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The s-channel approach to forward charged-pion photoproduction above the resonance region by means
of fixed-# dispersion relations is known to be quite successful. In this paper we investigate the kind of behavior
that can be expected for charged-pion electroproduction on the basis of such a model.

I. INTRODUCTION

HARGED-PION photoproduction at very small
momentum transfers is dominated by the isovector
photon amplitudes at energies above the resonance
region.! The dominant contribution to the isovector
amplitudes comes from the Born term. In fact, up to
t=—u? (u being the pion mass), the forward cross
section is qualitatively well described by the Born term
alone. For larger ¢ values, one needs corrections to the
Born amplitude. As has been shown by Engels,
Schwiderski, and Schmidt,? this can be achieved by the
inclusion of fixed-# dispersion-relation contributions.
The dispersion integrals are necessarily cut off at
relatively low energies, but nevertheless the agreement
between the model and experiment is good. The low-
energy photoproduction data then determine the high-
energy behavior at small ¢ values, without the inter-
vention of a specific model for the high-energy behavior.
Recently this conclusion has also been obtained by
Jackson and Quigg?® in the context of finite-energy sum
rules.

The success of the approach can be understood if for
some reason the imaginary parts of the photoproduction
amplitudes in the forward direction at higher energies
are negligible with respect to the real parts. This makes
it possible not only to neglect them in the evaluation of
the cross sections, but also to cut off the dispersion
integrals at relatively low energies, thus making a
practical evaluation feasible.

Another simplification occurs in that the electric and
magnetic multipoles of the second and third #V
resonances are such that they cancel in the forward
direction.* Therefore, the well-known magnetic dipole
transition to N* (1236) gives the most important con-
tribution to the dispersion integral.

The model is, however, limited to the region | ¢ | <6u?
for two reasons. First, the rapid increase of the isoscalar
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amplitudes with ¢, as can be seen from the 7/t ratio
of photoproduction on deuterium,! makes a calculation
in terms of the isovector amplitude 4~ alone not
sensible. Second, the model starts to give a too large A~
at higher £ values.

Because of this remarkably simple mechanism of
charged photoproduction in the forward direction, it
would be interesting to see whether this picture carries
over to electroproduction. It is the purpose of this paper
to investigate what type of behavior can be expected for
charged-pion electroproduction in the forward region on
the basis of this simple model.

In Sec. IT we discuss the dispersion relations for
electroproduction and the assumptions made for their
evaluation. In Sec. ITI we present the results for the
differential cross sections. In Appendix A the removal
of kinematical singularities is discussed and in Appendix
B some kinematics is given.

II. FIXED-{ DISPERSION RELATIONS

Throughout the paper we use the notation of Ref. 3,
where a rather explicit account of the electroproduction
formalism is given. We refer to this reference for more
details.

Introducing the Mandelstam variables

s=—(K+P)?,
t=—(K—0Q)? (1)
M=——(K'—P2>2,

where K, Q, P1, and P, are the four-momenta of the
virtual photon, pion, and in- and outgoing nucleon, the
dispersion relations for the invariant isovector ampli-
tudes 4; of Dennery® read

t

Red (5,8) = { (s—m?) "+ [E](u—m?) 1) T(2) +

t—u?

+ f (°°+ L4 1=~ ImAL(S, ).
(2)

5F. A. Berends, A. Donnachie, and D. L. Weaver, Nucl.
Phys. B4, 1 (1967).
6 Ph. Dennery, Phys. Rev. 124, 2000 (1961).
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The six amplitudes are written as one vector A; [£] is
a diagonal matrix, where the first, second, and fourth
diagonal elements are —1 and the others are 1. The
residues T'(¢) are

Iy=3ghy,

Ty=—gFr/ (1—w),

T3=Ty=—3gFy", )
T5=3T%,
Fs =0.

T, is zero, except for its fifth element, which equals
(2g/K)[Fr—F:*]. Fy* and Fy* are the isovector
form factors for the nucleon normalized to e and
(e/2m) (uy'—mn"), #' being the anomalous magnetic
moment. F, is the pion electromagnetic form factor
normalized to e.

The above pole terms and subtraction constant
'/ (¢—u?) are obtained from the generalized Born
approximation which is made gauge invariant (for a
discussion of this point, see Ref. 7).

In the calculation we express the nucleon form
factors in terms of the Sachs form factors, for which we
assume scaling and the dipole fit, i.e.,

Grp=Garp/ tiy=Gira/tn= (1 K2/0.71)=2.  (4)

Furthermore, we take Gg,=0. For the charge and 7V
coupling constant, the values e?/4r=1/137 and g%/47r=
14.4 are used. For the pion form factor the result of
Ref. 9 is taken, i.e.,

F.=(14K%/0.31)7, (5)

which was obtained through (model-dependent) fits to
low-energy electroproduction data [up to K2?=0.4
(GeV/c)?].

The absorptive part has to be taken from low-energy
electroproduction. The scarce data enforce necessarily
rough approximations. If one cuts off the dispersion
integral at an s value equivalent to a photon lab energy
E.=~1 GeV for photoproduction, then the most promi-
nent resonances are the first, second, and third =V
resonances. The latter two are, however, negligible in
the forward direction for K?*=0 as mentioned before.
At present nothing is known on the ratio of electric,
magnetic, and scalar multipoles of the excitations
to these resonances for K?#0.8 Therefore, we take the
optimistic viewpoint that in electroproduction again
one can neglect them in the forward direction.

This leaves us with the N* (1236). Recent experi-
mental results’ indicate that the dispersion-theory

7F. A. Berends and G. B. West, Phys. Rev. 188, 2538 (1969).

8 A. B. Clegg, in Proceedings of the Fourth International Sym-
posium on Electron and Photon Interactions at High Energies,
lL;'ggf;ﬁool, 1969, p. 123 (Daresbury Nuclear Physics Laboratory,

9C. A. Mistretta, J. A. Appel, R. J. Budnitz, L. Carroll, J.

Chen, J. R. Dunning, Jr., M. Goitlein, K. Hanson, D. C. Imrie,
and R. Wilson, Phys. Rev. 184, 1487 (1969).
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calculations of Adler!® and of Zagury describe electro-
production reasonably well in this energy region,
although the more refined photoproduction calculations
achieve a better agreement with experiment.’? We
approximated the absorptive part by the M3, Eyd,
and Si;3 multipoles as given by these theories (the
integral now being cut off at an equivalent photon lab
energy E, of 800 MeV). It turns out that the M3
contribution is the most important one, as expected
from photoproduction. The results for the effects of
E; % and Sy® are ambiguous. The S1,.® contribution is
the only one which can become important (up to 209,
of the M1,? contribution) but only for Zagury’s multi-
poles. The two theories give contributions which are
different in sign. This is due to the fact that Adler’s
multipoles go through zero at the resonance, whereas
Zagury’s do this between 400 and 600 MeV. Because
of these uncertainties and because the M3 contribution
is in any case the most important, only this multipole is
taken into account. Since at higher K2 the theories seem
to underestimate the experiments, the calculations are
carried out with a magnetic dipole of the form

My (K?) = (k/k) (14+K%/0.71)72M1,%(0),  (6)
where an experimentally determined form-factor de-
pendence'®® is attached to the photoproduction multi-
poles, which are taken from Ref. 14. % (k) is the photon
three-momentum in the =N c.m. system in electro-
(photo-) production. For K?*>1 (GeV/c)? one should
use a more rapidly decreasing form factor,’ e.g., the
one suggested by Dufner and Tsai.'6

It may be noticed that a variation of F, in the Born
term should be accompanied by an appropriate change
in the absorptive part, because pion exchange is one of
the forces for the multipoles. It is known,!%!t however,
that a variation of F, affects mostly E;* and S, but
not M3 So when experimental data are available, one
may try to adjust F, without changing the dispersion
integrals. A determination of the pion form factor in
this way, of course, is highly model dependent.

There is one other point, which should be mentioned
before presenting the results. Care has been taken to
avoid spurious kinematical singularities in the cross
section, which might be caused by the kinematical

10 S 1. Adler, Ann. Phys. (N.Y.) 50, 189 (1968).
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Conference on Elementary Particles, edited by H. Filthuth (North-
Holland, Amsterdam, 1968), p. 400.
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16 A, J. Dufner and Y. S. Tsai, Phys. Rev. 168, 1801 (1968).



Fic. 1. Contributions of the four terms in Eq. (11) plotted for
W=3 GeV and K2=0.3 (GeV/c)2.

singularities at {=u? in A4, and A4s. The procedure
adopted is discussed in Appendix A.

III. RESULTS

The differential cross section for electroproduction
can be written as!”

d30'/dk20LdQedQﬂ= I‘T(dd’/dﬂﬂ-) ) (7)
where!®

L MET, e |

T A b K2 1+ (kb)Y K2

_ (¢4 kzL IEL 1

= 2 b K (1=, (8)
with

e= {142 (k")?/ K*] tan(36,%) } 71, (9)

and where 1 and 2 denote the incoming and outgoing
electron, 6, is the electron scattering angle in the lab
system, and Q, and Q. are the solid angles of the electron
in the lab system and of the pion in the 7V c.m. system.
The quantity &% is the equivalent photon lab energy,

kL= (W2—m2) [2m. (10)

The virtual-photon differential cross section in the
wN c.m. system consists of the following quantities
(see, e.g., Ref. 9), depending on W, ¢, and K2:

(ZO' do"l' da‘o

4, de, 4o,

+ecos2p sin?0 T

+[3e(e+1)JV2 cose sind S, (11)

17 Four-vectors are represented by a capital letter. The cor-
responding three-vector, its magnitude, and the time component
are denoted by the lower-case letter, e.g., K= (k, ko) and k=] K|.
These quantities are taken in the #V c.m. system except when
labeled by a suffix L, when it denotes a lab quantity.

8L, N. Hand, Phys. Rev. 129, 1834 (1963). This is the con-
vention used in Ref. 9, but not in Ref. 13.
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where 6 and ¢ are the polar and azimuthal angle of the
pion in the 7V c.m. system, where a coordinate system
is adopted with the xz plane the plane of k; and ks,
with the z axis along k and the y axis along k;Xk,.
The explicit e and ¢ dependence in (11) makes a
separation of the four terms possible.

The first and third terms arise in photoproduction
(with e=1). For ¢=0 (x/2), one obtains the cross
section due to photons polarized parallel (perpendicular)
to the scattering plane. The second term is the term
due to the scalar photons, whereas the fourth term is
caused by the interference of scalar and transverse
photons.

In Appendix B these quantities are expressed in the
traditional amplitudes® &; (and through them in the
amplitudes 4;). The connection with the helicity
amplitudes fAnpny i also given.

In the ¢ range considered (| ¢ |<6u?), 41, 45, and 45
are most important. In the evaluation of 4,4 the Born
term and dispersion integral almost cancel, making A4
of the same size as 4; and As (a few percent of the
other amplitudes). From Egs. (2) and (3) it is evident
that 4, and 45 are strongly ¢ dependent, whereas 4
is not. Moreover, the energy dependence of 4; and 4,
is approximately 1/s and A4s is constant. The form
factors of course determine the K2 dependence.

In Eq. (11) all terms have a strong ¢ dependence. A

U (s-m?)2 4e (b Gev?)

—— Model
-—--Born term

do siac

DESY
Ey=3.4Gev

300

200

100

Fic. 2. Model (solid lines) and Born-term (dashed lines)
predictions for the differential cross sections for unpolarized
photons and for photons polarized perpendicular and parallel
to the scattering plane as function of (—¢)%2, The data are from
Refs. 19 and 20 as compiled in Ref. 21.



1 FORWARD CHARGED-PION ELECTROPRODUCTION :--

typical example of their behavior is given in Fig. 1 for
W=3 GeV and K?=0.3 (GeV/c)2%

The two photoproduction terms dor/dQ, and sin?d T
behave as in photoproduction; i.e., the sum of the two
(containing the pion pole) is decreasing sharply but the
difference is almost constant. This gives the typical
photoproduction behavior for photons polarized either
parallel or perpendicular to the scattering plane. For
completeness and for giving an idea of the quality of
the model for K?=0, the photoproduction result is
given in Fig. 2, where the datal®® are taken from the
review by Liibelsmeyer.2t From the plotted Born-term
cross section, it is seen how the dispersion-integral
correction improves the cross section, in particular
beyond ¢= — 2. It is likely that a more complete treat-
ment of the dispersion integral, including the smaller
low-energy photoproduction multipoles, improves the
agreement with experiment as the results of Ref. 3
indicate.

The two new terms doo/dQ, and sinf S in electro-
production now change the typical photoproduction
behavior (see Fig. 3). For ¢=m/2 the cross section dips
in the forward direction, which is the effect of the pion
pole in doo/dS,, which vanishes when #—0 (owing to
the parity of the pion). For ¢=0 and ¢=7 the dramatic
effect of the pion pole in the scalar transverse inter-
ference term is seen.

The energy behavior of do/dS, for fixed ¢ and K2 is
approximately as 1/s, as in photoproduction. The
effect of increasing K2 for fixed ¢ and W is a decrease
in the cross section, although somewhat less han the
form factors would suggest. Since #nin is increasing with
K?, the effect of the pion pole becomes less dramatic,

do
d—ﬁw(f"b/‘od,: W=3 Gev
4t Kz_ OS(GeV/c)
K% =
sl € = o 9
2-

0.l 0.2 0.3 0.4
V-1 (Gev)

F16. 3. Model prediction for do/dQ. for ¢=0, /2, and = for
W=3 GeV and K2=0.3 (GeV/c)2 The dashed line represents the
¢=0 cross section for K2=0.8 (GeV/c)2.

1 C. Geweniger, P. Heide, U. Kotz, R. A. Lewis, P. Schmiiser,
H. J. Skronn, H. Wahl, and K. Wegener Phys Letters 29B
41 (1969).

2 H. Burfeindt, G. Buschhorn, C. Geweniger, P. Heide, R.
Kotthaus, M. Wahl, and K. Wegener, -as quoted-in Ref. 21.

# K. Liibelsmeyer, in Proceedings Fourth International Sym-
posium on Electron and Photon Interactions at High Energies,
Livzgpool, 1969 (Daresbury Nuclear Physics Laboratory, 1969),
p. 45.
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Fig- 4 K2(Gev/c)?

4. Variation of the forward cross section with K2 for W=2
and 3 GeV and ¢=0.5 and 0.9.

F1c.

as is seen from the dashed curve in Fig. 3. In particular,
the variation of fmin has a peculiar effect on the forward
cross section: It keeps its size for a while before de-
creasing, in particular at higher W values. This is shown
for W=2 and W=3 in Fig. 4, where the variation of e
gives an idea of the importance of the scalar term.

Generally doo/dQ, is as important as dor/dQ, in the
¢ range considered here. The MIT-SLAC inelastic
electron scattering experiment seems to indicate? that
this cannot be the case for the complete ¢ range of the
cross sections of all channels.
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APPENDIX A: KINEMATICAL SINGULARITIES

The amplitudes A, and 45 contain kinematical
singularities at ¢=pu2 This can be seen from their
relation to the amplitudes B; of Ball,® which are free of
kinematical singularities. They show up in the absorp-
tive parts of Eq. (2), as can be seen explicitly from the
expansion of Imd4, s in multipoles. This expansion is
usually done via the amplitudes §; in which the T
matrix is expressed when one uses Pauli spinors:

=[B1LCT3, (A1)
where a matrix notation is adopted, the vector § being

2R. E. Taylor, in Proceedings Fourth Initernational Sym-
posium on Electron and Photon Inferactions at High Energies,
Lwerpool 1969 (Daresbury Nuclear Physics Laboratory, 1969),
p. 251

BJ, 's. Ball, Phys. Rev. 124, 2014 (1961).
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(F1, Fo, F3, T4, Fr, Fs), and where the matrices [B]
and [C] are, e.g., given in Ref. 5. The ,’s are easily
expanded in terms of multipoles.®5 The matrix [B~]
has elements in its second and fifth rows which all have
a factor 1/(¢—u?). Therefore, the dispersion integrals
for A, and A; give rise to a kinematical singularity,
irrespective of how one saturates the dispersion integral.

In principle, this should not lead to any singularity in
the 7 matrix’ where the combination A.My+AsMs
occurs. Explicitly this reads

21:’}’5(})'6) X%(t—uz)Az‘Fi’Ys(— 2P'KA2—K2A5)Q'€,

where P=%(P,+P;) and ¢ is the electron vertex. The
combination — P+ KA,—3K?4; is exactly Ball’s ampli-
tude Bjs, which has no kinematical singularity at
t=p2 In practice, difficulties are likely to occur when A,
and A; are calculated separately, since the singularities
will only cancel approximately in the matrix element.
Therefore, it is safer to evaluate a dispersion integral
for 4, and Bs (i.e., —P-KA,—1K?4;), which is done
here.

This procedure is equivalent to the evaluation of the
dispersion relation for 45 with an additional subtraction
constant of the form ¢/ (¢—u?), where ¢ is given by

c(t) =— —2——/ ds’ (i—u?) ImA,(s't). (A2)
K2 J ey

It should be noted that this procedure is rather
similar to the one adopted by Adler,”® who takes instead
of ¢(f) the value ¢(¢=pu?). However, the simple connec-
tion with a dispersion relation for Bj is then lost.

APPENDIX B: AMPLITUDES AND
CROSS-SECTION FORMULAS

For dispersion-relation calculations the invariant
amplitudes are the most convenient, whereas for the
cross-section formulas or multipole expansions the
traditional amplitudes &; (or the helicity amplitudes
fiany) are preferable. The former arise when the T
matrix is expanded in Dirac invariants, the latter when
Pauli invariants in the 7V c.m. system are used:

Tyi=eu(wNa| Ty | N1y= 2 Aau(pe) Miu(py) =x"(2)Fx(1),

(B1)

where the quantities M; are given by Dennery, and
where & is of the form

F=1io-bF+io-do- (kXDb)F,
+io e bFs 107+ GG bFs—i0 - §bFr— 0 kbeFs, (B2)
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where G=q/q, k=k/k, and b, is obtained from the
electron vertex and photon propagator

= eu (ko) v, (k) ) K2 (B3)
by elimination of the longitudinal component, i.e.,
by=e,— (e:k/R)K,. (B4)

The four terms of Eq. (11) are expressed in ; [and
through the inverse of Eq. (A1) in 4] as follows:

dO’T/dQ,rz CEI F1 ]2+1 T I2‘_ 2 cosf Re({ﬁ*i}'z) :H—sin20 T,
K2
da'o/dﬂ,r =c 7€E [] Fr |2+| Fs ]2+2 cosf Re (57*58) ],

T=5%c[| Fs [*4] 5 |2 (B3)
+2 Re(EFI*EF4—1—in*&F3—{~COSG €F3*§4) ],
S=—2¢c(K?*/ k)2 Re[F7*(F1+F4+cosb F3)
+€Fs* (§2+§3—|—COS@ 54) ],
where*
kL q mZ
= ==,
ke k (4aW)2
In terms of helicity amplitudes, we obtain

dor/dQ= k(| fu1 P4 fun P4 frga [+

frnl?,
K2

do'o/ dQ,r =C ﬁ (
sin’d T'= —c¢ Re( fy—"fm+fiaa™fia),

sinf §=—V2¢(K?/k*)'* Re[ fyo*( fyg-1—fin)
+Hiao* (fraa—fi) ],

where the helicity amplitudes (for the virtual photon)
are

fuo P4+ fiao 19, (B6)

Sfua—1=(3/V2) cos}f sinf (F3+5,),
fr-11=(3/V2) sin}f sinb (F3—Fs),
Ji-31=(1/V2) 2 cos30 (F—F2) —fg,  (BY)
Jum=(—1/V2) 2 sind6 (F1+F2) — iy,
Jio=1 cos30 (F11Fs),
Sfi—so=1sin30 (F—Fs).

2 The factor kL/kL arises from the convention adopted for T'r.



