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nsr Scattering up to 1.4 GeV of Dipion Mass~
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nv scattering up to 1.4 GeV of dipion mass is studied from the reactions n p-+7r m.+n and n n'p at 7 GeV/o,
using the formalism of absorption-modified one-pion exchange (OPE) with dipion in S, I', and D waves.
We limit our analysis to small momentum transfers to the nucleon, including the nucleon-pole terms as
background. The p', p, and f mesons, and the w w+ anomaly in the 1.0-1.2-GeV region are analyzed. The
S-, I'-, and D-wave mw phase shifts and inelasticities, of isospin 0, 1, and 2, are obtained.

I. INTRODUCTION

t IHE xm phase shifts up to a dipion mass of 1 GeV.have been carried out by many authors, "based on
the low-energy data (laboratory momentum &4 GeV/c)
of the reactions n p—&sr n+tt, sr p-+s- nvp, and some-
what meager data of the reactions n P~on'tt and
n+rt~'nap. s In extracting ns phase shifts from the re-
actions mÃ~mÃ, one attempts an extrapolation in the
variable t, squared four momentum transfer to the nu-
cleon, from the physical region to the unphysical mass-
shell point. Various authors differ in their methods of
this extrapolation; for example, some include the ab-
sorption effect, off-shell correction factor, or such ques-
tions as 'the relative phase difference between partial
waves in the in and out states of the xx vertex. 4 '

The results of I=O 5-wave phase shifts are still
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controversial ' ' but in general they fall into two cate-
gories: (i) a smooth variation of 8s' in the p region,
probably reaching 90' at 1 GeV; (ii) alternatively,
8z varying rapidly and passing through 90' near 0.7—
0.8 GeV (a narrow resonance). The I=2 5-wave phase
shift is small and negative, 2 reaching about —20' at
~1 GeV. An I=1 I'-wave resonance is given by the p
meson itself. When the dipion mass is greater than
1 GeU, D-wave scattering can no longer be neglected.
Starting at around 1.0—1.1 GeV, the inelastic channels
seem to open up, particularly in the I=0 5 wave and
I= 1 I' wave. Our results on the f meson show that the
I=0 D wave also becomes inelastic in the f region (the
study of the f-meson decay into channels other than
m x+ is still only preliminary, ' but indications are that
p&' is appreciably less than 1 in the central region of
the f). The nor scattering at still higher energy (& 1.6
GeV) is almost diffractive, as evidenced by the prom-
inent forward peak in the cos0 distributions.

Below 1.4 GeV in dipion mass, we show that the 5-,
P-, and D-wave scatterings can explain the data quite
well. l&3 waves can be neglected to a good approxima-
tion, judging from the cos9 distributions and the g-
meson (I~=3 ) resonance shape, which indicates very
small 6p' below 1.5 GeV in dipion mass. We use the
absorption-modifred one-pion-exchange (AOPE) mod-
el"" in extracting ~x phase shifts up to 1.4 GeV in
dipion mass from the reactions

s- p—&n a+I (4191 events, 1.35&0.11 rnb), (1)
n-'p —&sr-n'p (3555 events, 0.85+0.10 mb) (2)

at 7 GeV, as obtained from an exposure of 370000
pictures in the 30-in. MURA-Argonne chamber at the
Z GS. The 6tting program DIANA was used at Wisconsin,
and HGKQM —GRIND at Toronto. Events were selected

~ W. Beusch, W. E. Fischer, B. Gobbi, M. Peppin, E. Polgar,
P. Astbury, G. Brautti, G. Finocchiaro, J.C. Lassale, A. Michelini,
K. M. Terwilliger, D. Websdale, and C. H. West, Phys. Letters
25B, 357 (1967).' G. Ascoli, H. B. Crawley, D. W. Mortara, and"A. Shapiro,
Phys. Rev. Letters 21, 1712 (1968)."K. Gottfried and J. D. Jackson, Nuovo Cimento 34, 735
(1964)."L.Durand III and V. T. Chiu, Phys. Rev. 139, 8646 (1965).
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with long secondary pion tracks (&25 cm) and with no
secondary interactions, thus obtaining a mass resolution
of about 15 and 20 MeV in the 1.0—1.4-6eV region of
dipion mass for the reactions (1) and (2), respectively.
The dipion mass spectra for these reactions are shown
in Fig. 1. Also shown in Fig. 1 for comparison are the
four-pion masses for the reactions rr p-+rr ~++ w+n and

w m.+n. rrsP from the same film. "
In Sec. II we give an outline of the method of analysis

and the result of our method when applied to the p
meson. It is seen that AOPE can adequately describe
the production and decay of the p', for —t&0.3
(GeVjc)', while tv exchange contributes significantly
to the p case. The f-meson region and 1.0—1.2-GeV
region are analyzed next in Sec. III. The f shows con-
siderable inelasticity. A peculiar behavior of the ~ x+
state in the 1.0—1.2-6eV region is shown to be either an
I=O resonant D-wave amplitude which interferes with
a nearly static I=1 P-wave amplitude or a moving
P-wave (possibly resonant) amplitude which interferes
with a rising D wave (f meson) . The phase shifts and
inelasticities of the 5, P, and D waves up to 1.4 GeV
in dipion mass are given at the end of Sec. III. Finally
we give some discussions in Sec. IV. In Appendices A
and 3 are given the summary of the AOPE amplitudes.
Nucleon-pole terms" are given in Appendix C.
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II. OUTLINE OF METHOD AND y MESON

The AOPE model is known to be quite reliable in
describing detailed production and decay correlations
of the reaction ~ p~pX.""Thus with a proper account
of the background, we could probably explain the data
of the reactions (1) and (2) in the region m (1 GeV,
where S- and P-wave xx interactions are expected to
dominate (rt= 1 for complete elasticity) . For the case of
the D wave dipion (7-r p~fm), "application of AOPE is
somewhat uncertain. The dif6culties here are largely
owing to (i) an unknown background, (ii) uncertainty
in tt (I=0, l = 2) and phase shifts of other waves present,
(iii) the problem of off-mass-shell correction, which is
already encountered for P-wave values, becoming
magni6ed with higher l values. We assume in this paper
the validity of the AOPE for the 5-, P-, and D-wave
mw scattering with an off-mass-shell correction in the
xw vertex in a form suggested by Burr and Pilkuhn"
(see below) .
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"Cross sections for these reactions are 1.21~0.11 and 1.61~
0.12 mb, respectively. The various cross sections have been
determined from measurements on a subsample of the total
exposure. For the analysis of g meson from these reactions, as well
as reactions (1) and (2), see T. F. Johnston, J. D. Prentice,
N. R. Steenberg, T. S. Yoon, A. F. Garfinkel, R. Morse, B.Y. Oh,
and W. D. Walker, Phys. Rev. Letters 20, 1414 (1968).

'4 E. West, J. Boyd, A. Erwin, and W. D. Walker, Phys. Rev.
149, 1089 (1966).

"For earlier absorption-model calculation of the f, see H.
Hogaasen, J.Hogaasen, R. Keyser, and B.E. Y. Svenson, Nuovo
Cimento 42A, 323 (1966);P. C. M. York and D. Gordon, Phys.
Rev. 157, 1362 {1967)."H. P. Diirr and H. Pilkuhn, Nuovo Cimento 40, 899 (1965).

Fio. 1. 2~ and 4n mass spectra from the reactions (a) s. p~
m m+n, (b) m p—+m. m m.+~+n, (c) m p~m Hp, and (d) m. p—+
~ s. sr+op. The events with t(=ti') (0.3 (GeV/c—)2 are shaded.

Ke use the AOPE formalism of Durand and Chiu"
in this paper, limiting our analysis to the region of t

(—t(0.3 GeV'/c') where it should be reliable. We also
include in our amplitudes the e8ect of the nucleon-pole
terms, '4 which we take as the most important back-
ground for the t region under consideration Lthe reflec-
tion of Ã*'s (1.24, 1.47, 1.68, etc.) production contri-
butes very little compared to the pion-exchange process
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FlG. 2. Various differential cross sections for the p and p (defined here by 0.72—0.84 GeV) . Plotted are the —/=A', cose (e= total
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in the region m (1.4 GeV, —t(0.3 GeV'/c'$. The
above t cut is made in accord with the data which show
a change in t distribution near —t~0.3 (GeV/c) ' from
a sharp to a relatively Oat distribution for the entire
dipion mass range.

Thus the total amplitude for the reactions (1) and
(2) in our model consists of pion-exchange and nucleon-
pole terms (NPT), both of which are properly absorp-
tion modified, i.e.,

for the dipion in 5, I', and D waves are given in Appen-
dices A and 3, and nucleon-pole terms are given in
Appendix C. (pX, X) in Eq. (3) refer to the helicities of
the dipion, outgoing, and incoming nucleons, respec-
tively. The pion-exchange term can be written in the
form t Eq. (A3) of Appendix A$

(t x'
[
a

[ ~)= g g (t ~'
[ a,'

I ~)v, (0, y),

(t P,
'

/

T
/

X)= (t,X'
I

A
I
X)+(X'

[
TN p,

/
2 ). (3)

Explicit helicity amplitudes of the pion-exchange terms (4)
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where l and I refer to the partial wave and isospin of
the dipion; (8, p) are ww scattering angles; (8p, rI p) are
err phase shifts and inelasticities; Qs= res refers to the
dipion mass& and k= (ss—m ')"' Cr and C~ are isospin
coeKcients for the dipion and nucleon vertices, respec-
tively. fpI, x(s, t) gives the t dependence of the amplitudes
which, in general, differ for different helicities. LIn the
unmodified model, g I fpyx I

o- —t/(t ttt&) .j Other
constants are absorbed in f„xx(s, t) . See Appendices A
and 8 for details.

The cross section for the reactions (1) and (2) with
the above amplitudes is (kz, ——incident laboratory mo-
mentum)

840.

The cross section in the form of (5) and (3) is suitable
for the analysis of the reactions (1) and (2), particu-
larly for the xx system, as the above set of four inde-
pendent variables completely describes the reactions.
(Any five-point vertex function needs five independent
variables; the total c.m. energy is the fifth variable. )
Thus a set of xw phase shifts predicts the dipion mass
spectra and cosg distributions as a function of dipion
mass for the reactions (1) and (2) .The P and t distribu-
tions are not very sensitive to a choice of phase shifts,
except in the peak regions of the p and the f, whereas
the combined cos8—

@ distributions are quite useful for
the cases of high statistics. We also comment that the
amplitudes of the nucleon-pole terms in (3) must be
expressed in terms of the above set of four variables.
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This program is carried out in Appendix C, together
with an appropriate correction for the absorption in the
entrance and exit channels.
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Fro. 3. Cross-section combination X=(do/dk) (m p~p p)—
z(da/dt) (m p~p n). This combination is approximately equal
to the or-exchange contribution to the p production. In order
to bring out the dominant helicity states due to co exchange
(which gives a sin'II distribution), we took the data for

I
coss i (—,'

and made a correction for the rest of cose.

p Meson

To test the cross section (5) against experimental
data, we have chosen the peak region of the p (0.72-
0.84 GeV) and tried the set of S- and P wave phase-
shift given by Walker et al.' For each of the 20- or 40-
MeV mass bins, we vary the t values in Rnite steps and
calculate cos8—P distributions and compare various pro-
jections or two-dimensional distributions of the varia-
bles of Eq. (5). The resulting cos8—p distribution
(summed over for m, and t) showed a reasonable
accord with the data.

The results of the absolute cross-section calculations

do/d cose, do/d cos8, and do/~
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thus obtaining for the peak region of the p for reactions
(1) and (2) are compared with the data in Fig. 2. The
cos8 (8= total c.m. scattering angle) distribution has
an advantage over a t distribution for small 3 or cose~1,
but is otherwise equivalent. The phase shifts for the
solid curves in Fig. 2 are those of Walker eI; al.' for the
5 waves, and I'-wave phase shift corresponding to a
Sreit-signer resonance shape with

nz(po) = 775 MeV, I'(p ) = 140 MeV,

the exception of the sharp spike near cose= 1, which is
not reproduced in our calculation. This serves to remind
us that there are still some processes (such as extremely
peripheral production of Ã*'s) we have left out. For
the p all the features of the data require ~ exchange
in addition to ~ exchange. A crude estimate of the Regge
&o-exchange contribution based on (i) the cross-section
combination of the form

(d /«)( ) —l( /d)( ')
m p =770MeV, F p =135 MeV, 6

as suggested by Contoguoris ef al."and (ii) the assump-
and the errors are of the order of 10 MeV. In case of
the p', the over-all agreement is quite remarkable, with

'7 A. P. Contogouris, J. Thanh Van, and H. J. Lubatti, Phys.
Rev. Letters 19, 1352 (1967).
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ti.on that co exchange gives only helicity &1 states of
the p (with no interference with the sr-exchange pro-
cess, and neglecting other exchanges) can explain the
data rather well. We show in Fig. 3 the cross-section
combination, Eq. (7), for the dipion mass region 0.72—
0.84 GeV."Figure 2 shows the effect of the co exchange
isolated as above, superimposed (dashed curves) on
the AOPE, NPT results (solid curves) .

It becomes clear now that the inclusion of the
nucleon-pole terms certainly improves the over-all
analysis of the data in the p region. The off-mass-shell
correction of the form (A12) also helped to bring the
agreement in the t distribution. The normalization of
a with the p peak as o 12sr/k' is not essential,
although our result certainly justified the normalization.
One further remark can also be made, which is that
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' In order to bring out %1 helicity states of the p we limited
ourselves to the region of coos,

~
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FIG. 6. Beam momentum dependence of the cross sections for
p', p, and f production. The dashed lines show Ez ' dependence.

extreme care must be exercised when the cos9 distribu-
tion in the t region,

~
t

~
)Sm ', is used to deduce the

m.~ phase shift in the nonabsorptive type of model owing
to the ever-increasing proportions of nonzero helicity
state in the high-~ t

~

region.
We show in Fig. 4 the density-matrix element for the

P using the parametrization 'of I(coso, Itb) given in Eq.
(A11) of Appendix A, together with the absorption-
rnodel results (solid curves) weight averaged over the
mass region 0.72—0.84 GeV. The experimental data of

pn/(poo+2prt) for the p production are simply obtained
from the normalization condition poo+2pu 1, whereas
for the p' production, we use

Prt 1 t Poo Ptt I

Poo+2Pn 3 E 1 Poo I

We use the calculated value of p00 from the S-wave
phase shifts and AOPE model, p00 0.15—0.20, as p00

cannot be directly isolated from the data.
The one-pion-exchange dominance for the production

of the p' for t&0 3—(GeV./c)' is quite apparent from
the t dependence (and the beam-momentum depend-
ence of the po production; see below) . Further, we have
shown that the total amplitude in the form of (3) and

(4) is quite capable of reproducing important features
of the p' (and of the p when we include the co-exchange
contribution in addition) . We also point out, in the light
of current interest of the Reggeized x exchange, " that
our data indicate no deviation from the "turnover" of
da/dt(vr P—+port) below —t(m ' consistent with an
evasive solution, "and in contrast to the data of Selove
et a/."While the data also suggest possible nonzero p~~

even near t;„(~0.2 —st)t, its relation with a possible
pion conspiracy" or Regge cuts must await further
theoretical clariications. p~~ is expected to be small but
nonzero in the absorption model when the lowest partial
waves of the entrance and exit channels are completely
absorbed.

In closing this section, we show in Fig. 5 the t distribu-
tions of po and the f', where we indicate the kinematic
limit of t by dashed arrows. A similarity of po and fo
distributions is particularly apparent in contrast with
the p . In Fig. 6 are shown the cross sections for the
reactions sr ~port, p P, and ftt. The po and fproduction
follows a P~ b

' dependence rather well, whereas p
production deviates from such a dependence.

'o See a theoretical review by L. Bertocchi, in Proceedemgs of
the Heedetberg Corsferemce oa Etementary J'artecles, 1967 {Wiley,
New York, 1968}.See also L. Durand III, Phys. Rev. Letters
19, 1345 {1967).

Our data on pop(do/dt) for the po agree very well 'with the
model of S. Frautschi and L. Jones, Phys. Rev. 164, 1918 (1967).
The data also agree with the p+ data of M. Aderholz e1 al. , Phys.
Letters 2/B, 174 {1968).G. V. Dass and C. D. Froggatt PNucl.
Phys. B8, 661 (1968)j, in their Regge-pole analysis, however,
favor a conspiracy solution.

.
"W. Selove, F. Forman, and H. Yuta, Phys. Rev. Letters 21,

952 (1968).
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III. RESULTS

fo-Meson Region

Previous absorption-model calculations" by various
authors of the f production, based on a simple assump-
tion of no background and completely elastic D-wave
~~ amplitude, have indicated that (i) the calculated
cross section was too large, (ii) the calculated do/dt
was falling slower than the experimental data at large

~

t ~, and (iii) the experimental cos8 distribution shows
near absence of events in the cosg 0 region, in gross
disagreement with the density-matrix element of a pure
D wave. An improvement in the analysis is readily made
when we assume a small width of the f, together with
some form factor, and some amount of S-wave scatter-
ing to account for the polar angle distribution near
cos8 0. Furthermore, it is likely that the qzP (inelas-
ticity of the I= 0 D wave) is appreciably less than unity
near and above the f peak region (see below) . The mass
spectra and cosa distributions of m x+ and ~ ~ .states
in the f region indicate the presence of some amount of
I' wave (or Ii wave) and I=2 D wave.

With the above preliminaries we study the f-meson
and other nonresonant partial-wave amplitudes in the

f region. We take a narrow dipion mass region, 1.21—
1.33 GeV, as there is a considerable change in the cos0
distributions below and above the f peak region. In
Fig. 7 we show the distributions in t, coso, coso, and

P for the m s.+ state, and cos8 and P distributions for
the x z' state of the mass region under consideration.
The variation with t of the joint cos8—P distribution for
the f is shown next in Fig. 8.

In carrying out the absorption-model calculations as
outlined in Sec. I and the Appendices, we leave out
higher partial waves, l&3, assuming that they play a
minor role (and in case of I=1 Ii wave, the g-meson

signal indicates a negligible contribution in the f region) .
Since we expect the l= 0 D wave to dominate the x x+
state, we determine the approximate phase shift B~' and
inelasticity qD' as functions of dipion mass from the
observed mass spectrum with various t cuts. It is seen
that the shape of do/dt is well reproduced by the absorp-
tion-modified OPE amplitudes. The magnitudes of the
cross section and the inelasticity g~' is sensitive to the
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nucleon-pole terms and off-shell corrections. With the
choice of the nucleon-pole terms and the Burr-Pilkuhn
off-shell corrections, as used for the p' case, we obtain

0.6 at the fpeak, which implies a ratio f~inelastic/
f~7r7r 0.25. The average behavior of 8-wave and I= 2
D-wave amplitudes are then estimated from the asym-
metry of the m ~+ angular distribution and the cross
section of the z ~' state. The I= 2 D wave, in particular,
is allowed to vary only within the bounds of our inde-
pendent analysis" of the reactions ir p-+6++ir ~ and
x+p—~~+~+a. The 5-wave amplitudes are adjusted to
give the observed behavior near cos0 0 of the m x+
state and the details of the x x' state angular distribu-
tion.

After a great number of trials with different sets of
average 8's and g's covering the domain of reasonable
sets of phase shifts (connecting smoothly with low-

energy phase shifts), we find that the following set gives
the best fit to the over-all behavior of the data (( ) for

average):

m .( GeV) 1.22 1.24 1.26 1.28 1.30 1.32

8D' (deg) 42 62 80 98 108 122
runs 0.77 0.67 0.65 0.60 0.60 0.60 (9a)

(gs') = o.5,
(&,')= o.8,
(» )=0.92,
(rizP) = 1 0.

(88') = 100',

(bi ') = 162',
(SD') = —5'

(9b)

The curves in Fig. 7 correspond to the cross sections
resulting from these. We suggest that. , while (9) gives
a likely set of phase shifts for the P and D waves, the
uncertainties in the S-wave phase shifts are quite
appreciable, owing to a low S-wave unitarity bound.
For the resonance parameter of the f (see below for
further confirmation), we obtain

mass 1275&10MeV, width 120&15 MeV,

cross section 0,21+0.06 Inb, (10)
"R. Morse, A. F. Gra6nkel, B. Y. Oh, W. D. Walker, P.

Berenyi, J. Prentice, and N. R, Steenberg (unpublished}.

n n SCATTERING UP TO 1.4 GeV OF DIPION MASS
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It should be mentioned that while the values of the
tf's are uncertain (up to 10—15%) in our analysis, the
relative magnitude and phases of the partial waves
should have been determined with much less uncer-
tainty. We have also estimated the ratio ( f~inelastic/
f~m 7r) independently from the reactions m p -+

~ m+s. ~+ts and 7r ~Kr Kt e,, with a result"

(f~m ~+~ ~+)/(-f~~ ~+) = (7+2) %,

( f~KK) / (f +s.~—) = (6&2)%. (11)

While further studies are required to determine the
ratio f—+inelastic/f~2~ directly (no data are as yet
available for the ratios f +rlrf, -rfrrs/f~2m), the f meson
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FIG. 10. The cos8 distributions of m m+ and m m' states in

the 1.06—1.18-GeV region. The solid and dotted curves correspond
to two solutions of phase shifts [see also Fig. 11(c)g.

seems to show considerable inelasticity, and our value
of gD' 0.6 does not appear unreasonable.

II, )0

.8
M(7I-Tr) ln GeV

1.0-1.2-GeV Region

The m ~+ mass spectrum and cos8 distributions show

some peculiar features around the 1.1—1.2-GeV region.
We show in Figs. 9(a) and 9(b) the s. m+ and m mrs

mass spectra of reactions (1) and (2). An excess of
events is seen in the 1.1—1.2-GeV region of the m=m+

system above what would be expected for a simple
Fro. 9. Dipion mass spectra of (a) s a+and (b) s s . (c) s s+

mass spectrum in the region cosg( —0.8. (d) and (e) The ratio
(F—8)/(8+8) versus dipion mass for the m=m+ and m m'

states. The solid curves are the result of our phase-shift analysis
(see Fig. 11 and the text). The mass spectra which result when
we leave out P-wave contributions 'are indicated by the dashed
curves in (a)—(c).

O' We use the peripheral data of Ref. 24 corrected for the beam
momentum difference to estimate the f~EE; branching ratio.
Our ratio is also consistent with the value given by Beusch
et al. (Ref. 9). As for the ratio f—&47'/f~27f. , our results disagree
with Ascoli et al. (Ref. 10), who imply 20% for f—&47'jf~27f.

'4 D. J. Crennell, G. R. KalbAeisch, K. W. Lai, J. M. Scarr,
T. G. Schumann, I. O. Skillicorn, and M. S. Webster, Phys. Rev.
Letters 10, 1025 (1966).
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function of 7rs mass. The solid curves in (a) and (b) are the predictions of the phase-shift analysis shown as solid curves in (c) . An
alternative solution in the 1.0—1.2-GeV region and corresponding results are shown as dotted curves.

Breit—Wigner f meson. The signal is particularly en-
hanced in the region of cose& —0.8, as shown in Fig.
9(c). The variation of the cosg distribution with the
dipion mass is shown in Fig. 10 for the m z+ and w w'

states. Also, in Figs. 9(d) and. 9(e) are shown the
corresponding (F 8)/(2+8) ratio fo—r the ~ m.+ and
x vr states. The x m+ enhancement in the 1.1—1.2-GeV
region is clearly seen to be correlated with a rapid
variation of the cosg distribution with M(~ or+) and a
lack of such variation for the x ~' state. This variation
has been observed in earlier studies.

A m. m-+ enhancement in the 1.0—1.2-GeV region has
been previously reported by Whitehead et ul." and
Miller et al.' It is noted in Refs. 25 and 26 that the

"'C. Whitehead, J. G. McEwen, R. J. Ott, D. X. Aitken, G.
Bennett, and R. E. Jennings, Nuovo Cimento 53A, 817 (1967).

2' D. H. Miller, L. J. Gutay, P. B. Johnson, V. P. Kenny, and
Z. G. T. Guiragossihn, Phys. Rev. Letters 21, 1489 (1968).

observed enhancement has I~=0+ and J~ probably 2+
and is not associated with the S*, previously observed
in the EX state. '4' The enhancement is seen in the
total M(s. m+) of Ref. 25, but in Ref. 26 it is seen only
for the region of cos0& —0.75. The main results of our
analysis in this mass region are given in an earlier
publication. '~

The basic fact that one must consider is that the
ratio (F 8)/(8+8) beco—mes negative just above
1.0 GeV, and also that the anomaly in the mass spec-
trum shows mostly for cose( —0.8. Thus the effect
observed is clearly the interference of two states or more
of opposite parity. It could be the result of S-I' or P-D
or S-I'-D interference. We observe, however, that the

' B. Y. Oh, W. D. Walker, J. T. Carroll, M. Firebaugh, A.
Garfinkel, R. Morse, J.D. Prentice, N. R. Steenberg, and E.West,
Phys. Rev. Letters 23, 33i. (1969).
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data" on the reaction 7r p-+ErsErsn indicate a strong
absorption of the I=0 S wave in the process z m+~EE
near 1.1 GeV. Thus it seems almost certain that the
amplitude vector of the I=O S wave in the Argand
diagram points near the center of the unitarity circle,
leaving little room for large variation. Furthermore,
since the backward peak must come from the real part
of the amplitude, it is very dificult to see how 5-P
interference could possibly give the observed eGect. The
result is that the backward bump is almost certainly the
result of P-D interference.

The angular distributions are also consistent with
this interpretation. The backward hemisphere is always
more sharply peaked than the forward hemisphere for
the x m+ state in the 1.1—1.2-GeV region as may be seen
in Fig. 10. The same result is observed from examining

coefficients of the Legendre expansion of the cos0 dis-
tributions, which are shown in Figs. 11(a) and 11(b)
for the z m+ and m m' states. The negative A3 coefficient,
which is present only in the 1.0—1.2-GeV region, indi-
cates P-D interference.

In applying our phase-shift analysis to the 1.0—1.2-
GeV region, we have all the problems we have faced for
the case of the f region. In addition, a relatively dimin-
ished role of the dominant amplitude brings in some
additional freedom in our choice of phase shifts. We are
guided, however, by the following boundary conditions
of the aP's: (i) We have to consider five partial-wave
amplitudes, i.e., ass, u8', ai', ann, and. asap (neglecting
l&3 waves); all of these may be partially inelastic.
(ii) From the cos8 distribution of the m ms state and
from the expected behavior of ap' which has passed
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resonance (8~') 90'), the phase shift 8~' should be small
and negative. 88' is also expected to be small and nega-
tive, assuming no rapid variation of 88' from its behavior
below 1 GeV'. Independent evidence of the small phase
shifts for the I= 2 waves comes from a study of reactions
~ ~4++~ m

"and or+p-+7r+~+e. (iii) bo' is expected
to be positive, growing rapidly to reach 90' close to the
f'-meson peak. (iv) The I=0 S-wave amplitude is an
open question. The difhculty is mainly owing to its low
unitarity bound, which makes the angular distribution
rather insensitive to the choice of the S-wave amplitude.
(v) The amplitude vectors in the Argand diagram of
the important opposite-parity waves must be widely
separated to give the observed negative (Ii 8)/I'+&)—
ratio of the m m+ state.

With the above boundary conditions of the +i 's we
have tried a great number of possible sets of phase shifts
to fit the observed cross section 8' /Rom, B cos&&4. We
have tested in particular the hypotheses of (a) D-wave

resonance (loop or cusp) with other waves varying
slowly; (b) I=0 5-wave resonance rapidly sweeping the
unitarity circle with other waves varying slowly (bn

varying according to the Breit-Wigner formula); (c) a
constant P-wave phase shift of 150'—155' and g~'=
0.8—1.0, with other waves varying slowly (8z&' varying
according to the Breit-Wigner formula); and (d) a
resonant P wave (loop) near the phase shifts given in

(c) above.
Hypothesis (b) gives no solution; i.e., the observed

anomaly is too large an effect to be caused by an S-wave
amplitude. Hypothesis (a) is a very likely possibility.
There are indications of an I=0 anomaly from data on

charge exchange (vr +~+~~'+~') .This would indicate
that hypothesis (a) should be taken very seriously. We
show this possibility in Fig. 11(c). We do not see a loop
in the Argand diagram but rather a rapid growth in the
I=0 D-wave amplitude.

We also find a solution in hypothesis (c) or (d) which
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gives an over-all agreement with the data. Our analysis
is at the very least consistent with the existence of a p'.
There can be no doubt that there is a very sizable I'-
wave amplitude present in the f' region. Whether or not
this amplitude actually produces a loop'8 in the Argand
diagram will have to wait on further analysis of inelastic
channels such as E-E or ~ -m. The results are interesting
in that they are similar in nature to the p region where
there is a large I=0 S-wave amplitude which interferes
with the p'.

The sets of phase shifts for solutions (a) and (d) are
shown in Fig. 11(c) as solid and dotted curves (where
the two solutions differ) . The predictions of these solu-
tions are shown as the smooth curves on Figs. 9—11

~8 If. the I'-wave amplitude resonates, its mass and width appear
to be 1.120 40+"' and 150 50+"' MeV, respectively. This agrees
with':, the result of Regge-pole analysis by V. Barger and R. J. N.
Phillips, Phys. Rev. Letters 21, 865 (1968).

Lagain, where the predictions differ, solution (d) is
shown as the dotted curvesj. We have also shown as
dashed curves in Figs. 9(a)—9(c) the dipion ma, ss dis-
tributions which are expected when we leave out the
I'-wave amplitude completely while leaving everything
else the same as for the solid curves. Thus, the P-wave
amplitude, which accounts for the diRerence between
the solid and dashed curves, is quite evident in the
1.I—1.2- GeV region,

The analysis in the 1.0—1.2-GeV region resolves in
part the difficulties of determining the width of the f.
It is not surprising that the mass and in particular the
width of the f show such large differences in the litera-
ture, depending on how the "background" is treated.
Furthermore, the inelastic I"-wave amplitude may give
rise to a part of the co-~ enhancement in 1.0—1.2-GeV
region (most likely apart from the 8-meson production)
producing the ambiguity in the analysis of the 8
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meson. "We also mention that the level of statistics of
our data does not allow the unambiguous detection of
a possible narrow resonance"" (&40 MeV of width,
particularly if it is an S-wave inelastic resonance) in
the 1.0—1.1-6eV region.

Summary of Results

The set of phase shifts in other regions of dipion mass,
which gives fits to the data up to 1.4 GeV, is summarized
in Fig. 11(c). We have demanded a continuous and

The 8 signal /Fig. 1(a)j shows extremely peripheral t
distribution, quite similar to that of the f-meson production. The
decay angular distributions, which vary rapidly with t, appear
to show a mixture of 1, . . ., and 1+, . . . , series in our data. See
M. Parkinson, Phys. Rev. Letters 18, 270 (1967); M. Ademollo,
H. R. Rubinstein, G. G. Veneziano, and M. A. Virasoro, ibid.
19, 1402 (1968), for discussions on mx~cox.

smooth behavior of the phase shifts with energy. The
absolute cross sections resulting from the above set of
phase shifts are shown in Fig. 12 for coso, in Fig. 13 for
p, and in Fig. 14 for the cos8 distributions. The effects
of /& 3 waves, which we have left out, become apparent
in the cos0~ —1 region of m & 1.4, since a combination
of S, I', and D waves is not likely to produce the details
of the observed angular distribution in the high-mass
region. The x x+ and m x' cross sections thus deduced
are shown in Fig. 15. We estimate a systematic error of
15—20%.

IV. DISCUSSION

In our analysis of the xw phase shifts we were forced
to assume a simplified energy dependence for the partial
scattering amplitudes. With greatly improved statistics,
studies could be made of the hitherto unsuspected
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FIG. 14. (a) and (b) The c.m.
cosine (coso) distributions versus
M(~ ~+) and 3f(m ~), respectively
(40MeV bins of m~ mass unless
otherwise indicated) . The solid curves
are the results of the AOPE model
which correspond to the phase shifts
Fig. 11(c).
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behaviors of the partial-wave amplitudes. Further
clari6cations in the theoretical formalism are also
needed, e.g., oB-mass-shell correction, nucleon-pole
terms, etc. These factors, in particular, aGect the values
of g's, for which we estimate 10—15% ot systematic
errors in our analysis.

In the procedure used in our analysis, the errors of the
~m- phase shifts become correlated, so that it is not really
meaningful to assign an error to an individual point,
but only to the curves. While large errors exist for the
g's (a11 the waves should be affected somewhat simi-

larly; i.e., the correct values of the q's should be larger
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cross sections versus 3II(~ vr').

or smaller than the determined g's, simultaneously),
the main features of the relative magnitudes and phases
of the important partial waves should have been cor-
rectly determined.

Our analysis shows that the reactions (1) and (2) in
the region of small t and up to m ~1.4 GeV can be
described by the 5-, P-, and D-wave 7l-w scatterings of
the AOPE and NPT to a good approximation. Our
estimate of the production of Ã*'s in the kinematic
region under consideration, which we have determined
from the cos8*(0 region of m+m or m'p t-where 8* is the
p-e scattering angle in the vr+e/~'p c.m. sy™;note
that cos8*(0 corresponds to —t)0.3 (GeV/c)' for
most of the xlV rnassj, justices our approximation. "
Also consistent with our approximation is the very small
cross section for the Ã* production via ~ p-+~'S*.

The inelasticity of the f meson, which is found. from
our analysis using the absorption-modified one-pion-
exchange model, seems reasonable when we compare
with some of the inelastic channels directly observed.
Finally, our analysis indicates the important role of the
E-wave amplitude in the 1.0—1.2-0ev region and its
interference with D and S waves. The statistics of our
data do not allow further studies of possible resonance
behavior for the D-wave or P-wave amplitude.

' B.Y. Oh and W. D. Walker, Phys. Letters 288, 564 (1969).

One might argue against the existence of a p-wave
resonance because of the photoproduction data», » on
~ pairs in the 1.0—1.5-GeV/c' mass range. Our data and
analysis both indicate a very weak coupling of the
possible p' to the m.-71- channel. In amplitude a p' could
be at most~10% the size of the p in the ~-~ channel in
terms of the relative diameter of the loops in the Argand
diameter (Fig. 16). Thus, the experiment must have
really good statistics to detect the p' in the photo experi-
ments. As mentioned previously, the existence of a large
P-wave amplitude is certain. It is interesting that the
f region is very similar to the situation in the p region
in which the dominant I= 1 amplitude interferes with
the I=0 S-wave amplitude. In the f' region the domin-
ant J=O D wave amplitude interferes with the I= 1 8
wave amplitude. The resonances e and p' would be con-
sistent with Veneziano's dual representation. " It also
seems that there may be some structure in the I=O D
wave in the form of a rapid change in the phase shift
below the fe This would be. indicative of perhaps two
nearly resonant amplitudes in the i=0 D wave.

» N. Nicks, A. Eisner, G. Feldman, L. Litt, W. Lockeretz,
F.Pipkin, J.K. Randolph, and K. C. Stanheld, Phys, Letters 29B,
602 (1969).

» G. McClellan, X. Mistry, P. Mostek, H. Ogren, A. Osborne,
Sj]verman, J. Swartz, and R. Talman, and G. Diambrini-

pa]azzj, Phys. Rev. Letters 23, 718 (1969).» Q. Peneziano, Nuovo Cimento 5'7A, 190 (1968).
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F=43fk~,b is the Aux factor, I; is the squared four-
momentum transfer to the nucleon; M and fff =Qs
are masses of nucleon and dipion, respectively; and k
and 0, (0, p) refer to the momentum and scattering
angles of the outgoing x in the ~x c.m. system. Out T
is related to the nonrelativistic amplitude f by T=
8fr(+s )f and T= (82r(+s p) /2M)f for the frfr and frp
scattering, respectively.

The 2' matrix of the OPE process is (8 for Born
amplitude)

(»'
~

P
~

lt.)=Cffg»(ui, ysuf, ) (t—fw ') '

X p g d,s'( —4) fff'«" (0, 4) (A2)

= g g (»'
~
a;

~
~)1;(e,y), (A3)

FrG. 16. Argand diagram illustration of a P-wave amplitude
(p'} which resonates. Note that for the P-wave amplitude shown,
the p' signal would be about 1/10 of the p signal.
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Gf(t, s) is the oB-shell correction factor to be discussed
further below. The isospin factors of the ~m system C 's

are explicitly

APPENDIX A: OPE AMPLITUDES

The transition matrix element and cross section for
the reaction fr(k; ) +E(P)~fr(k') +fr(k") +X(P') are
dined by

(f [ S—1
)
i )= (2fr) 'zBt'1 (Pf P;) (f ] T [ i ), —

The Wigner d function appears in (A2) on account of
the rotation required from the incoming pion direction
in the mw rest frame to the x~ helicity direction. "The
angle P is related to the total c.m. scattering angle 8
and total c.m. momenta of the incoming and outgoing
nucleons P, P' by (see Fig. 17)

d~= „M (2 Z l(fI&li)I')dp,
(22r) '

syins
where

k, sinf=P sinO,

k, ff cosset = P(cos8 —n') y', (A6)

1 frdt fkdQ, dfN
dp=

(22r) 'F/2M l, 42N

d'I" d'k' d'k"

(22r) ' 2P"/2M 2k" 2k"' '

where the initial state will be specihed by the proton
helicity ) i)=

~
X) and the final state by the helicities of

the outgoing nucleon and dipion system
~
f)=

~

»').

k ff = Pt (fff +fff ) 'jest ——(fff —fN ) 'j/4~
'= )P'/(P" +s) 't' jD P'+fw ') 't'/P j

(PI2+s) 1l2/sl/2

(A7)

Explicit forms of the partial-wave amplitudes
(»'

~

Bff
~
ll) of (A3), which are suitably absorption

modified (Af's), are given in Appendix B.The angular
distributions in tl and P can be easily obtained from

(A3). For this purpose, we introduce the density-
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matrix elements

+11 (Pr&»' I
&1'I &)) (Jr&4'&'I &l'I &))*

TrLZ '(Z.&»'I & 'l~)) (Z.&.'&'I & 'I») *j
(AS)

and

yl&= yl&(0, p) with the exp(2tlp) factor removed. (A9)

With the dipion in a mixture of S, I', and D waves, we
thus have

I(cose P) =Poo ( 0')'+ Q P0l" ( 1")'

p DD(y20)2+4pl PPyllylo cosg

P

~s' or gs
71

+2pl 1 yl'yl ' cos2$+4p21 y2'y2' cosg

+4pl F 'F2 cosg+4p D y2'y2 cos2$

+2pl, 1 F2 y2 ' cos2$+4p2, 1 y2'y2 ' cos3$

+2p2 2 y2 F2 cos4$+2ppp yp yl

+4pols yppyll cosp+2p sDFppy2 +4p018 'y OF'1 cosy

+4po2 yo y2 cos2$+2ppp yl y2 +4pll yl y2

+4ppl Fl F2 COS4+4pl2 yl y2 COSA

+plo yl'y2' cosp+4p02 F1 F2' cos2$

+2pl, 1 Fl'F2 ' cos2$+4p, ,»y, 'y —2 cos3P. (A10)

p (P)

't~ y

vr'(I")

FIG. 18. Feynman diagrams of nucleon-pole terms of di8raction
dissociation. Circles indicate pseudoelastic diffractive vertices.
Notations of the kinematic quantities are defined.

Relatively simple cases of 5 and I' waves, or D wave
alone, are well known in the literature. Only the real
parts of the density-matrix elements are implied in
(A10) . For the dipion in a mixture of S and I' waves,
we have

&( (—2&2 RepolsP sin8 cosg+2ppp cose)

+ (3/42r) (ppp cos 0+pll sin'0 —v2 Replo

X sin2tt cosp —pl, 1PP sin29 cos2&). (A11)

Finally for the Gl(t, s) of (A4) we use the form sug-
gested by Burr and Pilkuhn, " in analogy with the
effect of penetration in potential scattering, namely,

Gl(t, s) = (k.44/k) '1 1, (A12)
with

n (p')

(a}
FLlGHT

vr (k) n(p' )

1+R'k'
1+Rpk, 442

9+3R'k'+R4k4

(9+3R2k 442+R4k 444j

where R is the radius of the prlr vertex, R' (10212 ') '.

APPENDIX 8:MODIFIED OPE AMPLITUDES

r
+7r (-k) 7T' (~"') p(p )

( Q p f f 4 M p M E N T U M )

(c)
FIG. 17. Diagrams to illustrate kinematic relationships for

the reaction m p~~ 7r+n. (a) In their ~+ center-of-mass system;
0 and p are the usual ~~ scattering angles. (b) In the over-all
center-of-mass system; P and P' are the incoming and outgoing
momenta of the nucleons (or x and m~). (c) In the x m+ center-
of-mass system; p flight direction is sholem. (d) In the x+e center-
of-mass system. The nucleon scattering angle 0* and momenta
are indicated.

*= cose, ~=X—V, P=o—p (3
and introduce the absorption with a replacement

a(,.) l~) (s„.) &» la(~) l~)(s,„)'
= &»'

I ~(i) I » (B2)

The absorption effects in the entrance and exit
channels depend on the total angular momentum j and
the helicities of the particles involved, among other
things. We thus decompose (A2) or (A3) in the form

&»' I ~
I ~)= 2 (~+l) &»'

I f~(~) I»d- (*),
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TABLE I. Normal form of {V!A q&f&
! X).

gNgsrNN

(V!A//&»! Z) = —(1—1.(/, g l) X
2PP'(s —x)

f [-p, (1+x)J"'aa
I+[l (1—*)J"'aa"'
5+[p(1—g) J'"

—5-[p (1+*)J"'a//"'

where s is introduced through a relation

t—ffs '= 2P—P'(s x)—.
We then keep only the 1/(z —x) term (normal form)
and discard the polynomial term, as the polynomial
term affects only the lowest partial-wave amplitude of
the frp and (frfr) lit channels, which is to be suppressed
by absorption.

The modified OPE amplitudes thus obtained are
given in Tables I—III. We use the spinor normalization
nN=1 and

where Sf; (S;a) is the S-matrix element in the exit (
(entrance) channel. We follow the formalism of Durand
and Chiu" and write the modified amplitude as

(t}'IA I~)= Z (i+s)(t)'IA(i)1»d-B'(*)
TABLE III. Normal form of (/pX'! Ao&»! X).

where

(B3)
CNg~NN

(I-L~~ '+,~) X
2PP'(s —x)

00 2y/p t-f-'
expl:-y+g(y)) 1+

2PP'(1 —x) 2y'/P
g(y) =

fff ' —t ffs ' t+2y/p—

p is a parameter which appears in the do/dt of t.he prp

elastic scattering:

do/dt= (or'/16fr) exp(Pt) .

Following Durand and Chiu further, we remove the

j= 2 amplitude completely to obtain final forms of the
modified OPE amplitudes. This is done by first writing
(83) in the form

(te},/! A! y) t
—(1,—g))'/s~s "/+~~Prs(1/g))'/s~/' "' &~

X!1/(E—x) + (polynomials in x) ), (35)

0 +
+

+ 4-[p (1+g)J'"(I—*)(1+s) (ev'6) eP
(+[-,' (1—x)J"'(1+x) (1—s) (-', V'6) ef'

$ [—(1—g) J /P(1 —go) (P v/6) eP

[p(1+g) Jl/P(1 gp) (Pv/6)e&2

+ g [-,'(1—x)J'"(1+s)(s—pe) (v p) pico

0+[p (1+x)J"(1—s) (s—~) (v'p) pico

+ 4[p(1+x)J'"(1—*) (s—~) (v'p) pico
—5 [p (1—*)J'"(1+*)(s—o) (v'p) efeo

+ $ [—(1+x)J~/P —[3epo(s pp)P

0 [-'(1—g) Jf/P-'[3«P(s —~)'—1J
+ o [-'(1—x) J"'-'[3eo'(s—~) P—1]

—8-[p (1+g)J"p[3eo'(s—~)'—1J
+ —s-[p (1—g) J"'(1+g) (s—~) (v's) expo—f+[p (1+x)J'"(1—*)(s—~) (V'-:) i o

+ —4-[p (1+g)J"'(I—s) (s—~) (v'p) pico

f-[p (1—*)7"(1+s) (s—~) (v'p) epee

+ g [-'( + ) J'"(I—x') (-'vt'6)eg'

f+[-'(I—g) J"'(I—*') (-'v'6) e/'

+ f+[p (I—g) J'"(1+x) (1—s) (ev'6) ep'

—6-[p (1+g)J"'(1—*) (1+s) (pv'6) el'

TaBLE II. Normal form of {/pV! Af '! lI, ).

and introduce the notations
CNg~NN

2PP'(s —x)
{/A'! Af f='! X)= (1—I(x /, +„))X

E'+M E+M '/'
/ P P'

pe/ ppf {s+or s'+p/) '

0 +
+

( [-', (1—x) JP/P (1+s) (e,/v2) a r-'
S [-'(1+*)J'"(1—s) (e~W~) a.'
P+[-'p(1+g) JP/P(1 —g) (e&/K2) a '

—
g [-,'(1—x) J"'(1+x)(e//V2)a„'

p [-,'(1+x)J'"(s—pp) spa„'

p+[-', (1—x) J'"(s—n) eoa„'

+ 0+[p (1—x) J'"(s—~) coop'
—( [-,' (1+x)J'/p(s —ep) epap'
—( [-', (1—x) J&/P(1+x) (e,/%2)a„'
—8 [-'(1+*)J'"(1—*) (~~/~~) ap'

+ SL-'(1+*)—J"(1-s) (e~W~) a.'
f-[l (1—x) J"'(1+s) (e~/V2) a.'

where E and P (E' and P') are the energy and momen-
tum of the incoming (outgoing) nucleon in the total
c.m. system. Other symbols used are

ep=r P /koff~ el= P /kpff

APPENDIX C: NUCLEON-POLE TERMS

Nucleon-pole terms of the diGraction dissociation, '
shown in Fig. 18, are summarized here. %e assume in
our calculation (i} that the prlV diffraction vertex,
indicated by a circular blob, is identical to that of high-
energy forward elastic scattering with a T matrix given,
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by

.2(s ~)'"k N,T ~=i '
op(s ~) exp(~Pt ), (C1)

2M

Fig. 17(d) j, we have

u~yg k"u~ ——( f~—~ko"* gp—*P'*) cos-,'e*,

u yak"u+= ($ *ko"*—g *P'*) sin-,'tt*, (C5)

P// (] Qk //4 QP/4) 104

with P 9 (GeV/c) ' for 7-GeV/c ~ P. Here k ~, . is
the momentum of the x in the mX rest frame, and u+y5k"u = ($ ~ko"*—q *P*) sin-', 0*,
or (s.~) is that of the total xX cross section. We assume,
furthermore, (ii) that the ~-emission vertex is due to a
I'-wave xEN coupling, which gives C~g ~~uq y~lq for
the vertex part.

For the T matrix of the nucleon-pole terms, we P//yM)i/2 E+yM i/2 P+ p/g
obtain [see Fig. 18 for notations; we take reaction (1) 4*=

2M &I 2M &~+M &,~+M
for definiteness)

v2gug ys(P'+ k"+M) u),
X TNpr X T- ys„+„—M'

v2gui (P' —Ir"+M) eau),

—(s +„—M' —m '+t —t )

T -„and T -„refer to the mE diRraction vertices, of
the form (C1), and the denominator of the second term
is given in a convenient form. (C2) can be simplified
in the form

P. ) TNpT ) X)=%2g(ui.yak"u), )

xl
&s +„—M' s +„—M' —m '+t

In a realistic treatment of the"-nucleon-pole terms,
we need to make an appropriate correction for the
absorption in the entrance and exit channels. As the T
matrix of the diffraction vertex (C1) already includes
absorption effects in one channel, we need to modify
(C3) by a multiplication with a factor (1—L~q q ~)'I'
when the kinematic configuration for (C3) is identical
to the appropriate kinematic configuration for the
factor (1—Lr) of Eq. (B3).Thus we have

(V ( Twpr (
'A) = [expression in (C3) jX (1—L~q q ~)

'i'.

The invariant amplitudes (C4) can be easily eval-
uated in terms of the variables in the x+e c.m. system.
In practice, we need to express (C4) in terms of varia-
bles which are natural for the OPK process, namely, t,
m, cos9, and g ("OPE variables" ) . We carry out this
program in the remainder of this appendix. Denoting
the energy momenta of the particles (see Fig. 18) in the
x+u c.rn. system by asterisks, and denoting the p—m
scattering angle in the m+n c.m. system by 8* [see

2~
(C6)

Thus (C4) can be written in terms of "OPE variables"
and s +„by noting that

(P*)'= $t (m +„—yM) 2j[t —(Bz +„—M) 2j/4s +„,

(P'*)'= [s +„—(M+rn )'][s +„(M—m )'—j/4s +„,

t = 2—M'+2 (P—*'+M') 'i'(P'~'+M') 'I'

2PQP/g o gQ

The only remaining problem now is to write s +„ in
terms of "OPE variables. " Referring to Fig. 17(a),
which shows the kinematics of the reaction ~ P +x 7—r+n-

in the x~ rest frame, we have

s,+„=(k„"+P„')'

=m.'+M'+ (2E'~"—2P' k") .. . (C8)

where (cu", k") and (P', P') denote the energy-mo-
menta of m+ and e, respectively. We introduce the angle
$ [Fig. 17(a)$ related to the c.m. scattering angle 8 by

(P' sing), .= (P' sine) i,~, ,~..
Also,

(2Z'co"). , = (s/. i—M' —s ). (C9)

The (—2P' lr"), term in (C8) can be written
with the help of the angles 0, @, and 0 to give

s,.„=m '+M'+ (2E'/d"), —2() P'
i

~
i

k" [)

X (sin) sin8 cos$+ cos$ cos9) . (C10)


