg:=815MeV,  my=775MeV,
mx =550 MeV, 0s=6°20’.
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VIII. SUMMARY

One of our motivations in this work was to relate
the generalized wpr interaction to an effective Lagran-
gian with broken chiral symmetry. Although we con-
sidered more general effective Lagrangians, including
both linear and nonlinear treatments of the scalar
mesons and the possibility of mixing between « and
K* mesons, nevertheless, the broken-SU(3) meson
decay amplitudes given in Ref. 11 are unchanged. For
in each case considered, the pseudoscalar octet mesons
do not require field renormalization and the nine vector
mesons are renormalized in the same way as in Ref. 11.

We have shown also that in the context of our
Lagrangian, the simplest one that retains all trilinear
chiral-symmetric and -breaking terms, the mixing be-
tween x and K* mesons is negligible. We have also
obtained the mass spectrum of scalar mesons in the
linear version of the theory and find, as already noted?
by Gasiorowicz and Geffen, that it is difficult to avoid
the scalar mesons having masses which appear to be
smaller than the existing experimental candidates.

APPENDIX A: CHIRAL TRANSFORMATIONS

We consider commuting groups SU(3)* and SU(3)~
which are assumed to transform into each other by a
parity transformation. Representations of SU(3)*®
SU(3)~ are denoted by tensors A;,; -, where u,
stands for a set of upper SU(3) indices, each index
taking on values 1, 2, 3 in the SU(3)*+ space, u_ is
an analogous set of upper indices in the SU(3)~ space,
and 7, designate similar sets of lower indices. We are
particularly interested in the eight-component repre-
sentations (8,1) and (1,8) and the nine-component
representations (3* 3) and (3, 3%).

Denoting (8,1) and (1, 8), respectively, by Rt=
R; 7+, with trR*=0, we form combinations like
tr(R*¥S*+R~S~), which are invariant under parity
and SU(3)®SU(3) transformations. The representa-
tions (3% 3) and (3,3*%), denoted, respectively, by
by Q+=R; /¥ give typical invariants of the form
tr (S M+ M), Under rotations characterized by
the infinitesimal parameters at=a;,™* in SU(3)* and
o=, "~ in SU(3)~, we have, e.g., for &,

0T =1 (o "Rt —Q;_Frey 7¥) (A1)
and similarly for &*; alternatively, we write
0QE =i (ot QE— Qo) (A2)
Also,
R*=4[a* R*], (A3)

The vector and axial-vector gauge fields treated in
the text belong to the representations (8, 1)@ (1, 8)
and (1,1), while the scalar and pseudoscalar fields
belong to (3%, 3) @ (3, 3*). The physical SU(3) trans-
formations are those with att=a~=q. Defining P+=
o-timw and using (A2), we have

do=ila, 0], odm=ila,w] (A4)
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Under the chiral transformations, for which o= —a =
B, we have

bo=—1{8,x}, or={B,0}. (A5)

Results given in the text for the vector fields are ob-
tained in a similar way.

APPENDIX B: MIXING OF #° AND #® AND PCAC

We wish to diagonalize the Lagrangian [compare
Eq. (17) of the text]

L= a9, w0 — §BPrx?, (B1)
where o is a diagonal matrix with
aii=a,  j=0
=q, j=1,...,8 (B2)
and
gi=g;, j=0,...,8 (B3)

with 8% the only nonzero nondiagonal term.
Working only in the nondiagonal 0-8 sector, we let
(B4)

=\ (an+bX), m=bp—aX,

where a= —sinf, b=cosf. To keep the kinetic energy
diagonal, we require \'= (a1/a) /2, and get

Lke= 301 (8.m9,n+0,X0,X), (B3)
while diagonalizing the mass terms gives
tan20= (agon) 26" (arfo—aofs) ™, (B6)
mx®+m, = (cuBotcBs) /oo, (B7)
mix—my*= B[ (apcr) 2 (sin26) T (B8)
We note also that
Ma =1/ cu, mi*= B/ o, (BY)
and that the renormalized (physical) fields are
= (Va)ml, Kpt= (v/au)7*, etc., (B10)
and
p=a(v/ao) m"+b (/) 7%, (B11)
Xp=b(/ap) ™— a(r/az) 7. (B12)

For the nonlinear Lagrangian, Eq. (17), with defini-
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tions (18) and (19), we have
ar=a+~F,
Bo=3uF+(2/V3) ( fo/ 2F+4f),
B%=—4V3fs'+2V2 Fs,

Br=2F+ Fjs, Bis=2Fy—Fs.

Calculating the divergence of the axial-vector current
and retaining only linear terms,

6#]5,,1= —\/ZF,Blﬂ"

og=a—2vF,
Bs=2F,— Fs,
(B13)

= — (200) *Fm. L, (B14)
so that
F=—f.(20;)12, (B15)
Similarly,
O sut=— (20) 2Fmg2K A (B16)
Also,
(9”,]5,4 =—V2F (ﬁ87r8+ %‘8()8”0) ) (B17)
0uS5u"= —V2F (Bym"+38%7). (B18)
If we form
(9“]5,,"= d)\,ayj5ﬂ0+ bapj,sﬂg, (B 19)
6,,,]5,LX= b)\a’uh,}’— aau_]ws, (B20)
we get
T 5"=— (201) V2F (a®\"*804- 0?85+ abN'8%)n, (B21)
and
9T 5" = — (201) 2F (62N Byt a2Bs— ab) B8 X,. (B22)

As the quantities in parentheses in the last two equa-
tions are, respectively, m,? and mx?, we have

Jx=fa=fx=fr. (B23)

Similarly, in the linear case, applying Eq. (AS5) to
Eq. (10), we calculate 8¢ and then

9, 5,8 = 96%/93%. (B24)
In this way we get, e.g. (with e3=0),
A5,V = — (a/V3) m2rl, (B25)
6,‘J5,‘<4) = — (0’/\/3) mK21r4, (B26)
so that
Jr=fx=—a/V3. (B27)

From Eq. (92) of the text we get (KSRF relation)
o=tx=4(3m?/2g%)1, (B28)

which gives (for a p-meson width of 130 MeV) f,=
95 MeV.



