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A model is constructed as an alternative to, and for examination of, various extrapolation procedures used
in determinations of 7« phase shifts from the reaction #+N — 7+~ N. This model is similar to that sug-
gested by Ross and Kane in that it incorporates absorption effects approximately.

I. INTRODUCTION

ION production in the reaction 7N — 7xN has
been studied fruitfully for many years. It continues

to be interesting, partly because of the yet unrealized
potential for extracting detailed =m scattering informa-
tion. The basic Chew-Low technique! of extrapolating
data in the nucleon momentum-transfer variable ¢ to
the pion pole has been available for a decade. Yet the
situation with regard to == phase shifts and the one-
pion-exchange mechanism is still quite confused, except
for some clearly resonant phase shifts.? It has been
recently established that the ¢ dependence of the pro-
duction amplitude is probably more complicated than
allowed for the Chew-Low technique, assuming ele-
mentary pion exchange. Pion-photoproduction data
together with vector dominance® imply that the cross
section for 7V — pN (transverse p’s) does not vanish at
t=0, but rather rises sharply. This result is contrary to
what is expected from elementary (or evasive Regge)
pion exchange. These complications are fairly well
understood in the context of the absorption model
(and, perhaps, from Regge cuts). However, despite these
developments, extrapolation models still rely largely
on elementary pion exchange, even though the smooth
vanishing of the production cross section at (=0 is
crucial to the method. This persistance is partly due to
a need for low statistical uncertainties in the extrapo-
lation, to fairly reasonable looking results being obtained
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for the resonant phase shifts, and to a lack of a better
method.

More recently, however, Ross and Kane* have indi-
cated that more meaningful extrapolations should be
made by including some of the qualitative features of
absorption into the analysis of the production amplitude
for high energy, low invariant == mass, and small —/.
The form of their parametrizations of relevant quanti-
ties depends on: (i) keeping only nucleon helicity-flip
amplitudes due to the wVN vertex at high energy,
(ii) requiring only those amplitudes to vanish at
{~%s62=0 which must do so to satisfy angular-momen-
tum conservation (one of the transverse helicity-flip
amplitudes need not, and in absorption calculations
does not, vanish in the forward direction), and (iii)
observing that, apart from required ¢/ dependence at
small angles, the helicity-flip amplitudes are otherwise
slowly varying with ¢ This leads to an eight-parameter
description for the (terminated polynomial) ¢ depend-
ence of three measurable quantities: the isotropic,
cosf, and sin%0 moments of the == angular distribution
(including s and p waves only).

Our model indicates that three of the eight parameters
mentioned above (as, B2, and v; of Ross and Kane?) are
due primarily to smooth, helicity-independent collimat-
ing effects of absorption. These parameters can be set
equal to zero in favor of a (one-parameter) collimat-
ing factor which multiplies all amplitudes: F.(f)
=exp[ 4 (t—u?)]. Helicity-dependent effects of absorp-
tion are approximately calculated, as discussed below,
by evaluating part of each helicity amplitude at the
pion pole. This leads, most importantly, to interrela-
tions among other parameters of Ross and Kane. For
example, we find vyo=vout, and vi=— M2/ 12 v0.
Consequently, there are four parameters in our formula-
tion. Of these, one is the parameter 4 in the collimating
factor F,(¢). The other three are directly related to =r
phase shifts, as in the original Chew-Low theory.

II. ANALYSIS
Consider the graph shown in Fig. 1 for the process

7(4)+N (B) — «(1)+7(2)+N (3).

We will use the labels in parentheses when convenient
to refer to quantities associated with the particles.

4 G. L. Kane and M. Ross, Phys. Rev. 177, 2353 (1969).
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1 EXTRAPOLATION MODEL

The exchange line in the graph is taken to be that of a
virtual pion (not Reggeized). The upper blob repre-
sents the wr off-shell scattering amplitude. The ampli-
tude for the graph is

a(Py)ysu(Py) Gy
M(AB — 123) = Ao li({ o ) 2 7T
(47r)ll2

€Y

ui—t
where ¢! = (P4—P1)?, t=(Pp—P3)? and
o= (P1+P2)>=1r,2.

Note that the elementary (spin-zero) pion exchange is
responsible for the amplitude factoring neatly into two
parts. We do the partial-wave decomposition into spin-
helicity (Z,\) states of the 7 (i.e., 12) system as follows:

M(AB— 123)

2P P G,
=X (2l+l)a”l()“Pl(COsgAl)]u( 3)vs%(P1) NN
l (47r)1/2

=§ FzB(AB—> (l,)\,()’) +3)Yl,)‘(51§,<£) N (2)

ur—t

where (we use the tilde to refer to quantities evaluated
in the 12 rest frame) §4; is the angle between P4 and
P,, 013 is the angle between P; and —P;, and & is the
azimuthal angle of P; with respect to the production
plane.’ F; is given by

2041\1/2 _
Fl = 47r( ) PA_lamer(l:a';t) ’ (3)
47
where

a,,,,off(l,a',l,)

1 1
=E / Arr®(t 0,t,) Pi(cosfa1)d(cosbar) . (4)
-1
Finally,

B(4AB— (I\o)+3)
- ﬁ(P3)’Y5u(P1) G,NN
= [FRRTAA
[P 44z, (¥)] E e )

where dyo'(¥) is the rotation function with the argu-
ment ¢Y=0,3, the angle between P4 and —DPjs;
B(AB— (I\0),+3) is thus proportional (to within
factors independent of £) to a helicity projection of the
usual invariant Born-approximation amplitude for the
process 7+N — N4 a boson with spin / and mass
+/a.8 Our normalization is such that the total cross

5 We have used the relations
Py(cosbar) =[4r/(2+1)] 1 Vin* (045,00 V1 (615,6)
and
Vin*(045,0) =L (2-+1) /4 dr ot (@=643).
¢ Remark on [Paldy,o'()]: For I=1, Padxr,o@) =[Pa-e(o) ],
where €(o) is the polarization 4-vector of a spin-one object with
mass /o; for =2, Pa2d)\W)=[Pa-e(0) -Pal, where eu(o)
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Fic. 1. The one-pion-exchange graph for the
reaction 7+N — w+7+N.

section NV is given by’
N=(87rsP*2)‘1/- .- /dt do d cosf 41d®
P, _
X-——X |M(AB—123)|%, (6)
Vo s
where s=(Pa~+Pp)? Py is the initial center-of-mass

momentum, and the angles & and & are related by

(cosfa1 siny —cosy sinf; cosd)

cosp= .

sinfi3
Here ©41, and & are the “canonical” decay angles of
Jackson and Gottfried for the mm system.® The set of
variables ¢, o, 41, ®, and s make up the set of five
variables needed to specify a 2 — 3-body reaction. The

symbol } ) denotes the usual spin sum average.

Now, the factor P4~ should be sufficient to remove
most of the ¢ dependence of a..°(l,0,f) by the argu-
ments of Selleri,? for small ¢ and ¢:

PA_laerff(laa';t)zpl-lamon(lyo'nu2)- (7
Furthermore, in our normalization,
0 (Low?) =[(v/0) /Pr]e?* @ sind(lo) . (8)

Consequently, for small ¢ and ¢, using Selleri’s off-shell
factor: F; is (almost) independent of {; i.e., all of the
¢t dependence of the production amplitude is in
B(4B— (I,\0)+3), which is a “two”-body production
amplitude. This ¢ dependence is crucial if one is to put
in some absorption in a meaningful way. The amplitude
B can now be decomposed into partial waves (J?
states), and each partial wave could, in principle,
be modified according to some absorption-model
prescription.

is the polarization tensor of a spin-two object; and so on, for all
l. The amplitude B(4B — (},\,0)+3) is thus a _helicity projection
of an invariant amplitude. Also, note that P2=[#2—2(c+u?)s
+ (¢ —#2)?]/ (40) and P1=3(c—4u)'"

7 J. Joseph and H. Pilkuhn, Nuovo Cimento 33, 1407 (1964).
(18614(15 Gottfried and J. D. Jackson, Nuovo Cimento 33, 309

964).

°F. Selleri, Lectures in Theoretical Physics (University of
Colorado Press, Boulder, Colo., 1964).
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III. ABSORPTION

The problem of putting absorption into an inter-
acting three-body state is a difficult one which has as
yet no suitable solution.® Here, however, we are dealing
with a three-body final state in only a very restricted
sense. In the reaction #V— w7V, we have restricted
our discussion to high energy, small ¢, and small —¢.
In other words, we treat the w7 system as a “particle,”
produced peripherally at high energies. Accordingly,
we assume the 77 (on-shell) phase shifts 6(/,0) to be
real and that the final-state interaction occurs only
between the 7 system and the nucleon. It is thus the
amplitude B in Eq. (5) which is to be modified for the
effects of absorption.

Standard absorption techniques could in principle
now be employed for B.* However, these techniques
are still very cumbersome even when applied to such a
simplified three-body situation. We wish to see, more
or less explicitly, what effect absorption is going to have
on the 2 — 3 production amplitude and on the extrapo-
lation procedure. The approach of Ross and Kane!
circumvents this difficulty somewhat by qualitatively
asserting (on the basis of explicit calculation) the
dependence of the dominant absorbed helicity ampli-
tudes. We wish to take a more quantitative, yet
tractable, approach which leads to the sort of param-
etrization envisioned by Ross and Kane. Our basic tool
is a ““quick and dirty” method of performing absorption
corrections which eliminates the need for a partial-wave
expansion of B. This method, however, yields good
qualitative results when applied to available data on
quasi~2-body reactions. The method is described in the
literature'? and is synopsized in the following paragraph.

Any one-pion-exchange amplitude for the production
of high-spin particles in the reaction a+4b— ¢+4d has
the general form (in the helicity representation)

(Aeha| B]Aahs)
(1.~x |x—u|/z<1+x HRI2P (A 5,)
\ 2 ) 2 )

)

ui—t

where A=\, —\p, u=A,—MAg, % is the cosine of the c.m.
scattering angle, and P(A,u,s,f) is a polynomial in ¢
(and therefore also in x). P(\,u,s,t) will, in general, lead,
upon partial-wave decomposition, to ‘exceptional”
(Kronecker-3-type) terms of the form 87+ in some of
the lower partial waves. These terms often violate
unitarity limits by themselves. They are strongly
damped by absorptive corrections. A useful way of
viewing absorptive corrections is that most of the
helicity-dependent effects of absorption result from
the damping of these terms. There is, in addition, a
smooth, helicity-independent, collimating effect of
1 For example, A. Saperstein and E. Schrauner, Phys. Rev.
163, 1559 (1967).
1;65) Gottfried and J. D. Jackson, Nuovo Cimento 34, 735
( 2p K. Williams, Phys. Rev. 181, 1963 (1969); L. Chan and
P. K. Williams, sbid. 188, 2455 (1969).
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absorption. Complete absorption of the exceptional
terms can be accomplished exactly without a partial-
wave decomposition by evaluating P(\u,s,t) at the
pion pole {=u2. The smooth collimation can be obtained
by means of a factor F.(¢). This factor must be nor-
malized to unity at the pion pole: F.(u?)=1, because
absorptive corrections reduce to unity there. For ex-
ample, we could assume a simple (one-parameter) form

for F.(1):
Fo(t)=exp[A(t—1*) ],

where A should have a value around 1.5 (BeV/c)~2 In
general, 4 may be a function of / and o. However,
absorptive corrections at high energies indicate that it
depends only weakly on these quantities.®* We therefore
make the (rather weak) assumption that A is inde-
pendent of I. Writing 3(1—x)~—t/s and 3(1+x)=21
for high-energy small-angle scattering, the absorbed
one-pion-exchange amplitude is, approximately,

- t>n/2 P()\,[J.,S,y.2)

()\é)\d'Babs(s,t)l)\akb>z(-: Tpc@, (10)
ut—

where 7= |\—pu| is the net helicity flip for the reaction.
We now substitute Eq. (10) for B in Egs. (5) and (2).
The 2— 3-body production differential cross section
from Eq. (6) is written

d’N

S (uP—1)?———
dtdod2

Py
= — 52 | X (=)"HIR,\Y i a]2, (11)
87PyA\/c 1A

where H;=FF,({) and Ri\=s""2P(\u,s,u?). If we
now invoke the high-energy approximation that nucleon
helicity-flip amplitudes dominate, then, since A= —\3,
helicity subscripts for the nucleons can be dropped and
the amplitudes of Ross and Kane are given by

M} =(sP1/8mP y*\/0)H Ry . (12)

One can now see directly (if only approximately) the
origin of the critical assumption of Ross and Kane that
M3 is so weakly dependent on ¢ that bilinear combina-
tions of the M* are still only linear in ¢, for small —¢.
All of the t dependence is contained in H;=FF(t).
We have shown that F; is independent of ¢ if Selleri’s
off-shell factor works for small —¢, ¢. In practice, F;
may be weakly linear in ¢. F,(?) is, of course, only weakly
linear in ¢, for small {. More important, perhaps, is the
fact that all of the ¢ dependence of M is helicity
independent, in this model.

Thus, absorptive corrections indicate in a fairly
model-independent fashion that the factor (—i)»”
in Eq. (10) is the only part of the amplitude which
depends on both ¢ and helicity. This minimal behavior
is required by angular-momentum conservation.
Furthermore, we find that the ¢ dependence of M is

13 G. L. Kane, Phys. Rev. 163, 1544 (1967).
14 Qur M > are actually (—) M ;= of Ross and Kane in Ref. 4.




1 EXTRAPOLATION MODEL FOR #o SCATTERING

independent of ! as well. This is a model-dependent
result which derives from assuming Selleri’s off-shell
factor is correct in Eq. (7) and that F.(¢) is independent
of / at least over a range of fairly small ¢ and o. However,
these assumptions allow us to write M P=F. ()M
where M is independent of 7. Consequently, we are
led to a slightly different parametrization from that
given by Ross and Kane; the difference, however,
reduces the statistical uncertainty associated with their
method. We would rewrite their Eq. (8) for the iso-
tropic, cosf, and sin? moments of the = angular dis-
tribution as follows:

—arF&(t) = —t(|Mo|*+3| M |HF (1)

= (ps"+3pos™)N", (13a)

—BytF 2(t) = —1[2v3 Re (M M%) JF 2(2)
=2V3pso#N"", (13b)

(vo—yit+y o) F2(f) = (| M 1| 2+2¢| ML 0|2
+&| M 2)F 2(8) =2(puf —poe®)N"', (13c)

where

N =2(t—p2@N /dtdo
=[| 2= t(| B |+ | BT 0|+ | M| 2F 2 ()
=[vo— (xtyt+vL2JF2(?) . (13d)

Here the a, 8, and v are parameters, the pf are mea-
surable helicity-frame density-matrix elements, and
MP=F,({)M. That the M; are approximately
independent of ¢ implies that as, B2, and vs of Ross and
Kane are approximately zero.

More importantly, because our absorptive technique
involves evaluating part of each helicity amplitude at
the pion pole, it is seen for example that, with absorp-
tion, |Mi'|=(|M1?|?)s=u In terms of parameters,
this implies yo=7su?. The ratio vi/ye=—2|M 1%/
|MZ|? is, of course, independent of ¢ and can be
evaluated explicitly at high energies to give v1/¥¢
= —ux/u?, where x=0/u2. Thus we have effectively
eliminated five of the eight free parameters of Ross and
Kane, namely, yi, 72, ¥3, a2, and B2. We have added a
parameter A in F.(¢), which we feel may be required to
fit cross-section data out to somewhat larger values of
t (—1~10u?). The function F.(f), of course, does not
affect density-matrix-element calculations, and is unity
at t=p2. The remaining parameters as, 81, and v, are to
be fitted and can be directly related to == phase shifts
in the manner described in Ross and Kane.* The
statistical uncertainties associated with the method
described here are roughly the same as in the Chew-Low
procedure, assuming elementary pion exchange.

IV. EXTRAPOLATION

. As was seen in Sec. III, absorptive corrections were
incorporated by evaluating part of the one-pion-
exchange amplitude at the pion pole, and including a
factor F.(f), where F.(u?)=1. It is thus an obvious
consequence that the formal result of our extrapolation
to the pole should be the same as that of Chew and

1315
Low, namely,
a’N (G?/4m)u2(\/ ) P1dorx
(st-n =) - AR DTN g
dtded®) o L 2nadrep2/s) Jda

where do../dQ is the =n differential cross section,
G?/4n>~14, and Pr=P4(+/s)/M is the incident = lab
momentum. However, the way in which we get to
t=u? is, of course, different from the Chew-Low ex-
trapolation of elementary pion exchange, and somewhat
different from the extrapolation of Ross and Kane.

V. == ANGULAR DISTRIBUTION

The mr angular distribution in the helicity frame is
written in various alternative forms. We have
W(éﬁy‘ﬁ) = (1/4m)[ (07 +3poo™) +2V3ps™ cosfy

—3(poo® —p11¥) sin?f;3+¢-dependent terms].

(15)

The ¢-dependent terms integrate to zero to give the
polar-angle distribution

2m

W)= | W(lnd)dd

0
=1 (ps¥+3poo™) +2V3pso cosbis

—S(pooy—an) Sin2é1§] (163)
=1[(ps7+3p117)+2V3pst coshis
+3(poo” —p11®) cos?hz]  (16b)

= [%(PsH +PooH+2puH ) +\/3psuH Cosélg
+(poo® —p11) (3 cos?biz—%)]. (16¢)
Here Eq. (16a) is the form discussed by Ross and Kane,
Eq. (16b) is the form used by Johnson et al.,'® and
Eq. (16¢) is the Legendre moment distribution where
the trace condition ps#=4pge?+2p1:7 =1 can be used.
VI. DENSITY-MATRIX ELEMENTS

The density-matrix elements are, from the above,
assuming approximate validity of our model,

3x+e€)d
§)  14+Gateosts

1 ait
poo —puf=— *I:l+ “1—]
2L @)

1 (Bx+e€)d
=——1- - 17
2[ 1+(%x+e)a+52] ’ )
1 (—Ba)

psofl=pgoitt= — ————

2V3 £

u? (Bl) 0
© 2VB\yo/ 14+ (bate)ot-62

15 See J. Baton and G. Laurens in Ref. 2.
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where

£(t) =vo— (axty) ity =vo(14 Ga+e)6+62) ,
6=—t/:u'27 x=‘7/”'27 €=1M0[2/[M11]2.

Also, ( )
6—1)4/8
p1o? =3(F%) /P,
(14 (Gx+-€)84-62)
(18)
5
prf= —m————.
(1+Ga+e)6-+6%)

Note that in this model the cross section, which is
proportional to £(¢), will have a zero, not at {=0 as in
elementary pion exchange, but rather at a small posi-

H _ _H
Poo™ P

L L1 1.1 1

-1-2-3-4-5 1
4_,‘2

F16. 2. Helicity-frame moment (pgo—p11) versus t/u?=—8
(solid line), for pure p-wave 7 scattering: e=0. The dashed curves
represent (unfitted) simple linear and “French curve” extrapola-
tions of the portion of solid line with —¢>u? to the point #=p?2.

K. WILLIAMS 1

tive ¢ value. For example, for p-wave scattering, the
zero of the cross section may be calculated as i~-+2u2/x
(x=0/u?). Thus the pole zero in the density-matrix
elements is not cancelled. This leads to a turnover in
each of the density-matrix elements followed by the
zero-pole combination as ¢ goes from slightly negative
(physical) to slightly positive (unphysical) values. The
value at the point /=u?, however, is reasonable, and, in
fact, is the same as the Born approximation (for the
same parameters).

H_ ,H
’DOO PII

L | i 3

-l -2 -3 -4 -5

1//1.2
F1c. 3. Same as Fig. 2 with some s wave: e=1.

In the so-called Gottfried-Jackson (GJ) frame® the
density-matrix elements take on a slightly more com-
plicated form. For p waves only (e=0) and §<x, for
example, we can approximate the functions which
rotate p¥ to p®7 as given in Ross and Kane with the
result for pg®7 :

(6/2x)(x—2-+8)*
(1+3ad+57) (1+0/2)
In the Born approximation, (x—2+48)2/(1+3x6+6?) is

GJ —

(19)

Poo
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replaced by (x436)2/ (3x6+426%), and pge®? =1 to within
one part in 10%

VII. SIMPLE EXTRAPOLATIONS

In Figs. 2-5 we have plotted various functions which
we can calculate and data for which experimentalists
have been extrapolating. In Fig. 2, the density-matrix
element (pgo” —p11¥) at o =30u2, e=0 is plotted versus 4.
Two simple extrapolation procedures are used to
extrapolate values of this function for > 1 to the point
6=—1. Both the straight-line and the French-curve
extrapolations are too low at §= —1 by ~20%, or more.
Including some s wave (e=1) in Fig. 3 does not seem to
affect the extrapolation error. The error is somewhat
mass-dependent, decreasing in the H frame from

T~ PG

- 00

' G.J.
=

1 23 45

e §= 'f//_LZ

F1c. 4. Density-matrix elements poo and p11 in the Gottfried-
Jackson frame (solid line), for pure p-wave mr scattering (e=0).
The dashed curve is a simple (unfitted) linear extrapolation.

~409, at x=20 to ~109, at x=40. As most experi-
mentalists have used the GJ frame rather than the H
frame, we show in Fig. 4 pg®? and p;:¢7 at =30 for
p waves (e=0). The curve is well approximated by a
straight line for 1< §<5 and the extrapolation of ppo®’
misses unity below by ~16%. A corresponding error
appears in p11¢7 at 6= —1, which misses zero above by
0.08. In order to estimate the error as a function of «,
we expand pg®7 in Eq. (19) around §=2, keeping only
linear terms:

K I ) - —
o 2y

(14-2/x) (x—4) (3x-+10)
22 (x+5)(142/x)2 ]

(6—2). (20)
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Ry (arbitrary scale)

4-
/

— &

J;
=X

NN

NN

N

~

F16. 5. Ratios of helicity-frame moments R; and R, (see text)
versus 8= —¢/u?. The dashed line represents a simple (unfitted)
linear extrapolation. The shaded region (0<4<1) represents the
region which should be excluded for accurate extrapolation.

The error determined this way in [pg®? —p1:%7] at
§=—1 runs from 369, below unity at x=20 to 179,
below unity at x=40. These errors give some indication
of the risks involved in simple extrapolation.

The value of [pg® —pu®7]s—_1 for €0 is the
fraction of 7w cross section which is p-wave. Conse-
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quently, quite apart from the problem of correctly
obtaining o, there appears to be a systematic error in
determination of the p-wave part by simple extrapola-
tion. The expression for (pge—p11) generally involves
only the one parameter e. The expression for extrapola-
tion of ¢rr, namely, N in Eq. (13d), can be expressed
in terms of three parameters as

N" =y, F2(t)(1+ (Gut+e)6+8%), (21)
with
N"(6=—1)=korr,

where « is the quantity in brackets on the right-hand
side of Eq. (14). We expect this method to give reason-
able results. The analogous expression for N’/ in the
Born approximation is N’ =+v,[ (32+4¢)5426%], which
is more rapidly varying with § and does not fit data
unless modified by a strong form factor [stronger than
F.(t)]. Values of o, determined in this way are well
known to be inaccurate.!®

Experimentalists are aware that linear or simple-
functional extrapolations of the isotropic moment of
Eq. (16b) exhibit false structure at the p mass because
absorption effects are not properly taken into account.?:16
They then proceed to extrapolate a ratio of moments in
Eq. (16), namely, something proportional to pg®t/
(poo® —p1u1f). The claim is that this ratio is relatively
free of absorptive effects, compared to the ratio of
(ps7+3p11") to (pe®—pu’), so that the simple ex-
trapolation of the first ratio should be good. [These
statements are made on the basis of (physical region)
calculations of Bander and Shaw.”] We can test this
claim easily in the present model. The two ratios in
question are

(_Pooint 2 u?By 4
R
L00— P11 V3 Yo/ 1—x6-462
pstH3p1\? —(3x+2¢)d
Ry=—~|——m—}) =——+——-3.
1—x06-402

(22)

P00 — P11

These two functions are seen to be linearly related to
each other. They are plotted in Fig. 5 as a function of
8=—t/u2 It is indeed the case that R; varies much
more slowly with ¢ than does R, in the region 1<6<4
(we have plotted R, with p wave only, ¢=0). Simple
extrapolations are shown by dashed lines, ignoring the
region 0<6< 1, as before. The extrapolation of R; to
d=—1 may give results too large by only 2-3%,.
Similar simple extrapolations of R, may give results
incorrect by as much as 1009, plus experimental error.
Thus, it is true that extrapolation only of R; using a

16 See P. Johnson ef al. and L. Gutay et al. in Ref. 2.
(1" IV.)[ Bander, G. Shaw, and J. Fulco, Phys. Rev. 168, 1679
968).
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straight line, or a simple function, is very good indeed,
provided data in the range 0< 8< 1 are ignored.

In conclusion, on the basis of this model, we feel that
the p-wave phase shift itself may be subject to some
systematic error from a simple linear extrapolation of
poo—p11. This error is still present, but to a somewhat
lesser degree, if the experimental extrapolated p-wave
cross section is arbitrarily normalized to the unitarity
limit at its highest point near the p mass. In this case,
for linear extrapolation, we expect the p-wave cross
section to be ~20%, too low at x=20 and ~109, too
high at x=40. Correcting for this would shift the p
mass down by ~5-10 MeV/¢? and would do very little
to its width. However, such renormalizing is an ad fkoc
procedure at best. Finally, quadratic or higher-order
extrapolations? reduce the extrapolation error somewhat,
and quadratic (or higher-order) extrapolation plus
renormalization (if necessary) is probably as good a
procedure as any for determining the p-wave cross
section.

The simple extrapolation of R; (ignoring data for
0=6=1) presents no problem if the p-wave phase shift
is already sufficiently well determined. (Also, statistical
errors hamper this extrapolation somewhat.) However,
there is a fundamental ambiguity in the determination
of the s-wave!s phase shift in this procedure which
cannot be resolved without a good extrapolation of the
isotropic moment.

Finally, we reemphasize that one model should be
used for all extrapolations, and that the model should
contain absorptive effects, should be able to fit data in
the physical region, and should be easily calculable for
data-fitting purposes. Also, the model should contain
as few parameters as possible, in order to reduce statis-
tical uncertainties. The parametrization given in
Eq. (13) satisfies the critiera,'® but, because of high-
energy approximations, it should not be employed for
data at PS5 GeV/c. However, the nucleon helicity-
nonflipped terms can be retained in the model without
introducing more parameters, so the model can be
modified to apply to data in the 2-5-GeV/c range.
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18 This conclusion is intended to be semiquantitative, as are all
absorption-model-dependent results. In fact, some caution must

be exercised in applying any such model to data in search of =«
phase shifts.



