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The predictions of expression (2.7) for all possible cases of interest are displayed in Table I along with the earlier
calculations of Refs. 9 and 10 for comparison. As we noted earlier, these values are still consistent with the present
experimental upper limit. The photon energy distributions for various cases are ploted in Figs. 1 and 2.
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We have calculated the radiative corrections to the Dalitz plot for K,;* and K,3 decays, assuming a
phenomenological weak K-m vertex and using perturbation theory. The answer depends logarithmically on
a cutoff. We have evaluated all terms which contribute to order « analytically, without any approximations
concerning the smallness of the muon mass or the ‘“real inner bremsstrahlung.’’ Thus, the dependence on
the parameter £ (the ratio of the form factor f_/f,) is exact. The radiative corrections to the K, Dalitz
plot, muon spectrum, and lifetime average around 2%, over most of their respective ranges and are not
especially sensitive to the cutoff. The radiative corrections to K,;* decays is a fraction of a percent over
most of the Dalitz plot and is sensitive to the cutoff. The radiative correction to the A7 =% rule prediction
for the ratio of the charged and neutral decay rates is approximately 29,. The final-state Coulomb correc-
tion accounts for most of this numerical result, the rest being model-dependent noise.

I. INTRODUCTION

N two previous papers,!? we have derived expressions
for the radiative corrections to the Dalitz plots in
K3+ and K;° decays using a phenomenological model
for the weak interaction and perturbation theory. The
processes considered are examples of strangeness-
changing leptonic weak decays which can be analyzed
experimentally in great detail. The numerous theoretical
predictions for the form factors involved in these decays
can, in principle, be tested by sufficiently fine measure-
ments. Such measurements, of course, require an
estimate of the radiative corrections for their interpreta-
tion. The numerical estimates which we have given were
limited to the electron modes, where the approximation
m,— 0 is valid. Unfortunately, in this limit the depen-
dence on one of the form factors, f_, is neglected, since
these terms are proportional to m.% In this paper we
remove this restriction and present numerical estimates
of the radiative corrections applicable to the muon
modes. We have performed all the necessary integra-
tions by analytical means, thus avoiding some lengthy
numerical computations. Therefore, within the limita-
tions of our model, the dependence on £, the ratio of
the form factors f_/f4, is evaluated exactly.
Briefly, let us recall the assumptions underlying our
previous calculations. First, we assume a phenomeno-
logical weak interaction for the hadrons using vector
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currents and characterized by the usual form factors f,
and f_. In momentum space, the Lagrangian takes the
familiar form

£~[(pK+p1f)af++(PK_Pw)af—:l'ﬂv’ycz%(l —’i’Yg)?)l .

Our normalization is such that in the limit of unitary
symmetry, the form of the weak K- vertex is the same
as the weak 77 vertex, the latter being given by the
conserved vector current hypothesis.? Assuming also the
octet hypothesis of Cabibbo,* we have f, — G5V tanf,
¢=f_/fL — 0, where Gs¥ is the weak-coupling con-
stant determined from O decay and 6 is the Cabibbo
angle. Second, we calculate the radiative corrections to
lowest order in « using perturbation theory and assum-
ing minimal electromagnetic coupling. In particular,
the gauge-invariant substitution p, — p.—ed, for the
charged particles present gives rise to Feynman
diagrams in which the weak and electromagnetic
currents act at the same vertex.’ Third, electromagnetic
corrections to strong-interaction renormalization graphs
are ignored; instead, we use phenomenological form
factors and the physical masses of the particles involved.
Finally, in calculating the radiative corrections, we
shall neglect the momentum dependence of the form
factors. If the form factors are expanded in the usual
manner, fy(¢®)=7+(0)(14N\rg®/m,), this amounts to
neglecting terms of order o\, where A, are small
parameters characterizing the energy dependence of

3 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958).
4 N. Cabibbo, Phys. Rev. Letters 10, 531 (1963).
5 E. S. Ginsberg, Phys. Rev. 142, 1035 (1966).
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the form factors.® The model here envisioned is char-
acterized by two phenomenological constants, namely,
f+ and &, and in addition, by a cutoff A. The results
depend only logarithmically on A, as do all other
radiative corrections to weak processes, with one
exception. The presence of the cutoff is due to the
nonrenormalizability of the weak Lagrangian given
above. We regard the estimates of the radiative cor-
rections as useful, provided the numerical result is not
particularly sensitive to reasonable variations in a
cutoff around the value of a nucleon mass.

In Sec. IT we present the results of our calculation
of the radiative corrections to the charged kaon decays
K 3% In Sec. IIT we give similar results for the neutral
kaon decays K,i°. In the final section we make some
brief comments on these results and on the accuracy
of the numerical estimates. Expressions for many of the
integrals involved are contained in the Appendices.

II. K,s* RADIATIVE CORRECTION

The calculation of the radiative corrections to the
K ,3* Dalitz plot is based on the expressions given in
Ref. 1. With some minor exceptions, we will use the
notation of that paper. We shall not attempt to in-
dicate, by means of cumbersome superscripts and sub-
scripts, the charge state to which each variable refers,
it being understood that all symbols occurring in this
section refer to the charge states appropriate to K,*
decays. Thus, mgk, I, etc., in this section refer to the
mass of the positive kaon, an integral expression given
in Ref. 1, etc., while the same symbols used in the next
section will refer to the mass of the neutral kaon, an
integral expression given in Ref. 2, etc. We shall write
down all expressions in the center-of-mass system of
the decaying particles, i.e., the kaon rest frame.

The zero-order pion-muon energy correlation (the
Dalitz plot) is given by

Lo(EnE:)= (27")_3lf+l2{[2mKEn_m#2 Re(1 _S)]Ev
—(me?—im 2 1= (W.—En)}. (1)

This expression is linear in the pion energy and qua-
dratic in the muon energy.

The radiative corrections to lowest order in « originate
from two sources, the virtual corrections and the inner
bremsstrahlung. The latter can be conveniently split
into two parts, the first is infrared-divergent and the
second is the so-called real inner bremsstrahlung. Thus,

T're (EM)E") =T, (E#)Eﬂ') +FIR<EM)EW)
+PRIB (EM)ET) . (2)

The virtual corrections” to the K,;* Dalitz plot are

6 The experimental values of A, are consistent with zero, i.e.,
constant form factors. See, for example, S. H. Aronson and K.
Wendell Chen, Phys. Rev. 175, 1708 (1968), for a summary of
K3 measurements, and C. Rubbia, in Proceedings of the Topical
Conference on Weak Interactions (CERN, Geneva, 1969), p. 227,
for results of the X, collaboration.

7 Figures 1(b)-1(f) of Ref. 5.
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given by
Ty (EyEx)
= (27‘—)_3’ f+| 2{ [(mK2 _'mu2) (WM_EM) _Hquv:] Re4
+%mﬂz<Wu_Eu) Re[(A*+B) (1+E)]

+im2(W,—E:)|1+¢£|*ReB}, (3)

where

A= (o/m)[§ In(A/m,) —1+0—3m2(A+Ot/H,2], ()

B=(a/m)[ =5 In(A/m,)— (T/H)+1—2/(1+8)]  (5)

and

E, 2pu 2mKpu
e e (o)
Pu mrx—E,~+p, mr (Eutpu) —m,?

mg—E,+pu Eytpu
—1n< >ln< >
mr—Eu—pu mr
Eutpu E,+p,
H{1-n(= ) ()] o
m, my
—E, E M
;2=<mK >1n< Ky )—ln<ﬁ>, %)
Du My My

and Liy(z) is the dilogrithm function. In these and
subsequent expressions we have omitted the infrared-
divergent terms, which cancel out exactly when the
various contributions to the radiative corrections are
combined.

The infrared contribution® to the radiative correc-
tion may be written

Tir (B ir) = (a/ MTo(Ey E)[o(EwEx) ,  (8)

where

£, 2p, My Xmax”
Iy(EuEr)=— { |:2 ln<——>+ln<———>:]
Pu m 4(Ly+pu)ry

E,+ @? 4y
oY)l
My 4ry @
xmax2

—ln<_> , 9)
2m,E,(H2—m,2)
and

(Eutpure=[EpS(H—m?) —1 @F,]
+([Bp 2 (H A =mD) —E@E,T—fam2a,  (10)
@2 = Xmax (425#P7r - xmax) . (1 1)
The momentum transfer ¢? is here denoted by the more

symmetrical notation

Hl=g*=mg*—2mgE.~+m,*.

(12)

The real inner bremsstrahlung contribution to the
K ,3* radiative correction has been expressed as a sum

8 Figures 1(g)-1(i) of Ref. 3.
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of integrals:

a [ fef? 1
PRIB<E#)EW) = —
47 (27) mi

X/ dx Z Cm,nlm,n(pu;pk')y (13)
0 m,n

where the 7, .,’s and cm,.’s are given® in Ref. 1. The
most general term in Eq. (13) is an integral of a rational
function of polynomials in x and the square roots of
polynomials in x times a logarithm of a similar rational
function of x. We have been able to evaluate all these
integrals analytically. We give the expressions for the
nontrivial integrals in Appendix A. The real inner
bremsstrahlung contribution can then be written

a |felr 17
PRIB(IEu;EW)z_— - Z Ui:

47 (27)3 mx =0

(14)

where the terms U; are given in Appendix B.

We have evaluated the radiative corrections to the
Dalitz plot [the sum of Egs. (3), (8), and (14)] on a
computer. This has been done for several real values of
the parameter £ and for cutoffs of one proton mass and
two proton masses. In addition, the corrections to the
Dalitz plot have been numerically integrated, yielding
corrections to the muon (or pion) spectrum and to the
decay rate. The K ,3* radiative corrections are small,
averaging only a few tenths of a percent except near
the boundaries of the Dalitz plot. Moreover, because
both positive and negative values are present, the
integrated corrections to the spectra and the decay
rate are even smaller because of cancellations. In Fig. 1,
we present a sample of the results for the radiative
corrections to the K3+ Dalitz plot. We shall postpone
the discussion of these results until after similar results
for the radiative corrections to K,;* decays have been
given (see Sec. IV).

III. K,;° RADIATIVE CORRECTION

The calculation of the radiative corrections to the
K ,? Dalitz plot is based on expressions given in Ref. 2,
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and we shall adhere to the notation of that paper with
some minor exceptions. We repeat the caveat of Sec. I1:
The notation in this section applies only to the decays
of neutral kaons.

As in the case of K,3* decays, we split the radiative
corrections to the K,® Dalitz plot into three parts,
virtual, infrared, and real inner bremsstrahlung. [The
zero-order energy correlation is given by the same
expression, Eq. (1), provided masses and from factors
appropriate to neutral kaon decays are used. ]

The virtual contribution® is, to lowest order in «,

Ty (EuEx)
= Q2n)| £, |4 [2m o oy —m (W, — E,)] Red
—3m L, Re[[(A*+B)(1-§)]

+im(W.—E;)|[1—£[*ReB}, (15)

where
A= (a/m)[5 n(A/m) —1+t1—3m,(1=Ets/h],  (16)
B=(o/m)[ =3 In(A/m,)— (T/4)+t—2/(1—5)] (17)

and

a a+2m2—A a+2ml2—A
tl =_[%72+L12< >+Li2< >
A a+2m.2+A a+2m,2+A

1/ a+2m2—A\* 1/ a+2m2—A\?
+—<ln >+—<ln )
4\ a+2m2+A 4\ a+2m2+A
2 a+A
UKL WAl WS
A 2M M

M a+2m,? a+A
to= —ln(—)—l—( )(i'/r—ln ),
My A 2myMx

with @ and A as given in Ref. 2. The imaginary part of
f1 does not contribute to any physical process (to this
order in &) and once again we have omitted the infrared-
divergent terms which cancel out in the final result.

The infrared contribution to the radiative corrections
to the K,5" Dalitz plot has the same form as Eq. (8)
with, however, a different expression for I4(E,,E,),
namely,

(19)

a Wmax Wo (I-I—A wlnux+2A (wmax—'_ZA)A a—A
IO(E,,,E,,)z—H:Z ln< >—ln< >—J ln< )—ln( >ln +2 Li2<_*_>
A Wmin 24%“’}%,, 27%"’”’11.- 2A 2m“2m,,2 2A

Wiax a—A
—2 Li2<—- )—2 Li2<—*>+% Li2<——
a+A wmax+2A

9 Note that Eq. (19) of Ref. 1 should read, in part, c_1,0=c1s,
10 Figures 1(b)-1(f) of Ref. 2.

+A —A H2—m,2) (H 2 —m?
a )_%Li2<_a )}—Hn( m?)( Ma?)

Wo

Wo xmax2
iz EW+P‘F Fu+ § a+AN?
-1n«»-+<ln» Zn ﬁ“) —-—(ln > , (20)
My, M My 2myma

—2. See E. S. Ginsberg, Phys. Rev. 187, 2280(E) (1969).

11 The expression given in Ref. 2 is marred by misprints. See E. S. Ginsberg, Phys. Rev. 187, 2280(E) (1969).
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Fic. 1. Fractional radiative correction in 9, at various points in the K,;* Dalitz plot (indicated by the
corresponding decimal point) for several values of £ and A.
where written
@ ]f+]2 1 -
=2 (B ) (Brtp)—a—A, (21) Prin(BuB)=——"-— 5V, ()
4 (27)3 my =0
Wnin = 2mx (a+A) 47" : o :
X[ (a—b)(W,—E,)(W,—E,)]v2, (22) where the expressions f(?r the Vi’s_ are given in Appendix
C. As before, all the integrals implied in our earlier
wo=w1~+[w—4m. m,’ "%, (23)  expression for the real inner bremsstrahlung contribu-
- tion have been evaluated analytically and are given in
w= (a—b)"[ab—4m,m."], (24) Appendix A.
q The sum of Egs. (.8), (15), and {26‘) [using Eq. (20)
an W E Wo—E for I4(E,,E,)] constitutes the radiative corrections to
b=m.2 T dm 2 — “)_ (25) the K, Dalitz plot. This has been evaluated on a
N W.—E, g W,—E, computer for several values of the parameter ¢ and

Lastly, the real inner bremsstrahlung contribution to
the radiative corrections to the K ,3* Dalitz plot can be

for two different cutoffs. A sampling of these results is
shown in Figs. 2(a)-2(d), where the percent of radia-
tive correction [i.e., 100XTI'gc (EwEL)/To(ELE,)] is
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Fic. 2. Fractional radiative correction in 9, at various points in the K, Dalitz plot (indicated by the
corresponding decimal point) for several values of £ and A.

plotted for various points in the Dalitz plot. The actual
form of I'rc(EuE.) and T'o(E,E,) is indicated in
Figs. 3 and 4 for one particular muon energy and
various values of £ and A. The radiative corrections to
the energy spectrum of either the muon or pion can be
calculated by numerical integration. As an example, we
show the radiative corrections to the muon spectrum in
Fig. 5 for the particular choice of £=0. Finally, the
radiative corrections to the decay rate (or the fractional
change in lifetime A7r/r=—T"rc/T) can be calculated
by numerically integrating over both the pion and
muon energies. We present some illustrative numbers
in Table I.

IV. DISCUSSION AND SUMMARY
OF RESULTS

In this section we shall make some brief comments
on the results of the computations described in Secs.

IT and III. First, it can be seen from Fig. 1 that the
radiative corrections to the K ,s* Dalitz plot are only a
fraction of a percent, too small to affect the results
of present experiments. The radiative corrections to the
K, Dalitz plot, on the other hand, are an order of
magnitude greater, probably within the range of
accuracy of recent experiments.”” The reason is the
presence of an electromagnetic final-state interaction
between the charged muon and pion in the neutral
kaon decay, which is of course absent in the decays of
charged kaons. The Coulomb part of the electro-
magnetic final-state interaction contributes to the =2
term in Eq. (18) and has the characteristic form ma/s,
where v=A/a s the relative speed of one of the particles
when the other is at rest.

The Coulomb part of the final-state interaction is
expected to dominate the radiative corrections when

2 See C. Rubbia, Ref. 6.
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100 X RADIATIVE
CORRECTION

ZERO ORDER

ARBITRARY SCALE
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PION ENERGY (MeV)

F16. 3. Zero-order K,3° Dalitz plot and radiative corrections for
E,=190 MeV, £=0, and A=m, and 2m,.

one of the charged particles is moving slowly relative
to the other, corresponding to v — 0. In this limit, each
of the dilogarithms in Eq. (18) contributes % which,
when added to the first term, results in the so-called
Coulomb correction. Using this as a basis for an approxi-
mation to the radiative corrections to the K,3" Dalitz

100 X RADIATIVE
CORRECTION

ZERO ORDER

ARBITRARY SCALE

- 1 1 1 1 1 1 1 1 1 ! 1

150 200
PION ENERGY (MeV)

Fic. 4. Zero-order K,3* Dalitz plot and radiative corrections for
E,=190 MeV, £==+1, and A=m,.
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plot yields

PC()lllolllh (E#,E,) = (ﬂ'a/v)ro(l’:mb‘ﬂ') . (27)

Except for a small kinematic range near v=0, the
Coulomb correction is very nearly a constant multiple
of the zero-order energy correlation. For the values of
energy shown in Figs. 3 and 4, for example, the Coulomb
correction is almost a constant fraction (2.38%,) of
To(E,E,), whereas the shape of the complete model-
dependent radiative correction is quite different.
Moreover, Eq. (27) is always positive. The Coulomb
correction to the muon spectrum varies between 2.319,
and 2.959%, of the zero-order spectrum depending on 7,
which can be compared to the behavior shown in Fig. 5.
The Coulomb correction to the lifetime is (A7/7)coutomb
= —2.539%,, which is fairly close to the complete results
given in Table I.

50X RADIATIVE
CORRECTION

ZERO ORDER
SPECTRUM

ARBITRARY SCALE
o
T

§=0
A=mp
Y TN R SO NS SN NN N S N R SN SR I

150 200
MUON ENERGY (MeV)

F1c. 5. Zero-order K,;* muon spectrum and radiative corrections
for £=0 and A=m,.

We have chosen to base the numerical estimates for
the radiative corrections on a cutoff of one proton mass,
as is customary in nuclear 8 decay. There is probably
no theoretical justification for this procedure, but if the
numerical results are found to be relatively insensitive
to reasonable variations in the cutoff, then they may
be of some use. We have chosen to measure the sensi-
tivity to the cutoff by comparing the numerical results
for cutoffs of one and two proton masses, respectively.
It can be seen from Figs. 2(a) and 2(b) that doubling
the cutoff alters the numerical estimates by a few
tenths of a percent (on the average, about 0.29,). For
the K,5" radiative corrections this is not a significant
change but in the K,3* case the change is of the same
order of magnitude as the radiative correction. (This
is true for all values of £ between —1 and +1.) There-
fore, the numerical estimates for the radiative cor-
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rections to K3+ decays are meaningful only as regards
their general order of magnitude.'

{We remark, parenthetically, that we have evaluated
the cutoff dependence of the standard divergent integral,
retaining only the leading terms in m?/A?, where m
is the mass of a charged particle entering into the
decay.” This is customary in nuclear 8 decay also. The
terms of order m?/A? add a contribution to the standard
divergent integral of the form

N A\
F(m,A)= ln<1 —I—-> +~—<1 +~—> .
A? A2 A?

This would add the following extra terms to the leading
terms already included in the radiative corrections:

(a/m)[F (M ,A)—%(mu,A)] to the 4 term

(28)

and
(a/m)[F (M,A)— (7/4)F (m,,A)]- to the B term,

where M is the mass of the appropriate charged meson.
For K ,;° decays, M =m, and the extra terms are negligi-
ble. For K,;* decays, M =mg and the effect is larger,
but still less than half the amount associated with
doubling the cutoff from m, to 2m,. If A=2m,, the
extra terms are negligible even for M =mg. Thus,
the limitations due to the cutoff procedure are not
altered by ignoring such terms.}

A brief comment concerning the numerical accuracy
of our results: We checked the expressions for the
radiative corrections to K ,; decays against our previous
results for K3 decays in two independent ways. First,
we performed the limit m,— m,— 0 analytically
after doing all the integrations indicated in the Ap-
pendices. Second, we checked the expression numer-
ically, by computer, for m,=m, up to the fifth decimal
place. Terms which do not contribute in the limit
m, — m. were checked in the following manner. Some
of these are apparently divergent since the variables
B:™2* can be zero for kinematically allowed energies. By
explicit expansion up through third order, these terms
canceled exactly as required. Thus, there is some
justification for confidence in the numerical results.

The radiative correction to the ratio of the decay
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TABLE I. Fractional change in lifetime because of radiative
corrections to the K, Dalitz plot.

£ A Ar/T
Kt 0 iy 0.06%,
K, 0 iy —2.02%,
0 2y —2.319,
“+1 Myp —1.859%,
—1 My —2.15%,

rates for K, and K 3* can be obtained easily from the
numbers given in Table I. Following arguments pre-
viously given in Ref. 2, we find

I‘exp (Ku30> Ty (Ku30)
FeXD (Ku3+) PO (Kn3+)

ATt At
5=<—> —<-—> ~2.19,.
T K,‘3+ T / Kyu3®

The value given in Eq. (30) is relatively insensitive to
the cutoff because the cutoff dependence is of the same
form in both K.t and K,3® and, to first order in «
and neglecting electromagnetic mass differences for the
mesons, cancels out in the ratio. Making the plausible
assumption that the AS=AQ and AS=—AQ ampli-
tudes have the same Lorentz-covariant form, using the
TCP theorem, and keeping only the lowest term in the
CP-violating parameter ¢, one finds?

(1+9), (29)
where

(30)

I‘exp (KL - T:‘:ﬂiy) PU(KI!30>
Pexp ([(+ - 7!'0[4L+V) PU(KM 3+)

[1+=>(143), (1)

where « is the ratio of the AS=4AQ amplitudes and § is
given by Eq. (30). If the AT=3% rule were valid, the
ratio of the zero-order rates in Eq. (31) would be 2,
except for phase-space corrections.
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APPENDIX A

In this appendix we give expressions for the nontrivial integrals appearing in the real inner bremsstrahiung
contributions to the radiative corrections to K,; decays. We follow the notation of the Appendix in Ref. 1 for the
invariant integrals /,, ., etc., with 7, j=pu, = denoting muon or pion variables, respectively.

e dy (ot
(i) = / = ln( ~>
0 Bl ai—ﬁi

=2[Lia(y ¢ +Lia (¢ —Lia(v#) —Lix(1)],

(A1)

'3 This is consistent with the earlier estimate of the radiative correction to the K,s* lifetime in Ref. 5, which, however, applies to

different experimental conditions.

L K]
1 J. M. Jauch and ¥. Rohrlich, Theory of Photons and Electrons (Addison-Wesley Publishing Co., Inc., Reading, Mass. , 1955), p. 181.
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mmax ydx /05
Ju(i)= / —_ ln( ;>
Jo Bi a;—f;

=m(v+1)J 1) +2m (v —1)[Ls(5) —2L4(0) ]+ 20max+48:*L1 (1) (A2)

wmex o%dx (ot
Js(’L) 2/ ln< )
0 B a;i—pf;
=2ﬂ’l52(’)’i2+1)-]2(i) —mi" (’yi4+1)]1(i)+mi4(’)’i4— 1)[2]44(2) —Lg(i)] —zmizxmax
F3tmad —4 (™ +m 2B xLy (i),  (A3)
Tmax xdx
J4() =/ —_
0 B3

=y (1) Lo(0) —4 In[3m A (v — 1)/ | 8| ], (A4)

Tmax Jy Uli+ﬂi
]5(7/) =mi4/ — 11’1< >
o B4 N—pi

=2y L1 () +Ls () +2Ls (1) +m 2 (B¢ ) Ly () +2 (v = 1) [ Ls(0) = La(0)+Ls (i) +3v:L2(2) ]}, (AS)

Tmax gy «+0:
Je(i) =m1-2f e ln(a >
o B \a—ps

= (v +DJ5(0) —4m L (i)/Bm =8 (v = 1) [ Ls (1) = La(D)+Ls (i) +37:L2(1) ], (A6)

Tmax dx

]7 (l) = mﬁ/ i
o B

=y mE(am>+m?) ()2 =2 (v2+1) (y2— 1) 2 =5y L (1) ], (A7)

Tmax

]g (l) =m1’4/ —_—
0 B

= (v2+1)T1()+8 (vt —1)"2=2(m?/B:m)?, (A8)

Tmax (] B
Ta(i)=m f i m(a >
0 B:*  Nay—0;

=2y 7y 2 (v - 1) T1(0) =4 (v =12 ]+ (m /B[y (v — D)7 (@i +-m ) L1 (3) /| B | ]
+8(y2—1)[Ls(i) — La()+Ls () +5v:L2(d) J4+4yi [ (v — 1) 2(L3(0) = La(d) +Ls (1)) —1vi(y2—1)""La(2)

’ +6 _ %mizg-i—lLl (i)/ﬁimax_,_ln I _%_ (aimax_l_ﬂimax)/ﬁimaxl ]} , (Ag)
Fmax ygx o i
Jlo(i) =mi6/ ln< >

0 ﬁ‘is ai_Bi

= (v2+DTo (i) =4{v 2 (v =11 () + (m/B:m)[m L1 (1) /B> (v —1)7]
F8(yvt—1)"*[L3(1) = La(d) +Ls (i) —5+ivi(v2+1)Lo(2) ]},  (A10)

h
e La(i) =In[ (o 48)/ (amex—g )], (A11)
mi2 (7i+1)2—xmax 'Yz_l 2
2(7) =1 y Al12
L ( ) n[(m,;?('yi—1)2——xmax)<7i+1> J ( )
L?(l) =In (xmax/mzz) ) (A13)
Li(@)=In(y#-1), (A14)

Ls(0) =In(Gms/ [Bim=]), (A15)
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vié=Hz/md,
Ci= (Litpo) (mx— L+ p5) ",
a+mi=Ei(mx— E;)— pip;,
M= p(mg— E;)— Eip;.

In addition, the following integrals are necessary for the K,3* real inner bremsstrahlung contribution:

Tmax dx aK+6K
R1=%mK/ — Inl
o Brx \ar—Pk

4Ey2 Ev'*‘?y‘ﬁw
=L, hl( )_(pu_Pr) ln<—-*_h">;
Ev_pu+p1r

Tmax [y ag aK+5K
ot L)
o Bk’ 28k \ax—PBk

¥max

4Ev2 Ev Ev—l—pu_par
(-GG )
Fmax Pu—Px Ey—putpr
1 poma ak+Bk
Ry=—-r dx Bk 1n< )
2miJ o ax—PBx v
1 4F.? Et+pu—pr
="[vamax+Ev3 1n< >_ (Pu_p7)3 1n<_—_>] .
3 Kmax EV__PM_*—P“
APPENDIX B
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(A16)
(A17)
(A18)
(A19)

(A20)

(A21)

(A22)

In this appendix we give expressions for the terms which enter into the real inner bremsstrahlung contribution
to the radiative corrections to K ,;* decays of Eq. (14). The notation in this appendix refers only to the decays of

charged kaons (see Sec. II).

Uo=/ dx(60,010,0+61,111,1+Co,~1lo,f1+6—1,olv1.o+60,210,2)
0
= ¥max| ¥max T MK (OE,+3E,—W,) +2[Hu2 —im,? 1 1+¢ 1 2]{ (Ey/pu) In[ (E, +Pu)/m#] -1},

Tmax
L'1=/‘ dx 6_1,11_1,1
JO

= (Eu'i"Er)[(ErP"'PWZ_Pn2)Rl_Ev (Pu2"P7r2)R2‘R3_ (Ev+2Eu)xmaxj )

Tmax
L-"2=/ ([.’X 60,110,1
0

=2{ (mg+2L,)[mx(mx—2L,)—tm2| 1—£|*]
+mrt+E)E}— (B, ) (H2—im2 | 1+£| 3R —2(mx+EnRs,

U3=/ dx c—1,2l 1,0
0

; Xmax (Pw2 - P,‘2 —E,?—f—%xmax) + (li‘,,—{—ZEu)R,;—- ]i,, (p,z—P“Q)Rl
—[(mx— L) —im [ 1= IL(E,A2L) Rit (b2 — p2) Ra—Fmax ],

(B1)

(B2)

(B3)

(B4)



238 EDWARD S. GINSBERG 1

Imax
U4=f dx ¢1,0l1,0
0

= (ZmKE“-{-m,?)EMK (QE,,—MK) +Hu2_"mn2 Re(g)jjl(:u)
—3(H2+mA[H 2 —im |1+ V1 (w) —mx BT o (), (BS)
Us=/ ‘ dx 61,—111,—1
0

=mx(me*—3mrLy—mrEs—m){Exyy ™ (v, — 1) Lo () — (B, +2E,)T o () — 25,7 1 (1)
+%Eu(7n2'—1)2-]5(ﬂ) —[Eu+Ev+%E# (7u2+1):1]6(#>} , (B6)
Usg =/ dx co—1l9,1
0

=mg[2mrEr—2H,*+m,? Re(1+§) J[4E,(Ls(u)+Ls(w))
— 2B B L) F3E, (= DI s0) = (BA2E)T5(0], - (BT)
Uy =f dx(co—ol 2 —aFc1—2l1,—2)
0

=mg{ (m2—2E,2)J 1 () = Bmax+y 2B, (B A-Ey) +omd (v, — 1) =3 £, (v, —1) =3 B2 (7,2 +1) 1 La (u)
+i[2E, (£, —2E,) —4p2—m (vi*—1) 1 a(u) +[3 (£, 42 E)* =3 BB, (v, — 1) +5 (25,2 —my?) (v,2 —1)* V5 (w)
HE(EAL) — B2 (v = D) +m 1T o) — (4B (B, +E) — B2 (v —1) — £ ] (v —1)2T 7 (1)
HIAEA2E)+ (v =D GES —E) — EA (v =1 Vs (W) —§ (v = DL (A2 E) = ELE, (v,2—1) Vo (w)

+iAEA2E) (B + Byt E) — Ey(BA+E) (v =1 Vo)) . (BS)

APPENDIX C

In this appendix we give expressions for the terms which enter into the real inner bremsstrahlung contribution
to the radiative corrections to K, decays. The notation in this appendix refers only to the decay of neutral
kaons (see Sec. III).

Vo=/ dx L1 (Pu )11 (Puspr)
0

=2 (25I+a+6”)[2 (Eu x +PMEW) (LO (N) +L (77')) — Xmax -AL7:|+2mu2'm7r2[L72 - (L0<N) +Lo (W) )2]
+2 (EuEﬂ +PnP1r)[E;AE1r +pypw —2 (EMPW +pﬂE7r) (LO (N) +L0 (7"))] +a (AL7 - %a’> ) (Cl)

Vi / " i 610t o)

=[2mr?E B, +ac' —5 (H2+m2) " 11 (u) + (¢ —30) T 2 () — 357 5 (u) (C2)
V2=/0Imax dx ¢1,0(pe,px)1,0(Px,PK)

=[—2m?E.E,~+a(c'+c")+5 (H2AHm2)e" W 1(r)+ (' —5a+5¢") T o (w) —3T s(m) (C3)
V= /0 " o s (P s (B

= ——mK('mKE,,—}-c’) [4]2)4([44 ([.L) +L5 (I-l) ) —_% (Eu_{_ZIZu)JG (Hv) +% Ev ('Yuz - 1)]5(/4) -2 (IZM_*_];V)L‘Z(H)’Y#MIJ ) (C4)
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V4=/ dx ¢, 1 (prsp ) 2,1 (Prs i)
0

=mg[mr®—H2+m, Re(§) —c" J[AE(Ly(m)+Ls(r))
) _2(EW+EV>L2(7")7#_1_*_%[3‘#(7%2_1)]5("-) _%(Ev+2Ew)Jﬁ(7r>]) (C5>
V5=/ dx ¢1,-1(puyp ) 1,1 (Pu,Px)
0

=m[mr(2E,—mx)+5(H2+m:) Y E, (v,2— 17, Lo(w) — (B, +2E,)T s(w) —2EuJ 1(0) +3 L4 (v — 1)2 5(w)
—[EAEAFE (vi2+1) 1 6(u) } +me{ 2 (B2 E) max —5m,2 (v, — DL (£ 4-2E,) v Lo () +3T 6 () Eu ]
+EJ o ()L (EA2E,) (H24m2) — 3 B, (H 2 —m,2) 1 s(w) +Lmy? (B, E) 3 Eu(H2+m,?) ]

- X[271(w)+ (v24+1)T6(w) =3 (v2=1)2T5(w) 1}, (C6)
V6=/ dx 1,1 (pr,pE) 1-1(Pa,P k)
0

=5(H2HmAm{ E,(v2* =)y Lo () — (B, +2E) T o(m) = 2EJ 1 (1) +5 B (742 —1)2T 5()
—[Ey+Ert5 B (v +1) 16 ()} +mu{ 2 (B2 E) tmax—3ma? (v — 1L (EyA-2Ex)va Lo(m) +5 T 6 (w) Ea ]
FE T o (m) +L (B A2E:) (H 2 +ma?) =3 Ey(H 2 —me?) YV s (w) + [ma (B4 Ex) +3 Ex (H2+ma?) ]
) X271 () + (va2+ 1T () =3 (v* =12 s(m) ]}, (CT)
V= / - dx[2m oo (puyp ) =211 —2(Pu,px) ]
0

=U; 3 (CS)

where we have used the following abbreviations:

¢ =mg (Ey—2E,)+m2 Re(1—§), (C9)
' =mt—im21=¢]?, (C10)
Lo(3)=In[(E:i+p:)/mi], i=porm (C11)

L;=1n[ (a+A)/2mm.)]. (C12)



